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Aréwise Connectedness of Spolution Sets
to Lipschitzean Differential Inclusions.

VasinE StaIlcy - Hy Wu

Tge Sunto. - 5i dimaostrs che ¢ connesso per archi Uingieme delle solusioni del
wproblema di Couchy & e Fla), o) = & dove Fr X s 28 & unn Tatiifn-
glove Lipschilziono o volori chiusi, od X & wno spezio di Banoeh
separabile.

We consider for & in 2% the Cauchy prohlem
) Ge B, w0} = ¢,

and we denote by J(E) the set of solutions of (P) defined on a given
interval , i.e., the get of absolutely continuous functions @ [ B
such that 0= and () e F{x(H)) a.e. in £

It is known that &) is a compact connected suhset of O, B™)
when I is an upper semicontinuous multifunction from B into the

LW compact eomvex subsets of B (hence also when ¥ is g continuous
single valued map). However J(5) is not srewize connected as an
example in ({1, p. 202) shows,

The aim of this note is to prove that 5(%) is arewise conneeted if F'
is a Lipschitzean multifunction from a real separable Banach space X
into the closed ponempty subsets of X. We obtain this result by
using the existence of a continuous selection from F— J(5,

Let 7' 0, I'= [0, T'] and let X be a real separable Banach space
with norm |- {. Denote by C(, X} the Banach space of continuous
funetions @: /> X with the norm jull. = sup {lo(): t & I} and by
AC, X) the Banach space of absolutely continuous funetions

i

w: -+ X with the norm [af,, =

r
ol + @] dr.
{
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Let #7 X —»2% be a multivalued map satisfying the following
assumptions;

() the values of ¥ are closed nonempty subsets of X.

{H,) there exists L0 such that d(Fix), FONy= Liz — |, for all
@, y e X, there d(-,-) stands for the Hausdorfl distance).

The main result of this note is the following:

THEOREM. ~ For evary Ze X the set J13) i3 arewise conmecied in
o, Xy

To prove it we shall use the following:

LemMMA. ~ (2], (8D Let F satisfy (H)-(H.), let L e X and let
g € J5). Then there exigts ¢ continuous map ¢ X ACU, X) such

PROOF OF THEOREM. — Fix & ¢ X and let &, ¢ be in &), By the
Lemma, there exists a continuous map g X — ACU, X) such that
ol8e) = v and (&) € J(&) for every £e X. Since y(-) is continuous on 7,
we have that the map i -—» ply(07TY) 18 continusus from [0, 1] to
AL, X). Moreover o(y(AT'}) & Jpxd)), for each A el0,1]. Faollo-
wing an idea ini5] we define for 2 [0, 1]

0 = it RS = /i
TN~ Ty AT =T,

and remark that @, () = 2() and @, () = y(-) It iz easy to see that
&, () € Fle, () for a.e, te ] and x, (0) = &, so that, x, € F&). To com-
plete the proof it remaing to be proved that i — x5 is continuous from
[0, HtoC, X). Let e and 4, £ {0, 1] be fixed. We show that there
exists ¢ 0 such that for any i in {0, 1] with {2~ 4, <0 d we have
Mo, — oy e < e For ted we distinguish three situations:

A Oo=st=sxT=2T, () 4T =<l and i) aT'=s2T=
st

In the case (f) we have {x, (1) —x, () = ly® — (Bl = 0.
If 20 st AT then fa (D) — o, O = oy T = 2 T — y(B).
Sinee ¢{y(: 1030 and »() are uniformly continuous on [, there

.
i
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exists & >0 such that for any ¢ and ¢ In [ with ' —t91 < & we
have

41@(?:’(%()?‘3)(*’,_5 =plpe TN < e/2  and gl ) y") < /2,

4

Let [hg— 3l < é/T. Then lt—2,7] <k ~ 20)T < & and
by (8 — 2, ()] < ey T — 2 1) —

=y T IHOY + {ely Qo TIHO) -~ y@)] < e/2+¢/8 = 5.

Finally, if (i) holds then
I e O a0 = ey TYHE =2, 1) — plyGI N0 — 2T =
< el TN = 3 T oy TIHE — AT +
alyog TE~ 2T = plgQIINE - AT

Since i— o{(y(ATY) is continuous from [0, 1} to C(f, X} there exists
& > such that

= af <&y implies §eQGI NI~ oyl TN Ml << ¢/ 2
so that for A —j,| < 4 we have
@) U TNE ~ 3T — olyOg THE ~ AT < ¢ /2.

Moreover nivce b oly(hy TOXE is uniformly eontinuous on I, there
exigts & > 0 sueh that

[t 1] < & implies [p(yGa T )~ syte TINE ) < £/2.

Then i |2 ay] < 8&/7T we have that [t— AT —t-+ 2T s~
- Ay ‘T = 33, and

(3 (O TN~ AT~ oy Qg T~ g T < /2.

By (1), (2 and (3), we have that if [ -~ Al < min {&,8/7} then
i, €83 o (B)] < e

Let & =min {&/7, &, /7T, We have shown that if 4, <2 and
|2 2ol <& then, for any ¢ in I, I, (6 — 2, (0 < ¢, that i o, —
— g lle < e For 2= i the proof is similar. =

PROPOSITION., — Ji= W {TE): fe X)) ds arcwise connected in
(7, X0
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Proow, - Let @, y in T and let £ and %, in X be such that @ e 5(5,)
and y € 98, 1f & 5 &, then, by Corollary 4.3 in [6], there exists a con-
tinwous map /o [0, 1]-» ACU, X} such that A0} = x, A1) =y and, for
A {0, 1] pa) e 31 ), where £, = (1~ )&+ AL

I &=&, then the existence of a continuous map A {0, 1}—
O, X) such that AO) =z, All)y= y follows from the Theo-
rem, ®

REMARK. - Similar properéies of solution sets to differential in-
clusions have been obtained by F. 8. De Blasi and G. Planigiani
in{4}, by using the Baire cathegory method.
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