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Dataset link: https://doi.org/10.5281/zenodo.7 The recent outbreaks of Ebola encourage researchers to develop mathematical models for simulating the
646063 dynamics of Ebola transmission. We continue the study of the models focusing on those with a variable
MSC: population. Hence, this paper presents a compartmental model consisting of 8-dimensional nonlinear dif-
ferential equations with a dynamic population and investigates its basic reproduction number. Moreover, a
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I];?";V ord.s.d 1 one. Finally, we use a fractional differential form of the model to sufficiently fit long time-series data of Guinea,
0la mode

Liberia, and Sierra Leone retrieved from the World Health Organization, and the numerical results demonstrate
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the performance of the model.
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1. Introduction

Ebola is a highly pernicious virus transmitted by physical contact
with body fluids, secretions, tissues, or semen from infected persons. At
least 18 confirmed outbreaks of Ebola were recorded in Africa between
1976 and 2014. Up to 2012, about 2400 cases and 1600 deaths were
registered due to the Ebola virus. The new outbreak of Ebola started in
West Africa on 27th March 2014 and includes 28602 confirmed cases
and 11301 deaths.

Recently some compartmental models of Ebola epidemics have been
developed [1-6]. Some models in the literature (e.g. [7-9]) have made
an attempt to model previous outbreaks of Ebola based on a smaller
amount of information as compared to the 2014 outbreak. Several
approaches have been presented to model the spread of this disease
in the three affected countries in the 2014 outbreak, namely Guinea,
Liberia, and Sierra Leone. In [2], the optimal control problem of the
Ebola epidemic with vaccination constraints has been considered by
introducing an extra variable for the number of vaccines. In some
studies, [4,10], the incorporation of fractional derivatives into the
models has been introduced. Moreover, in [1] a compartmental model
for Ebola consisting of eight nonlinear fractional differential equations
(FDE) has been meticulously analyzed.

Here, we continue and improve the mathematical model for the
transmission of Ebola proposed in [1]. The main drawback of that
model is overlooking the variability of the population as pandemics
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affected a proportion of the population, additionally, the birth and
death rates are quite different in the three mentioned countries. Hence,
the novelty of our model is a simulation of the epidemic dynamics of
Ebola with a varying population.

The paper is organized as follows. We first introduce the nonlinear
system equations under the assumptions of having a varying popu-
lation N and describe the parameters involved in the system. Next,
an equivalent system is presented after introducing an appropriate
change of variable. For this equivalent system, the basic reproduction
number is explicitly given in terms of the parameters that appear
in the differential system. Moreover, a dimensionless compartmental
model is introduced. For this dimensionless model, the local stability
of the disease-free equilibrium (DFE) point is analyzed. A fractional
compartmental model with a varying population is also introduced.
Finally, some numerical simulations compared with real data provided
by the World Health Organization (WHO) are included.

2. Initial model

Let us suppose that the varying population N is partitioned into
eight mutually exclusive compartments: susceptible (.5), exposed (E),
infected (I), hospitalized (H), asymptomatic but still infectious (R),
dead but not buried (L), buried (B), and completely recovered (C)
individual classes. The class of completed recovered (C) has been
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Table 1
The parameters of the model described in the system (1).

a Density independent part of the birth rate for individuals.

a, : Density dependent part of the birth rate for individuals.

B : Contact rate of infective individuals and susceptible.

Py Contact rate of infective individuals and hospitalized.

By : Contact rate of infective individuals and dead.

B, : Contact rate of infective individuals and asymptomatic.

o Per capita rate at which exposed individuals become infectious.

7l Per capita rate of progression of individuals from the infectious class
to the asymptomatic class.

7t Per capita rate of progression of individuals from the hospitalized class
to the asymptomatic class.

73l Per capita recovery rate of individuals from the asymptomatic class
to the complete recovered class.

€: Fatality rate.

T Per capita rate of progression of individuals from the infectious class
to the hospitalized class.

& incineration rate

5 ¢ Per capita rate of progression of individuals from the dead class to the buried class.

8yt Per capita rate of progression of individuals from the hospitalized class to the buried class.

U Density independent part of the death rate for individuals.

M Density dependent part of the death rate for individuals.

already considered in [1] and the evolution of the disease confirms the
necessity of considering this class as separated from the recovered class.

Parameters describing the behavior of the dynamics of individuals
between these compartments are introduced in Table 1. We assume that
the density independent part of the birth rate (a,) is greater than the
density independent part of the death rate (x;) which is also greater
than the incineration rate (&), that is ; > u; and u; < &. The birth and
death terms are assumed to be density dependent on the population
size and represented by a; — a, N and u; + u, N, respectively, both are

Next, by substituting .S by N—E—I—-R—L—H—B—C, we can transform
(1) into the following system which is practical for the analysis

dE

1
=B +pH + P L+ fRYN —E~I~R-L-H-B-C)

—0E - (4 + u,N)E,
dl
o =cE—-(yy+e+t+pu +uN)I,

dR
— =yl+rnH-(r3+u +umuN)R,

strictly monotone continuously differentiable functions with respect to : Ii
1= =l -5, + 6L,
N. dr € 6, +9
. . . dH
. The m(?del is me}thema?lcally gxpressed. by the following system of dH o (48, 4y + uN)H,
eight nonlinear ordinary differential equations (ODE): dd 1;
= L+8H - ¢B,
ds B B Ba 5
— = —,N)N — —=SI - —=SH-—=SL—--~-SR- N)S, ac
o =@ - mNN - = N N N Ui + 42N o = R=Gu+ NG,
dE _ B By Ba b
—==S8SI+—SH+ —=SL+-—=SR-0E - N)E, dN
ar - NS N SHA NS SRooE =G+ e N) = @+ N+ (@ = p)N = (€= iy = N)L + B).
dl
— =0cE-(yy+e+7+u +u,N)I,
i (r Hi+ N o)
AR T4y H — (s + uy + 1, NIR
ar TR Ts T T iR, Following the same approach as in [1], we can determine the basic
aL _ ., _ (6, + &L reproduction number for model (2) as
dt ’
dd_’;' =7l = (5 + 6, + py + iy N)H, Ry =~ (Prarara + as(any, + 71)P, + a106fy + arayhy) ,
4B ayaas (7/1+€+r+a5) (0'+a5)
— =6 L+6,H —¢B, .
ar = obreH-c with
9C — R—(uy + N)C
ke 1+ N)C. a =y +6+u+mN*, a=y+u+upN*, ay=686+& ay=y,+6,,
) as=wm+mN, and N*= K
O+ Hy
Remark 1. The mortality rate of Ebola varies from 50% to 90%. As it is well known, if R, < 1 then each infected individual produces

Very recently a new study provided strong evidence that individual
genetic differences play a major role in whether people die from the
disease [11]. In the 2014 outbreak, the mean incubation period is
11.4 days and does not vary by country [12]. The mean time from
the onset of symptoms to hospitalization, a measure of the period of
infectiousness in the community, is 5.0 + 4.7 days, and it is not shorter
for healthcare workers than for other case patients. The mean time to
death after admission to the hospital is 4.2 + 6.4 days, and the mean
time to discharge is 11.8 + 6.1 days [12] .

The population size is N(1) = S(t)+ E@®) + I(t) + R(t)+ L(t) + H(t) +
B(t) + C(t). By adding up all the eight equations we have

%(1) = (@ + p)N?() + (@) = )N (@) = (& = uy — pu NO)L (@) + B(@)).

less than one new infected individual, and the infection cannot spread.
On the other hand, if R, > 1, then on average of infected individual
yields more than one infected individual, and as a result of that, the
disease can spread in the population.

3. Dimensionless compartmental model of Ebola

In order to simplify the analysis of the Ebola model (2), the follow-
ing scaled variables are used

S - N e N EF N
e

e= -, r==
i’ /0 10 ho 0’ 70 70

where ¢0,i9, 10,19 10, ¢0 and T, s are some reference positive variables
to be determined. By substituting the scaled populations e, i, r, I, h,
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¢ and n in the model (2) as well as 0, we can obtain the following
parameterized system

— (794.{%; 04 10 04 10 04,0 1 _ e _ % _ rr
=T i’ i + T pyh"h+ T "l + T° f,r'r)
i h d r O mOn  nOned  pOned

de

do
190 Wh b e 0 o o

T 00 mOne®  mOned  nOned ) To+me =T yym e,

% = Tjoeo ce =Ty, + e+ 1+ p)i — T uyn’ni,

3—; = %m + %}Qh =T + p)r = TOuyn®nr,

% = T[(:]io €i =T, + &),

% = %n‘ —T%y, + 8, + uy)h — T° uyn°nh,

Z—; = T::O y3r — TOMIC - Toyznonc,
%g=—TW%iﬁqM%2+TWm—Mun—TWS—MOgL%Ez

+T0 44, (I°1 + bOb)n.

3
Let us consider
T = 1 R n’ = 1 s = n—o, Y= Tooeo, A= Toyli0
a — T, + py) 70

P =1%" hr =1 " =1%, =1%%,.
Next, we define the parameter grouping as
A =T A, =T1,n°, A;=T7"p,1° A, =T"p,°,
As = eio Aq = nio

0 0 0 0
A7:n(l)7’ A8=r£7’ A9=n(l)7’ A10=nf)lj,

0 0

Ay = ﬁ’ A = n(c)jv

A =T+ 1), Ay =T un°,
A5 = To(yl +et+T4u), A= To(y3 + 1),

TR0

Ap =1 A =T +8),

o T%,h°
A =T (ra+63+ 1), Ay = 0

T (uy = &) T, — &)
Ay =T% Ay =Tu, A23=—07 24=" 45
n n

Ays = TOupl0,  Ang = TO 1y 1°.

Therefore from (3) we obtain the following dimensionless system equiv-
alent to (1)

de(0) . . Age®)  A4i(0)
257 = (A1i(0) + A,h(0) + A51(0) + A,r(0)) < T
CAgO)  AJO)  Aph®) ApbO) A6
n@ () () () ()
—Aj3e(0) — Ayyn(0)e(9),
240 _ e(0) — Ay5i(0) — A4n(0)i(0),
0
ar@
;(0 ) Z i(0) = Aygr(©) + Ay h(0) — A,un(O)r(O), @
i
%Lw%wm
% = i(8) — Ayoh(0) — A,n(O)h(0),
% =1(0) + Ay h(0) — A, b(0),
d;(:) = 1(60) — Apc(0) — A,n(0)c(D),
dz(:) = —n2(0) + n(0) + Aysn(0)b(8) + Asgn(B)(0) + Ar1(8) + Aryb(6).
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3.1. Local stability of the disease-free equilibrium

The Jacobian matrix of the system (4) at DFE = (0,0,0,0,0,0,0,1)
is the 8 x 8 matrix given in Box L.

By removing the two last columns and rows, we obtain the following
6 X 6 matrix

—Ap— Ay A As AyAs A3 As Ay As 0
1 —As— Ay, 0 0 0 0
i 0 1 —Ag—A4, 0 A 0
0 1 0 ™ 0 0
0 1 0 0 -Ag-A4, O
0 0 0 1 A —Ay

Again, as the last column has negative diagonal entries, we can remove
it and its corresponding row to obtain

A3~ Ay A As AyAs A34s A As
1 —Aps — Ay 0 0 0
J= 0 1 —Ag— A 0 Ay
0 1 0 —Agg 0
0 1 0 0 —Ag-A4y,

(5)
The eigenvalues of the (5 x 5)-matrix J are the roots of the charac-
teristic polynomial
P(A) = 2 4+ x4+ x04% + x322 + x4 4 + xs, (6)
where
X =Ap+4A+ A3+ A+ A + A,
X3 = QA+ A+ Ajg + A)(Az + Ag5)
+ (A + 541, + 3410 +34,0)A,,
+ Ajg(Ag + Apg) + AjgAjg + @) — A As,
x3=(A13+2A4+ A)[A (A + A +2A15+ Ayy)
+ A(Ag + Apg) + AjgAol
+ Ay Ag(Ag + Ao+ A + AjgAjgAig + Ay — As(A; + A1 Agg)
+ wy — As[Ay + A (A + Ayg)] + 5 — A5[Ay + A[(A 4 + Ajp)],
xp=Ag(A3 + 241, + A5)[A (A + Ajg + Agg)
+ AgAl + Agmy — As[ArAgg
+ (A1 A1g + A3)(Ay + Ag)] + Ay
— As[(AjAjg + A3)(Ayy + Age) + Ay Agg)
+ @y — As[A| (A4 + Ag)(Ay + Agg)
+ Ay(Ag + Ay + A + Ax(Age + Ar)],
X5 = Ajgwy — Asws,
with
@y = (Ag + Aps)(Az + Ary),
wy = (Ajg + Ap)(Ag + Ag5)(Arz + Ary),
w3 = (Ajg + Ap)(A1g + Ar5)(Ag + Ary),
wy = (Ag+ Ae)(Ag + Apg)(Arg + Ag5)(Agz + Ary),
ws = (A + Ae)(Ajg + Apg)(A1Ajg + A3) + Ay Ag(Ag + Ay + Ayy)
+ Ay Ag(Ajg + Ayy).
By using Liénard—Chipart test [13,14], all the roots of P(1) are neg-

ative or have negative real part if and only if the following conditions
are satisfied:

1. x;>0,i=1,2,3,4,5,
2. xyxpx5 > x% + x%x4.
Let us introduce the basic reproduction number
As X w5

Ry=—=2"2 7
0T Ay x @
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—Az3— Ay A As A Aq A3 Aq Ay Ay 0 0 0

1 —A;s— A 0 0 0 0 0 0

0 1 —Ajg— Ay 0 A, 0 0 0

J= 0 1 0 —Ag 0 0 0 0
0 1 0 0 —Ajg— Ay 0 0 0

0 0 0 1 Ay —Ay 0 0

0 0 1 0 0 0 —Ay — Ay 0

0 0 0 Ay — Ay 0 Ays — Ay 0 -1

Box I.

obtained using the next generation matrix [15]. The coefficients x|, ...,
x5 of the characteristic polynomial P(4) defined in (6) can be rewritten
in terms of the basic reproduction number R, as:

X =Ap+4A+ A+ A+ A5+ Agg,
Xy = QA+ A+ Ay + Ap)(A3 + Ags)
+ 4Ag+5A14+3A19 +3A15)A 1y + AjgAg
Ay As
18
(Aro + Ay + A7) AyAs
(Aig+Ar) (Ao + Ary)”
x3=(A3+ 24+ A)[A (A + Apg +2A15+ Ayy)
+ As(A1g + Apg) + AjgAygl
+ ApAg(Ag+ A+ A+ AigAigAg + (1 — Ro)(m3 + @, + Ajgmy)
+ A3A5 (2A1+ A+ Ay) N (ArAjy+ ArAjg + Ay Ay + AyAp7) As
Ag A+ Ay
Ay (A + Ajg+Ay) (Ao + Ay + Ayy) As
(A + A1) (A9 +A)
x4 =Ag(A;3 + 2414+ A9)[A14(A1y + Ajg + Ajg) + Ajs Ayl
+ (1 = Ry)(wy + (w3 + w,)Ag)
+ A3As (A + Ayy) (A +Ayy) 4 (ArAyy + ArAjg + AyAyy) AjgAs
Ag Apg+ Ay
AgArs (Ao + Ay + Apg) As
Ajg+ Ay

+ AjgAjg+ AjgAg+ (1 = Ry)w, +

Ay As
A+ Ay

>

x5 = Agwy(l — Ry).

From the above expressions, it is easy to check that the first conditions
of the Liénard-Chipart test (x; > 0) are satisfied when R, < 1. In the
case R, > 1 we have that x5 < 0 and by using Descartes’ rule of signs we
have that at least one eigenvalue is positive and therefore the system
is unstable.

Moreover, in order to check the second condition of the Liénard—
Chipart test, after some computations we have expressed x;x,x3 — (xg +
xfx4) in terms of 1—R,. In this form we have obtained that all the terms
in the latter expression are positive except the following one involving
some negative terms

Y = (A +Aps) (Az+ Ag) A (A + Ap) (Ag + Agg) ( 244,
+A167 AlsArs + A1g  As A + Ajg” AjsAgg + 2 A3 A g Ayg

2 A7 Ag Ay + 2 A1gAjsP A + 2 Ag A5  Agg + A A3 Ay
+A1 A3 Al — Ajg A Ajg — Ag A A + 2 A Ajs Ay + A5  Ajg A
T4 A15A19A13416+ 11 A A1gAis A + 12 A1 A9 A 6A 5
+12A14A19A16A13 + 11 A1 AgA13A16 + 11 Ay A1gA g Ay
+8A13A16A13A15 +8 A3 AgA3A15 +8 A AgA3A;s

11 A AgAgArs — 2 AjgA1gAlgArs + AjsArg” Ay + 16 Ajg Ay A

2 A15A167 A3 +2 A5 A9 A + 2 Ao Ajs A + 2 A AP Agg

+A19A ;3 AR+ AgAisAgs + Ajg” Az Ajg + A’ Ajs Agg

+19 A2 A13A13 +22 A, A1 A 13 + 22 A1 Al As + 22 AP AL A g,

+8 A2 Aps Ay + 19 A2 A g Ars + 22 A2 AjgArs + 8 A1y A3 A

8 A A1 Ay + 4 Ay A As® + 4 A AgArsT +6 A A Ay

+6 Ay A Ars +4 A AleArs” + 4 A A AT +4 A A AR

+4 Ay A A1sS +8 A1 A1 A + 8 A AT Als +2 A7 A Ay
+2A107 A1g ALy + A1gAsAre” + As” A Arg + Ag Ay Ay
+11AgA L A+ 11 AgAgA L2 +2 413 A1y + T A2 A2 +20 Ajg Ayy°
2 AA + 1241687 A1 + 28 A0 Ay’ + A’ As + Ajs"Ags + A Ags”
+AC A+ A Ay + AP AT + A AT +20 A1 Ags +20 41,7 A
HAALTAS A ALART 2 A AR + Al Ars + A A A Agg
+AigAisA1gAis — AlgA1s Ao + Ag A3 Al + AjgA1s A’

4 Ag A A1sAps + 12 A7 A1 + 28 Ajg Ay’ +4 AjgA g Ajs Ay
FA A + AT ART A AT+ A A )

up to a multiplicative positive constant. It is easy to prove that any of
the three following conditions is sufficient to ensure the positivity of Y’
A+ A5 —2A1,—A1g>0, or A3+ A5 —241,—Ag>0,

or A+ A5 —2A1,— A9 > 0.

Hence, any of the latter conditions imply the positivity of x;x,x; —
(x% + xfx4), which remained to be proved in order to ensure the sign
of the eigenvalues of the Jacobian matrix of the system (4) at DFE =
(0,0,0,0,0,0,0, N*) are all negative. We need to explain that one of the
conditions is realistic.

Let us examine the condition A5 + A5 — 24, — A16 > 0, that is
Hi+o+e+T+y =2 N*—y; >0.

We notice that it is sufficient to fulfill the following conditions

2y N* <y

3<o+et+t+y

Let us recall that from [1] it has been studied a similar model with
constant population and the condition % < 1 has been given as
realistic. Writing this condition as y; < € + 7 + y; we can obtain as
consequence that y; <o +e+7+7.

Moreover, the condition 24, N* < u;, which is % < 2"7‘2 can be
reduce to satisfy @; < 2y, and @, > pu,, meaning that to maintain the
birth rate less than twice the death rate and the density dependent part
of the birth rate greater than the density dependent part of the death

rate.

In conclusion, the DFE point is stable if the birth rate is less than
twice the death rate and the density dependent part of the birth rate
greater than the density dependent part of the death rate. In this case,
the basic reproduction number is less than one (R, < 1).
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Remark 2. For a constant population, y; = a;, u, = a, = 0, the above
conditions become y; < o + ¢+ 7+, and it is sufficient to consider the
condition y; < ¢ + 7 +y, given in [1].

4. Fractional compartmental model of Ebola

As it has been shown in the literature, one possible physical meaning
of non-integer orders in fractional derivatives is as an index of mem-
ory [16]. Memory effects can arise in epidemiological models from
various sources including individual and population-level changes in
the level of immunity, and protective measures [17]. We do not intend
to present a review of the main results on fractional calculus, but to
introduce the basic definition necessary to present a fractional analog
of the system (4).

The Caputo fractional derivative [18,19] of order a € (0,1] of a
function f : [ty,+o0) — R is given by

—a)

t
Cpef(ry = 1D f(1) = F(+ / (t — 5) O ' (s)ds.
1o

which is well defined, for example, for absolutely continuous functions.
Note that the value of the Caputo fractional derivative of the function
f at point ¢ involves all the values of f/(s) for s € [t,7], and hence
it incorporates the history of f. Notice that € D?f(¢) tends to f'() as
a— 1.
We write the system (1) in terms of fractional differential equations
as
D% S(t) = (@) —ay N)N — bigr _brgy_Pugy
P N N N
—NrSR = (uy + i N)S,
Cna B Bn B4 B,
D EE(lt)=—=SI+ —SH+ —SL+ —SR-o0FE - N)E
®) N +N +N +N o (y + uyN)E,
CDUI{t)=6E—(yy +e+7+p + NI,

CDRR(t) =y, I + . H — (r3 + 4y + u, N)R,
CDLL() =€l — (6, + )L,
CDUH(t) =11 — (yy + 6, + py; + u, N)H,

CD*BB(t)=6,L+6,H — EB,

€D C(t) = y3R — (4, + u, N)C.
(8)

This system includes incommensurate order derivatives,
®;_s.E.1.R.LH.BC> Which means the orders could be unequal.

5. Numerical results

In this section, we present the effectiveness of our proposed model,
which incorporates a variable population, in fitting real-world data
acquired from the World Health Organization. The estimation of in-
fectious disease model parameters is a challenging task due to the
difficulty in determining the initial value of susceptible individuals.
Moreover, the assumption of a standard incidence rate, which im-
plies that the ratio of susceptible individuals to the total population
is approximately 1, is only valid when the total population remains
constant. In situations where the total population N is varying, the
carrying capacity of the system is an asymptotic value, making it more
challenging to determine the initial conditions for the varying aspects
of population dynamics. Given these challenges and taking note of
previous studies [1,2], which utilized and considered initial conditions
of 18000, 24500, and 23700 for susceptible individuals, we assume in our
analysis a minimum initial value of S, = 18000, with the understanding
that other values can be achieved through the evolution of the system’s
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dynamics. Hence, the initial conditions for our model are as follows:

Sy = 18000, Ey =0, Iy=15, Ry=0, Ly =0, Hy=0, By=0, C, =0,
Ny =Sy+Ey+Iy+ Ry + Lo+ Hy + By + C,

€)]
and values of parameters from Ref. [1,2]:
a; =0.03537, o=1/114, e€=1/9.6, 6 =0.5,
8, =1/46, ©=02, p =014, B, =040, ¢&=14e-3
prp =029, u; =1017e-4, y; =1/10, y,=1/5 y3=1/30.
10$)

We compare the efficiency of the four models described in the following
for the simulation of real data.

Model 1: The original model from Ref. [2] with considering constant
population N and death rate 4 = y; + u, N and birth rate
H=oa;—ayN.

Model 2: The ODE model (1), with integer orders.

Model 3: The FDE model (8), with incommensurate fractional orders
from the initial time (day 4).

Model 4: The ODE model (1) from the initial time (day 4) to a day
after 216 and continuing with the incommensurate FDE
model (8) to the final time (day 438).

The data is provided for the cumulative confirmed cases from day 4
to 438 including a sudden jump within days 212-216, from 5666 to
7606. This jump affects the fitting. Thus, Model 4 suggests a piecewise
differential equation such that its dynamics are initially memoryless
but after the jump incorporates memory effects. We approximate the
values of B, and u for Model 1. We need to estimate . together
with the new parameters a, and p, for Model 2, and optimize the
values of order derivatives for Model 3 and 4 when using the fit-
ted parameters from Model 2. Table 2 shows the fitted values and
their root mean square deviation (RMSD) for all models, such that
RMSD(x,X) = % Yo (x, — %)%, where, n is the number of data points,
x approximated values, and X real values.

Fig. 1 (a) illustrates how the models fit the data. Model 1, which
had a constant population, is not flexible enough to fit the data well,
resulting in a high error of 2085. Model 2, which replaced parameter
u with four new parameters, «,,a,,u;, and u,, performs better and
improves the simulation to an RMSD error of 276.5. However, the order
derivatives of the model need to be adjusted further to fit the last data
points more accurately. In Model 3, the fitted order derivatives lead
to a slight improvement, with an RMSD error of 245.9. However, the
simulation continues to diverge from the data points after day 400, and
the result is not monotonically increasing. Model 4 solved this issue and
provided the best fit among the models, with an RMSD error of 170.9.

The population dynamics for the models are shown in Fig. 1 (b).
Model 1 assumes a constant population size of N = 18015, whereas,
in other models, the population size is variable and evaluated over
the entire time range. In Model 4, the selection of the initial time for
utilizing the FDE model is crucial. To determine the optimal fit of the
model, we have explored various initial times ranging from day 216 to
300. Our findings indicate that day 280 serves as the most appropriate
initial day for using the FDE model, resulting in the least error, as
illustrated in Fig. 1 (c). Therefore, we have chosen day 280 as the
initial time for applying the FDE model in our analysis. In Fig. 1 (d),
we show how Model 4 behaves when altering the derivative order of
variable E within the range of (0.4,0.98). Here, the light blue curve
is the dynamics of Model 1 and the dark blue region is the dynamics
of Model 4 when 0.4 < ay < 0.98 and other orders are integer one.
Fig. 1 (e) is a heatmap of /og10 of RMSD for Model 3 when the order
derivative of each variable (individual classes) is changed from 0.6 to
1. Colors show the RMSD of Model 3 versus order. Orange indicates a
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Table 2
The fitted parameters of the studied models with their RMSD errors.
Model 1 B, = 0.726500, u = 0.069182 RMSD=2085
Model 2 p. = 0217485, a, = 8.33457e—8, u, = 4.85996e-7 RMSD=278.5
Model 3 Ws.prrimpc =[094149,1,1,1,1,1,0.94302,0.79323] RMSD=245.9
Model 4 @s.errmec) = [0.5,0.67349,0.55635,0.67598, 0.5, 0.55029,0.88395,0.5] RMSD=170.9
(a) (b)
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Fig. 1. (a) Fitting the real data with the models. The circles are the time-series data points of cumulative confirmed cases retrieved from WHO for days 4-438. The orange
dash-dotted line is the dynamics of 7+ R+ L+ H + B+ C — u(N — S — E) evaluated from Model 1, the model with constant N. The light blue solid line is the dynamics of
I+R+L+H+B+C—uy(N—-S-E), where pu; = (u; + a; + (4, — a;)N)/2, evaluated from Model 2. The pink dash line and the dark blue dotted line are the fitted results to the
data by Model 3 and Model 4, respectively. (b) The dynamics of population obtained from the studied models. (c) The RMSD errors obtained from Model 4 when the initial time
for the FDE model is varying between 216 to 230. (d) The dark blue region is the dynamic behavior of Model 4, when only the order derivative of variable E is changed after
Day 280, 04 < a; < 0.98, and the blue line is the dynamics with integer orders (Model 2). (e) Heatmap of /og,, of the errors, RMSD, achieved from Model 3 and (f) Model 4,
when only one order derivative is a non-integer value from the interval (0.6,1). Here, orange indicates a worse fit, light blue shows a similar fit, and dark blue implies a better
fit than Model 2 with integer orders. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

higher value, when there is a worse fit than one obtained from Model
2 with integer orders, while dark blue shows a better fit and light blue
implies a similar fit. Hence, this figure suggests that changing only
one derivative order throughout the whole time could not achieve a
better fit than the model with integer orders. Nevertheless, considering
fractional orders in the middle time interval (e.g. day 280 in Model 4)
can make a more accurate simulation, see Fig. 1 (e). The dynamics of

the selected rectangle of this heatmap, when the order derivative of E
is changing, is shown in Fig. 1 (d).

5.1. Numerical methods and implementation

We have implemented all numerical results in Julia. For solving
FDE model (8), we utilized the FdeSolver.jl package (v1.0.7), which



F. Ndairou et al.

is encoded based on product-integration rules and predictor-corrector
algorithms [20]. To estimate the values of the parameters, we have
used Turing.jl [21] for applying Bayesian inference and Hamiltonian
Monte Carlo (HMC) and DifferentialEquations.jl [22] for solving the
ODE model (1). We considered the normal distribution N'(0.1,0.9) for
B. bounded to the intervals (0.1,0.9), and u « N'(0,0.1) bounded to
the intervals (0,0.1). For the parameters a, and u,, we set a distribu-
tion of W'(0,.0001) bounded to the interval (0,0.0001). For optimizing
the order of derivatives, we have used FdeSolver.jl with the function
(L)BFGS from the Optim.jl package [23], which are based on the
(Limited-memory) Broyden-Fletcher—Goldfarb-Shanno algorithm.

6. Conclusion

We have introduced a novel 8-dimensional nonlinear differential
equation model for the Ebola virus disease that includes a dynamic
population to simulate its transmission dynamics. We have analyzed
the basic reproduction number of the model and have shown that the
disease-free equilibrium is locally asymptotically stable when the basic
reproduction number is less than one.

To fit real data of the Ebola epidemic in Guinea, Liberia, and Sierra
Leone obtained from WHO, we have integrated fractional derivatives
into the model. Our numerical analysis has compared four different
models, including (1) an ODE model with a constant population, (2)
an ODE model with a variable population, (3) an FDE model with
a variable population and incommensurate fractional orders from the
initial time, and (4) a piecewise differential equation model which
starts with the ODE Model 2 and continues with the FDE Model 3.
Our results reveal that the last model offers the best fit to the data
as measured by root mean square deviation, and outperforms other
models we considered.
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