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Abstract

By recourse of computational mechanics, back-stresses are unveiled as a major source for
the increase in work hardening during forming of hexagonal close-packaged (hcp) metals. Poly-
crystalline visco-plastic self-consistent (VPSC) and crystal plasticity finite element modelling
(CPFEM) simulations of tensile uniaxial experiments were used along with experimental texture
information. Simulations took into account the analogous variation in the critical resolved shear
stress (CRSS) values of each slip family that could result from an increase in the test temper-
ature. As the CRSS ratio between secondary and primary slip families increased, two different
contributions to the variation of the work hardening rate were observed depending on the sim-
ulation framework: (i) a decrease in the work hardening rate in VPSC simulations attributed
to texture evolution or geometrical hardening and (ii) an increase in the work hardening rate in
CPFEM simulations due to back-stresses. While geometrical hardening is present in both simu-
lation frameworks, only CPFEM is able to capture the influence of back-stresses on the increase
of the work hardening rate with temperature. The results provided here contribute to a better
understanding of the deformation mechanisms present in warm forming of hcp metals, showing
also that CPFEM is a better simulation framework to study warm forming of hcp metals.
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1 Introduction

The predictions of forming limits and spring-back in forming operations rely on the faithful

capture of the material work hardening behaviour. Work hardening is caused by dislocation

accumulation, texture evolution (geometric hardening) and back-stresses [1]. While dislocation

hardening dominates during room temperature deformation, during warm forming, i.e. at higher

temperatures but below the recrystallization temperature, the contribution by dislocation accu-

mulation is limited by recovery and other sources of work hardening become more important.

One of the difficulties is that both geometric and back-stress hardening are strongly anisotropic

and highly dependent on the loading mode, in a way that is not easy to capture empirically.

Instead, researchers have suggested the use of crystal plasticity models to capture the hardening

behaviour associated with texture evolution. Such attempts have traditionally employed the

visco-plastic self-consistent (VPSC) model formulations and have shown some success [2, 3].

The VPSC model provides access to the path dependent texture (geometric) hardening but

(usually) ignores the contribution of back-stress. Back-stresses arise from deformation heterogene-

ity and arise naturally from the elegant elastic energy-based treatment by Tanaka and Mori [4] of

the work hardening in metals containing undeformable particles. In single phase metal plasticity,

back-stresses are generated due to differences in strain rate between grains well aligned for slip

(”soft grains”) and grains poorly aligned for slip (”hard grains”). In cubic metals the differ-

ence between hard and soft grains will usually be small and disappear with increasing plastic

deformation through the action of work hardening. However, in hexagonal metals the plastic

anisotropy is very high and there is good evidence that the strain rates in hard grains are much

lower than that in soft grains and that this anisotropy does not vanish with increasing plastic

strain e.g. [5]. Therefore, the contribution of back-stress to hardening could be significant at

large strains, affecting significantly both shape and forming limit predictions.

Because the VPSC model does not account for the elastic interaction between grains, it

cannot predict the effect of back-stresses on the work hardening. On the other hand, in full

field methods like crystal plasticity finite element modelling (CPFEM), the elastic interactions

between hard and soft grains are implicitly accounted for. Hence it should be able to capture

these back-stress effects. The CPFEM approach is much more computationally intensive than

VPSC modelling and therefore it is worthwhile to determine whether the back-stress contribution
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to work hardening is indeed significant, or only a second order effect which can be neglected.

It has recently been proposed that back-stresses are responsible for the abnormal variation of

work hardening behaviour with temperature observed in commercially pure titanium. Ultimately

explaining why the uniform elongation in uniaxial tension increases with temperature [6]. The

corresponding experimental (quasi-static) stress-strain curves at different temperatures are shown

in Figure 1, alongside the work hardening curves. As expected, increasing the temperature leads

to a decrease in the yield stress (σ0.2) and in maximum flow stress (σmax). However, it is clear

that the work hardening at RT is higher but drops off quickly leading to necking and failure. On

the other hand, the work hardening at higher temperature (HT) is lower at the start but remains

relatively high for much longer, delaying necking and increasing the elongation to failure.

Figure 1: Experimental (a) uniaxial stress (σ) – strain (ε) and (b) work hardening rate (Θ) –
strain (ε) curves for CP-Ti. Solid line at room temperature (RT) and dotted line at a high
temperature (HT) of 300◦C.

This change in hardening behaviour was attributed to increasing single crystal anisotropy

with increasing temperature, and to the concomitant increase in the back-stress contribution to

work hardening. Although CPFEM was used to support this interpretation, it was not possible to

separate the relative contributions of back-stresses and geometric hardening to the work hardening

behaviour, ruling out geometric hardening as an explanation for the enhanced hardening at higher

temperatures.

In this paper we explore the relative contributions of texture and back-stresses to work hard-

ening in hexagonal metals by comparing the hardening predictions of a VPSC model and a CPFE
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model. Whereas both models should predict the effects of texture hardening, only the CPFE

model can predict the back-stress contribution. We study three polycrystalline systems modelled

on zirconium, titanium and magnesium alloys. Each system has different characteristic variations

in relative slip resistance, and slightly different starting textures, which are nevertheless very sim-

ilar in character. The aim was to understand, from a computational point of view, the extent to

which back-stresses do affect the work hardening in these systems, to explore the implications of

ignoring their contribution and to determine the best simulation framework.

Both models were used to simulate deformation in uniaxial tension, from which the work

hardening rates were calculated. We then compared the hardening predictions of both models and

interpreted the differences in terms of the relative contributions of geometric (texture) hardening

and back-stress hardening, these are also discussed in context of the texture changes predicted.

The work hardening values were then interpreted in terms of uniform elongation predictions and

its impact on ductility during warm forming.

2 Materials and Simulations

In order to study the effect of back-stresses and geometrical hardening in HCP materials, we chose

three different polycrystalline metals: Ti, Zr, and Mg. Ti and Zr are very similar systems which

produce very similar textures after rolling [7], a consequence of the dominance of prismatic slip.

However, zirconium has slightly lower elastic anisotropy and a slightly higher plastic anisotropy

than Ti as can be seen in Tables 1 and 2, that collect the elastic and compliance values and

c/a ratios (Table 1) and initial values for the critical resolved shear stresses (CRSS) for each

slip family (Table 2) of the three different materials. In Mg, deformation is dominated by basal

slip, which is significantly easier than either prismatic or pyramidal slip. Although twinning

is also active in all these systems, we have not considered it in our simulations since we are

primarily interested in the warm forming behaviour where the amount of twinning is usually

limited. Furthermore the texture and loading direction chosen of these materials are such that

the amount of twinning expected to occur is small, even at room temperature.

For example, in the case of CP-Ti, the recent works by Bishoyi et al. [8,9] showed that under

uniaxial tension and compression experiments volume fraction of twins was reduced when increas-

ing the temperature, being this insignificant at 873K. Moreover, in [6] we showed that, under
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uniaxial tension, the twined material volume fraction decreased from 2.5% at RT down to 1% at

573K. For Zircaloy-2, Xu et al. [10] argued that in their RT elasto-plastic self-consistent model

twinning was not included given its low Schmid factor, reproducing experimental RT uniaxial

compression results from the same team [11]. Long et al. [12] performed uniaxial compression

tests on Zircaloy-2 samples at different temperatures, showing that no twinning was observed at

773K. Finally, for the AZ31 magnesium alloy, Li et al. [13] showed no presence of twinning during

warm (573K) uniaxial tensile test along the rolling direction (same deformation direction than in

the present study). Previously to that, M.R. Barnett [14] showed that twinning “switched off”

during uniaxial compression of an AZ31 extruded bar at ∼ 573K.

Table 1: Elastic [15], compliance [16] and c/a values.

c11 (GPa) c33 (GPa) c44 (GPa) c12 (GPa) c13 (GPa) c/a

CP-Ti 162.4 180.7 46.7 92.0 69.0 1.588
Zircaloy-2 143.4 164.8 32.0 72.8 65.3 1.590

AZ31 59.7 61.7 16.4 26.2 21.7 1.624

s11 (GPa−1) s33 (GPa−1) s44 (GPa−1) s66 (GPa−1) s12 (GPa−1) s13 (GPa−1)
× 10−3 × 10−3 × 10−3 × 10−3 × 10−3 × 10−3

CP-Ti 9.6 6.8 21.5 28.6 -4.7 -1.8
Zircaloy-2 10.2 8.0 29.9 28.6 -4.1 -2.5

AZ31 22.0 19.7 61.0 59.5 -7.8 -5.0

Table 2: Initial CRSS values (MPa)

π<c+a>1 P<a> B<a>

CP-Ti [17] 241.2 120.0 182.4
Zircaloy-2 [10] 320.0 100.0 160.0

AZ31 [18] 110.0 88.0 20.0

The relative slip activity was varied to simulate the representative changes observed in these

materials as the temperature increases. Although there is some data in the literature on the

relative slip activity of these materials, these values vary considerably. Therefore we have used a

representative value at room temperature and varied the relative slip resistance according to the

following. Firstly, from condition RT to R3 in Table 3, we assumed that the thermal contribution

to slip resistance is an additional term and that it varies equally for all the slip families under

the conditions, except for Mg where this was only true for <c+a> and prismatic slip. For Mg

the CRSS value for the basal slip family is kept constant between RT and R3, this agrees with
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previous studies, where it was shown that CRSS value for basal slip family is insensitive to the

increase of temperature [19, 20]. Secondly, condition R4 for all three materials was design to

maximize anisotropy between prismatic and pyramidal slip families in Ti and Zr and between

basal and pyramidal in Mg. In other words, R4 would represent the situation in which hardening

coming from CRSS anisotropy would be more intense. Figure 2 shows the evolution of the CRSS

values with the different conditions for each of the materials. Here, we believe it is necessary to

stress the fact that, even if between RT and R3 variation of the CRSS values is linear (except

for the basal slip system in Mg), we do not claim that variation of CRSS with temperature is

linear. RT – R4 represent different plastic anisotropies, where the CRSS values at RT come from

literature. R1 – R4 conditions imply an increase in plastic anisotropy through which the role

of geometrical hardening and back-stresses on the overall hardening of three different material

systems has been studied.

Table 3: Ratios for the CRSS values considered in each simulation representing an evolution in
anisotropy.

Ti Zr Mg

τπ
<c+a>
1 /τP

<a>
τB

<a>
/τP

<a>
τπ

<c+a>
1 /τP

<a>
τB

<a>
/τP

<a>
τπ

<c+a>
1 /τB

<a>
τP

<a>
/τB

<a>

RT 2.0 1.5 3.2 1.6 5.5 4.4
R1 2.3 1.7 3.2 1.7 4.5 3.4
R2 3.0 2.0 6.5 2.5 3.5 2.4
R3 5.0 3.0 23 7.0 2.5 1.4
R4 12.0 1.0 23.0 1.0 5.0 1.0

Electron-backscattered diffraction (EBSD) maps were used to generate orientation sets rep-

resentative of the typical textures after rolling of (i) commercially pure titanium (CP-Ti); (ii) a

zirconium alloy (Zircaloy-2); (iii) a magnesium alloy (AZ31). Microstructure was characterized

with a FEI Sirion equipped with an Oxford Instruments EBSD camera operating at 20 kV and

using a step size of 0.25 µm. Samples were ground to #4000 grit paper and finished with OP-S

(0.2 mm) suspension. In the particular case of the AZ31 alloy the sample was electropolished

after mechanical polishing to ease indexation, using a 30%vol. HNO3 - 70%vol. ethanol elec-

trolyte at 12 V and -30◦C. EBSD data was analysed using the commercial Channel 5 software

(Oxford Instruments) and then plot using MTEX Toolbox. Average grain sizes for the three

materials were 15-20µm for CP-Ti, 20µm for Zircaloy-2 and 15µm for AZ31. Figure 3 shows the

pole figures of each of these materials. The CP-Ti (Fig. 3(a)) and Zircaloy-2 (Fig. 3(b)) textures

consist of a split of basal poles around normal direction (ND) towards transverse direction (TD)
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Figure 2: Evolution of CRSS for each slip family and condition in Table 3: (a) Ti, (b) Zr, (c)
Mg.

and the spread of {112̄0} poles in rolling plane with a maximum in rolling direction (RD). The

AZ31 texture (Fig. 3(c)) has a strong basal pole in ND and similar spread of {112̄0} poles.

The difference in the intensity of the orientation in ND suggests that there are more grains with

<c>-axis in ND in the AZ31 than those in CP-Ti and Zircaloy-2.

Hereafter we will refer simply to Ti, Zr and Mg systems as the simulations shown here aim

to capture the deformation mechanisms in Ti, Zr and Mg when increasing the temperature

rather than the precise behavior of CP-Ti, Zircaloy-2 or AZ31 alloys. Moreover, the increase

in anisotropy with increasing temperature has been reported for CP-Ti only. Here, we use

computational modelling to explore the effects such an effect would have on a Zr-like material,
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Figure 3: Pole figures representing the initial textures used for both CPFEM and VPSC simula-
tions: (a) CP-Ti, (b) Zircaloy-2, (c) AZ31.

which has different starting texture and a Mg-like material, where basal slip dominates.

For all these three materials we performed CPFEM and VPSC simulations. Initial set of

textures for both models was the same (see Fig. 3) and CRSS values were decreased in each

simulation, starting from the initial values in Table 2 and reducing them for each new simulation

accordingly to the ratios shown in Table 3 and values in Fig. 2. Pole figures in Fig. 3 come from

ODFs (orientation density function) represented in the Euler space and projected in the RD –

TD plane. In order to incorporate this information inside the simulation frameworks, we sampled

according to the grain sizes of each of the three materials under study to remove redundant sets of

crystallographic orientations. Once this was done, homogeneously distributed sets of orientations

were selected depending on the number of elements of each simulation framework (CPFEM or

VPSC).
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2.1 Continuum crystal plasticity finite element modelling

Three-dimensional crystal plasticity finite element modelling (CPFEM) was used to simulate the

uniaxial stress (σ) – strain (ε) curves of Ti, Mg and Zr. In doing so, first the CRSS values in

Table 2 were used along with the corresponding compliance matrix for each material in Table

1. Crystallographic orientations for each material came from experimental EBSD maps, whose

pole figures are represented in Fig. 3. The model consisted in a mesh with 15× 15× 15 20-node

isoparametric brick-shaped elements, each containing 8 integration points (IPs). Orientations

were given per element hence each of 8 IPs of an element had the same orientation, making a total

of 3,375 grains (each element of the CPFEM corresponds to one grain). Boundary conditions were

such as the pulling direction in the uniaxial tension simulations was always the rolling direction

(RD) in Fig. 3.

Deformation was assumed to occur by slip according to

γ̇α

γ̇o
=

(
τα

ταCRSS

)1/m

, (1)

where γ̇α is the increment in shear strain in the α slip system, γ̇o is a nominal reference slip

rate, τα is the resolved shear stress in the α slip system and ταCRSS is the critical resolved shear

stress in each slip system α indicating the level of stress needed to trigger plastic deformation.

Here, we did not consider hardening (i.e., increase on the values of ταCRSS) as we wanted to

study the contribution to hardening coming solely from interactions between grains with different

orientations. Model was enforced to be rate-insensitive by choosing a low m value equal to 0.02.

The CPFEM implementation used here is explained in detail in [21] for the 2D case.

The mesh size considered in this study (15 × 15 × 15) combined with a homogeneous field

of IPs rather than grains of defined geometries ensured mesh-insensitive results. Regarding the

boundary conditions, the nodes at the planes perpendicular were pinned so only movement along

the deformation direction was possible.

2.2 Visco-plastic self-consistent models

The viscoplastic self-consistent (VPSC) model is one of the polycrystalline models used to describe

the overall properties of an aggregate via the average response of its constituent grains. The

VPSC model has been used to successfully predict the plastic anisotropy and texture evolution
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of various materials [2, 3, 22] and interpret their deformation mechanism [23–25].

In the VPSC model, each grain is considered as an ellipsoidal inclusion separately embedded

in a viscoplastic homogenous effective medium (HEM), which has the average properties of all

grains of the aggregate. The stress and strain of each grain and then of the HEM are solved in

an iterative calculation until the average response of the grains corresponds to the macroscopic

stress or strain increments imposed on the aggregate. Interactions between each grain and the

HEM are calculated using Eshelby tensors [26]. Each grain is characterized by an orientation and

a volume fraction. Plastic deformation in VPSC model is based on slip and twinning. However,

in the present paper, only slip mechanisms were used in the simulation for the aforementioned

reasons. The hardening of a slip system is expressed via a Voce type hardening law as in Equation

2.

τ̂α = ταo + (τα1 + θα1 Γ) ·

[
1− exp

(
− Γ

∣∣∣∣∣θαoτα1
∣∣∣∣∣
)]

(2)

where Γ =
∑

α ∆γα is the accumulated shear in the grain, ταo is the initial critical resolved

shear stress (CRSS) which determine the activation of a slip system, θαo and θα1 are the initial

and asymptotic hardening rate for the slip system α respectively and (ταo + τα1 ) is the back-

extrapolated CRSS.

An individual grain in a VPSC model only interacts to its surrounding HEM. As a result grains

with the same orientation should behave in an identical way. However, in a polycrystal, each

grain which has the same orientation can behave differently due to the difference in interactions

of the grain and its neighboring as discussed earlier on the hardening effects by grain interactions

in the Introduction. A more detailed description of the VPSC model can be found elsewhere [2].

A series of uniaxial tensile simulations on Ti, Zr and Mg using VPSC were carried out. The

hardening parameters in Eq. 2, e.g. θαo and θα1 , are equal to zero, i.e. there is no work hardening

in the single crystal constitutive description. Each material was modelled as a HEM consisting of

2000 grains whose initial orientations were obtained from the measured texture given in Figure

3. Each simulation involves 100 strain increments of 0.004 up to a total strain of 0.4 at the strain

rate of 0.1 s−1. In addition, relative contribution of each deformation mode to the total shear, i.e.

relative activity of slip systems, at each accumulated deformation was computed in the VPSC

model.

In this case, boundary conditions were given in the form of deformation gradients. Those
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were imposed to ensure uniaxial deformation along the RD direction. The size of the model

ensured that the interaction between each grain and the HEM was independent of the number

of grains considered and the deformation gradients imposed were selected to ensure none of the

two parameters could affect the results presented here.

3 Results and discussion

Figure 4 shows the stress (σ) – strain (ε) curves for (a) Ti, (b) Zr and (c) Mg respectively coming

from CPFEM and VPSC simulations with the CRSS values in Table 3. Simulations with the

VPSC model provide just plastic deformation hence for VPSC the values for deformation in Fig.4

correspond to plastic deformation (εp). In Figure 4, a point in ε is reached above which σ decays,

marking the initiation of necking. This happens for CPFEM simulations and RT, R1, R2 and

R3 conditions but not for the VPSC simulations, that fails in capturing this behavior. As the

anisotropy increases going from R1 to R4 the strain at which necking starts increases. In other

words, as the anisotropy increases so it does the stage IV work hardening rate, dσ/dε. This

delays the onset of necking, as expected from the Considére’s criterion. This can be further seen

in Figure 5, where the work hardening rate Θ is plotted as a function of ε for the three different

materials under study and the five CRSS ratios shown in Table 3. Reducing the CRSS values

in a way that anisotropy is increased, the resulting stress – strain curves showed an increased

work hardening rate and larger ductility. Experimentally, reducing the CRSS values would be

analogous to increase the test temperature. During the simulations no external hardening was

included, as mentioned in Section 2.1. Any contribution to the overall hardening shown in Figs.

4 and 5 has to come from other sources i.e., back-stresses or geometrical hardening. On the other

hand, the simulations for the VPSC model should predict a constant stress, as one would expect

from simulations that do not include a hardening definition for any of the slip families. However,

when looking at Figs. 4(b) and (c) for the Zr and Mg simulations, it is evident that at RT the

slope of the σ – ε curves is different from zero, indicating a non-zero value for the work hardening

rate. These values have not been included in Fig. 5 for representation reasons, but are given in

Table 4. As the slope of the σ – ε curves for the VPSC simulations is constant, the Θ value in

these cases is well-defined and unique. Looking at Table 4, as the anisotropy increases Θ tends to

decrease, contrary to what happened in the case of the CPFEM simulations. The only possible
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Figure 4: Uniaxial stress (σ) – strain (ε) curves for CPFEM (closed symbols) and VPSC (open
symbols) simulations with different CRSS ratios (see Table 3 for details): (a) Ti, (b) Zr, (c) Mg.
Notice that for VPSC simulations one has to read plastic deformation (εp) in the horizontal axis.

explanation for this is geometric softening caused by texture evolution.

Table 4: Work hardening rate values for the VPSC model for each condition in Table 3. Units
in MPa.

Ti Zr Mg

RT -7.0 26.8 31.7
R1 -9.1 32.2 22.0
R2 -7.1 39.0 13.2
R3 0.0 30.4 5.9
R4 8.6 8.0 4.9

Before continuing with the description of the hardening mechanisms in the CPFEM and VPSC
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Figure 5: Work hardening rate (Θ) – strain (ε) curves for the CPFEM simulations at different
CRSS ratios (see Table 3 for details): (a) Ti, (b) Zr, (c) Mg.

simulations, it is worthy to discuss more in detail the results in Fig. 5. We will compare the

evolution of Θ with the different anisotropy conditions for Ti, Fig. 5(a), with the ones observed

for Zr and Mg, Figs. 5(b) and (c) respectively. For Ti, it can be observed that R4, the condition

introducing the highest anisotropy, produces a Θ value higher than any of the other conditions.

Instead, for Zr, Fig. 5(b), and Mg, Fig. 5(c), Θ for R4 only surpasses the value for the other

anisotropy conditions after a certain deformation, ε ≥ 0.2 for Zr and ε ≥ 0.15 for Mg. These

differences in the increase in work hardening rate will be further discussed later in the text in

the context of slip activity.

Returning to the description of the hardening mechanisms, for the CPFEM model one has

several grains (elements) each of them with a certain orientation according to the textures used

in each case (Fig. 3). For example, in the Ti case those grains well aligned for prismatic slip
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will be easier to deform (soft grains) than those aligned with the < c > axis paralell to the

loading direction (hard grains). As anisotropy increases this effect will be more pronounced, as

in comparison it will be much easier to deform the material activating prismatic slip systems than

the pyramidal ones. Hence soft grains (those oriented in a way that prismatic slip is possible

during deformation) will deform, while hard grains (those oriented in a way that pyramidal slip

is the most favorable one) will not. This will contribute to build-up stresses around the hard

grains as they will tend to prevent deformation of the soft grains. This will create back-stresses

that, ultimately, will contribute to an overall hardening of the material. However, this is not

the case for the VPSC mode. Here, each orientation in the considered texture interacts with

an average HEM made from the other orientations. Therefore, no neighboring grains/elements

interacting with each other and able to create the aforementioned back-stresses. Moreover, as

it has been pointed out before, for the VPSC model increasing the anisotropy has the opposite

effect of reducing the work hardening rate.

The fact is that the increase in hardening observed with the CPFEM model is an effect of a

given texture (soft vs. hard grains creating back-stresses), while the softening experienced by the

VPSC simulations is a consequence of texture evolution (geometrical hardening). As explained

elsewhere, [27, 28], during multiaxial tests on polycrystalline materials, it is not clear how to

extract an equivalent σ – ε curve from which one could define hardening with an unambiguous

scalar value. This is so because the σ – ε curve will be highly dependent on the deformation

path. In other words, during deformation the texture will evolve as a consequence of crystal

rotation and, given that, slip activities will change in a way that stress increases with deformation,

producing hardening. The effect of geometrical hardening was seen to be milder with an increase

in anisotropy, as can be seen in Fig.4 for the VPSC simulations where increasing anisotropy (RT

→ R4) reduces the slope of the σ – ε curve and hence the work hardening rate (Table 4).

Geometric (texture) softening will also be present during CPFEM simulations, rising an

apparent paradox, as the work hardening rate increases for CPFEM simulations while it decreases

for the VPSC ones. In fact, both mechanisms, back-stresses and geometrical hardening compete

during CPFEM simulations. Figures 6 and 7 show the pole figures representing the texture

evolution for CPFEM and VPSC simulations respectively. By comparing Figs. 3, 6 and 7 it is

evident that VPSC simulations predicted stronger textures than the CPFEM simulations. Self-

consistent models tend to artificially predict stronger textures than full field models since they
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Figure 6: Pole figures representing the evolution of texture during CPFEM simulations at selected
CRSS ratios (see Table 3 for details) for Ti, Zr and Mg.

Figure 7: Pole figures representing the evolution of texture during VPSC simulations at selected
CRSS ratios (see Table 3 for details) for Ti, Zr and Mg.

cannot account for the randomising effects of the interaction between grains. Hence the texture

intensity for the CPFEM simulations is weaker when compared to the VPSC simulations. This
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Figure 8: Relative slip activity – deformation (ε) curves for CPFEM (closed symbols) and VPSC
(open symbols) simulations on Ti with different CRSS ratios (see Table 3 for details): (a) Pris-
matic slip, (b) Basal slip, (c) Pyramidal slip. Notice that for VPSC simulations one has to read
plastic deformation (εp) in the horizontal axis.

probably also contributes to the domination of back-stress hardening over the softening produced

by texture evolution when the anisotropy is increased. This can be further observed in Figure

8, showing the slip activity for each slip family and condition for the Ti CPFEM simulations.

One can observe how the increase in anisotropy, going from RT to R4, reduces the slip activity

in the pyramidal <c+a> slip family (Fig. 8(c)), while the activity in the prismatic slip family

(Fig. 8(a)) increases. However, there is an exception to this when considering R4. In this case

there is a transfer in slip activity from prismatic to basal slip (Fig. 8(b)), while pyramidal slip

continues to reduce, when considering both CPFEM and VPSC simulations. This can be easily
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Figure 9: Relative slip activity – deformation (ε) curves for CPFEM (closed symbols) and VPSC
(open symbols) simulations on Zr with different CRSS ratios (see Table 3 for details): (a) Pris-
matic slip, (b) Basal slip, (c) Pyramidal slip. Notice that for VPSC simulations one has to read
plastic deformation (εp) in the horizontal axis.

understood if one realizes that for R4 the imposed CRSS values for prismatic and basal slip are

identical (see Figure 2 and Table 3) and the particular initial texture can make basal slip more

favorable that prismatic slip. Indeed, when observing Figs. 6 and 7 for R4 one realizes that the

texture is elongated in the TD direction, that is precisely what one would observe experimentally

in Ti when performing uniaxial tests at high temperature (having high anisotropy in the CRSS

ratios as in R4). Along these lines, it is interesting to observe the slip activities for Zr and Mg in

Figures 9 and 10, respectively, for the CPFEM simulations. In the case of Zr, one can see that

for condition R4 prismatic slip decreases (Fig. 9(a)) as it was doing for Ti but, more importantly,
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Figure 10: Relative slip activity – deformation (ε) curves for CPFEM (closed symbols) and
VPSC (open symbols) simulations on Mg with different CRSS ratios (see Table 3 for details):
(a) Prismatic slip, (b) Basal slip, (c) Pyramidal slip. Notice that for VPSC simulations one has
to read plastic deformation (εp) in the horizontal axis.

pyramidal slip (Fig. 9(c)) increases, opposite to what happened for Ti. Hence in this case we

have that prismatic slip activity is reduced in favour of pyramidal slip activity, even if for small

ε basal slip activity increases (Fig. 9(c)). The same occurs for the slip activity in Fig. 10 for

Mg and condition R4. Here, the reduction in prismatic slip activity (Fig. 10(a)) in favour of

pyramidal slip activity (Fig. 10(c)) is even more important than for Zr (for Mg, basal slip activity

continuously decreases when going from RT to R4). This decrease in prismatic slip activity and

increase in pyramidal slip activity is the reason why the increase in work hardening rate in Fig.

5 is milder for Zr and Mg compared to Ti. Actually, for Zr and Mg, the role of hard grains is
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played by the basal grains, as is the basal slip activity the one that is reduced when increasing

the CRSS anisotropy.

Lets now go back to the texture evolutions shown in Figs. 6 and 7 for CPFEM and VPSC

simulations, respectively. For Mg a strong basal texture in the RD-TD plane is observed, indicat-

ing that the majority of the hexagonal prisms had their c-axis perpendicularly oriented respect

to RD and the basal planes laid parallel to the RD-TD plane. As the material is deformed along

RD, the basal planes rotate to lay parallel to the tensile axis, indicating basal slip dominates the

deformation. Looking at the prismatic planes, one can see the maximum intensity distributed

along the stereographic circle and separated 60◦ from each other (See the work by Khan et al. [29]

for a complete study on texture evolution of AZ31 alloy under tension at different temperatures).

In the case of Ti and Zr alloys, prismatic slip is the easiest slip mode and it makes possible a

spread of the split basal poles along TD, as it can be seen in Figs. 6 and 7. The spread of the

{112̄0} poles in rolling plane becomes more evident, specially for the two maximums along RD.

Finally, it is worth mentioning the fact that, even if the CPFEM and VPSC models used

to simulate the behavior of Mg do not include twinning, the results show that to fully simulate

hardening in these materials one should take into account back-stresses and geometrical hardening

besides twin hardening. Knezevic at al. [30] show ”strong evidence against the currently accepted

notion in Mg deformation literature that the unusually high strain-hardening rates in AZ31 are

due, directly, to texture hardening caused by activation of extension twins”. As aforementioned,

increasing the CRSS anisotropy for the different slip families is equivalent to increase the test

temperature and, at higher temperatures twinning will be less important or even inactive (see

for example the work by Li et al [13]).

4 Conclusions

CPFEM and VPSC simulations of uniaxial tensile tests were performed in three hcp materials:

Ti, Zr and Mg. Using representative textures, obtained experimentally, as the starting textures,

the simulations did not include any slip hardening or twinning. Hence any contribution to the

overall work hardening rate must came from either back-stresses or geometrical hardening. The

results show that in the CPFEM simulations the materials exhibited work hardening, which

increased with increasing slip anisotropy. The VPSC simulations, on the other hand, decrease
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in the work hardening rate with the increase in anisotropy. This difference is a consequence

of the effect of back-stresses which cannot be accounted for in the VPSC simulations. The

softening observed in the VPSC simulations is a consequence of the change in texture with

uniaxial straining. In fact, both mechanisms are present in the CPFEM simulations, but back-

stresses have a bigger influence. Hence we demonstrate that back-stresses ought to be taken into

account when describing the work hardening in HCP materials, especially during warm forming

when other contributions to work hardening like twinning are limited if not inexistent. It has

been shown that the CPFEM simulation framework is the preferred simulations framework in

order to account for both, geometrical hardening and back-stresses.
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