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Abstract. Fractional calculus is considered to be a powerful tool in describing complex systems with
a wide range of applicability in many fields of science and engineering. The behavior of many systems can
be described by using fractional differential equations with boundary conditions. In this sense, the study
on the stability of fractional boundary value problems is of high importance.
The main goal of this paper is to investigate the Ulam–Hyers stability and Ulam–Hyers–Rassias stability
of a class of fractional four-point boundary value problem involving Caputo derivative and with a given
parameter. By using contraction principles, sufficient conditions are obtained to guarantee the uniqueness
of solution. Therefore, we obtain sufficient conditions for the stability of that class of nonlinear fractional
boundary value problems on the space of continuous functions. The presented results improve and extend
some previous research. Finally, we construct some examples to illustrate the theoretical results.
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1. Introduction

In the last decades, fractional calculus and fractional boundary value problems have been
getting increase attention. In part, this is the case due to the wide range of new applications
that they have in several different areas such as aerodynamics, biology, biophysics, blood
flow phenomena, chemistry, control theory, economics, physics, signal and image processing
(cf., e.g., [1–4]). In some cases, it turns to be clear that very particular properties are better
modelled by using fractional derivatives (e.g. when describing long-memory processes of many
materials). One important and interesting subarea of research within fractional differential
equations is their stability analysis (cf., e.g., [2; 5–11]).
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There are different types of stability. The notion of Ulam–Hyers stability was first
introduced by Ulam in 1940 within a problem focusing on the stability of functional equations
of group homomorphisms (cf. [12]). Ulam posed a question of the stability of functional
equations which was answered, one year later, by Hyers in the context of Banach spaces
(cf. [13]). In 1978, Rassias proved a considerable generalized result of Hyers (cf. [14]). It is
clear that when facing a system that is stable in the Ulam–Hyers and Ulam–Hyers–Rassias
sense, most of the times we do not need to reach exact solutions. This is quite useful in different
situations (and in the obvious case when the exact solution is not known). In this sense, those
stabilities are of high importance in several areas such as fluid dynamics, numerical analysis,
optimization, biology, economics and social sciences, etc. (cf., e.g., [2, 5, 15]).

A pioneer work on the Ulam stability and data dependence for fractional differential
equations with Caputo derivative was published in 2011 by Wang et al. (cf. [16]), where the
following fractional differential equation was considered:

C
D

α
a+x(t) = f(t, x(t)), t ∈ [a,∞).

After that, new works have emerged with focus on the stability theory for fractional differential
equations. Among other works, we would like to highlight some of the results obtained in the
last years involving Caputo derivatives. For instance, in 2019, Ali et. al (cf. [17]) investigated
the existence and uniqueness of positive solution for the fractional boundary value problem:











CDα
0+x(t)− f(t, x(t)) = 0, 1 < α < 2, t ∈ [0, 1],

λ1x(0) + ν1x(1) = g1(u),

λ2x
′(0) + ν2x

′(1) = g2(u),

where gk, k = 1, 2, are continuous functions, f : [0, 1] × R → R is a nonlinear continuous
function and λk, νk ∈ R such that λk + νk 6= 0, k = 1, 2. The authors presented necessary
and sufficient conditions for four types of Ulam’s stability (Ulam–Hyers, generalized Ulam–
Hyers, Ulam–Hyers–Rassias and generalized Ulam–Hyers–Rassias). In the same way, in 2020,
Ali et al. (cf. [18]), studied the existence and uniqueness of the solution of a three-point
boundary-value problem for a differential equation of fractional order:

{

CDα
0+x(t) = f

(

t, x(t),CDα
0+x(t)

)

, 1 < α < 2, t ∈ [0, 1],

x(0) = 0, x(1) = δx(η), δ, η ∈ (0, 1),

where f : [0, 1]×R×R → R is continuous. Four types of Ulam’s stability were studied for the
considered problem. In another paper, Ali et al. (cf. [19]), using classical fixed point theory due
to Schauder and Banach, derived some results on the existence of solutions and established
four types of Ulam’s stability for the following class of fractional order differential equations
under anti-periodic boundary conditions:

{

CDα
0+x(t) = f

(

t, x(t), x(λt),CDα
0+x(t)

)

, 2 6 α 6 2, t ∈ [0, T ],

x(0) = −x(T ), CD
p
0+x(0) = −CD

p
0+x(T ),

CD
q
0+x(0) = −CD

q
0+x(T ),

where 0 < λ < 1, 0 < p < 1, 1 < q < 2 and f : [0, T ] × R
3 → R is a continuous function.

In 2020, Dai et. al (cf. [20]) considered the class of fractional differential equations with an
integral boundary condition:

{

x′(t) + CDα
0+x(t) = f(t, x(t)), 0 < α < 1, t ∈ [0, 1],

x(1) = Iα0+x(η), β > 0, η ∈ (0, 1],
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where x ∈ C1([0, 1]) and f : [0, 1] × R → R is a continuous function. The authors proved
the existence and uniqueness of solutions of the problem and investigated Ulam–Hyeres and
Ulam–Hyers–Rassias stabilities by means of the Bielecki-type metric and the Banach fixed
point theorem. In 2020, Palaniappan (cf. [21]) proved the Ulam–Hyers–Rassias stability of a
nonlinear fractional differential equation with three point integrable boundary conditions:







CDα
0+x(t) = f(t, x(t)), 1 < α < 2, t ∈ [0, 1],

x(0) = 0, x(1) = a
ν
∫

0

x(s) ds, 0 < ν < 1,

f : [0, 1] × R → R is continuous and a ∈ R is such that a 6= 2
ν2

. In [22], based on some fixed
point techniques, El-hady et al. studied the Ulam–Hyers and Ulam–Hyers–Rassias of a class
of fractional differential equation of the type:

C
D

α
a+x(t) = f(t, x(t)), 0 < α < 1,

where x : [a, b] → X is a continuous function and X a normed space.
Motivated by the papers [9, 11], we recall the uniqueness of solution, and investigate Ulam–

Hyers stability and Ulam–Hyers–Rassias stability for a class of Caputo fractional differential
equations with boundary conditions. More precisely, we consider a class of four-point fractional
boundary value problem (FBVP) of the form

{

CDα
0+x(t) + λf(t, x(t)) = 0,

x′(0)− βx(ξ) = 0, x′(1) + γx(η) = 0,
(1)

where 1 < α 6 2, 0 6 ξ 6 η 6 1, 0 6 β, γ 6 1, λ is a positive constant, f(t, x) : [0, 1]×R
+ →

R
+ is continuous and increasing in x for each t ∈ [0, 1] and CDα

0+ is the Caputo fractional
derivative of order α. Moreover, we shall consider

∆ = β(1 + γη − γξ) + γ < (α− 1)(1− βξ). (2)

To the best of our knowledge, there is no paper dealing with the Ulam–Hyers and Ulam–
Hyers–Rassias stability of solutions of Caputo fractional differential equation with those type
of initial value conditions.

2. Preliminary Notions and Uniqueness of Solutions

In this section, we will introduce some basic definitions, notations and lemmas that will
be used in the proofs of the main results. This includes some statements about the uniqueness
of solutions.

In what follows, we will denote by C(I,R) the Banach space of all continuous functions
from I to R with the finite norm

‖x‖ = sup
t∈I

|x(t)|.

Definition 2.1. The Riemann–Liouville fractional integral of order α ∈ R
+ of a function

u(t) is defined by

Iα0+u(t) =
1

Γ(α)

t
∫

0

(t− s)α−1u(s) ds
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provided the right side is pointwise defined on (0,∞), and where Γ is the Euler Gamma
function defined by Γ(α) =

∫∞
0 tα−1e−t dt, α > 0.

Definition 2.2. The Caputo fractional derivative of order α > 0 of a continuous function
u(t) is given by

C
D

α
0+u(t) =

1

Γ(n− α)

t
∫

0

u(n)(s)

(t− s)α−n+1
ds,

where n = [α] + 1 (with [α] denoting the integer part of the real number α), provided that
the right side is pointwise defined on (0,∞).

In the recent years, an increasing number of Gronwall’s inequality generalizations have
been obtained with the aim of overtaking some of the difficulties encountered in studying
differential equations. A classical form of this inequality is the following:

Lemma 2.1 [23, 24]. Let y(t) and h(t) be nonnegative and continuous functions on

0 6 t 6 τ for which the inequality

y(t) 6 k +

t
∫

0

h(s) y(s) ds, 0 6 t 6 τ,

holds, where k is a nonnegative constant. Then

y(t) 6 ke

t∫

0

h(s) ds
.

The next theorem is an important classical result in fixed point theory and fundamental
in what follows to prove the stability of the problem under study.

Theorem 2.1 (Banach Contraction Principle). Let (X, d) be a generalized complete

metric space, and consider a mapping T : X → X which is a strictly contractive operator,

that is

d(Tx, Ty) 6 Ld(x, y) (∀x, y ∈ X)

for some constant 0 6 L < 1. Then

(a) The mapping T has a unique fixed point x∗ = Tx∗;
(b) The fixed point x∗ is globally attractive, namely, for any starting point x ∈ X, the

following holds:

lim
n→∞

T nx = x∗;

(c) We have the following inequalities:

d(T nx, x∗) 6 Ln d(x, x∗), n > 0, x ∈ X;

d(T nx, x∗) 6
1

1− L
d
(

T nx, T n+1x
)

, n > 0, x ∈ X;

d(x, x∗) 6
1

1− L
d(x, Tx), x ∈ X.

We turn now to what is known about the uniqueness of solutions.

Lemma 2.2 [11, Lemma 2.4]. If fx(t) ∈ C([0, 1],R+), 1 < α 6 2, then the unique solution

of the FBVP
{

CDα
0+x(t) + fx(t) = 0,

x′(0) − βx(ξ) = 0, x′(1) + γx(η) = 0,
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is

x(t) = −Iα0+(fx(s))(t) +
β(1 + γη − γt)

∆
Iα0+(fx(s))(ξ) +

β(1− βξ + βt)

∆
Iα−1
0+ (fx(s))(1)

+
γ(1− βξ + βt)

∆
Iα0+(fx(s))(η) =

1
∫

0

G(t, s)fx(s) ds,

where fx(s) = f(x, x(s)) and

G(t, s)=



























































− (t−s)α−1

Γ(α) + β(1+γη−γt)(ξ−s)α−1

∆Γ(α) + (1−βξ+βt)(1−s)α−2

∆Γ(α−1) + γ(1−βξ+βt)(η−s)α−1

∆Γ(α) , s 6 ξ, s 6 t,

β(1+γη−γt)(ξ−s)α−1

∆Γ(α) + (1−βξ+βt)(1−s)α−2

∆Γ(α−1) + γ(1−βξ+βt)(η−s)α−1

∆Γ(α) , s 6 ξ, t 6 s,

− (t−s)α−1

Γ(α) + (1−βξ+βt)(1−s)α−2

∆Γ(α−1) + γ(1−βξ+βt)(n−s)α−1

∆Γ(α) , ξ 6 s 6 η, s 6 t,

(1−βξ+βt)(1−s)α−2

∆Γ(α−1) + γ(1−βξ+βt)(n−s)α−1

∆Γ(α) , ξ 6 s 6 η, t 6 s,

− (t−s)α−1

Γ(α) + (1−βξ+βt)(1−s)α−2

∆Γ(α−1) , η 6 s, s 6 t,

(1−βξ+βt)(1−s)α−2

∆Γ(α−1) , η 6 s, t 6 s.

From Lemma 2.2, we conclude that x(t) is the solution of FBVP (1) if and only if

x(t) = λ

1
∫

0

G(t, s)f(s, x(s)) ds,

where G(t, s) is given as in Lemma 2.2.
Lemma 2.3 [11, Lemma 2.5]. If (α − 1)(1 − βξ) > ∆, then the function G(t, s) satisfies

the following conditions:

(1) G ∈ C([0, 1] × [0, 1)) and 0 6 G(t, s) 6M(1− s)α−2, for t, s ∈ (0, 1),
(2) There exists a positive number ρ such that

min
1
4
6t6 3

4

G(t, s) > ρM(1− s)α−2, 0 < s < 1,

where

M =
β(1 + γη) + (α− 1)(1 − βξ + β) + γ(1− βξ + β)

∆Γ(α)
. (3)

3. Ulam–Hyers–Rassias Stability Analysis

In this section, we discuss the Ulam–Hyers and Ulam–Hyers–Rassias stabilities for the
FBVP (1). Let ǫ be a positive real number and ϕ : [0, 1] → R

+ be a continuous function. We
consider the following inequalities with boundary conditions:

{

∣

∣

CDα
0+y(t) + λf(t, y(t))

∣

∣ 6 ǫ, t ∈ [0, 1],

y′(0) − βy(ξ) = 0, y′(1) + γy(η) = 0,
(4)

{

∣

∣

CDα
0+y(t) + λf(t, y(t))

∣

∣ 6 ǫϕ(t), t ∈ [0, 1],

y′(0)− βy(ξ) = 0, y′(1) + γy(η) = 0.
(5)
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Definition 3.1. The problem (1) is Ulam–Hyers stable if there exists a real constant
k > 0 such that, for every ǫ > 0 and for every solution y ∈ C([0, 1],R+) of (4), there exists a
solution x ∈ C([0, 1],R+) of the problem (1) with

|y(t)− x(t)| 6 kǫ, t ∈ [0, 1].

Definition 3.2. The problem (1) is generalized Ulam–Hyers stable if there is ψ ∈
C(R+,R+) and ψ(0) = 0 such that for every solution y ∈ C([0, 1],R+) of (4) there exists
a solution x ∈ C([0, 1],R+) of problem (1) which satisfies the following inequality

|y(t)− x(t)| 6 ψ(ǫ), t ∈ [0, 1].

Definition 3.3. The problem (1) is Ulam–Hyers–Rassias stable with respect to
ϕ : [0, 1] → R

+ if there exists a real constant kϕ > 0 such that, for every ǫ > 0 and for every
solution y ∈ C([0, 1],R+) of (5), there exists a solution x ∈ C([0, 1],R+) of the problem (1)
with

|y(t)− x(t)| 6 kϕǫϕ(t), t ∈ [0, 1].

Remark 3.1. A function y ∈ C([0, 1],R+) is a solution of (4) if and only if there exists a
function g ∈ C([0, 1],R+), which depends on y such that

• |g(t)| 6 ǫ, t ∈ [0, 1], ǫ > 0,

• CDα
0+y(t) + λf(t, y(t)) = g(t), t ∈ [0, 1],

• y′(0)− βy(ξ) = 0, y′(1) + γy(η) = 0.

Remark 3.2. A function y ∈ C([0, 1],R+) is a solution of (5) if and only if there exists a
function h ∈ C([0, 1],R+), which depends on y such that

• |h(t)| 6 ǫϕ(t), t ∈ [0, 1], ǫ > 0,

• CDα
0+y(t) + λf(t, y(t)) = h(t), t ∈ [0, 1],

• y′(0)− βy(ξ) = 0, y′(1) + γy(η) = 0.

Theorem 3.1. Suppose ∆ < (α−1)(1−βξ) and let f : [0, 1]×R
+ → R

+ be a continuous

and non decreasing function such that:

(i) |f(t, y)− f(t, x)| 6 L|y − x|, for all t ∈ [0, 1], x, y ∈ R
+ and where L > 0;

(ii) supt∈[0,1] f(t, x) = N , with 0 < N <∞.

Then the FBVP (1) is Ulam–Hyers stable and, consequently, generalized Ulam–Hyers,

provided that L < α−1
λM

, with M as defined in (7).

⊳ Recall that from Lemma 2.2, x(t) is a solution of the FBVP (1) if and only if

x(t) = λ

1
∫

0

G(t, s)f(s, x(s)) ds.

Consider the operator T defined on C([0, 1]) by

(Tx)(t) = λ

1
∫

0

G(t, s)f(s, x(s)) ds, λ > 0.

We transform problem (1) into a fixed point problem, x = Tx, observing that the eventual
fixed points of the operator T are solutions of problem (1). Applying the Banach contraction
mapping principle, we shall show that T has a unique fixed point.
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Let supt∈[0,1] f(t, x) = N <∞ and choose a positive constant r > λMN
α−1 . Let us show that

TBr ⊂ Br, where Br = {x ∈ C([0, 1]) : ‖x‖ 6 r}. For any x ∈ Br we have:

|(Tx)(t)| =

∣

∣

∣

∣

∣

∣

λ

1
∫

0

G(t, s)f(s, x(s)) ds

∣

∣

∣

∣

∣

∣

6 λ

1
∫

0

|G(t, s)| |f(s, x(s))| ds

6 λMN

1
∫

0

(1− s)α−2 ds =
λMN

α− 1
6 r.

Thus, we conclude that TBr ⊂ Br. By the continuity of the functions f(t, x(t)) and G(t, s), we
have that Tx ∈ C([0, 1],R+) for any x ∈ C([0, 1],R+), which proves that T maps C([0, 1],R+)
into itself.

Let us prove that T is strictly contractive. For x, y ∈ C([0, 1],R+),

|Ty − Tx| = λ

∣

∣

∣

∣

∣

∣

1
∫

0

G(t, s)(f(s, y)− f(s, x)) ds

∣

∣

∣

∣

∣

∣

6 λ

1
∫

0

|G(t, s)| |f(s, y)− f(s, x)| ds

6 λL|y − x|
1

∫

0

M(1− s)α−2 ds =
λML

α− 1
|y − x|,

where λML
α−1 < 1 since L < α−1

λM
. Thus, the operator T is a contraction. By Theorem 2.1 it has

a unique fixed point, which is the unique solution of the problem (1).

Let y ∈ C([0, 1],R+) be the solution of (4) and let x ∈ C([0, 1],R+) be the unique solution
of the FBVP (1).

Let us consider the notation fx(t) = f(t, x(t)) and fy(t) = f(t, y(t)). From Remark 3.1,
we have

C
D

α
0+y(t) + λfy(t)− g(t) = 0,

with g(t) ∈ C([0, 1],R), |g(t)| 6 ǫ and λfy(t) − g(t) ∈ C([0, 1],R). From Lemma 2.2, we
conclude that

y(t) =

1
∫

0

G(t, s) (λfy(s)− g(s)) = λ

1
∫

0

G(t, s)fy(s) ds−
1

∫

0

G(t, s)g(s) ds.

Thus, using condition (ii). and Lemma 2.3, we get

|x(t)− y(t)| =

∣

∣

∣

∣

∣

∣

λ

1
∫

0

G(t, s)fx(s) ds− λ

1
∫

0

G(t, s)fy(s) ds+

1
∫

0

G(t, s)g(s) ds

∣

∣

∣

∣

∣

∣

6

∣

∣

∣

∣

∣

∣

λ

1
∫

0

G(t, s)fx(s) ds− λ

1
∫

0

G(t, s)fy(s) ds

∣

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

∣

1
∫

0

G(t, s)g(s) ds

∣

∣

∣

∣

∣

∣
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6 λ

1
∫

0

|G(t, s)| |fx(s)− fy(s)| ds+
1

∫

0

|G(t, s)||g(s)|ds

6 λML

1
∫

0

(1− s)α−2|x(s)− y(s)|ds+Mǫ

1
∫

0

(1− s)α−2 ds

=
Mǫ

α− 1
+ λML

1
∫

0

(1− s)α−2|x(s)− y(s)|ds.

Applying Lemma 2.1, we obtain that

|x(t)− y(t)| 6 Mǫ

α− 1
e
λML

1∫

0

(1−s)α−2 ds
= ǫ

M

α− 1
e

λML
α−1 ,

and we conclude that the FBVP (1) is Ulam–Hyers stable. Moreover, if we set ψ(ǫ) =

ǫ M
α−1e

λML
α−1 , then we conclude that the FBVP (1) is generalized Ulam–Hyers stable. ⊲

Theorem 3.2. Assume ∆ < (α − 1)(1 − βξ) and let f : [0, 1] × R
+ → R

+ be a non

decreasing and continuous function satisfying

a) |f(t, y)− f(t, x)| 6 L|y − x| for all t ∈ [0, 1], y, x ∈ R
+ and where L > 0;

b) supt∈[0,1] f(t, x) = N with 0 < N <∞.

Then the FBVP (1) is Ulam–Hyers–Rassias stable with respect to ϕ : [0, 1] → R
+ provided

that L < α−1
λM

, with M as defined in (7).

⊳ As in the proof of Theorem 3.1, we transform problem (1) into a fixed point problem,
x = Tx and, assuming the conditions of the theorem, we conclude that T has a unique fixed
point, which is the unique solution of the FBVP (1).

Let y ∈ C([0, 1],R+) be any solution of (5). By Remark 3.2,

C
D

α
0+y(t) + λfy(t)− h(t) = 0, |h(t)| 6 ǫϕ(t). (6)

From Lemma 2.2, we can write

y(t) = λ

1
∫

0

G(t, s)fy(s) ds−
1

∫

0

G(t, s)h(s) ds.

Fixing the notation

M1(t) =
β(1 + γη − γt)

∆
, M2(t) =

β(1− βξ + βt)

∆
, M3(t) =

γ(1− βξ + βt)

∆
,

also according to Lemma 2.2, we have that

1
∫

0

G(t, s)h(s) ds =
∣

∣−Iα0+(h(s))(t) +M1(t)I
α
0+(h(s))(ξ)

+ M2(t)I
α−1
0+ (h(s))(1) +M3(t)I

α
0+(h(s))(η)

∣

∣ ,
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and thus,

|y(t)− Ty(t)| =
∣

∣−Iα0+(h(s))(t) +M1(t)I
α
0+(h(s))(ξ)

+M2(t)I
α−1
0+ (h(s))(1) +M3(t)I

α
0+(h(s))(η)

∣

∣ .

Since, for t ∈ [0, 1], there exists positive real numbers k1, k2, k3 such that

|M1(t)| 6 k1, |M2(t)| 6 k2, |M3(t)| 6 k3, (7)

we have

|y(t)− Ty(t)| 6 ǫϕ(t)

[

1

Γ(α+ 1)
+ k1

ξ

Γ(α+ 1)
+ k2

1

Γ(α)
+ k3

η

Γ(α+ 1)

]

.

Thus, it follows that
|y(t)− Ty(t)| 6 Kǫϕ(t),

where K = 1
Γ(α+1) + k1

ξ
Γ(α+1) + k2

1
Γ(α) + k3

η
Γ(α+1) . Finally, applying Banach contraction

principle (Theorem 2.1), we obtain that

|y(t)− x(t)| 6 1

1− L
Kǫϕ(t) <

λMK

λM − α+ 1
ǫϕ(t)

and we conclude that the FBVP (1) is Ulam–Hyers–Rassias stable. ⊲

4. Examples

In this section, we present two examples to illustrate the previous theory.

Example 1. Consider the fractional boundary value problem
{

CD

3
2

0+x(t) +
√
πf(t, x(t)) = 0,

x′(0)− 1
5x

(

1
4

)

= 0, x′(1) + 1
5x

(

1
2

)

= 0.
(8)

It follows that α = 3
2 , β = γ = 1

5 , ξ = 1
4 , η = 1

2 and λ =
√
π when considering the previous

notation. Thus,

∆ = β(1 + γη − γξ) + γ = 0, 41 < (α− 1)(1 − βξ) = 0, 475.

Let f(t, x(t)) : [0, 1] × R
+ → R

+ be defined by

f(t, x(t)) =
1

20
t |x(t)|, t ∈ [0, 1],

which is continuous and increasing in x for each t ∈ [0, 1]. Moreover, we have that
supt∈[0,1] f(t, x(t)) = 1

20 supt∈[0,1] |x(t)| < ∞ since supt∈[0,1] |x(t)| < ∞. Consider now the
continuous function

y(t) =

{

1
5 t+

19
20 , t 6 1

2 ,

− 21
100 t+

231
200 , t > 1

2 .

Note that the function y satisfies the conditions:

|y(t)| 6 1, 05, y′(0) − 1

5
y

(

1

4

)

= 0, y′(1) +
1

5
y

(

1

2

)

= 0.
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For t 6 1
2 , we have
∣

∣

∣

∣

C
D

3
2

0+y(t) +
√
πf(t, y(t))

∣

∣

∣

∣

=

∣

∣

∣

∣

√
πt

20

(

1

5
t+

19

20

)∣

∣

∣

∣

6
21
√
π

800
< 0, 047.

For t > 1
2 , we have
∣

∣

∣

∣

C
D

3
2

0+y(t) +
√
πf(t, y(t))

∣

∣

∣

∣

=

∣

∣

∣

∣

−
√
π

20

(

− 21

100
t2 +

231

200
t

)
∣

∣

∣

∣

6
189

√
π

4000
< 0, 084.

Thus, we conclude that, for t ∈ [0, 1]

∣

∣

∣

∣

C
D

3
2

0+y(t) +
√
πf(t, y(t))

∣

∣

∣

∣

< 0, 084.

Moreover, one recognize that

|f(t, y1(t))− f(t, y2(t))| =
∣

∣

∣

∣

1

20
ty1(t)−

1

20
ty2(t)

∣

∣

∣

∣

=

∣

∣

∣

∣

1

20
t(y1(t)− y2(t))

∣

∣

∣

∣

6
1

20
|y1(t)− y2(t)|.

Thus, L = 1
20 . Since M = 5√

π
, we verify that L < α−1

λM
= 1

10 . Thereby, from Theorem 3.1,

there exists a unique solution x(t) ∈ C([0, 1],R+) of the FBVP (8) such that

|y(t)− x(t)| 6 21

80
e

1
2 ,

and we conclude that the problem (8) has the stability in the Ulam–Hyers sense.
Additionally, we can also observe that

∣

∣

∣

∣

C
D

3
2

0+y(t) +
√
πf(t, y(t))

∣

∣

∣

∣

6
1

200
(15t + 3) =

1

200
ϕ(t), t ∈ [0, 1]

(see Fig. 1).

Fig. 1.

∣

∣

∣

∣

C
D

3
2
0+y(t) +

√
πf(t, y(t))

∣

∣

∣

∣

and 1

200
ϕ(t) = 1

200
(15t+ 3), t ∈ [0, 1].

Thus, we conclude that |x(t) − y(t)| 6 kϕ
200ϕ(t) for some kϕ > 0, which means that the

FBVP (8) has the stability in the Ulam–Hyers–Rassias sense with respect to ϕ(t) = 15t+ 3.
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Example 2. Consider the fractional boundary value problem
{

CD

3
2

0+x(t) +
1
2f(t, x(t)) = 0,

x′(0)− 1
5x

(

1
2

)

= 0, x′(1) + 1
5x

(

1
2

)

= 0.
(9)

It follows that α = 3
2 , β = 1

6 , γ = 1
5 , ξ =

1
2 , η = 1

2 and λ = 1
2 . In this case, we have that

∆ = β(1 + γη − γξ) + γ =
11

30
< (α− 1)(1− βξ) =

11

24
.

Let f(t, x(t)) : [0, 1] × R
+ → R

+ defined by

f(t, x(t)) = t+
1

10
|x(t)|, t ∈ [0, 1].

This function is continuous and increasing in x for each t ∈ [0, 1]. Moreover, we have that
supt∈[0,1] f(t, x(t)) = 1 + 1

10 supt∈[0,1] |x(t)| <∞. Consider the continuous function

y(t) = cos(πt).

The function y satisfies the conditions:

|y(t)| 6 1, y′(0)− 1

6
y

(

1

2

)

= 0, y′(1) +
1

5
y

(

1

2

)

= 0.

We have that
∣

∣

∣

∣

C
D

3
2

0+y(t) +
1

2
f(t, y(t))

∣

∣

∣

∣

6 4, 616, t ∈ [0, 1].

Moreover,

|f(t, y1(t))− f(t, y2(t))| =
∣

∣

∣

∣

t
1

10
ty1(t)− t− 1

10
ty2(t)

∣

∣

∣

∣

6
1

10
|y1(t)− y2(t)|.

Thus, L = 1
10 . Since M = 157

22
√
π
, then L < α−1

λM
= 22

√
π

157 .

From Theorem 3.1, we conclude that there exists a unique solution x(t) ∈ C([0, 1],R+) of
the FBVP (8) such that

|y(t)− x(t)| 6 4, 616k,

which means that the problem (8) has the stability in the Ulam–Hyers sense.

Fig. 2.

∣

∣

∣

∣

C
D

3
2
0+y(t) +

1

2
f(t, y(t))

∣

∣

∣

∣

and 1

2
ϕ(t) = 1

2
(2t + 9), t ∈ [0, 1].
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Additionally, we can also observe that
∣

∣

∣

∣

C
D

3
2

0+y(t) +
1

2
f(t, y(t))

∣

∣

∣

∣

6
1

2
(2t+ 9) =

1

2
ϕ(t), t ∈ [0, 1]

(see Fig. 2) and thus, we conclude that |x(t) − y(t)| 6
kϕ
2 ϕ(t), for some kϕ > 0, which

means that the FBVP (8) has the stability in the Ulam–Hyers–Rassias sense with respect to
ϕ(t) = 2t+ 9.

5. Conclusions

Fractional differential equations using boundary conditions are extensively used in the
modeling of a wide variety of real problems e.g. in chemistry, physics, economics. Knowledge
about different types of stabilities of such problems is a key information for having additional
information about the possible exact and approximate solutions of such problems. In this way,
Ulam–Hyers and Ulam–Hyers–Rassias stabilities provide a strong information in that sense.
Inspired in [9, 11], in this paper, we studied a general class of fractional differential equation
using Caputo derivative and considering four-point boundary conditions. By means of Banach
contraction mapping principle and other techniques, we exhibited sufficient conditions to
have a unique solution of the considered problem. After that, we established, in the form
of sufficient conditions, the Ulam–Hyers, the generalized Ulam–Hyers and the Ulam–Hyers–
Rassias stabilities. At the end, two concrete examples were given to illustrate the obtained
results.
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УСТОЙЧИВОСТЬ ПО УЛАМУ — ХАЙЕРСУ
ЧЕТЫРЕХТОЧЕЧНОЙ КРАЕВОЙ ЗАДАЧИ ДЛЯ ДИФФЕРЕНЦИАЛЬНЫХ

УРАВНЕНИЙ ДРОБНОГО ПОРЯДКА КАПУТО С ПАРАМЕТРОМ

Кастро Л. П.1, Сильва А. С.1
1 Университет Авейру, Центр исследований и разработок

в области математики и приложений,
Португалия, 3810-193, Авейру

E-mail: castro@ua.pt, anabela.silva@ua.pt

Аннотация. Дробное исчисление является мощным инструментом описания сложных систем с ши-
роким диапазоном применимости во многих областях науки и техники. Поведение многих систем
можно описать с помощью дифференциальных уравнений дробного порядка с граничными услови-
ями. В этом смысле большое значение имеет исследование устойчивости дробных краевых задач.
Основная цель данной работы — исследование устойчивости по Уламу — Хайерсу и устойчивости по
Уламу — Хайерсу — Рассиасу класса дробных четырехточечных краевых задач, содержащих произ-
водную Капуто и с заданным параметром. Используя принцип сжимающих отображений, получа-
ются достаточные условия, гарантирующие единственность решения. Таким образом, мы получаем
достаточные условия устойчивости этого класса нелинейных дробных краевых задач в пространстве
непрерывных функций. Представленные результаты улучшают и расширяют некоторые предыдущие
исследования. Наконец, мы построим несколько примеров, иллюстрирующих полученные теорети-
ческие результаты.

Ключевые слова: дробная краевая задача, производная Капуто, устойчивость Улам — Хайерс,
устойчивость Улам — Хайерс — Рассиас.
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