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Abstract. We consider a Proca-Higgs model wherein a complex vector field gains mass via
spontaneous symmetry breaking, by coupling to a real scalar field with a Higgs-type potential.
This vector version of the scalar Friedberg-Lee-Sirlin model, can be considered as a UV
completion of a complex Proca model with self-interactions. We study the flat spacetime and
self-gravitating solitons of the model, that we dub Proca-Higgs balls and stars respectively,
exploring the domain of solutions and describing some of their mathematical and physical
properties. The stars reduce to the well-known (mini-)Proca stars in some limits. The full
model evades the hyperbolicity problems of the self-interacting Proca models, offering novel
possibilities for dynamical studies beyond mini-Proca stars.

Keywords: gravity, stars

ArXiv ePrint: 2301.04172

© 2023 The Author(s). Published by IOP Publishing

By Ltd on behalf of Sissa Medialab. Original content from
this work may be used under the terms of the Creative Commons htt “/ doi /10 1088/1475—7516 2023/05/022
Attribution 4.0 licence. Any further distribution of this work must ps: / OL.0rg . / / /

maintain attribution to the author(s) and the title of the work,
journal citation and DOI.


mailto:herdeiro@ua.pt
mailto:eugen.radu@ua.pt
mailto:etevaldo.s.costa@ua.pt
https://arxiv.org/abs/2301.04172
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1088/1475-7516/2023/05/022

Contents

1 Introduction 1
2 The Proca-Higgs model 3
2.1 Action, field equations and limits 3
2.2 A UV completion of a self-interacting Proca model 4
2.3 The hyperbolicity issue )
2.4 Ansatz, units and numerical approach 7
3 Proca-Higgs balls 9
3.1 The equations and asymptotics 9
3.2 Numerical results 10
4 Proca-Higgs stars 12
4.1 The equations and asymptotic behaviors 12
4.2  Numerical results 13
5 Compactness and some special geodesics 14
5.1 Compactness 14
5.2 Circular geodesics 16
6 Spherical hairy black holes? 18
7 Conclusions 20
A First law 21

1 Introduction

Scalar boson stars (see [1-4] for reviews) are a popular model of self-gravitating solitons that
have found a variety of applications in gravitational physics, for instance in the context of
dark matter, e.g. [5-8], and as black hole mimickers, e.g. [9-20]. The simplest and historically
pioneering model is that of mini-boson stars [21, 22], which emerge for a massive, free, complex
scalar field minimally coupled to Einstein’s gravity. Adding self-interactions (or non-minimal
couplings) allows a whole landscape of models with different properties and applications. In
most models both static and spinning stars have been constructed — see e.g. [2, 23-48]. In
some cases, multi-centre stars, which can be interpreted as several boson stars in equilibrium
have also been reported [49-54]. A key aspect of boson stars is that they are dynamically
robust, for some models and in parts of the parameter space [55-66|, allowing dynamical
strong gravity studies, such as collisions and mergers of individual stars, to test their stability
and obtain to gravitational wave templates — see e.g. [67—76]. Scalar boson stars have flat
spacetime counterparts if appropriate scalar self-interactions are included in the model; the
corresponding flat spacetime solitons go by the name of Q-balls [77].

From a high energy physics viewpoint, most of the aforementioned models accommodating
boson stars are regarded as effective field theories (EFTs) rather than fundamental ones, that
require beyond the standard model constructions for a fundamental physics embedding. For



instance, many of the self-interactions considered are non-renormalizable. Still, such EFTs are
generically self-consistent, allowing not only the study of equilibrium solutions but also their
dynamics, with or without gravity. For attempts to embed some of these EFTs in extensions
of the standard model of particle physics see [78].

Vector boson stars, on the other hand, have only been constructed more recently [79]. In
analogy to their scalar cousins, they were initially constructed for a massive, free, complex field
minimally coupled to Einstein’s gravity. Such mini-Proca stars share many of the properties
of their scalar cousins — see e.g. [33, 38, 80-83]. Some differences, however, can also be
found, for instance in the geodesic structure of the spherical stars [19] and in the stability
properties of the spinning stars [61]. The latter has motivated phenomenological studies of
collisions of spinning Proca stars and the comparison of the corresponding gravitational wave
signals with some observed transients, in particular GW190521 [84, 85]. In fact, a catalogue of
gravitational waves from Proca stars has been reported [86]. As for their scalar cousins, under
appropriate self-interactions Proca-balls have been constructed in flat spacetime [87-90].

Once again, from the viewpoint of high energy physics, the simplest Proca model should
be regarded as an EFT. The lack of gauge invariance, explicitly broken by the mass term,
causes issues, such as non-renormalizability. In a more fundamental theory, the mass term
should be obtained from a Higgs mechanism, as in the electroweak sector of the standard
model. Still, as a classical EFT, the free Proca model is self-consistent.

A natural next step considered Proca stars in models with self-interactions. These were
reported in [91, 92] for quartic self-interactions. It has recently been pointed out, however,
that generic self-interacting Proca fields (not necessarily complex, and even in flat spacetime)
can suffer from a breakdown of hyperbolicity [93-95]. In other words, these models are not
fully self consistent even as EFTs. Since the theory is being taken beyond its regime of validity,
progress requires a completion of the theory, typically at high energies, thus a UV completion.

UV completions of EFTs can be challenging. A notoriously difficult example is the quest
for the UV completion of General Relativity, which has been a holy grail of theoretical physics
for over half a century. But there are simpler field theories which breakdown as EFTs and
have known possible UV completions. An example is a field theory with non-linear kinetic
terms, used for k-essance [96]. A similar construction to this case has been suggested, in fact,
for self-interacting Proca models [97, 98].

In this paper we shall consider a Proca-Higgs model that can both yield a mass to the
Proca field via a Higgs mechanism — thus addressing one of the obvious shortcomings of the
Proca EFT — and be considered as a UV completion of a self-interacting Proca model. We
shall construct the balls (i.e. flat spacetime solitons) and stars (i.e. self-gravitating solitons) of
this model, hereafter dubbed Proca-Higgs balls and Proca-Higgs stars, studying their physical
and mathematical properties. As we shall see, the model approaches the free Proca model
yielding mini-Proca stars in some limits; but unlike the latter, it also contains flat spacetime
solitons, by virtue of the (effective) self-interactions. Moreover, we show that the model
is free of the hyperbolicity problems that plague the self-interacting Proca models, thus
making it an interesting arena for exploring the dynamics of such Proca-Higgs solitons in a
self-consistent manner.

This paper is organized as follows. In section 2 we present the Proca-Higgs model that
will be the focus of our work, its motivation and features. In sections 3 and 4 we discuss
Proca-Higgs balls and stars, respectively. In section 5 we discuss the compactness of the
Proca-Higgs stars and some special circular geodesics, that could have impact in the stars’
phenomenology. In section 6 we establish a no-hair theorem for spherical black holes with



Proca-Higgs hair. We wrap up our results providing some discussion in section 7. In an
appendix we establish a first law type relation for the Proca-Higgs stars.

2 The Proca-Higgs model

2.1 Action, field equations and limits

We consider a model with a real scalar, ¢, and a complex vector field, A, both minimally
coupled to Einstein’s gravity. Unlike previous works dealing with Proca stars’ — e.g. [79, 99]
—, in this model the mass of the vector field results from a scalar-vector coupling. A non-zero
vector mass results from the Higgs-like scalar potential, dynamically imposing a non-trivial
scalar vacuum expectation value (vev) at infinity, v =constant. Explicitly, the model is
described by the action:

1
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where R is the Ricci scalar of the spacetime metric g,g, with determinant g, and the vector
field strength is Fo3 = Vo Ag — Vg A,, with overbar denoting complex conjugation. We shall
focus on the ‘Mexican-hat’ potential for the scalar field

U(¢) = 7 (¢* —v?)?, (2.2)

where A > 0 is a constant.
The vector and scalar equations of the model are, respectively,

Vo FP = 92 AP (2.3)
Dqﬁ—ngrngA A, (2.4)

whereas the Einstein equations read
1 ) 4 ()
R — 5 Rgap = 87G 5+ 1)) (2.5)
where the vector and scalar components of the energy-momentum tensor are

v 1 - = o 1 =0T 1 1 A 1 A
T(i ) = 5(?&0’-7/57 + Faa'fﬁ'y)g 7 — Zgaﬁfaﬁ']: + ¢2 |:2("404"46 + ACVA/B) - §gaﬁAgA
(2.6)

T = 026056 — gas [;(8¢)2+U(¢>)} : (2.7)

Here we have chosen to assign the mixed terms (i.e. scalar-vector) to the vector energy-
momentum tensor as to make it more Proca-like. This split, however, is arbitrary.

!These works consider the following action, that we shall refer to as the standard (complex) Proca model
(where pu is a constant mass term)

4 o 1 raf &2 et
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The Proca-like vector field equations (2.3) imply the Lorenz-like condition, which is not
a gauge choice, but rather a dynamical requirement:

V(02 AY) = 0. (2.8)

Inspection of the field equations (2.3)—(2.5) reveals that ¢ = 0 is a consistent truncation
of the model, yielding a complex (massless) vector minimally coupled to Einstein’s gravity.
In other words an Einstein-(double)Maxwell theory. On the other hand, ¢ = v # 0 is not a
consistent truncation. The Einstein-vector equations yield an Einstein-complex-Proca system,
but the scalar equation yields an additional non-trivial constraint, A,.A% = 0.

Despite not reducing exactly to the standard Proca model, there are limits in which the
latter should be recovered. For asymptotically flat solutions, that are the focus of our study,
the asymptotic behavior of the scalar field is fixed by the condition

U(¢) =0, i.e. ¢ —>v as r— 00, (2.9)

which implies an effective mass u = v for the vector field. Thus, the standard Proca
model [79, 99] is recovered asymptotically. One may also anticipate that the standard Proca
model is recovered for “large \”, as in this case, it becomes energetically costly for ¢ to depart
from the vev. We shall see below how much this expectation is confirmed by the data.

On the other hand, the model (2.1) will exhibit features unlike those of the standard
(free) Proca model. Namely, flat-spacetime solitonic solutions (hereafter “balls”) may exist.
This is suggested by the analogy with a (renormalizable) theory proposed by Friedberg, Lee
and Sirlin [100]. This model contains two scalars only, and can be seen as the spin-zero version
of (2.1), the complex vector field being replaced by a complex scalar field v, with the matter
Lagrangian density

L= —%(aw)(aw)* - %&w* = %Gaw% —U(9). (2.10)

The complex scalar 1 becomes massive due to the coupling with the real scalar field ¢,
which has a finite vev generated via a symmetry-breaking potential. Since the Friedberg-Lee-
Sirlin possesses particle-like solutions in a flat space background, it is natural to expect a
similar result for its vector generalization that we are proposing. Below we shall confirm this
expectation.

The model (2.1) possesses a global U(1) invariance of the complex vector field, under
the transformation A, — eiXAN, with x constant. This implies the existence of a conserved
4-current,

ja::%[;u@Aﬁ__;aqgﬂ _ (2.11)

From (2.3) it follows that V,j“ = 0. Consequently, there exists a Noether charge, @, obtained
by integrating the temporal component of the 4-current on a space-like slice >:

Q:/ Buy=gj°. (2.12)
b))

2.2 A UV completion of a self-interacting Proca model

The model we are considering (2.1) can be regarded as a UV completion of a self-interacting
Proca model. To see this, we start by expanding ¢ around its vev,

¢=v(l+p); (2.13)



one gets

1 1 \v?
50000+ U(¢) = v’ <28ap8“p + 2% + Mo?p® + 4p4> , (2.14)

which means that the perturbation around the vev, p, acquires an effective mass M, = v2Av.
The equation of motion for p then reads

2

M? _
Dp=—"p(1+p)2+p) + 1+ p)AaA". (2.15)

At energies much lower than M, one can freeze the scalar degree of freedom (Op ~ 0) and
solve (2.15) for p

2A0 A%
pr =1 [1- =0 (2.16)
p
Using (2.16) in the initial model (2.1), one obtains the low energy EFT
R 1 _ v? o (AgAY)?
Sei = | d* | s — ~FupF’ — — e 2.17
i / ! [16%6‘ 17T (’4"‘“4 M2 (2.17)

This is a complex Proca model with quartic self-interactions. We had mentioned before that
setting ¢ = v is not a consistent truncation of the initial model (2.1). We have just shown
that considering small oscillations around the vev, instead of getting a nuisance constraint
from the scalar equation, that constraint can be used to get an extra interaction in the model,
which may suffice to describe the dynamics at sufficiently low energies. It is worth noticing
that the effective Proca field theory obtained has a definite sign for the self-interactions, i.e.
it reads

1 2 -
Lo BT — - FogF? = A A — ag(AaA®)?, (2.18)

with the mass term p? = v?, determined by the scalar vev, and the self interactions

Y1y (2.19)
Tz T T T '

determined by the strength of the scalar self-interactions. Again, we see that for \ “large”,
the free Proca model should be approximately recovered.

We remark that similar considerations have been made in [98]. Our concrete model
is distinct from those considered in this reference and our goal includes acquiring mass
dynamically.

2.3 The hyperbolicity issue

The dynamics of self-interacting vector fields can sometimes be written as if regulated by
a so-called effective metric [93, 94, 101], that depends on the vector field itself and on the
spacetime, which is a fundamental aspect for understanding the problem. In other words,
such an effective metric controls the principal part of the differential operator governing the
vector field, and it can lead to a loss of hyperbolicity. Given the hyperbolicity issues observed



for self-interacting Proca fields [93-95, 97, 101], and given the connection between model (2.1)
and the Proca model with quartic self-interactions demonstrated in the last subsection, it is
relevant to discuss the hyperbolicity of model (2.1).

In this subsection, we investigate hyperbolicity issues in the Proca-Higgs model, applying
the methodology introduced in [93, 94, 101], to obtain the effective metric ruling the propa-
gating of the vector field. This approach is focused on the principal part of the differential
operator. It does not rule out tachyonic instabilities [93], which are of a different nature and
do not signal a breakdown of the EFT.

For this analysis we consider a real vector field A* with norm A% = A A, coupled with
a real scalar field, ¢, described by the Lagrangian density

R 1

_ v = af 1 2y 1 o
=torg 1707 T V(A — 50.00% —U(9). (2.20)

We assume that ¢ only occurs multiplied by powers of A2 in the potential V(¢,.42). The
vector field equation is then

— V. VPA, + V, VAR + A, VOD =0 (2.21)

onomvV (¢, A?)
(00)" (0A%)™
the second term in (2.21) as a wave operator. By taking the divergence of the above equation,
one finds the modified Lorenz gauge condition

where V(M) = ). In order to construct the effective metric, we want to write

v (AVOD) <o, (2.22)
which can be re-written as
VARV OD Lo Ar Avy A,V OD 4 AR oV D =0 (2.23)

Next, by using the definition of the Riemann curvature tensor (V,V, —V,V,) A* = R, A"
and using equation (2.23), we can cast the vector field equation (2.21) as

2VoV, AV (02 V.6V, Ay (L1

o 0,1
VHVMAV+ V(071) AM-A _AVV( )+ V(O,l) _Ryu.Au
1 (V(Ll)>2
77077 2(Vadut Vide) VoAV O+ VDT, g4 | VED - 2at | V07,6 ¢ A7
2 V(0.2 1/(1,1) o) )
tyo0 )T oD (VadVo A+ VoAV, 0)+ VI (V0 oV A+ VoAV, 9) o AFA

2

(0,2)
4V 3 AV, A o N
% V(O,S)_(V(m)) AR AC AP — 0. (2.24)

We can now substitute the second term in (2.24) by using Fo3 = VaAz — VA, and,
consequently, the principal part of the differential operator becomes

O,

Vo F, V02
V(O,l)

VoV, A, V(02

V.VFA, +2 V0D

AP A = 3, VPV A, + 2 AP A (2.25)



We have introduced the effective metric

. 2V (0:2)
Juv = Guv + VA(8Y) A/J,Al/ . (2.26)

Similarly as [94], the term ©,, contributes to the principal part of the differential operator
and must be taken into account. As in the pure Proca case, eq. (2.24) is not manifestly
hyperbolic. Moreover, similar procedures to those in appendix B of [94] shows that, in fact,
the effective metric, g,,,, governs the dynamics of the vector field and change of its signature
leads to a breaking into the hyperbolicity of the equation.

Notice, however, that our model is free of hyperbolicity issues caused by change in
signature of this effective metric, since for this particular model the effective metric reduces
to the spacetime one. This is verified for our model (2.1), for which

V(p, A%) = ¢? A? = v(©02) =, (2.27)

which confirms the model (2.1) is free of hyperbolicity issues. In this case, moreover, (2.24)
simplifies to

V. VFA, — A" Ry, — Avd? + 2V, AV, In ¢ + 24"V, V, In¢p = 0. (2.28)
On the other hand, the effective mass matrix
My = Ry + 0¢® — 2V, V, In ¢, (2.29)
can have vanishing determinant. Hence the model can present tachyonic instabilities.

2.4 Ansatz, units and numerical approach

Throughout this paper we shall use units with ¢ = 1. In the explicit computation of the
solutions below, we shall focus on spherically symmetric solutions. Then, by using standard
coordinates (t,7,0,¢), we shall take the following ansatz for the “matter” fields

A= e ™[ f(r)dt +ig(r)dr] , o= ¢(r). (2.30)

Here, f, g and ¢ are all real functions, which only depend on the radial coordinate r, and w
is a real frequency parameter, assumed to be non-negative without loss of generality.? When
computing self-gravitating solitons (“stars”) we assume the following form for the line element
in isotropic coordinates

ds? = —0) g2 4 201 () {drz + r%(d6? + sin? HdapQ)} , (2.31)

where Fy and F} are radial functions.

We shall now discuss some convenient rescalings of the variables and parameters of the
model, that shall be used in the remainder of the paper. Unlike the standard (free) Proca
model, the theory (2.1) allows for flat spacetime solitons. To simplify comparisons between
such Proca-Higgs balls and the self-gravitating stars, we introduce the dimensionless quantities

r—>f, W — VW, ¢ — vo, Ay — vA,, (2.32)
v

2The electromagnetic potential g should not be confused with the determinant of the metric.



such that the field equations (2.3)—(2.5) become

Vo FP = ¢ AP | (2.33)
O¢ = A(¢* — 1) + ¢ AaA%, (2.34)
1 W) | (s
Rag — 5 Rgap = 207 [Ty + T3] (2.35)

where we have defined the coupling constant
o? = 4nGv?. (2.36)

This scaling reduces the number of tuneable couplings/parameters in the action from 3
(G, \,v) to 2 (a, A). Then, the (gravitational) decoupling limit — in particular to be used for
a flat spacetime background to compute balls — amounts to a = 0.

Under this scaling the Noether charge remains invariant

Q:/ﬁmC@W (2.37)
>

The mass/energy of balls and the Komar mass of the stars, on the other hand, scales as
M — Mw. In the case of stars, M can be computed in two ways: (1) the Komar mass

Mxomar = _/ d3[IZ\/ —g (2T00 - T) ; (238)
b))

where T is the trace of the total energy-momentum tensor. Obviously, this is also applicable
to balls, in which case it reduces to the standard integral over the energy density®

M E/Ealgfﬁx/—gToo; (2.39)

and (2) the ADM mass, that can be read off from the metric behavior at infinity

—gu o 1- AR

r—00 r

(2.40)

Comparing Mapy with Mgemar, for stars, provides a test for the numerical quality of
the solutions.

Turning now to the issue of numerical construction of the solutions, we mention that our
approach is similar for both Proca-Higgs balls and stars. The solutions are found by solving a
set of coupled non-linear ordinary differential equations for the functions F = (Fy, F1; ¢, f, g)
(with Fy = Fy = 0 for balls), which are displayed in sections 3.1 and 4.1. These equations were
subject to the boundary conditions introduced in the aforementioned sections. The professional
package FIDISOL/CADSOL [103], which employs a finite difference method with an arbitrary
grid and arbitrary consistency order, has been used to perform all numerical calculations
reported in this work.? This solver uses a Newton-Raphson method, which requires a good
first guess in order to start a successful iteration procedure (see the references [104, 105] for a
more in-depth explanation of the solver). Inside the solver, we introduce a compactified radial

3This can be seen from (2.38) together with the Deser/virial identity for flat spacetime solitons, which
establishes that the integral of the spatial trace on a spacelike slice vanishes [102].

4We mention that some of the solutions have been recovered by using a Runge-Kutta ordinary differential
equations solver and a shooting technique.



variable x = r/(c+r) (with ¢ an input parameter which is usually taken equals to one) which
maps the semi-infinite region [0, c0) to the finite region [0, 1], and make the substitutions

Fr— s =2 Fa,  Fr— (1= 2 Faa— 50— 2)°Fa.

We then discretize the equations for F on a grid in . The results in this work have
been found for an equidistant grid varying from (around) 400 to 800 points, covering the
integration region 0 < x < 1.

The solver also provides error estimates for each unknown function, which allows for
judging the quality of the computed solution. The numerical error for the solutions reported
in this work is estimated to be typically < 107°. Moreover, we also use physical constrain to
test the trustworthiness of the numerical solutions, e.g., the equivalence between the ADM
mass and the Komar one, the virial identity, the first-law identity and the gauge condition.

3 Proca-Higgs balls

3.1 The equations and asymptotics

We shall now present our numerical results on the solitonic solutions of (2.1). First we consider
the flat spacetime solutions in the decoupling limit: we set a = 0 = Fy = F}. Then, the only
field equations to solve are (2.33) and (2.34), which, under the ansatz (2.30), yield

d 2
${T2[f/—wg}}=7“2¢2f, wg—f/:%v (3.1)
//:_<f2_g2+)‘)¢_2r¢l+)\¢3’ (32)

where the prime denotes the derivative with respect to r. These equations are constrained by
the gauge condition (2.8), which becomes

g +wf= —W. (3.3)

For the Proca-Higgs balls, the globally conserved quantities, Noether charge (2.37) and
mass/energy (2.39), become

Q =4r /OOO ngQr?dr, (3.4)
M = 2mv /Ooo {(f’ - wg)2 + ¢? (f2 —|—g2) + %)\ (ng - 1)2 + ¢'2] r2dr. (3.5)

These solutions obey the virial identity (see e.g. [106])

0o 2
/ {—;¢’2—?(¢2—1)2+;¢2 3f2+92<—1+f)2>”7«2dr=0, (3.6)

which can be used to test the numerical accuracy of the solutions. All solutions reported in
this work obey the virial identity up to errors of order 107> — 10~%; the larger errors are for
solutions occurring inside the spiral.




To numerically integrate egs. (3.1)—(3.2) we need to impose boundary conditions. At
the origin, r = 0, these establish regularity and read,

6(r) = 60— 2 (£~ A - 1) + 06 (3.7)
F) = fot (- u?) 2 +069), (38)
g(r) = —fo—wr +0O(r3). (3.9)

3

As such, ¢(r =0) = ¢g and f(r = 0) = fo. Due to the Zy symmetry for the scalar field and
the global U(1) symmetry for the vector potential, ¢g and fy can be chosen positive. On
the other hand, we impose that the scalar field reaches its vev when r — oo and the vector
potentials decay exponentially, due to the effective asymptotic mass term:

—V2\r
o(r) =1+ ce - e (3.10)
B w1
Fry = 26 - T (3.11)
cowe "V 1-w? (7‘\/ 1—w?+ 1)
g(r) =— WD) 4+ (3.12)

where ¢; and ¢y are arbitrary real constants. One observes that in order to have localised
solutions, the frequency is bounded, w < 1. This is the standard bound state condition, since
our scaling made the asymptotic effective mass term in the vector equation equal to unity.

3.2 Numerical results

For the Proca-Higgs balls, the only tunable parameter in the model is A. Figure 1 exhibits the
domain of existence of the fundamental solutions® for two illustrative values of )\, in mass vs.
frequency diagrams. Several features are salient. Firstly, as w — 1 the mass/energy tends to
diverge. This is a well known feature of ()-ball models. Secondly, and unlike -balls, as one
scans the domain of solutions one finds a self-intersection of the mass/energy curve (and also
of the Noether charge one). Thirdly, unlike -balls, for which a minimum frequency emerges
wherein the mass/energy again diverges, so far we were not able to compute a minimal
frequency for Proca-Higgs balls. In figure 1 we have plotted the solutions curve only until the
third branch, for better visualization. Finally, the criterion for energetic instability @ < M /v
is obeyed in a larger part of the parameter space as \ increases.

Differently from @-balls and scalar boson stars, ¢g is not a good solution label for
Proca-Higgs stars. A good parameter is fy, as for Proca stars, since it grows monotonically
along the solutions curve, starting from the maximal frequency limit; thus it is in a one to one
correspondence with the solutions. In this respect, we remark that for a generic solution, foy
is not the maximum of f(r); rather, the maximum occurs in the neighbourhood of the origin.
To illustrate the profile functions of a concrete solution we exhibite them for an illustrative
Proca-Higgs ball with w = 0.80 and A = 0.005 in figure 2 (left panel).

5 All solutions presented in this work correspond to the fundamental solutions (or ground state), for which
the vector potential temporal component f(r) has the minimum number of nodes (one). Solutions with higher
number of nodes exist, corresponding to excited states, but we shall not report them here.
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Figure 1. Top panels: mass/energy (red solid line) and Noether charge (blue dashed line) of the
Proca-Higgs balls as a function of their frequency w for two illustrative values of A\. Bottom left panel:
a comparison between the mass/energy for the two values of the coupling A = 0.005 (red solid line) and
A = 0.05 (blue dashed line). The self-intersection of the mass/energy curve is a feature observed for all
computed A. Bottom right panel: the ratio /(M /v) — when it is smaller than one, the Proca-Higgs
balls should be unstable against fission.

A=0.005, ®=0.80 ®=0.95

0.08
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Figure 2. (Left panel) Radial profiles of the mass/energy and Noether charge densities, energy-
momentum trace and (in the inset) vector and scalar functions, for the Proca-Higgs ball with w = 0.80
and A = 0.005. The solution lies on the first branch and has M = 48.26, ) = 51.45. For this particular
solution, the maximum value of f, f = 0.351, occurs at the origin, while its minimum, f = —0.0126,
occurs at r = 8.756. (Right panel) Mass/energy (solid red line) and Noether charge (blue dashed line)
as functions of A for w = 0.95.
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We have performed thorough studies of the solution space for particular values of A,
including A = 0.05 and A = 0.005, scanning for the frequency w. To illustrate the dependence
of the solution space on the coupling constant, we have fixed the frequency, say w = 0.95, and
varied A — figure 2 (right panel). Interestingly, the model seems to have an upper bound
on the parameter \. As discussed in the previous section, increasing A the model tends to
the standard (free) Proca model. As shown in [99], the latter does not admit flat spacetime
solutions for the considered ansatz. In agreement with this, our numerical results suggest
that the solutions cease to exist above some particular value of A, which depends on the
frequency w.

4 Proca-Higgs stars

4.1 The equations and asymptotic behaviors

Let us now turn on gravity a # 0 and study the Proca-Higgs stars of the model (2.1). Again
we focus on spherical symmetry and thus the full ansatz is given by (2.30) and (2.31). The
scaled matter field equations (2.33)—(2.34) then yield:

dir{T2 [f — wg] eFlfFO} = r2e3fi—Forg? . wg — f = ezlz‘cmz, (4.1)
"n_ (92 . 62F1—2F0f2 . )\€2F1) ¢ — (72~ +F6 +F1’> & +)\62F1¢3. (4.2)

The Lorenz-like gauge condition for these equations becomes
g +wfefi72h = g <F6+F1/+2f+i) : (4.3)

The scaled Einstein equations (2.34), are combined as in the following: the (t,t) component

t,1
and (r,r) + (6,0) — ( ’2 ); leading into two equations to be solved

FP 2F o _ 2 A ?
F{/:_ 21 . T1+ 5 {e 2F, ((f’—wg) +f262F1¢2+€2F092¢2>_§€2F1 <¢2_1) _¢/2}’
(4.4)
3F, 1 Fy
FY = —2F,F| —F}?> - 0—5 21
2
3 2
+0; {6—2F0 ((f/7wg)2+5f262F1¢2+62Fog2¢2>+¢/27§)\62F1 (¢271) } (4.5)

The Noether charge and mass are now

oo ,Fo+Fy 2 42

Q:47r/ wﬁdr, (4.6)
0 w

62F0+2F1)\

o0
M:27T'U/ 6F0+F1 [(f/—wg)2+¢2 (f2€2F1 +9262F0) + 2
0

(¢2_1)2+62F0¢/21 7"2d7",

(4.7)
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whereas the virial identity is
e 3N 2 1, 2F, ¢?
_ _ _ 1 —2Fy g2 | —2F 2 2F,
/0 { 5 10) 1 (gb 1) +2d> 3e f“+e g 1+e 2

e 2 Y (2Fy + F{(r))
202

}6F0+3F1’I"2d7" =0. (4.8

The solutions reported in this section obey the virial identity up to errors of order
107° — 107, where, as in the case of balls, the larger errors occur inside of the spiral.

Again, the numerical integration requires an analysis of the asymptotic behaviour of the
relevant functions. Close to the origin, r = 0, the different profile functions read

Fo(r) = Foo + ‘f;eQFlO—?FOO [4 1303 — €201 (5 — 1)2] 2+ 0%, (4.9)
Fi(r) = Fyo — ‘;ie”w—”oo [2 fod5 + €A (¢3 — 1)2] r’ +0(r?), (4.10)
$(r) = o — %eQFm*?FOO 13 = eox(gf — 1) r? + 00, (4.11)
Fr)=fo+ %&Fw*”oo (200¢f —w?)r? + O(?), (4.12)
o(r) = —%”emrmor + 0. (4.13)

Moreover, since we want to describe asymptotically flat solutions, the matter field
behavior for large r is still described by equations (3.10), (3.11) and (3.12), while the behavior
of the metric functions is

2R _q _ 2MGu o ame) g 2MGU

I

. (4.14)

where the parameter M can be identified as the ADM mass.

4.2 Numerical results

Let us now present the numerical results for the spherical Proca-Higgs stars. We use the same
numerical framework as in the case of balls. The solutions presented here have typical errors
of order 1075 — 1076,

To scan the parameter space of the Proca-Higgs stars, we must sweep (A, a) and w.
Let us start by fixing A and increasing o — figure 3. The left panel shows a key difference
when gravity is turned on — the mass of the solutions is regularised (as compared to balls)
as the maximal frequency is reached. In this limit, often called the Newtonian limit, the
stars become more dilute and their mass tends to zero. The plot also manifests that the self
intersecting mass (and Noether charge) curve remains, even when gravity is turned on, at
least for sufficiently small «. For sufficiently large «, on the other hand, this feature is absent.
In fact, for large enough « the Higgs field is almost frozen at its vev, and Proca-Higgs stars
mass curve approaches that of mini-Proca stars — figure 3 (right panel).

Let us now fix o and vary )\ instead — figure 4. A feature that is lost when gravity
is turned on is the apparent maximum of A described in the last section. Solutions exist
for arbitrarily high A. This is to be expected, from the reasoning presented before, and the
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Figure 3. (Left panel) Mass (red solid line) and Noether charge (blue dashed line) vs. w, for Proca-
Higgs stars with A = 0.005 and o = 0.35. (Right panel) Mass vs. w curve for Proca-Higgs stars with
A = 0.005 and four different values of o as well as for the mini-Proca stars.

solutions should approach, again, the mini-Proca stars for A — oo. In fact, this is what we see
in figure 4 (top right panel). Again, the Higgs field freezes at its vev in this limit (bottom left
panel). Comparing the top left and right panels of figure 4, one notices, however, a change in
trend: for low (high) A, increasing A, increases (decreases) the minimum frequency at which
the first branch of solutions ends, and the first backbending of the solution space occurs. The
same non-monotonic behaviour with A also occurs for the critical frequency at which the
maximal mass occurs (bottom right panel).

Finally, we exhibit the profile of the metric and matter fields profiles, together with
some physical quantities, for an illustrative solution, with w = 0.80, A = 0.005 and « = 0.35,
in figure 5.

5 Compactness and some special geodesics

To get some further insight on the Proca-Higgs stars we have presented in the previous section,
we shall now look at their compactness and some special circular geodesics.

5.1 Compactness

As we have seen, Proca-Higgs stars approach mini-Proca stars for both large A and large a.
Mini-Proca stars are stable from the maximal frequency up to the frequency of the maximal
mass [79]. This is a typical property of spherical bosonic stars [81]. Thus we shall call the
corresponding part of the first branch of Proca-Higgs stars the “stable branch”, albeit a
rigorous stability analysis is beyond the scope of this paper.

Both scalar boson stars and Proca stars become more compact along the stable branch,
from the Newtonian limit up to the maximal mass. Following the literature (see e.g [104]), we
define this compactness in terms of the effective (areal) radius Rgg, which contains 99% of the
total mass of the star. Note that these consideration are done in terms of the areal radius R,
which has a geometric meaning, and that connects to the isotropic radius r as Rgg = ef1rgg.
Then, the inverse compactness is defined by

1 Rog

Compactness™ " = Moy’ (5.1)

where Mgg = 0.99M.
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Figure 4. (Top left and right) Variation of the Proca-Higgs stars Mass vs. w curve with A, for
a = 0.35. The solutions tend to mini-Proca stars A becomes large. (Bottom left) The mass (red
solid line) and Noether charge (blue dashed line) of Proca-Higgs stars solutions, as functions A for
w = 0.95 and a = 0.35. The mass approaches that of mini-Proca stars. The inset shows how much
the scalar field deviates from 1: for large values of A, ¢g, Min(¢) and Max(¢) are all ~ 1. (Bottom
right) Variation of the critical frequency, w., at which the maximal Mass is attained (for fixed o and
A) when A is varied and o = 0.35: black crosses are data points, whilst the red continuous line is an
interpolation. For the computed solutions, the maximal mass monotonically increases with A, tending
to that of mini-Proca stars (blue cross).

The Higgs-Proca case is no different from the aforementioned models: moving along
the whole first branch the stars become more compact — figure 6 (main panels). Along
secondary branches, the compactness may increase or decrease, but the stars therein become
fairly compact, albeit never as compact as a Schwarzschild black hole.

One can also compare the compactness of the maximal mass solution as one moves
along the (A, a) parameter space. This is illustrated in figure 7, fixing an illustrative value of
A (left panel) or « (right panel). One observes that the compactness of the maximal mass
solution is not monotonic. Fixing A, on the one hand, the maximal mass solution initially
increases considerably in compactness when increasing «, reaching a maximal value, and then
decreasing slightly, tending to the value of the mini-Proca case. Fixing «, on the other hand,
the compactness of the maximal mass solution initially increases slightly when increasing A,
reaching a maximal value, and then decreasing towards a global minimum of compacness in
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Figure 5. Radial profiles of the mass and Noether charge densities, energy-momentum trace and (in
the inset), metric, vector and scalar functions, for the Proca-Higgs stars with w = 0.80, A = 0.005 and
a = 0.35. The solution lies on the first branch and has M = 36.52, ) = 38.86. For this particular
solution, the maximum value of f, f = 0.0305, occurs at the origin, while its minimum, f = —0.0109,
occur at r = 7.695.

solution space (for the maximal mass solution). Then it increases tending to the value of the
mini-Proca case. It is worth noticing that along both sequences of solutions, the maximal
mass always increases, as shown in the inset of both panels in figure 7.

5.2 Circular geodesics

Let us now turn to the study of circular geodesics. Special spacetime circular geodesics include
light rings (LRs) and innermost stable circular orbits (ISCOs). The existence of these features
in a horizonless star-like compact object could make them black holes foils, see e.g. [19], which
justifies their interest. More recently, it was argued that even without an ISCO, a horizonless
spacetime could imitate the shadow of a black hole, under some conditions, if its timelike
circular orbits (TCOs) reached a maximal angular velocity at some non-zero radius [18]. This
rationale was explored in [19] to argue that some mini-Proca stars in the stable branch could
actually imitate the shadow of a Schwarzschild black hole. Since the Proca-Higgs stars connect
to mini-Proca stars, we expect the same feature to hold for the former. The following analysis
will corroborate this hypothesis.

We consider null/time-like circular geodesics on the geometry (2.31), which are planar.
The radial geodesic equation, on the equatorial plane, for a massive (massless) particle, is

6_4F1 l2

Vi(r) = 72 = ke 2 4 202l p2 (5.2)

rz

where F, [ represent the particle’s energy and angular momentum and the dot represents
the derivative with respect to an affine parameter; k = —1, 0 for time-like or null geodesics,
respectively. Then, a particle on a circular orbit at » = r’ simultaneously satisfies the
conditions (see [51] for a more detailed discussion):

Vie(rT) =0, (5.3a)
Vi(rm)y = 0. (5.3b)

The stability of such orbits is dictated by the second derivatives
V' (rT) > 0 < unstable; V' (r°T) < 0 < stable. (5.4)
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Figure 6. The inverse compactness as a function of the angular frequency w. In the inset, we plot the
areal radius of the maximal angular velocity along TCOs, R (blue solid line) and the corresponding
value of the angular velocity Qmax (red solid line), as a function of the parameter fy. In the Newtonian
branch (w & 1), the TCOs have their highest angular velocity at a location far from the origin, which
corresponds to a large value of Rg. However, as we move towards the center of the spiral, R decreases
to zero, indicating that the TCOs have their maximum angular velocity at the origin. As we move
along the spiral, Rq remains zero. However, for certain ranges of parameters, R can deviate again
from the origin in regions well within the spiral, as shown in the inset of the two bottom panels.

Let us first consider the time-like case. For TCOs, the angular velocity of the particle

along the geodesic is given by:
O— dy eFo_le/Fé

dt . Jr(1+rF])

Let Rq denote the areal radius which maximizes the angular velocity along TCOs. Follow-
ing [19], we define

(5.5)

rcir

Risco
= ’ 5.6
g= (56)
where Risco corresponds to the ISCO radius for a Schwarzschild black hole with the same
mass. This measures the ability for a compact object to mimic the accretion flow of a
Schwarzschild black hole [18, 19]. Again, these consideration are done in terms of the areal
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Figure 7. Inverse compactness of the maximal mass solution along the parameter space. Left panel:
A is fixed and « is increased along the red solid line from left to right. Right panel: « is fixed and
A increased along the red solid line from left to right until the back-bending and then from top to
bottom. The insets show the corresponding mass of the maximal mass solutions.

radius R. As mentioned before, fy grows monotonically along the M vs. w solutions line.
Then, we can introduce the quantity
Jo
X = y 57
fO (Mmax) ( )

as an indicator of how close a given solution, characterized by fp, is from the end of the
stable branch.

We now consider null geodesics. For LRs, k = 0, the combination of the conditions (5.3a)
and (5.3b) yields to the algebraic equation

rE)(r) —rF{(r)—1=0. (5.8)

The relations just established can now be computed for the numerical solutions of Proca-
Higgs stars.

Our analysis of the numerical data revealed no LRs or ISCO are present for the studied
solutions in the stable branch. This is similar to the mini-Proca stars case, where such
features appear only for more compact (and unstable) solutions [81]. On the other hand, as
for mini-Proca stars, a maximum of the angular velocity for TCOs emerges at a non vanishing
radius within solutions in the stable branch. In particular, we may look for the areal radius
Rq = 6M, so that £ = 1. Such “special” solutions would in principle mimic the shadow of a
Schwarzschild black hole, since the accretion flow stalls, leaving an empty inner hole, that
under some observation conditions would be essentially degenerate with the Schwarzschild
shadow [19]. In the following table we provide the numerical data for such special solutions
for different values of A and a.

In table 1, rq is the isotropic radius associated with the areal radius Rq. Let us close
this section by mentioning that we have found some numerical evidence of solutions with LRs,
but for the parameters explored on the 4th branch of solutions.

6 Spherical hairy black holes?

It is possible to prove that spherical scalar boson stars cannot be put in equilibrium with a
black hole horizon to generate a “hairy” black hole [107]. The same can be shown for spherical
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“Special” solution along the parameter space

o A w Mass | x(§=1) | rq Q Compactness !
0.35 2. 0.9369 | 0.890 0.362 4.797 | 0.025 11.146
0.35 0.5 | 0.9386 | 0.800 0.503 4.333 | 0.026 11.938
0.35 | 0.005 | 0.9414 | 0.217 | 0.125 1.273 | 0.017 39.468
0.35 0 0.8914 | 0.168 0.115 0.970 | 0.013 55.436
0.50 | 0.005 | 0.9407 | 0.359 0.121 2.053 | 0.021 24.568

2.0 | 0.005 | 0.9367 | 0.847 | 0.257 | 4.556 | 0.025 11.692

1.0 1.0 0.9362 | 0.916 0.313 4.882 | 0.025 11.001
Proca | — 0.936 | 0.925 0.248 4.970 | 0.025 10.939

Table 1. Properties of the special solution for different parameters «, A.

Proca stars [99]. One may wonder if the Proca-Higgs stars can be different. Here, we follow
the methodology in [99] to construct a modified Péna-Sudarsky theorem [107] and establish
that Proca-Higgs stars cannot be put in equilibrium with a black hole horizon.

We consider a spherically symmetric line element in Schwarzschild-like coordinates
(unlike the isotropic coordinates used before (2.31)), and with parameterization

ds* = —o?(r)N(r)dt* + 2dQy N(r)y=1-

N(r) r

(6.1)

The ansatz we consider for the complex Proca potential and real scalar is written as before,
cf. (2.30). The Proca field equations yield

d [r2[f'(r) —wg(r)] B o(r)2r2 f(r)
dr { o) } = NG (6:2)
70 =gt (1 - AP ©3)
The Lorenz-like condition determines f(r) in terms of the other functions:
1) = =2 [P0 PN (gt (6.4
N : w0y
p [T2¢(r)2g(T)N(T)g(T):| = TN (6.5)

The T; ¢ component of the energy-momentum tensor — the energy density — reads

wg( () | PR F)2(r)?
o (r)? +2a<r>2+ N (o)

o LN+ + N0 )+ o)’ -

—Ttt:—

1

§A¢(r)2. (6.6)
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To establish the no-Proca-Higgs hair theorem for spherical black holes, let us assume the
existence of a regular black hole solution of the above equations. Then, the geometry would
possess a non-extremal horizon at, say, r = rg > 0, which requires that

N(rg)=0. (6.7)

The regularity of the horizon implies that the energy density of the Proca-Higgs field is finite
there. From (6.6) one can see that this implies

fru) =0 or  é(rg)=0. (6.8)

Moreover, neither the functions might diverge for » = rg. Let us first consider the case in
which f(rg) = 0. Then, the function f(r) starts from zero at the horizon and remains strictly
positive (or negative) for some r-interval. Defining

¢(r)?o*(r)N (r)

Piry=1- " ,

(6.9)

we realize from (6.3) that the sign of f’ depends on the sign of P and g. Moreover, P(ry) =1
and for large r, P becomes negative, since N — 1, ¢ — 1 and ¢ — 1, but we also have w < 1
to ensure an exponential decay of the Proca field at infinity. Then, let 1 > rz be the first
zero of P after the horizon. Hence, in the horizon vicinity, the sign of f’ equals that of g,
which thus determines the sign of f. Then, let the first zero of g be at 79, hence, g is either
positive or negative in the interval rg < r < ry. Consequently, f' and f are strictly positive
or strictly negative in the interval rg < r < r% = min {r;,r2}. Now, integrating the gauge
equation for any 7 in the interval rg < r < rx, we get:

r .%'2 T T 2
Polr o (rIN gl =~ [ EIDO

. o@)N (@) dx (6.10)

The equation above introduces a contradiction. If f(r) is negative, then the R.H.S. is
positive and g must be positive. But we have seen that g and f must have the same sign in
the interval r < r < r*. Hence, the only solution possible is g = f = 0.

Instead, if we assume ¢(rg) = 0, then, by means of the scalar field equation we see that
all derivatives of ¢ must be zero at r = rg. Hence, ¢ would not be an analytical function at
this point.

This establishes there are no spherically symmetric black holes with Proca-Higgs hair.

7 Conclusions

In this paper we have introduced a Proca-Higgs model, as a vector version of the Friedberg-Lee-
Sirlin model, that allows a complex vector field to acquire mass dynamically. The Proca-Higgs
model can be seen as a UV completion of a self-interacting Proca model, free of hyperbolicity
issues, that reduces to the free Proca model in some limits, albeit the latter is never a
consistent truncation of the Proca-Higgs model.

We have constructed solitonic solutions of the Proca-Higgs model, both as non-gravitating
solitons on flat spacetime (Proca-Higgs balls) and as self-gravitating solitons that curve
spacetime (Proca-Higgs stars). The existence of Proca-Higgs balls is a differentiating feature,
as compared to the standard (free) Proca model. One may interpret it as a result of the
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effective self-interactions introduced by the scalar-vector coupling. These flat spacetime
solitons cease to exist, however, for sufficiently strong self-interactions, that mandate the
scalar field to be essentially frozen at its vev.

The space of solutions of Proca-Higgs balls has some qualitative differences with that,
say, of (Q-balls, notably the fact that different solutions with the same mass and frequency
(and number of radial nodes of the appropriate functions) can exist. This remains true for
Proca-Higgs stars, with sufficiently low couplings. For sufficiently strong gravitational coupling
or self-interactions, the Proca-Higgs stars tend to mini-Proca stars. The latter provide the
upper limits of mass an Nother charge for the Proca-Higgs stars.

We have also shown that the physical properties of the Proca-Higgs stars bifurcate from
those of mini-Proca stars (again, in the limit of large couplings), for instance, in terms of the
compactness or of the structure of special circular geodesics. Finally, we have shown that no
spherical black hole horizon can be in equilibrium with Proca-Higgs stars, as for spherical
Proca and scalar boson stars.

The Proca-Higgs model and solitons introduced here allow for many applications and
generalizations. Let us just mention two that may be worth pursuing. First, dynamical studies
of the solitons are of interest, both to assess single-soliton stability and multi-soliton dynamics.
In the gravitating case, the possibility of extracting gravitational waves from collisions of
such objects is an interesting one, possibly for phenomenological studies to compare with real
data. Second, rotating solitons (both balls and stars) should exist and can be computed. In
particular, the stars should again bifurcate, for large couplings, from spinning mini-Proca
stars, which are dynamically robust [61], making the corresponding spinning Proca-Higgs
solitons potentially interesting. Moreover, in the spinning case, the no-hair theorem for
spherical black holes with bosonic star hair is circumvented, and, as for scalar [104, 108] and
vector [99, 109], spinning bosonic stars, black hole generalizations should be possible.
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A First law

In this appendix we construct a first law-like relation for the soliton solutions of model (2.1).
To do so, let us assume the existence of an everywhere time-like Killing vector. Then, consider
the Komar mass [110]

M=— / (2T, * — Tl KVdS, (A1)
by
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where K¢ is a time-like Killing vector. Let us first focus on the term
/Z T, "K"dS, — /Z (;(}“’”J:'w +FRIE,) + ¢>2%(AVAM 4 AVAM)> KYdS, + L, (A.2)
where we have defined the Lagrangian of the matter field
L, = /E LoKMdS,, . (A.3)

Em = _i OCB]'_—OZB - %¢2Aavzta - % a¢aa¢ - U(QS) . (A4)

Now, we can write the Lie derivative of A, as
Lr(Au) =K'F,,+Vu(K"A)). (A.5)

Differently from what is traditionally done in the literature on the thermodynamics of
stationary gravitating objects, here the electromagnetism potentials depend on time. This
gives the calculation an extra step (see [111] for a good review). Hence, by considering a
harmonic time dependence for the vector potential, we also have

Lx(A,) = —iwA, . (A.6)

Thus, by neglecting boundary terms and assuming that the equations of motion are satisfied,
eq. (A.2) can be written as

/ T,"KYdY, — Ly = ~w / (F1A, = FPIAL) dSy = —wQ. (A7)
b 2 s

Thus, the mass reads
M =2w@ — 2L, +/ TK!dY, . (A.8)
p)

Moreover, using the Einstein equation (2.5), we see that R = —87GT. Thus, using that the

R
total lagrangian density of the theory is L = e + L, we can finally write the first law-like
™

relation

M =2wQ — 2L . (A.9)

Now, considering an on-shell variation of the above equation
OM =2§(w@Q) — 26L . (A.10)

Here, one should be careful by performing the on-shell variation of L or, more specifically,
the on-shell variation of R. One should take into account that such term possess second
order derivatives of the metric. Hence, the boundary term on infinity should be taken into
account. Moreover, one can see that such boundary term is equal to —dM [110]. Therefore,
the differential mass formula becomes

SM = wéQ, (A.11)

as advertised. These equations are still valid in the flat spacetime limit.
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As a side note, following [100], we can introduce the following Legendre relations

M M 1 _Q
Then, we find the “thermodynamic” relations [112, 113]
dM dL dG 1,
0 Y @ ar T (A-13)
L M L

We should emphasize that this result is valid both for gravitating systems and for the flat limit.
In the latter, the metric g, should just be understood as the Minkowski metric. Explicitly,
notice also that in the flat spacetime limit, £ = M, as discussed in the main text.

To conclude this section, we call out the attention that the variation considered on (A.11)
are those with fixed w. To understand how the physical quantities change under variations
with respect to w, then take the derivative of (A.9) with respect to w

% :2w%+2Q—23—5. (A.14)

One can manipulate the last term in the right hand side, and by means of the equations
of motion, one get the definition of the Noether charge plus the derivative of the mass with
respect to the frequency. Hence, we have the relation

A dQ

References

[1] P. Jetzer, Boson stars, Phys. Rept. 220 (1992) 163 [INSPIRE].

[2] F.E. Schunck and E.W. Mielke, General relativistic boson stars, Class. Quant. Grav. 20 (2003)
R301 [arXiv:0801.0307] [NSPIRE].

[3] S.L. Liebling and C. Palenzuela, Dynamical boson stars, Living Rev. Rel. 15 (2012) 6
[arXiv:1202.5809] [INSPIRE].

[4] Y. Shnir, Boson Stars, arXiv:2204.06374 [INSPIRE].

[5] J.-W. Lee and 1.-G. Koh, Galactic halos as boson stars, Phys. Rev. D 53 (1996) 2236
[hep-ph/9507385] [INSPIRE].

[6] A. Suérez, V.H. Robles and T. Matos, A Review on the Scalar Field/Bose-Einstein Condensate
Dark Matter Model, Astrophys. Space Sci. Proc. 38 (2014) 107 [arXiv:1302.0903] [INSPIRE].

[7] J. Eby, C. Kouvaris, N.G. Nielsen and L.C.R. Wijewardhana, Boson Stars from Self-Interacting
Dark Matter, JHEP 02 (2016) 028 [arXiv:1511.04474] [InSPIRE].

[8] J. Chen et al., New insights into the formation and growth of boson stars in dark matter halos,
Phys. Rev. D 104 (2021) 083022 [arXiv:2011.01333] [INSPIRE].

[9] F.E. Schunck and A.R. Liddle, Boson stars in the centre of galazies?, Lect. Notes Phys. 514
(1998) 285 [arXiv:0811.3764] INSPIRE].

[10] E.W. Mielke and F.E. Schunck, Boson stars: Alternatives to primordial black holes?, Nucl.
Phys. B 564 (2000) 185 [gr-qc/0001061] [INSPIRE].

[11] Y.-F. Yuan, R. Narayan and M.J. Rees, Constraining alternate models of black holes: Type I
x-ray bursts on accreting fermion-fermion and boson-fermion stars, Astrophys. J. 606 (2004)
1112 [astro-ph/0401549] [INSPIRE].

~93 -


https://doi.org/10.1016/0370-1573(92)90123-H
https://inspirehep.net/literature/322199
https://doi.org/10.1088/0264-9381/20/20/201
https://doi.org/10.1088/0264-9381/20/20/201
https://arxiv.org/abs/0801.0307
https://inspirehep.net/literature/629944
https://doi.org/10.1007/s41114-023-00043-4
https://arxiv.org/abs/1202.5809
https://inspirehep.net/literature/1090710
https://arxiv.org/abs/2204.06374
https://inspirehep.net/literature/2066718
https://doi.org/10.1103/PhysRevD.53.2236
https://arxiv.org/abs/hep-ph/9507385
https://inspirehep.net/literature/397521
https://doi.org/10.1007/978-3-319-02063-1_9
https://arxiv.org/abs/1302.0903
https://inspirehep.net/literature/1217670
https://doi.org/10.1007/JHEP02(2016)028
https://arxiv.org/abs/1511.04474
https://inspirehep.net/literature/1404912
https://doi.org/10.1103/PhysRevD.104.083022
https://arxiv.org/abs/2011.01333
https://inspirehep.net/literature/1827855
https://doi.org/10.1007/978-3-540-49535-2_14
https://doi.org/10.1007/978-3-540-49535-2_14
https://arxiv.org/abs/0811.3764
https://inspirehep.net/literature/803323
https://doi.org/10.1016/S0550-3213(99)00492-7
https://doi.org/10.1016/S0550-3213(99)00492-7
https://arxiv.org/abs/gr-qc/0001061
https://inspirehep.net/literature/523165
https://doi.org/10.1086/383185
https://doi.org/10.1086/383185
https://arxiv.org/abs/astro-ph/0401549
https://inspirehep.net/literature/643301

[12]
[13]
[14]
[15]

[16]

[17]
[18]

[19]

F.S. Guzman, Accretion disc onto boson stars: A way to supplant black holes candidates, Phys.
Rev. D 73 (2006) 021501 [gr-qc/0512081] [INSPIRE].

E. Berti and V. Cardoso, Supermassive black holes or boson stars? Hair counting with
gravitational wave detectors, Int. J. Mod. Phys. D 15 (2006) 2209 [gr-qc/0605101] [INSPIRE].

F.S. Guzméan and J.M. Rueda-Becerril, Spherical boson stars as black hole mimickers, Phys.
Rev. D 80 (2009) 084023 [arXiv:1009.1250] [INSPIRE].

F.H. Vincent et al., Imaging a boson star at the Galactic center, Class. Quant. Grav. 33 (2016)
105015 [arXiv:1510.04170] INSPIRE].

N. Sennett et al., Distinguishing Boson Stars from Black Holes and Neutron Stars from Tidal
Interactions in Inspiraling Binary Systems, Phys. Rev. D 96 (2017) 024002
[arXiv:1704.08651] [INSPIRE].

M. Grould et al., Comparing timelike geodesics around a Kerr black hole and a boson star,
Class. Quant. Grav. 34 (2017) 215007 [arXiv:1709.05938] [INSPIRE].

H. Olivares et al., How to tell an accreting boson star from a black hole, Mon. Not. Roy. Astron.
Soc. 497 (2020) 521 [arXiv:1809.08682] [INSPIRE].

C.A.R. Herdeiro et al., The imitation game: Proca stars that can mimic the Schwarzschild
shadow, JCAP 04 (2021) 051 [arXiv:2102.01703] INSPIRE].

J.L. Rosa and D. Rubiera-Garcia, Shadows of boson and Proca stars with thin accretion disks,
Phys. Rev. D 106 (2022) 084004 [arXiv:2204.12949] INSPIRE].

D.J. Kaup, Klein-Gordon Geon, Phys. Rev. 172 (1968) 1331 [INSPIRE].

R. Ruffini and S. Bonazzola, Systems of selfgravitating particles in general relativity and the
concept of an equation of state, Phys. Rev. 187 (1969) 1767 [INSPIRE].

M. Colpi, S.L. Shapiro and I. Wasserman, Boson Stars: Gravitational Equilibria of
Selfinteracting Scalar Fields, Phys. Rev. Lett. 57 (1986) 2485 [INSPIRE].

F.D. Ryan, Spinning boson stars with large selfinteraction, Phys. Rev. D 55 (1997) 6081
[INSPIRE}.

F.E. Schunck and E.W. Mielke, Rotating boson star as an effective mass torus in general
relativity, Phys. Lett. A 249 (1998) 389 [NSPIRE].

S. Yoshida and Y. Eriguchi, Rotating boson stars in general relativity, Phys. Rev. D 56 (1997)
762 [INSPIRE].

B. Kleihaus, J. Kunz and M. List, Rotating boson stars and Q-balls, Phys. Rev. D 72 (2005)
064002 [gr-qc/0505143] [INSPIRE].

B. Kleihaus, J. Kunz, M. List and I. Schaffer, Rotating Boson Stars and Q-Balls. II. Negative
Parity and Ergoregions, Phys. Rev. D 77 (2008) 064025 [arXiv:0712.3742] [InSPIRE].

A. Bernal, J. Barranco, D. Alic and C. Palenzuela, Multi-state Boson Stars, Phys. Rev. D 81
(2010) 044031 [arXiv:0908.2435] [INSPIRE].

B. Hartmann, J. Riedel and R. Suciu, Gauss-Bonnet boson stars, Phys. Lett. B 726 (2013) 906
[arXiv:1308.3391] [INSPIRE].

P. Grandclément, C. Somé and E. Gourgoulhon, Models of rotating boson stars and geodesics
around them: new type of orbits, Phys. Rev. D 90 (2014) 024068 [arXiv:1405.4837] [INSPIRE].

C.A.R. Herdeiro, E. Radu and H.F. Ranarsson, Spinning boson stars and Kerr black holes with
scalar hair: the effect of self-interactions, Int. J. Mod. Phys. D 25 (2016) 1641014
[arXiv:1604.06202] [INSPIRE].

—94 —


https://doi.org/10.1103/PhysRevD.73.021501
https://doi.org/10.1103/PhysRevD.73.021501
https://arxiv.org/abs/gr-qc/0512081
https://inspirehep.net/literature/700579
https://doi.org/10.1142/S0218271806009637
https://arxiv.org/abs/gr-qc/0605101
https://inspirehep.net/literature/717195
https://doi.org/10.1103/PhysRevD.80.084023
https://doi.org/10.1103/PhysRevD.80.084023
https://arxiv.org/abs/1009.1250
https://inspirehep.net/literature/835202
https://doi.org/10.1088/0264-9381/33/10/105015
https://doi.org/10.1088/0264-9381/33/10/105015
https://arxiv.org/abs/1510.04170
https://inspirehep.net/literature/1397809
https://doi.org/10.1103/PhysRevD.96.024002
https://arxiv.org/abs/1704.08651
https://inspirehep.net/literature/1597117
https://doi.org/10.1088/1361-6382/aa8d39
https://arxiv.org/abs/1709.05938
https://inspirehep.net/literature/1624148
https://doi.org/10.1093/mnras/staa1878
https://doi.org/10.1093/mnras/staa1878
https://arxiv.org/abs/1809.08682
https://inspirehep.net/literature/1695202
https://doi.org/10.1088/1475-7516/2021/04/051
https://arxiv.org/abs/2102.01703
https://inspirehep.net/literature/1844575
https://doi.org/10.1103/PhysRevD.106.084004
https://arxiv.org/abs/2204.12949
https://inspirehep.net/literature/2072913
https://doi.org/10.1103/PhysRev.172.1331
https://inspirehep.net/literature/54295
https://doi.org/10.1103/PhysRev.187.1767
https://inspirehep.net/literature/54980
https://doi.org/10.1103/PhysRevLett.57.2485
https://inspirehep.net/literature/238291
https://doi.org/10.1103/PhysRevD.55.6081
https://inspirehep.net/literature/429023
https://doi.org/10.1016/S0375-9601(98)00778-6
https://inspirehep.net/literature/433197
https://doi.org/10.1103/PhysRevD.56.762
https://doi.org/10.1103/PhysRevD.56.762
https://inspirehep.net/literature/443403
https://doi.org/10.1103/PhysRevD.72.064002
https://doi.org/10.1103/PhysRevD.72.064002
https://arxiv.org/abs/gr-qc/0505143
https://inspirehep.net/literature/683583
https://doi.org/10.1103/PhysRevD.77.064025
https://arxiv.org/abs/0712.3742
https://inspirehep.net/literature/771338
https://doi.org/10.1103/PhysRevD.81.044031
https://doi.org/10.1103/PhysRevD.81.044031
https://arxiv.org/abs/0908.2435
https://inspirehep.net/literature/828928
https://doi.org/10.1016/j.physletb.2013.09.050
https://arxiv.org/abs/1308.3391
https://inspirehep.net/literature/1247967
https://doi.org/10.1103/PhysRevD.90.024068
https://arxiv.org/abs/1405.4837
https://inspirehep.net/literature/1297048
https://doi.org/10.1142/S0218271816410145
https://arxiv.org/abs/1604.06202
https://inspirehep.net/literature/1449976

[33]

[34]
[35]

[36]

C.A.R. Herdeiro, A.M. Pombo and E. Radu, Asymptotically flat scalar, Dirac and Proca stars:
discrete vs. continuous families of solutions, Phys. Lett. B 773 (2017) 654 [arXiv:1708.05674]
[INSPIRE].

L.G. Collodel, B. Kleihaus and J. Kunz, Fzcited Boson Stars, Phys. Rev. D 96 (2017) 084066
[arXiv:1708.02057] [NSPIRE].

C.A.R. Herdeiro and E. Radu, Spinning boson stars and hairy black holes with nonminimal
coupling, Int. J. Mod. Phys. D 27 (2018) 1843009 [arXiv:1803.08149] INSPIRE].

M. Alcubierre et al., £-Boson stars, Class. Quant. Grav. 35 (2018) 19LT01
[arXiv:1805.11488] [INSPIRE].

Y. Brihaye and L. Ducobu, Hairy black holes, boson stars and non-minimal coupling to
curvature invariants, Phys. Lett. B 795 (2019) 135 [arXiv:1812.07438] [INSPIRE].

C. Herdeiro, I. Perapechka, E. Radu and Y. Shnir, Asymptotically flat spinning scalar, Dirac
and Proca stars, Phys. Lett. B 797 (2019) 134845 [arXiv:1906.05386] [INSPIRE].

D. Guerra, C.F.B. Macedo and P. Pani, Azion boson stars, JCAP 09 (2019) 061 [Erratum bid.
06 (2020) EO01] [arXiv:1909.05515] [INSPIRE].

H.-B. Li et al., Rotating multistate boson stars, Phys. Rev. D 101 (2020) 044017
[arXiv:1906.00420] [iNSPIRE].

J. Kunz, 1. Perapechka and Y. Shnir, Kerr black holes with synchronised scalar hair and boson
stars in the Finstein-Friedberg-Lee-Sirlin model, JHEP 07 (2019) 109 [arXiv:1904.13379]
[INSPIRE].

J.F.M. Delgado, C.A.R. Herdeiro and E. Radu, Rotating Azion Boson Stars, JCAP 06 (2020)
037 [arXiv:2005.05982] [INSPIRE].

H.-B. Li, Y.-B. Zeng, Y. Song and Y.-Q. Wang, Self-interacting multistate boson stars, JHEP
04 (2021) 042 [arXiv:2006.11281] INSPIRE].

Y.-B. Zeng et al., Rotating hybrid azion-miniboson stars, arXiv:2103.10717 [INSPIRE].

Y. Brihaye and B. Hartmann, Boson stars and black holes with wavy scalar hair, Phys. Rev. D
105 (2022) 104063 [arXiv:2112.12830] [INSPIRE].

C. Herdeiro, I. Perapechka, E. Radu and Y. Shnir, Spinning gauged boson and Dirac stars: A
comparative study, Phys. Lett. B 824 (2022) 136811 [arXiv:2111.14475] [NnSPIRE].

M. Boskovi¢ and E. Barausse, Soliton boson stars, Q-balls and the causal Buchdahl bound,
JCAP 02 (2022) 032 [arXiv:2111.03870] [INSPIRE].

A. Masé-Ferrando, N. Sanchis-Gual, J.A. Font and G.J. Olmo, Boson stars in Palatini gravity,
Class. Quant. Grav. 38 (2021) 194003 [arXiv:2103.15705] [INSPIRE].

C.A.R. Herdeiro et al., Multipolar boson stars: macroscopic Bose-FEinstein condensates akin to
hydrogen orbitals, Phys. Lett. B 812 (2021) 136027 [arXiv:2008.10608] [INSPIRE].

C.AR. Herdeiro et al., Chains of Boson Stars, Phys. Rev. D 103 (2021) 065009
[arXiv:2101.06442] [INSPIRE].

J.F.M. Delgado, C.A.R. Herdeiro and E. Radu, Fquatorial timelike circular orbits around
generic ultracompact objects, Phys. Rev. D 105 (2022) 064026 [arXiv:2107.03404] INSPIRE].

R. Gervalle, Chains of rotating boson stars, Phys. Rev. D 105 (2022) 124052
[arXiv:2206.03982] [INSPIRE].

S.-X. Sun, Y.-Q. Wang and L. Zhao, Chains of mini-boson stars, arXiv:2210.09265 [INSPIRE].

P. Cunha, C. Herdeiro, E. Radu and Y. Shnir, Two boson stars in equilibrium, Phys. Rev. D
106 (2022) 124039 [arXiv:2210.01833] [INSPIRE].

— 95—


https://doi.org/10.1016/j.physletb.2017.09.036
https://arxiv.org/abs/1708.05674
https://inspirehep.net/literature/1616724
https://doi.org/10.1103/PhysRevD.96.084066
https://arxiv.org/abs/1708.02057
https://inspirehep.net/literature/1614633
https://doi.org/10.1142/S0218271818430095
https://arxiv.org/abs/1803.08149
https://inspirehep.net/literature/1663587
https://doi.org/10.1088/1361-6382/aadcb6
https://arxiv.org/abs/1805.11488
https://inspirehep.net/literature/1675292
https://doi.org/10.1016/j.physletb.2019.06.006
https://arxiv.org/abs/1812.07438
https://inspirehep.net/literature/1709829
https://doi.org/10.1016/j.physletb.2019.134845
https://arxiv.org/abs/1906.05386
https://inspirehep.net/literature/1739809
https://doi.org/10.1088/1475-7516/2019/09/061
https://arxiv.org/abs/1909.05515
https://inspirehep.net/literature/1753760
https://doi.org/10.1103/PhysRevD.101.044017
https://arxiv.org/abs/1906.00420
https://inspirehep.net/literature/1737771
https://doi.org/10.1007/JHEP07(2019)109
https://arxiv.org/abs/1904.13379
https://inspirehep.net/literature/1732278
https://doi.org/10.1088/1475-7516/2020/06/037
https://doi.org/10.1088/1475-7516/2020/06/037
https://arxiv.org/abs/2005.05982
https://inspirehep.net/literature/1796187
https://doi.org/10.1007/JHEP04(2021)042
https://doi.org/10.1007/JHEP04(2021)042
https://arxiv.org/abs/2006.11281
https://inspirehep.net/literature/1802448
https://arxiv.org/abs/2103.10717
https://inspirehep.net/literature/1852629
https://doi.org/10.1103/PhysRevD.105.104063
https://doi.org/10.1103/PhysRevD.105.104063
https://arxiv.org/abs/2112.12830
https://inspirehep.net/literature/1997463
https://doi.org/10.1016/j.physletb.2021.136811
https://arxiv.org/abs/2111.14475
https://inspirehep.net/literature/1979037
https://doi.org/10.1088/1475-7516/2022/02/032
https://arxiv.org/abs/2111.03870
https://inspirehep.net/literature/1963357
https://doi.org/10.1088/1361-6382/ac1fd0
https://arxiv.org/abs/2103.15705
https://inspirehep.net/literature/1854497
https://doi.org/10.1016/j.physletb.2020.136027
https://arxiv.org/abs/2008.10608
https://inspirehep.net/literature/1813255
https://doi.org/10.1103/PhysRevD.103.065009
https://arxiv.org/abs/2101.06442
https://inspirehep.net/literature/1841590
https://doi.org/10.1103/PhysRevD.105.064026
https://arxiv.org/abs/2107.03404
https://inspirehep.net/literature/1879695
https://doi.org/10.1103/PhysRevD.105.124052
https://arxiv.org/abs/2206.03982
https://inspirehep.net/literature/2093157
https://arxiv.org/abs/2210.09265
https://inspirehep.net/literature/2166073
https://doi.org/10.1103/PhysRevD.106.124039
https://doi.org/10.1103/PhysRevD.106.124039
https://arxiv.org/abs/2210.01833
https://inspirehep.net/literature/2160572

[55]

[59]

M. Gleiser, Stability of Boson Stars, Phys. Rev. D 38 (1988) 2376 [Erratum ibid. 39 (1989)
1257] [INSPIRE].

T.D. Lee and Y. Pang, Stability of Mini-Boson Stars, Nucl. Phys. B 315 (1989) 477 [INSPIRE].

E. Seidel and W.-M. Suen, Dynamical Evolution of Boson Stars. 1. Perturbing the Ground
State, Phys. Rev. D 42 (1990) 384 [InSPIRE].

F.V. Kusmartsev, E.W. Mielke and F.E. Schunck, Gravitational stability of boson stars, Phys.
Rev. D 43 (1991) 3895 [arXiv:0810.0696] [INSPIRE].

S. Yoshida, Y. Eriguchi and T. Futamase, Quasinormal modes of boson stars, Phys. Rev. D 50
(1994) 6235 [INSPIRE].

F.S. Guzmdn, The three dynamical fates of Boson Stars, Rev. Mez. Fis. 55 (2009) 321
[arXiv:1907.08193] [INSPIRE].

N. Sanchis-Gual et al., Nonlinear Dynamics of Spinning Bosonic Stars: Formation and
Stability, Phys. Rev. Lett. 123 (2019) 221101 [arXiv:1907.12565] NSPIRE].

B. Kleihaus, J. Kunz and S. Schneider, Stable Phases of Boson Stars, Phys. Rev. D 85 (2012)
024045 [arXiv:1109.5858] [INSPIRE].

N. Siemonsen and W.E. East, Stability of rotating scalar boson stars with nonlinear interactions,
Phys. Rev. D 103 (2021) 044022 [arXiv:2011.08247] [NSPIRE].

F. Di Giovanni et al., Dynamical bar-mode instability in spinning bosonic stars, Phys. Rev. D
102 (2020) 124009 [arXiv:2010.05845] [iNSPIRE].

N. Sanchis-Gual et al., Multifield, Multifrequency Bosonic Stars and a Stabilization Mechanism,
Phys. Rev. Lett. 126 (2021) 241105 [arXiv:2103.12136] [INSPIRE].

N. Sanchis-Gual, C. Herdeiro and E. Radu, Self-interactions can stabilize excited boson stars,
Class. Quant. Grav. 39 (2022) 064001 [arXiv:2110.03000] [INSPIRE].

J. Balakrishna et al., Evolution of 3-D boson stars with waveform extraction, Class. Quant.
Grav. 23 (2006) 2631 [gr-qc/0602078] [INSPIRE].

C. Palenzuela, I. Olabarrieta, L. Lehner and S.L. Liebling, Head-on collisions of boson stars,
Phys. Rev. D 75 (2007) 064005 [gr-qc/0612067] [INSPIRE].

M. Bezares, C. Palenzuela and C. Bona, Final fate of compact boson star mergers, Phys. Rev. D
95 (2017) 124005 [arXiv:1705.01071] [INSPIRE].

C. Palenzuela et al., Gravitational Wave Signatures of Highly Compact Boson Star Binaries,
Phys. Rev. D 96 (2017) 104058 [arXiv:1710.09432] [INSPIRE].

D. Croon, M. Gleiser, S. Mohapatra and C. Sun, Gravitational Radiation Background from
Boson Star Binaries, Phys. Lett. B 783 (2018) 158 [arXiv:1802.08259] [INSPIRE].

M. Bezares and C. Palenzuela, Gravitational Waves from Dark Boson Star binary mergers,
Class. Quant. Grav. 35 (2018) 234002 [arXiv:1808.10732] [INSPIRE].

C. Pacilio, M. Vaglio, A. Maselli and P. Pani, Gravitational-wave detectors as particle-physics
laboratories: Constraining scalar interactions with a coherent inspiral model of boson-star
binaries, Phys. Rev. D 102 (2020) 083002 [arXiv:2007.05264] [INSPIRE].

T. Helfer et al., Malaise and remedy of binary boson-star initial data, Class. Quant. Grav. 39
(2022) 074001 [arXiv:2108.11995] [INSPIRE].

V. Jaramillo et al., Head-on collisions of £-boson stars, Phys. Rev. D 105 (2022) 104057
[arXiv:2202.00696] [INSPIRE].

T. Evstafyeva et al., Unequal-mass boson-star binaries: initial data and merger dynamics, Class.
Quant. Grav. 40 (2023) 085009 [arXiv:2212.08023] [INSPIRE].

— 926 —


https://doi.org/10.1103/PhysRevD.38.2376
https://inspirehep.net/literature/262852
https://doi.org/10.1016/0550-3213(89)90365-9
https://inspirehep.net/literature/24641
https://doi.org/10.1103/PhysRevD.42.384
https://inspirehep.net/literature/27230
https://doi.org/10.1103/PhysRevD.43.3895
https://doi.org/10.1103/PhysRevD.43.3895
https://arxiv.org/abs/0810.0696
https://inspirehep.net/literature/27886
https://doi.org/10.1103/PhysRevD.50.6235
https://doi.org/10.1103/PhysRevD.50.6235
https://inspirehep.net/literature/385317
https://arxiv.org/abs/1907.08193
https://inspirehep.net/literature/1744619
https://doi.org/10.1103/PhysRevLett.123.221101
https://arxiv.org/abs/1907.12565
https://inspirehep.net/literature/1747053
https://doi.org/10.1103/PhysRevD.85.024045
https://doi.org/10.1103/PhysRevD.85.024045
https://arxiv.org/abs/1109.5858
https://inspirehep.net/literature/929685
https://doi.org/10.1103/PhysRevD.103.044022
https://arxiv.org/abs/2011.08247
https://inspirehep.net/literature/1830604
https://doi.org/10.1103/PhysRevD.102.124009
https://doi.org/10.1103/PhysRevD.102.124009
https://arxiv.org/abs/2010.05845
https://inspirehep.net/literature/1822314
https://doi.org/10.1103/PhysRevLett.126.241105
https://arxiv.org/abs/2103.12136
https://inspirehep.net/literature/1853032
https://doi.org/10.1088/1361-6382/ac4b9b
https://arxiv.org/abs/2110.03000
https://inspirehep.net/literature/1940041
https://doi.org/10.1088/0264-9381/23/7/024
https://doi.org/10.1088/0264-9381/23/7/024
https://arxiv.org/abs/gr-qc/0602078
https://inspirehep.net/literature/710863
https://doi.org/10.1103/PhysRevD.75.064005
https://arxiv.org/abs/gr-qc/0612067
https://inspirehep.net/literature/734134
https://doi.org/10.1103/PhysRevD.95.124005
https://doi.org/10.1103/PhysRevD.95.124005
https://arxiv.org/abs/1705.01071
https://inspirehep.net/literature/1597559
https://doi.org/10.1103/PhysRevD.96.104058
https://arxiv.org/abs/1710.09432
https://inspirehep.net/literature/1632745
https://doi.org/10.1016/j.physletb.2018.03.055
https://arxiv.org/abs/1802.08259
https://inspirehep.net/literature/1657193
https://doi.org/10.1088/1361-6382/aae87c
https://arxiv.org/abs/1808.10732
https://inspirehep.net/literature/1692370
https://doi.org/10.1103/PhysRevD.102.083002
https://arxiv.org/abs/2007.05264
https://inspirehep.net/literature/1806429
https://doi.org/10.1088/1361-6382/ac53b7
https://doi.org/10.1088/1361-6382/ac53b7
https://arxiv.org/abs/2108.11995
https://inspirehep.net/literature/1912883
https://doi.org/10.1103/PhysRevD.105.104057
https://arxiv.org/abs/2202.00696
https://inspirehep.net/literature/2025010
https://doi.org/10.1088/1361-6382/acc2a8
https://doi.org/10.1088/1361-6382/acc2a8
https://arxiv.org/abs/2212.08023
https://inspirehep.net/literature/2614948

[77]
[78]

[79]

[80]
[81]

[82]

[83]
[84]

[85]

[89]
[90]
[91]
[92]

[93]

[94]
[95]
[96]

[97]

S.R. Coleman, @Q-balls, Nucl. Phys. B 262 (1985) 263 [Addendum ibid. 269 (1986) 744]
[INSPIRE].

F.F. Freitas et al., Ultralight bosons for strong gravity applications from simple Standard Model
extensions, JCAP 12 (2021) 047 [arXiv:2107.09493] [INSPIRE].

R. Brito, V. Cardoso, C.A.R. Herdeiro and E. Radu, Proca stars: Gravitating Bose-Einstein
condensates of massive spin 1 particles, Phys. Lett. B 752 (2016) 291 [arXiv:1508.05395]
[[INSPIRE].

N. Sanchis-Gual et al., Numerical evolutions of spherical Proca stars, Phys. Rev. D 95 (2017)
104028 [arXiv:1702.04532] [INSPIRE].

P.V.P. Cunha et al., Lensing and dynamics of ultracompact bosonic stars, Phys. Rev. D 96
(2017) 104040 [arXiv:1709.06118] [INSPIRE].

F. Di Giovanni, N. Sanchis-Gual, C.A.R. Herdeiro and J.A. Font, Dynamical formation of
Proca stars and quasistationary solitonic objects, Phys. Rev. D 98 (2018) 064044
[arXiv:1803.04802] [INSPIRE].

N. Sanchis-Gual et al., Head-on collisions and orbital mergers of Proca stars, Phys. Rev. D 99
(2019) 024017 [arXiv:1806.07779] [INSPIRE].

J. Calderén Bustillo et al., GW190521 as a Merger of Proca Stars: A Potential New Vector
Boson of 8.7 x 10713 eV, Phys. Rev. Lett. 126 (2021) 081101 [arXiv:2009.05376] [NSPIRE].

J. Calderén Bustillo et al., Searching for vector boson-star mergers within LIGO-Virgo
intermediate-mass black-hole merger candidates, arXiv:2206.02551 [INSPIRE].

N. Sanchis-Gual et al., Impact of the wavelike nature of Proca stars on their gravitational-wave
emission, Phys. Rev. D 106 (2022) 124011 [arXiv:2208.11717] [InSPIRE].

A.Y. Loginov, Nontopological solitons in the model of the self-interacting complex vector field,
Phys. Rev. D 91 (2015) 105028 [iNnSPIRE].

Y. Brihaye, T. Delplace and Y. Verbin, Proca @ Balls and their Coupling to Gravity, Phys. Rev.
D 96 (2017) 024057 [arXiv:1704.01648] InSPIRE].

J. Heeck, A. Rajaraman, R. Riley and C.B. Verhaaren, Proca Q-balls and Q-shells, JHEP 10
(2021) 103 [arXiv:2107.10280] [INSPIRE].

V. Dzhunushaliev and V. Folomeev, Proca balls with angular momentum or flux of electric field,
Phys. Rev. D 105 (2022) 016022 [arXiv:2112.06227] [INSPIRE].

M. Minamitsuji, Vector boson star solutions with a quartic order self-interaction, Phys. Rev. D
97 (2018) 104023 [arXiv:1805.09867| InSPIRE].

C.AR. Herdeiro and E. Radu, Asymptotically flat, spherical, self-interacting scalar, Dirac and
Proca stars, Symmetry 12 (2020) 2032 [arXiv:2012.03595] [InSPIRE].

K. Clough, T. Helfer, H. Witek and E. Berti, Ghost Instabilities in Self-Interacting Vector
Fields: The Problem with Proca Fields, Phys. Rev. Lett. 129 (2022) 151102
[arXiv:2204.10868] [INSPIRE].

A. Coates and F.M. Ramazanoglu, Intrinsic Pathology of Self-Interacting Vector Fields, Phys.
Rev. Lett. 129 (2022) 151103 [arXiv:2205.07784] [INSPIRE].

Z.-G. Mou and H.-Y. Zhang, Singularity Problem for Interacting Massive Vectors, Phys. Reuv.
Lett. 129 (2022) 151101 [arXiv:2204.11324] NSPIRE].

G. Lara, M. Bezares and E. Barausse, UV completions, firing the equations, and nonlinearities
in k-essence, Phys. Rev. D 105 (2022) 064058 [arXiv:2112.09186] [INSPIRE].

E. Barausse, M. Bezares, M. Crisostomi and G. Lara, The well-posedness of the Cauchy problem
for self-interacting vector fields, JCAP 11 (2022) 050 [arXiv:2207.00443] [INnSPIRE].

_97 —


https://doi.org/10.1016/0550-3213(86)90520-1
https://inspirehep.net/literature/214529
https://doi.org/10.1088/1475-7516/2021/12/047
https://arxiv.org/abs/2107.09493
https://inspirehep.net/literature/1888766
https://doi.org/10.1016/j.physletb.2015.11.051
https://arxiv.org/abs/1508.05395
https://inspirehep.net/literature/1389117
https://doi.org/10.1103/PhysRevD.95.104028
https://doi.org/10.1103/PhysRevD.95.104028
https://arxiv.org/abs/1702.04532
https://inspirehep.net/literature/1513462
https://doi.org/10.1103/PhysRevD.96.104040
https://doi.org/10.1103/PhysRevD.96.104040
https://arxiv.org/abs/1709.06118
https://inspirehep.net/literature/1624380
https://doi.org/10.1103/PhysRevD.98.064044
https://arxiv.org/abs/1803.04802
https://inspirehep.net/literature/1662335
https://doi.org/10.1103/PhysRevD.99.024017
https://doi.org/10.1103/PhysRevD.99.024017
https://arxiv.org/abs/1806.07779
https://inspirehep.net/literature/1678674
https://doi.org/10.1103/PhysRevLett.126.081101
https://arxiv.org/abs/2009.05376
https://inspirehep.net/literature/1816707
https://arxiv.org/abs/2206.02551
https://inspirehep.net/literature/2091701
https://doi.org/10.1103/PhysRevD.106.124011
https://arxiv.org/abs/2208.11717
https://inspirehep.net/literature/2141839
https://doi.org/10.1103/PhysRevD.91.105028
https://inspirehep.net/literature/1373597
https://doi.org/10.1103/PhysRevD.96.024057
https://doi.org/10.1103/PhysRevD.96.024057
https://arxiv.org/abs/1704.01648
https://inspirehep.net/literature/1590019
https://doi.org/10.1007/JHEP10(2021)103
https://doi.org/10.1007/JHEP10(2021)103
https://arxiv.org/abs/2107.10280
https://inspirehep.net/literature/1890376
https://doi.org/10.1103/PhysRevD.105.016022
https://arxiv.org/abs/2112.06227
https://inspirehep.net/literature/1989088
https://doi.org/10.1103/PhysRevD.97.104023
https://doi.org/10.1103/PhysRevD.97.104023
https://arxiv.org/abs/1805.09867
https://inspirehep.net/literature/1674382
https://doi.org/10.3390/sym12122032
https://arxiv.org/abs/2012.03595
https://inspirehep.net/literature/1835687
https://doi.org/10.1103/PhysRevLett.129.151102
https://arxiv.org/abs/2204.10868
https://inspirehep.net/literature/2071891
https://doi.org/10.1103/PhysRevLett.129.151103
https://doi.org/10.1103/PhysRevLett.129.151103
https://arxiv.org/abs/2205.07784
https://inspirehep.net/literature/2082608
https://doi.org/10.1103/PhysRevLett.129.151101
https://doi.org/10.1103/PhysRevLett.129.151101
https://arxiv.org/abs/2204.11324
https://inspirehep.net/literature/2071912
https://doi.org/10.1103/PhysRevD.105.064058
https://arxiv.org/abs/2112.09186
https://inspirehep.net/literature/1992927
https://doi.org/10.1088/1475-7516/2022/11/050
https://arxiv.org/abs/2207.00443
https://inspirehep.net/literature/2104771

[98]
[99]
[100]
[101]

[102]

[103]
[104]

[105]

[106]

[107]
[108]
[109]
[110]

[111]

[112]

[113]

K. Aoki and M. Minamitsuji, Resolving the pathologies of self-interacting Proca fields: A case
study of Proca stars, Phys. Rev. D 106 (2022) 084022 [arXiv:2206.14320] InSPIRE].

C. Herdeiro, E. Radu and H. Ruanarsson, Kerr black holes with Proca hair, Class. Quant. Grav.
33 (2016) 154001 [arXiv:1603.02687] [NSPIRE].

R. Friedberg, T.D. Lee and A. Sirlin, A Class of Scalar-Field Soliton Solutions in Three Space
Dimensions, Phys. Rev. D 13 (1976) 2739 [inSPIRE].

A. Coates and F.M. Ramazanoglu, Coordinate Singularities of Self-Interacting Vector Field
Theories, Phys. Rev. Lett. 130 (2023) 021401 [arXiv:2211.08027] [INSPIRE].

C.A.R. Herdeiro, J.M.S. Oliveira, A.M. Pombo and E. Radu, Deconstructing scaling virial
identities in general relativity: Spherical symmetry and beyond, Phys. Rev. D 106 (2022)
024054 [arXiv:2206.02813] INSPIRE].

W. Schonauer and R. Weif3, Efficient vectorizable PDE solvers, J. Comput. Appl. Math. 27
(1989) 279.

C. Herdeiro and E. Radu, Construction and physical properties of Kerr black holes with scalar
hair, Class. Quant. Grav. 32 (2015) 144001 [arXiv:1501.04319] [INSPIRE].

J.F.M. Delgado, Spinning black holes with scalar hair and horizonless compact objects within
and beyond general relativity, Ph.D. Thesis, Aveiro University, Portugal (2022)
[arXiv:2204.02419] [INSPIRE].

C.A.R. Herdeiro, J.M.S. Oliveira, A.M. Pombo and E. Radu, Virial identities in relativistic
gravity: 1D effective actions and the role of boundary terms, Phys. Rev. D 104 (2021) 104051
[arXiv:2109.05027] [INSPIRE].

I. Péna and D. Sudarsky, Do collapsed boson stars result in new types of black holes?, Class.
Quant. Grav. 14 (1997) 3131 [INSPIRE].

C.A.R. Herdeiro and E. Radu, Kerr black holes with scalar hair, Phys. Rev. Lett. 112 (2014)
221101 [arXiv:1403.2757] [NSPIRE].

N.M. Santos et al., Black holes with synchronised Proca hair: linear clouds and fundamental
non-linear solutions, JHEP 07 (2020) 010 [arXiv:2004.09536] [INSPIRE].

J.M. Bardeen, B. Carter and S.W. Hawking, The four laws of black hole mechanics, Commun.
Math. Phys. 31 (1973) 161 [inSPIRE].

G. Compere, An introduction to the mechanics of black holes, in the proceedings of the 2nd
Modave Summer School in Theoretical Physics, Modave, Belgium, 6-12 August 2006,
[gr-qc/0611129] [INSPIRE].

M. Laine and M.E. Shaposhnikov, Thermodynamics of nontopological solitons, Nucl. Phys. B
532 (1998) 376 [hep-ph/9804237] [INSPIRE].

M.I. Tsumagari, E.J. Copeland and P.M. Saffin, Some stationary properties of a Q-ball in
arbitrary space dimensions, Phys. Rev. D 78 (2008) 065021 [arXiv:0805.3233] [INSPIRE].

_ 98 —


https://doi.org/10.1103/PhysRevD.106.084022
https://arxiv.org/abs/2206.14320
https://inspirehep.net/literature/2103459
https://doi.org/10.1088/0264-9381/33/15/154001
https://doi.org/10.1088/0264-9381/33/15/154001
https://arxiv.org/abs/1603.02687
https://inspirehep.net/literature/1426798
https://doi.org/10.1103/PhysRevD.13.2739
https://inspirehep.net/literature/3225
https://doi.org/10.1103/PhysRevLett.130.021401
https://arxiv.org/abs/2211.08027
https://inspirehep.net/literature/2182438
https://doi.org/10.1103/PhysRevD.106.024054
https://doi.org/10.1103/PhysRevD.106.024054
https://arxiv.org/abs/2206.02813
https://inspirehep.net/literature/2092608
https://doi.org/10.1016/0377-0427(89)90371-3
https://doi.org/10.1016/0377-0427(89)90371-3
https://doi.org/10.1088/0264-9381/32/14/144001
https://arxiv.org/abs/1501.04319
https://inspirehep.net/literature/1340046
https://arxiv.org/abs/2204.02419
https://inspirehep.net/literature/2064004
https://doi.org/10.1103/PhysRevD.104.104051
https://arxiv.org/abs/2109.05027
https://inspirehep.net/literature/1920967
https://doi.org/10.1088/0264-9381/14/11/013
https://doi.org/10.1088/0264-9381/14/11/013
https://inspirehep.net/literature/450323
https://doi.org/10.1103/PhysRevLett.112.221101
https://doi.org/10.1103/PhysRevLett.112.221101
https://arxiv.org/abs/1403.2757
https://inspirehep.net/literature/1285446
https://doi.org/10.1007/JHEP07(2020)010
https://arxiv.org/abs/2004.09536
https://inspirehep.net/literature/1792019
https://doi.org/10.1007/BF01645742
https://doi.org/10.1007/BF01645742
https://inspirehep.net/literature/81181
https://arxiv.org/abs/gr-qc/0611129
https://inspirehep.net/literature/732588
https://doi.org/10.1016/S0550-3213(98)00474-X
https://doi.org/10.1016/S0550-3213(98)00474-X
https://arxiv.org/abs/hep-ph/9804237
https://inspirehep.net/literature/468991
https://doi.org/10.1103/PhysRevD.78.065021
https://arxiv.org/abs/0805.3233
https://inspirehep.net/literature/786341

	Introduction
	The Proca-Higgs model
	Action, field equations and limits
	A UV completion of a self-interacting Proca model
	The hyperbolicity issue
	Ansatz, units and numerical approach

	Proca-Higgs balls
	The equations and asymptotics
	Numerical results

	Proca-Higgs stars
	The equations and asymptotic behaviors
	Numerical results

	Compactness and some special geodesics
	Compactness
	Circular geodesics

	Spherical hairy black holes?
	Conclusions
	First law

