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ABSTRACT The intelligent reflecting surface (IRS) has emerged as a promising solution to enhance the
quality of radio transmission by allowing flexible control over the direction of reflection and phase shift of
electromagnetic waves. In this study, we present a downlink wireless network considering non-orthogonal
multiple access (NOMA) and two IRSs to improve performance for a group of user equipment (UE) at the
cell edge, when the UEs cannot reach out direct links from the base station (BS). We start by discussing
the framework to design a wireless system relying on both IRS and NOMA, and then calculate the link
channel statistics between the BS, IRS, and UEs with Rayleigh fading distributions using the probability
density function (PDF) and cumulative distribution function (CDF). Based on these distributions, we derive
closed form expressions for the outage probability (OP) for evaluating the performance of the user pair.
Additionally, we compute the bit error rate (BER), the ergodic rates (ER) of the UE as functions of the
signal-to-interference-plus-noise ratio (SINR) using the Chebyshev-Gauss quadrature method, and hence
the complete the overall evaluation of the system’s performance can be achieved. Finally, we verify the
mathematical analysis through comparing with Monte-Carlo simulations and indicate that the number of
IRS meta-surfaces elements as the main limiting factor to achieve better OP, ER and BER performance.

INDEX TERMS Intelligent reflecting surface, non-orthogonal multiple access, outage probability, ergodic
rate.

I. INTRODUCTION
In recent years, to foster the rapid development of applica-
tions in internet of things (IoT), next wireless IoT networks
are required to support billions of devices with serious con-
straints on spectrum efficiency, reliability, latency, capacity,
and connectivity. To meet these challenging requirements,
a variety of technologies have been widely applied and
studied such as multiple input multiple output (MIMO),
IRS and NOMA. In particular, NOMA has been recognized
as a superior multiple access (MA) technique for future
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wireless networks due to its promising advantages, i.e. higher
spectral efficiency and better fairness [1], [2], [3]. However,
the NOMA technique is limited in conventional wireless
networks because the user’s channel gain is random and
uncontrollable [4], [5], [6], [7].

With the development of material technology such as
meta-surfaces that consists of many passive reflecting
elements, each of which can shift the phases of the incident
electromagnetic waves. These meta-surfaces are known as
key component of IRS-aided wireless systems. Through
intelligent phase transition configuration, IRS can increase
or decrease the aggregate channel gain of different users
[8], [9]. The recent studies are expected to confirm IRS get

110208

 2023 The Authors. This work is licensed under a Creative Commons Attribution-NonCommercial-NoDerivatives 4.0 License.

For more information, see https://creativecommons.org/licenses/by-nc-nd/4.0/ VOLUME 11, 2023

https://orcid.org/0009-0000-4587-6645
https://orcid.org/0000-0003-2072-069X
https://orcid.org/0000-0002-7008-6773
https://orcid.org/0000-0002-7576-625X


T.-A. Nguyen et al.: Performance Analysis of Downlink Double-IRS Systems Relying on NOMA

more benefits to strengthen the current NOMA systems. The
authors in [10] and [11] analyzed the probability of uplink
outages of IRS-aided NOMA networks. In [11], the fixed
and random phase transition were considered to confirm
the effects of fixed and random phase transitions on the
performance of the IRS-aided NOMA systems. In [12], the
authors analyzed the capabilities of a IRS-aided NOMA
network with multiple users. The work in [13] optimized
the passive beamforming at IRS to minimize transmission
power and compared the performance between IRS-aided
NOMA and RIS-aided orthogonal multiple access (OMA).
In [14] and [15], the studies of IRS optimization for NOMA
network are presented to robust how NOMA can incorporate
with IRS and to improve performance of UEs. In [16], the
authors assumed the BS-IRS-UE channels as light of sight
(LoS) and optimized the NOMA systems under assistance
of IRS. The IRS-aided mobile edge computing (WP-MEC)
system relying on wireless power transfer was developed in
[17], in which time division multiple access (TDMA) and
NOMA schemes are conveyed to enhance performance of
uplink offloading. In [18], the authors presented an analysis
of setting up IRS parameters for mobile users in the context
of IRS-aided NOMA network. In [19], the authors studied
an energy-saving design of the IRS-aided NOMA network.
The authors in [20] considered the impacts of the phase shift
of IRS meta-surfaces elements on the system performance
of IRS-aided NOMA network. In the work of [21], the
authors studied the NOMA and OMA downlink and uplink
of NOMA-IRS system. In [22], the authors proposed a simple
design of IRS-supported NOMA for downlink transmission.
Conventional space division multiple access (SDMA) is first
used at the BS to generate orthogonal beams using the
spatial orientations of the near user’s channels. The IRS-aided
NOMA is then employed to ensure that additional cell edge
users can also be serviced on these rays by aligning effective
channel vectors related to the cell edge user with the zero
directions at predefined time. In [23], the authors considered
the application of the IRS to NOMA, where a BS transmits
a superimposed signal to many users under assistance of the
IRS. The performance of the IRS-assisted NOMA network
with imperfect successive interference cancellation (ipSIC)
and perfect successive interference cancellation (pSIC) was
investigated by leveraging the 1-bit encoding scheme.

A. RELATED WORK
In [24], MIMO architecture is leveraged by enabling a
cooperative double IRSs and the LoS propagation channels.
Regarding the performance analysis, they evaluated the
capacity maximization problem, which is examined as jointly
optimizing of the passive beamforming matrices of the two
cooperative IRSs and the transmit covariance matrix. In [25],
the double-IRS aided monitoring system was explored since
the IRS is implemented to improve proactive eavesdropping
by jointly affecting both the suspicious and eavesdropping
channels. In order to optimize the eavesdropping capability,

they jointly design the passive phase shift matrices of double
IRSs by considering the double-reflection links and the
cooperative two single-reflection links.

In other work, the IRS-NOMA system relying on the
wireless power transfer (WPT) is studied to improve the
NOMA performance and efficiency of energy harvesting
[26]. By jointly optimizing BS transmit beamforming vector,
power splitting (PS) ratio, successive interference cancella-
tion (SIC) decoding order and IRS phase shift, a problem
of minimizing BS transmit power is presented, while taking
into account the quality-of-service (QoS) requirement and
energy harvested threshold of each user. In order to improve
the system capacity, the work in [27] explored a novel
multi-IRS assisted downlink NOMA network. The super-
posed signals are transmitted from the BS to multiple mobile
users via multi-IRS reflection. The sum rate maximization
problem is examined by optimizing reflection coefficients.
The authors in [28] presented multiple antennas IRS-aided
NOMA system. Their results confirmed that the transmit
power scales down linearly with the BS antenna number
and quadratically with the IRS element number. In [17],
an IRS-aided WP-MEC system was conceived, where each
device’s computational task can be divided into two parts for
local computing and offloading to mobile edge computing
servers, respectively. Both TDMA and NOMA schemes
are considered for the uplink offloading. In [29], IRS
and NOMA can boost both the spectrum and the power
efficiency when IRS-NOMA system operates under the
support of the multi-group detection and imperfect SIC.
Specifically, a group-level SIC (GSIC) is conceived to
remove the decoded groups’ signals, whilst the joint design
of power control and equalizers is leveraged to mitigate the
aggregated interference caused by NOMA, imperfect SIC,
and concurrent transmissions per group. In [30], both IRS and
NOMA schemes can be deployed to empower features for
promising applications of unmanned aerial vehicle (UAV).
In this scenario, the IRS is mounted on an UAV to assist
the transmissions from a BS. The BS utilizes the UAV as a
relay to serve multiple UEs on the ground. In addition to the
IRS relaying links, in this work they also incorporate direct
non-LoS links between the BS and UEs. The authors derived
the outage probability for this system configuration.

The main results in aforementioned works have made
profound contributions to research of the next generation
wireless networks using both NOMA and IRS techniques,
but it is still an open problem to know how many IRS
could be used with respect to improve performance of user
pair. Notice that none of the works above have analyzed
the network performance considering whether the double IRS
in the adjacent linked cells leads to improved performance
if NOMA scheme can be leveraged. The analysis of the
IRS-aided NOMA network performance that calculates the
influence of the IRS in adjacent cells is essential and worth
investigating. With a user in a IoT network using NOMA
techniques combined with IRS can be affected by multiple
IRSs in adjacent cells. Without loss of generality, we consider
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the problem of analyzing the IoT network model using
the NOMA technique combined with the IRS considering
the influence of a nearby IRS. By solving this problem,
we analyze the effect of multiple IRSs in adjacent cells on
users in the NOMA-IRS network. On the other hand, the
above works requires too complex calculations to provide
limited metrics used for performance evaluations. Therefore,
we aim to fill the gap by deriving low-complex closed-form
expressions of ER, OP and BER.

B. MOTIVATIONS AND OUR CONTRIBUTIONS
Although many researchers have successfully studied many
models of wireless systems combining IRS and NOMA, it is
still necessary to present the way to determine the main
parameters affecting to double IRSs-aided NOMA system
(DIRS-NOMA). In our model, it is assumed that the signals
originated from a BS are reflected by two IRSs to support
communication for two edge users per group without a direct
connections to the BS. From the proposed model, we present
mathematical expressions indicating main parameters of the
system and thereby evaluate the performance of the DIRS-
NOMA, which is expected to be better compare with the
benchmark, i.e. DIRS using OMA. The detailed contributions
of this paper can be listed as follows:

1) Different from [26], [27], and [28], we consider a
practical system model consisting of a BS supported
by two IRSs that connect to a set group of users (each
group contains two users following NOMA scheme)
at the cell edge area of a dedicated coverage of the
BS without having a direct connection to the BS. The
system performance is expected to be enhanced since
both NOMA and IRS techiques are leveraged and a
new paradigm is introduced, i.e., DIRS-NOMA. From
the proposed model, we calculate the performance
parameters, giving closed-form mathematical expres-
sions of the performance parameters of the system.
In addition, we study the diversity order and propose
an optimization algorithm for the system.

2) We first compute the instantaneous and average SINR
at the users of the considered system, then derive
low complexity closed-form expressions for the OP,
ER and BER to completely demonstrate the system
performance.

3) Finally, we find the main parameters through simu-
lations to verify theoretical analysis. The simulation
results show that the meta-surface elements of the
IRS and power allocation factors in NOMA could be
efficiently adjusted to boost the system performance.

C. ORGANIZATION AND NOTATIONS
The rest of this paper is organized as follows: Sec-
tion II presents the mathematical framework to describe
DIRS-NOMA in the downlink with respect to enhance
performance of two edge users. Section III describes
channel models of the BS-IRS-UE link. Section IV presents

TABLE 1. Main denotation.

FIGURE 1. The DIRS-NOMA system model.

expressions to provide performance analysis, while Section V
verifies the mathematical results through simulation results
and more insights are discussed. Section VI draws the main
remarks and conclusion.
Notations: The key notations are used in this paper,

as shown in Table 1.

II. DIRS-NOMA SYSTEMS
A. SYSTEM ARCHITECTURE
We study a practical model of DIRS-NOMA network by
enabling two IRSs (denoted as IRS1 and IRS2) in the
downlink to achieve the better performance for many groups
of users, shown in Fig. 1. In this scenario, we aim to
analyze improved performance of two edge users. Under the
assumption of low-cost hardware design, the BS equipped
with single antenna works with two nearby IRSs to strengthen
transmissions to two mobile single antenna edge users
(UE1 and UE2), as shown as Fig. 1.1 It is assumed that
there is no direct signal transmissions between the BS
and the UEs because of the far distance between both or
existence of intermediate obstacles. The IRS hasNx reflecting
elements and its reflecting matrix defined theoretically as
2 = diag(β1ejθ1 , β2ejθ2 , . . . , βNx e

jθNx ), j =
√

−1, where
βk ∈ [0, 1] is called the amplitude of the reflectance and
θk ∈ [0, 2π ) is the phase shift angle of k-th IRS element
is adjustable (k = 1, 2, . . . ,Nx). We denote dR1 as the
signal transmission distance from BS to IRS1, dR2 is the

1We aim to improve the users’ performance at edge area in the considered
coverage related to the working BS. Therefore, it is reasonable to examine
the case when the edge users can get signals through assistance of IRSs.
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transmission distance from BS to IRS2, d11 is the distance
between IRS1 and UE1, d12 is the distance between IRS1 and
UE2, d21 is the distance between IRS2 and UE1, d22 is the
distance between IRS1 and UE2.

B. BS-IRS-UE CHANNEL MODEL ANALYSIS
It is assumed a flat fading channel for all comunication links.
It assume that the BS knows the channel state information
(CSI). The BS-IRS and IRS-UE links can be LoS or NLoS for
different practical circumstances. The channel gains between
the BS and the IRSs are the same, i.e. GR ∈ C1×Nx ,
and between the IRSs and the UEs are denoted by gu ∈

CNx×1. They are represented as vector spaces as follows
GR =

[
G1,G2, . . . ,GNx

]
and gu =

[
g1, g2, . . . , gNx

]T ,
respectively. All the elements in these channel links follow
the Rayleigh fading model with a variance of 1 (σ = 1).

C. DOWNLINK SIGNAL ANALYSIS
In particular, the transmitted signal of the BS is represented
as x =

√
α1PssUE1 +

√
α2PssUE2 where Ps is the transmit

power at the BS, sUE1 is the signal that the BS transmits to
UE1, sUE2 is the signal that the BS transmits to UE2, α1, α2
represent for the power allocation factors of the BS to UE1
and UE2, respectively. It is noticed that α1 and α2 satisfy
the condition α1 + α2 = 1. In the NOMA technique, the
transmissions to the users are sorted based on their channel
quality for the BS. According to NOMA’s decoding principle,
user UE1 directly decodes its own signal by treating signals
intended for other users as noise. User UE2, on the other hand,
sequentially decodes and discards the other user’s signal, until
its own signal sUE2 is decoded. Then the received signal at the
edge users UE1 and UE2 can be represented respectively as
follows:

yUE1 =

(
GR2gud

−
αGR
2

R1 d
−

αgu
2

11

)
x

+

(
GR2gud

−
αGR
2

R2 d
−

αgu
2

21

)
x + nUE1, (1)

yUE2 =

(
GR2gud

−
αGR
2

R2 d
−

αgu
2

22

)
x

+

(
G2gd

−
αGR
2

R1
d

−
αgu
2

12

)
x + nUE2, (2)

where nUE1 stands for the Gaussian noise at UE1, nUE2 is
the Gaussian noise at UE2, nUE1 and nUE2 with the same
variance equal to 1 (σ 2

UE1 = σ 2
UE2 = σ 2

UE = 1); αGR and
αgu denote the path loss exponents of BS-IRS, and IRS-UE
links, respectively.

D. SIGNAL-TO-NOISE PLUS NOISE RATIO AT USERS
The SINR is defined as the ratio of the mean effective signal
power divided by the mean noise power plus the average
noise power. Therefore, the SINR at the users is determined
as follows.

At the UE1, the signal sUE2 is considered noise, then SINR
is given as:

SINRUE1 =
|GR2gu|2rUE1α1

|GR2gu|2rUE1α2 +
1
ρ

, (3)

where rUE1 =

(
d

−
αGR
2

R1 d
−

αgu
2

11 + d
−

αGR
2

R2 d
−

αgu
2

21

)2

, ρ =
Ps

σ 2
UE

.

At the UE2, the signal sUE1 is considered as noise term,
and then the SINR at the UE2

SINRUE2 =
|GR2gu|2rUE2α2

|GR2gu|2rUE2α1 +
1
ρ

, (4)

where rUE2 =

(
d

−
αGR
2

R2 d
−

αgu
2

22 + d
−

αGR
2

R1
d

−
αgu
2

12

)2

.

III. BS-IRS-UE CHANNEL STATISTICS ANALYSIS
In this section, we will analyze BS-IRS-UE channel statistics.

A. PARAMETER SETTING FOR IRS
It is possible to efficiently adjust the IRS parameters to have
the best BS-IRS-UE channel quality. That is, we optimize

|GR2gu|2 =

∣∣∣∣∣ Nx∑k=1
βkGRkgukejθk

∣∣∣∣∣, where GRk and guk are the
channel gain of the k-th element of GR and gu respectively.
This can be achieved by intelligently adjusting the θk phase
shift for each element, meaning that the phases of all
GRkgukejθk are set the same. After applying optimal {θk} [18],
βk = β, then |GR2gu|2 is given by

|GR2gu|2 = β2

( Nx∑
k=1

|GRk | |guk |

)2

. (5)

B. CHANNEL STATISTICS
Our performance analysis relies on the closed-form expres-

sions CDF and PDF for RVX =

Nx∑
k=1

|GRk | |guk |, where |GRk |,

|guk | are two random variables with Rayleigh distribution.
Since |GRk | and |guk | are two random variables with Rayleigh
distribution, the product |GRk | |guk | is also a random variable
with a double Rayleigh distribution.
Theorem 1: Let X be the sum of Nx random variables with

a statistically independent double Rayleigh distribution. The
PDF and CDF of X can be approximated as follows [38]:

fX (x) =
xm

nm+10 (m+ 1)
exp

(
−
x
n

)
, (6)

FX (x) =
γ
(
m+ 1, xn

)
0 (m+ 1)

. (7)

Proof: Please refer to Appendix A
Please note that the operators E[ · ], Var[ · ] respectively

denote the statistical expectation, variance. 0 (·) is gamma
function. γ (·) is incomplete Gamma function.

Figure 2 and 3 present th curves for different numbers of
IRS Nx reflectors to verify the theoritical expressions
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FIGURE 2. PDF of X .

FIGURE 3. CDF of X .

IV. CALCULATION TO ACHIEVE NETWORK
PERFORMANCE FOR DIRS-NOMA
In this section, we calculate the NOMA network performance
parameters supported by two IRS in the downlink for the two
edge users.

A. OUTAGE PROBABILITY
The OP is an important parameter commonly used to measure
the performance of such DIRS-NOMA system [3]. The
threshold SINR is given by γUE1 = 2R̃UE1 − 1, γUE2 =

2R̃UE2 − 1, where R̃UE1, R̃UE1 are target rates for UE1, UE2
respectively. In this scenario, the OPs of UE1 and UE2 are
calculated as follows.

The OP for UE1 is defined by

OPUE1 = Pr (SINRUE1 < γUE1) . (8)

In this step, (8) is rewritten as

OPUE1 = Pr

(
|GR2gu|2rUE1α1

|GR2gu|2rUE1α2 +
1
ρ

< γUE1

)
. (9)

To make it simple, let denote r1 = β2rUE1, then OPUE1 is
rewritten as:

OPUE1 = Pr

(
X2r1α1

X2r1α2 +
1
ρ

< γUE1

)

= Pr
(
X <

√
γUE1

r1 (α1 − α2γUE1) ρ

)
. (10)

Then, (10) can be further computed by

OPUE1 = FX

(√
γUE1

r1 (α1 − α2γUE1) ρ

)

=

γ
(
m+ 1, 1

n

√
γUE1

r1(α1−α2γUE1)ρ

)
0 (m+ 1)

. (11)

Similarly, we can achieve the OP for UE2 as follows

OPUE2 = Pr

(
|GR2gu|2rUE2α1

|GR2gu|2rUE2α2 +
1
ρ

< γUE2

)
. (12)

By denoting r2 = β2rUE2, then OPUE2 is rewritten as

OPUE2 = Pr

(
X2r2α1

X2r2α2 +
1
ρ

< γUE2

)

= Pr
(
X <

√
γUE2

r2 (α1 − α2γUE2) ρ

)
. (13)

Then, (13) is rewritten by

OPUE2 = FX

(√
γUE2

r2 (α1 − α2γUE2) ρ

)

=

γ
(
m+ 1, 1

n

√
γUE2

r1(α1−α2γUE2)ρ

)
0 (m+ 1)

. (14)

B. DIVERSITY ORDER
The diversity order is a crucial performance measurement
used to evaluate OP’s attenuation under the impact of transmit
SNR at the transmitter. In the principle, the diversity order
refers to a quantity asymptotically as the SNR goes to infinity.
We are interested in diversity order at finite-SNR in system
design. According to [42], the diversity order is defined as

DUE (ρ) = −
∂ log (OPUE )

∂ log (ρ)
= −ρ

∂ log (OPUE )

∂ρ
. (15)

Considering for each user. the diversity order of UE1, UE2
are defined as

For UE1, by substituting (11) into (15) and putting aUE1 =

1
n

√
γUE1

r1(α1−α2γUE1)
, we have

DUE1 (ρ) = −ρ
∂ log

(
γ
(
m+ 1, aUE1√

ρ

))
0 (m+ 1) ∂ρ

. (16)

By continue to calculate (16) we have

DUE1 (ρ) =

exp
(
−
aUE1√

ρ

) (
aUE1√

ρ

)m+1

γ
(
m+ 1, aUE1√

ρ

) . (17)
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As ρ approaches infinity, the conventional diversity of UE1
can be approximated as follows

D̄UE1 = lim
ρ→∞

DUE1 (ρ) ≈
m+ 1
2

. (18)

For UE2, by substituting (14) into (15) and putting aUE2 =

1
n

√
γUE2

r2(α2−α1γUE2)
, we have

DUE2 (ρ) = −ρ
∂ log

(
γ
(
m+ 1, aUE2√

ρ

))
0 (m+ 1) ∂ρ

. (19)

Then, (19) can be rewritten as

DUE2 (ρ) =

exp
(
−
aUE2√

ρ

) (
aUE2√

ρ

)m+1

γ
(
m+ 1, aUE2√

ρ

) . (20)

As ρ approaches infinity, the conventional diversity of UE2
can be approximated as follows

D̄UE2 = lim
ρ→∞

DUE2 (ρ) ≈
m+ 1
2

. (21)

The above approximation results help us to give a quantitative
description of the diversity order of each user. It represents
the effect of channel correlation on OP performance. The
diversity order of each user with correlated channels is
smaller than that of uncorrelated channels, and channel
correlation will reduce OP performance.

C. ERGODIC RATE
The ER is one of the important metrics used to evaluate the
performance of such DIRS-NOMA system. The ERs of the
UEs in the system are defined as follows:

RUE1 = E
(
log2 (1 + SINRUE1)

)
, (22)

RUE2 = E
(
log2 (1 + SINRUE2)

)
. (23)

Theorem 2: Let Y =
X2rp

X2rq+ 1
ρ

, where r, p, q are constants

and X is a RV with a double Rayleigh distribution. The CDF
function of Y is defined as follows [38]:

FY (γ ) =
γ
(
m+ 1, yn

)
0 (m+ 1)

, (24)

where y =

√
γ̃

r(p−qγ̃ )ρ
.

Proof: Please refer to Appendix B.
To calculate the ER for UE1, we set Y =

X2r1α1
X2r1α2+ 1

ρ

, and its

corresponding CDF function is defined as follows:

FY (γUE1) =
γ
(
m+ 1, y1n

)
0 (m+ 1)

, (25)

where y1 =

√
γUE1

r1(α1−α2γUE1)ρ
. Then, RUE1 is approximated as

follows:

RUE1 ≈ −

αUE1∫
0

log2 (1 + γUE1)d (1 − FY (γUE1))

=
1

ln(2)

αUE1∫
0

1 − FY (γUE1)

1 + γUE1
dγUE1, (26)

RUE1 = log2 (1 + αUE1) −
1

ln(2)0 (m+ 1)

×

αUE1∫
0

0 (m+ 1) − γ
(
m+ 1, y1n

)
1 + γUE1

dγUE1, (27)

where αUE1 =
α1
α2
.

By denoting t =
2γUE1
αUE1

− 1, then RUE1 is rewritten as
follows:

RUE1 = log2 (1 + αUE1) −
αUE1

2 ln(2)0 (m+ 1)

×

1∫
−1

0 (m+ 1) − γ (m+ 1, tUE1)

1 +
1
2αUE1 (1 + t)

dt, (28)

where tUE1 =
1
n

√
1
2αUE1(1+t)

r1
(
α1−

1
2α2αUE1(1+t)

)
ρ
.

In the next step, by leveraging the Chebyshev-Gauss
quadrture we can calculate RUE1 as follows:

RUE1 = log2 (1 + αUE1) −
αUE1

2 ln(2)0 (m+ 1)

×

u1∑
i=1

ϖ1
0 (m+ 1) − γ (m+ 1, z1)

1 +
1
2αUE1 (1 + ti)

√
1 − t2i ,

(29)

where ϖ1 =
π
u1
; ti = cos (2i−1)π

2u1
and z1 =

1
n

√
1
2αUE1(1+ti)

r1
(
α1−

1
2α2αUE1(1+ti)

)
ρ
.

Similarly, we can compute RUE2 as follows:

RUE2 = log2 (1 + αUE2) −
αUE2

2 ln(2)0 (m+ 1)

×

u2∑
i=1

ϖ2
0 (m+ 1) − γ (m+ 1, z2)

1 +
1
2αUE2 (1 + ti)

√
1 − t2i ,

(30)

where αUE2 =
α2
α1

and z2 =
1
n

√
1
2αUE2(1+ti)

r2
(
α1−

1
2α2αUE2(1+ti)

)
ρ
.

Remark 1: Considering Y =
X2r1α1

X2r1α2+ 1
ρ

, when ρ → +∞

then 1
ρ

→ 0 which leads to Y =
α1
α2
, then RUE1 has an upper

asymptotic value RUE1 ≈ log2 (1 + αUE1). Similarly, RUE2
has an upper asymptotic value RUE2 ≈ log2 (1 + αUE2).
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D. OPTIMIZATION ALGORITHM
In DIRS-NOMA downlinks, multiple data streams are
stacked in the source domain, and user decoding is based
on a sequential denoising mechanism. The performance
of DIRS-NOMA depends heavily on the power division
between the data streams and the power allocation problem
involved. From the equity point of view, we investigate
power allocation techniques that ensure fairness to downlink
users according to instantaneous CSI at the transmitter. The
calculation results show that the overall system performance
can be significantly improved if DIRS-NOMA allocates
energy to each user properly. We leverage the results of
[41] to suggest the optimal energy allocation algorithm
for DIRS-NOMA as follows. The ER of the users can be
rewritten as follows:

RUE1 (α) = log2

(
1 +

|GR2gu|2dUE1α1P

|GR2gu|2dUE1α2P+ 1

)
, (31)

RUE2 (α) = log2

(
1 +

|GR2gu|2dUE2α2P

|GR2gu|2dUE2α1P+ 1

)
, (32)

where dUE1 =

(
d

−
αGR
2

R1 d
−

αgu
2

11 + d
−

αGR
2

R2 d
−

αgu
2

21

)2

and

dUE2 =

(
d

−
αGR
2

R2 d
−

αgu
2

22 + d
−

αGR
2

R1
d

−
αgu
2

12

)2

. There is a

continuous channel response on the transmitter side, the
user’s ER can be allocated according to their instantaneous
channel condition. The max-min fairness used to maximize
the user ER is built according to the results of [41] as follows.

maxmin
αii∈{1;2}

RUEi (α) , (33a)

s.t :

2∑
i=1

αi ≤ 1 (33b)

0 ≤ αi (33c)

It is noted that the problem (33) is a quasi-convex problem.

Because the constraints of (33) are convex because
2∑
i=1

αi ≤

1 and 0 ≤ αi are linear. A function is convex, all its subsets

must be convex, that is, St =

{
min
i
RUEi (α) ≥ t, i ∈ {1; 2}

}
is convex set for all real numbers t . However, the set St
is concave with all real numbers t , since the constraints
RUEi (α) ≥ t, i ∈ {1; 2} can be expressed as the
corresponding linear inequalities for UE1, UE2 as follows:

Considering on UE1, we have

α1P|GR2gu|2 ≥
(
2t − 1

) (
α2P|GR2gu|2 + σ 2

UE

)
. (34)

Considering on UE2, we have

α2P|GR2gu|2 ≥
(
2t − 1

) (
α1P|GR2gu|2 + σ 2

UE

)
. (35)

Let s∗ be the optimal objective function value for the
quasi-concave problem (33). For a particular constant value

t , if a linear program find αi subject to constraints (33b),
(33c), (34) or (35) is feasible, then s∗ ≥ t , otherwise s∗ ≤

t . Similarly, one can solve a linear program min
α

∑
i∈{1;2}

αi

subject to constraints (33c) and (34) or (35) and check if the
solution is satisfied (33b). By appropriately limiting t through
a bisection procedure (Algorithm 1), the optimal solution for
(33), with the desired precision ε, can be obtained by solving
a series of linearities above.

Algorithm 1 Optimal Solution to Problem (33)

Initialization. tLp = 0, tUB = log
(
1 +

|GR2gu|2P
σ 2
UE

)
.

while (tUB − tLb ≥ ε) do
Set t =

tUB+tLb
2 ; Solve Lp to obtain αLp

if
2∑
i=1

α
Lp
i ≤ 1 then

Set tLb = t , α∗
= αLp, s∗ = t

else
Set tUB = t .

end
end

Since the problem (33) is a quasi-convex problem,
it satisfies the necessary and sufficient conditions of Karush-
Kuhn-Tucker, so the optimal solution of the power allocation
factor for UEs could be given respectively for UE1 and UE2
by:

Considering on UE1, we have

α1 =
2t − 1

P|GR2gu|2

(
α2P|GR2gu|2 + σ 2

UE

)
. (36)

Considering on UE2, we have

α2 =
2t − 1

P|GR2gu|2

(
α1P|GR2gu|2 + σ 2

UE

)
. (37)

E. AVERAGE BER
The BER is a typical measurement parameter used to evaluate
the accuracy of data transmission. BER can be defined as
Pe = aE

[
Q
(√

bSINR
)]

, where a and b depend on the

type of modulation key [31]. The BER of two users can be
determined as follows. The BER for UE1 can be given as

PeUE1 = aE
[
Q
(√

bγUE1
)]

= a

∞∫
0

Q
(√

bγUE1
)
dFY (γUE1) . (38)
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For different binary modulation schemes, a uniform BER
expression is given by [31]

PeUE1 =
ab

2
√
2π0 (b)

×

∞∫
0

exp
(

−
bγUE1

2

)
γ a−1
UE1FY (γUE1) dγUE1, (39)

where FY (γUE1) =
γ
(
m+1, 1n

√
γUE1

r1(α1−α2γUE1)ρ

)
0(m+1) . Then, we can

calculate the approximate value of PeUE1 as follows.

PeUE1 ≈
1
2

−
ab

2
√
2π0 (b)

×

αUE1∫
0

exp
(

−
bγUE1

2

)
γ a−1
UE1FY (γUE1) dγUE1.

(40)

Using differential phase shift key (DPSK) (a = b = 1),
by denoting t =

2γUE1
αUE1

− 1 then PeUE1 is rewritten as follows:

PeUE1 ≈
1
2

−
αUE1

4
√
2π0 (1)

×

1∫
−1

exp
(

−
αUE1 (t + 1)

4

)
FY

(
αUE1 (t + 1)

2

)
dt.

(41)

By applying the Chebyshev-Gauss quadrature we can calcu-
late PeUE1 as follows:

PeUE1 =
1
2

−
αUE1

4
√
2π0 (1)

u1∑
i=1

ϖ1exp
(

−
αUE1 (ti + 1)

4

)

× FY

(
αUE1 (ti + 1)

2

)√
1 − t2i , (42)

where ϖ1 =
π
u1
; ti = cos (2i−1)π

2u1
.

By doing the similar steps of computing PeUE1 we can
calculate PeUE2 as follows:

PeUE2 =
1
2

−
αUE2

4
√
2π0 (1)

u2∑
i=1

ϖ2exp
(

−
αUE2 (ti + 1)

4

)

× FY

(
αUE2 (ti + 1)

2

)√
1 − t2i , (43)

where ϖ2 =
π
u2
; ti = cos (2i−1)π

2u2
.

F. DIRS-OMA PERFORMANCE ANALYSIS
We can consider DIRS-OMA as a necessary benchmark to
highlight the benefits of DIRS-NOMA. For a fair comparison,
we assume that each UE receives its own resources as in the
NOMA case.

The expression of SINR at UEs in DIRS-OMA scheme can
be determined as follows:

At UE1, the signal sUE2 is considered noise, we have SINR
at UE1 as

SINROMAUE1 =
|GR2gu|2rUE1

|GR2gu|2rUE1 +
1
ρ

. (44)

Similarly, SINR at UE2 is given by

SINROMAUE2 =
|GR2gu|2rUE1

|GR2gu|2rUE2 +
1
ρ

. (45)

In the next step, the OPs of UE1 and UE2 can be calculated
respectively as follow

OPOMAUE1 = Pr
(
SINROMAUE1 < γOMAUE1

)
. (46)

Next, OPOMAUE1 is expressed by

OPOMAUE1 = Pr

(
X2r1

X2r1 +
1
ρ

< γOMAUE1

)

= Pr

(
X <

√
γOMAUE1

r1
(
1 − γOMAUE1

)
ρ

)
. (47)

It is noted that (47) can be computed as

OPOMAUE1 = FX

(√
γOMAUE1

r1
(
1 − γOMAUE1

)
ρ

)

=

γ

(
m+ 1, 1

n

√
γOMAUE1

r1
(
1−γOMAUE1

)
ρ

)
0 (m+ 1)

. (48)

Similarly, the OP performance of UE2 is presented as

OPOMAUE2 = Pr

(
X2r2

X2r2 +
1
ρ

< γOMAUE2

)

= Pr

(
X <

√
γOMAUE2

r2
(
1 − γOMAUE2

)
ρ

)
. (49)

Then, (49) can be rewritten as

OPOMAUE2 = FX

(√
γOMAUE2

r2
(
1 − γOMAUE2

)
ρ

)

=

γ

(
m+ 1, 1

n

√
γOMAUE2

r2
(
1−γOMAUE2

)
ρ

)
0 (m+ 1)

, (50)

where γOMAUE1 = 22R̃UE1 − 1, γOMAUE2 = 22R̃UE2 − 1.
Remark 2: Since the expressions of (11) and (14) are

expected to explore main impacts on the system performance,
we fortunately find that the performance of two users in
DIRS-NOMA mostly depend on ρ. It means that the transmit
SNR at the BS contributes to the improvement of performance
at user end. The configuration of IRS also plays an important
role to adjust performance metrics, such as OP, ER, and BER.
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TABLE 2. Simulation parameter setting.

FIGURE 4. The OPs of UEs, α1 = 0.1, α2 = 0.9.

Remark 3: To compare the performance of DIRS-NOMA
and DIRS-OMA, we try to find what are the main
parameters affecting the improvement of DIRS-NOMA sys-
tem. Interestingly, the power allocation factors α1, α2 in
DIRS-NOMA make the main impact to the differences
between DIRS-NOMA and DIRS-OMA.

To confirm what are main factors affecting the system
performance, we simulate to verify expressions presented in
the previous sections. The simulation results are shown in
section V.

V. SIMULATION RESULTS AND DISCUSSION
In this section, we simulate the DIRS-NOMA system
to verify the derived expressions using the Monte Carlo
simulation method. The simulation settings are shown in
Table 2.

In Figure 4, we verify the expressions in (11) and (14)
to look at users’ performance versus the transmit SNR at
the BS. Scpecifically, we consider some configurations of
the IRSs, which have 10 and 30 meta-surface elements,
power allocation factors α1 = 0, 1 (for UE1) and α2 =

0, 9 (for UE2). The results of the OPs of UEs show that

FIGURE 5. The OPs of UEs with varying power allocation factors.

all simulation and analysis curves are identical. When the
number of meta-surface elements of the IRS is changed,
the performance gap of OP curves can be observed clearly.
In addition, it is further confirmed that the power allocation
factors also affect to the OP characteristics of the users.
To this end, we simulated the OPs of the UEs by changing
values of α1, α2, shown in Figure 5.
In Figure 5, we simulate OPs of two users when the

transmit SNR changes from 0 to 50. The other parameter
settings are, 10 and 30 meta-surface elements, power
allocation factors α1 = 0, 1, α1 = 0, 4, α1 = 0, 8 for UE1
and α2 = 0, 9, α2 = 0, 6, α2 = 0, 2 for UE2, respectively.
The good matching curves betweenMonte-Carlo simulations
and mathematical analysis results confirm that our derived
expressions are correct. From the analysis results in Figures
4 and 5, OPs depend on not only on the number of IRS
meta-surface elements but also the power allocation factors.
Specifically, the larger the number of meta-surface elements
of the IRS, the better OP can be achieved. The larger the
power allocation factor gap is assigned among two users,
the larger gap between two curves of OPs of the two users.
Thus, if we design the DIRS-NOMAwith reasonable number
of meta-surface elements and power allocation factors, the
system performance can be improved significantly.

In Figure 6, we simulate how the ERs of UEs when the
transmit SNR at the BS comes from 10 to 60. We also
consider two cases of the IRS, i.e. 10 and 30 meta-surface
elements, power allocation factors α1 = 0.1 for UE1 and
α1 = 0.9 for UE2. The curves of the ER using mathematical
analysis are consistent with the simulation results, which
confirms the exactness of our derived expressions for
ER performance. When the number of IRS meta-surface
elements is large, the slope of the ER characteristics is large,
and a higher ER level can be reached. In addition, we see
that the power allocation also affects the ER characteristics
of the two users. Similarly, Figure 7 demonstrates how power
allocation factors give influences on ERs.
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FIGURE 6. ERs of UEs, α1 = 0.1, α2 = 0.9.

FIGURE 7. ERs of UEs obtained with varying power allocation factors.

FIGURE 8. BERs of UEs obtained when α1 = 0.1, α2 = 0.9.

In Figure 8, we simulate the BER of user pair with the
given settings of IRS and power allocation factors. We find
that the higher the SINR, the more disparity between the

FIGURE 9. BERs of UEs obtained with varying power allocation factors.

FIGURE 10. OPs of UEs obtained when α1 = 0.1, α2 = 0.9 for both
DIRS-NOMA and DIRS-OMA systems.

analysis and simulation results. On the other hand, BER also
depends on the number of meta-surface elements of the IRS.
In particular, as the number of IRS elements increases, the
slope of the graph increases. In addition, it can be clearly seen
in Figure 9 the power allocation factors also affect the BER
characteristics of the user pair significantly.

Next, we show performance both DIRS-NOMAandDIRS-
OMA systems in Figure 10. For UE1: In case the IRS has
10 meta-surface, the transmit power ranges from 10 to 20,
the OP characteristics of DIRS-NOMA and DIRS-OMA are
the same since they have the same slope. The gap among two
OP curves can be seen clearer at high SNR regime, i.e. SNR
is greater than 50. In the case of IRS with 30 meta-surface,
the similar observations can be obtained. The performance of
UE2 can be analyzed similar as UE1.

VI. CONCLUSION
In this paper, we have presented the performance analysis
of a DIRS-NOMA system for two edge users. Through
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the analysis and insights discussions, NOMA technology
gives flexible power allocation factors assigned to users
while the IRS can adjust phase of signals to significantly
improve the system’s performance. To evaluate the system
performance, we assumed that the power allocation is fixed
in lots of simulation, which affects the levels of differences
among performance of the two user pair in terms of the OP,
the ER as well as the BER performance metrics. Further,
optimization of such power allocation is provided in simple
computation. The impact of transmit SNR on the trends of
the system performance is considered through diversity order.
In addition, we confirmed that the number of meta-surface
elements of the IRS and the power allocation factors can be
crucial to achieve expected system performance. Further, our
framework demonstrates the superiority of the double IRS
and NOMA schemes which is considered as guidelines to
design future IoT systems.

APPENDIX A
PROOF OF PROPOSITION 1
We denote X as the sum of Nx random variables with statis-
tically independent double Rayleigh distribution, according
to [22, ch.2.2.2]. The PDF of X can be approximated as the
first term of the Laguerre series expansion defined as follows:

fX (x) =
xm

nm+10 (m+ 1)
exp

(
−
x
n

)
, (51)

where m =
�2
1

�2
− 1, n =

�2
�1

, with �1 = E[X ] and
�2 = 4Var[X ]. Since |GRk | and |guk | are two random
variables with a Rayleigh distribution that have a variance of
1 and are statistically independent, �1 = Nx π

2 and �2 =

4Nx
(
1 −

π2

16

)
. From the PDF function we can calculate the

CDF as follows:

FX (x) =

x∫
0

fX (t)dt =
1

nm+10 (m+ 1)
ℑ (x) , (52)

where ℑ (x) =

x∫
0
tmexp

(
−t
n

)
dt , set z =

t
n , by considering

[23, eq(8.350/1)] we have the interesting formula of ℑ (x)
as ℑ (x) = nm+1γ

(
m+ 1, xn

)
. By replacing ℑ (x) in (7),

we have the CDF as follows:

FX (x) =
γ
(
m+ 1, xn

)
0 (m+ 1)

. (53)

The proof of Proposition 1 is completed.

APPENDIX B
PROOF OF PROPOSITION 2
We have:

FY (y) = Pr (Y < γ̃ ) . (54)

Substituting Y =
X2rp

X2rq+ 1
ρ

in (40) we get (41)

FY (y) = Pr

(
X2rp

X2rq+
1
ρ

< γ̃

)
. (55)

We can rewrite (41) as follows

FY (y) = Pr
(
X2rp < γ̃

(
X2rq+

1
ρ

))
. (56)

Then, FY (y) is given by

FY (y) = Pr
(
X2r (p− qγ̃ ) <

γ̃

ρ

)
. (57)

In this step, we compute FY (y) as

FY (y) = Pr

(
X <

√
γ̃

r (p− qγ̃ ) ρ

)
. (58)

Also, deriving the CDF of Y as

FY (y) =
γ
(
m+ 1, yn

)
0 (m+ 1)

. (59)

The proof of Proposition 2 is completed.
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