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In the presence of certain non-minimal couplings between a scalar field and the Gauss-Bonnet curvature 
invariant, Kerr black holes can scalarize, as long as they are spinning fast enough. This provides a 
distinctive violation of the Kerr hypothesis, occurring only for some high spin range. In this paper 
we assess if strong magnetic fields, that may exist in the vicinity of astrophysical black holes, could 
facilitate this distinctive effect, by bringing down the spin threshold for scalarization. This inquiry is 
motivated by the fact that self-gravitating magnetic fields, by themselves, can also promote “spin-
induced” scalarization. Nonetheless, we show that in the vicinity of the horizon the effect of the magnetic 
field B on a BH of mass M , up to BM � 1, works against spin-induced scalarization, requiring a larger 
dimensionless spin j from the black hole. A geometric interpretation for this result is suggested, in terms 
of the effects of rotation vs. magnetic fields on the horizon geometry.

© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction

The prospect of testing the Kerr hypothesis is now more realistic 
than ever. Are all black holes (BHs) in the astrophysical mass range 
(∼ 1 to 1010 M�), and for all spins really well described by the 
Kerr metric [1]? The unprecedented access to strong gravity data, 
both through gravitational waves [2–7] and from electromagnetic 
observations [8,9] will provide hints, or even clear answers, about 
this central question in strong gravity.

Amongst the Kerr hypothesis violating models, a sub-class still 
accommodates the Kerr solution of vacuum General Relativity (GR), 
but questions the universality of the hypothesis. Such models typ-
ically introduce new scales; these define a mass/spin range in 
which BHs can become non-Kerr, whereas Kerr BHs remain as the 
solution of the model in a complementary range.

A concrete illustration of this sub-class of models occurs via 
the mechanism of spontaneous scalarization. Originally proposed in 
scalar-tensor theories and for neutron stars [10], the spontaneous 
scalarization of vacuum GR BHs occurs in extended scalar-tensor 
models, wherein a real scalar field with a canonical kinetic term, 
requiring no mass or self-interactions, is non-minimally coupled 
to gravity through the Gauss-Bonnet (GB) quadratic curvature in-
variant, via a coupling η f (φ), where η is a coupling constant 
and f (φ) > 0 a coupling function. We are then led to consider 
electrovacuum GR augmented by such a scalar field and such a 
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GB curvature correction: an Einstein-Maxwell-scalar-GB (EMsGB) 
model, cf. action (1) below. Despite not being strictly necessary to 
enable spontaneous scalarization, the inclusion of a non-trivial po-
tential or other non-minimal couplings to curvature scalars might 
still have an effect on the onset of the instability and on the prop-
erties of the final scalarized object [11–13].

Depending on the sign of the coupling function, η, the scalar-
ization has different triggers. For η > 0 Schwarzschild BHs with 
mass M scalarize, as long as M/

√
η is small enough [14–16]. 

Adding spin to the Schwarzschild BH actually quenches the effects 
of the scalarization [17,18], albeit alleviating slightly the constraint 
on M/

√
η. In this case, the tachyonic instability is promoted by 

spacetime regions wherein the GB curvature invariant is (suffi-
ciently) positive, and it is responsible for – full non-linear – scalar-
ized objects. Following [19] we call this GB+ scalarization.

For η < 0, on the other hand, the tachyonic instability is pro-
moted by spacetime regions where the GB curvature invariant is 
negative, hereafter dubbed GB− scalarization. For vacuum GR BHs 
- i.e. the Kerr family - this occurs for dimensionless spin j > 0.5. 
Since the negative GB patches occur in the strong gravity region 
neighbouring the horizon, they trigger scalarization immediately as 
they appear. Thus Kerr BHs with j > 0.5 undergo scalarization in 
these models, which was dubbed “spin-induced” scalarization [20]. 
Spin-induced scalarization can thus be regarded as a concrete ex-
ample of GB− scalarization. The corresponding scalarized BHs were 
constructed in [21,22].

GB− scalarization can also be triggered by other sources rather 
than BH spin. Of particular interest for us is the case of self-
le under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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gravitating magnetic fields. In electrovacuum GR, these are de-
scribed by the Melvin magnetic Universe [23]. It is known that 
such universes have regions with a negative GB invariant [24] and 
can thus promote GB− scalarization.1 One may then ask if the 
presence of a strong magnetic field in the vicinity of a spinning 
BH may facilitate GB− (aka, in this context, spin-induced) scalar-
ization, promoting it for j < 0.5. The goal of this paper is to answer 
this question, showing that this is not the case. One could also 
wonder which effects the magnetic field might have on scalarized 
BHs in the GB+ case. If, for instance, the suppression due to an in-
creasing spin might be mitigated by such magnetic fields. We leave 
this open question to future works.

Astrophysical BHs are thought to be neutrally charged, due to, 
e.g. quantum discharge [26] and electron-positron pair produc-
tion [27]. The inclusion of magnetic fields in BH environments 
is, nonetheless, well motivated. There is in fact observational ev-
idence of astrophysical magnetic fields; elongated sources present 
in radio-relics [28] – diffuse radio sources in galaxy clusters [29]
– are an example. Furthermore, there are known observations sup-
porting the existence of BHs immersed in magnetic backgrounds, 
as the case of the presence of the magnetar SGR J1745 − 29 in the 
vicinity of Sagittarius A∗ [30–33], or the strong magnetic fields in 
the proximity of the event horizon of M87∗ [34]. Stars with such 
magnetic fields might have been formed through neutron stars 
merger, as suggested by recent simulations [35,36].

Nonetheless, it is not yet clear if such intense magnetic fields 
can be inherited by remnant BHs during the gravitational col-
lapse of magnetars, since the magnetic field gets exponentially 
suppressed during the BH formation [37,38]. However there is a 
number of other possible scenarios that may provide such strong 
fields around astrophysical BHs. Among others, accretion disks and 
magnetized plasma in the proximity of the event horizon have 
been conjectured to be possible candidates to host magnetic fields 
as strong as the ones in magnetars [39].

In this work, we investigate the effects on GB− scalarization 
due to magnetic fields around spinning BH spacetimes, in the 
EMsGB model. Our strategy will be to consider spinning BHs in 
Melvin Universes in electrovacuum, investigating the impact of 
the magnetic field on the regions where the GB invariant be-
comes negative. Although Melvin Universes are irrealistic to de-
scribe globally astrophysical BHs, due to the non-trivial asymp-
totics, one may argue that in the vicinity of the BH, where the 
relevant physics that we are investigating is developing, they cap-
ture, approximately, the appropriate physics in the case of poloidal 
magnetic fields.

This paper is organized as follows. In Sec. 2 the EMsGB model 
is described and its relevant equations are shown. In Sec. 3 we 
review the relevant electrovacuum GR solutions describing a BH 
immersed in magnetic environments. The main analysis and re-
sults of this paper are presented in Sec. 4 where we show how 
and when the necessary condition for GB− scalarization can be 
satisfied in magnetized BH spacetimes. Finally, conclusions are pro-
vided in Sec. 5.

2. Theoretical setup

The action of the EMsGB model is
1

16π

∫
d4x

√−g

[
R − Fμν F μν − 1

2
(∇φ)2 + η

4
f(φ)RGB

]
(1)

where Fμν is the usual Faraday tensor, defined by means of 
the derivatives of the electromagnetic 4-potential Fμν = ∇μ Aν −

1 The inclusion of non-trivial couplings between the scalar and the Maxwell in-
variant (F μν Fμν ) might as well trigger some instabilities, as pointed out in [24,25]. 
However, for simplicity, we focus on a RGB driven GB− scalarization only.
2

∇ν Aμ; η is the dimensionful coupling constant of the theory and 
f (φ) > 0 is a generic coupling function between the scalar field 
and the GB invariant RGB, that is given by

RGB ≡ R2 − 4Rμν Rμν + Rμναβ Rμναβ , (2)

with R 
(

Rμν

)
being the Ricci scalar (tensor) and Rμναβ the Rie-

mann tensor. If not specified otherwise we use geometrized units 
in which G = 1 = c. Varying the action with respect to the dynam-
ical fields one gets the coupled EMsGB system of equations,

�φ = −η

4

∂f (φ)

∂φ
RGB , (3)

∇μF μν = 0 , (4)

Rμν − 1

2
gμν R = T (F )

μν + 1

2
T (	)
μν − 1

8
η T (RGB)

μν , (5)

where

T (φ)
μν = ∂μφ∂νφ − 1

2
gμν∂αφ∂αφ , (6)

T (F )
μν = 2Fμα F α

ν − 1

2
Fαβ F αβ gμν , (7)

T (RGB)
μν = 16Rα

(μCν)β + 8Cαβ
(

Rμανβ − gμν Rαβ

)
− 8CGμν − 4RCμν , (8)

with

Cμν = ∇μ∇ν f (φ) = f′∇μ∇νφ + f′′∇μφ∇νφ , (9)

C = gαβCαβ , “prime” denotes derivative with respect to the argu-
ment and parentheses in the subscripts indicate symmetrization.

We shall be interested in models for which

∂f

∂φ
(φ = 0) = 0 , (10)

such that φ = 0 together with any electrovacuum GR solution, is a 
solution of this model. Moreover, if η < 0 and

∂2f

∂φ2 (φ = 0) > 0 , (11)

tachyonic perturbations exist in regions where RGB < 0. This is 
the trigger of GB− scalarization. The simplest GB coupling function 
obeying these conditions, which is also the small φ approximation 
of a generic analytic coupling function obeying these conditions, is 
a quadratic function:

f (φ) = φ2/2 . (12)

Indeed, in linear perturbation theory, Eq. (3), together with 
Eq. (12), takes the simple form,
(
�− μ2

eff

)
φ = 0 , (13)

where

μ2
eff = −η

4
RGB . (14)

When Eq. (14) takes negative values, the scalar field acquires a 
tachyonic mass. If there exists a region in which this condition is 
met, then a tachyonic instability potentially occurs [40]. A simple 
calculation shows that for Kerr BH this happens if j > 0.5 [20]. 
This triggers spin-induced (or GB−) scalarization.
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3. Magnetized solutions

Under the condition (10), the system (3)-(5) admits a consistent 
truncation corresponding to the Einstein-Maxwell (EM) theory, to-
gether with φ = 0. Thus electrovacuum GR solutions and a trivial 
scalar field are admissible solutions of the full set of equations of 
motion. We now describe the EM solutions describing BHs in mag-
netic Universes.

The non-singular Melvin Universe [23] is an exact solution of 
EM theory that represents a cylindrically symmetric, non-singular, 
non-asymptotically flat, clump of self-gravitating magnetic flux 
lines in equilibrium. It is given by

ds2 = 
2
(
−dt2 + dρ2 + dz2

)
+ 
−2ρ2dϕ2 , (15)

written in cylindrical coordinates (t, ρ, z, ϕ). The function 
 in-
troduces the strength of the magnetic field B , which is the only 
parameter describing the solution, and it only depends on the ra-
dial cylindrical coordinate:


 = 1 + 1

4
B2ρ2 . (16)

Many properties of this magnetic Universe and generalizations 
thereof have been studied over the years - see e.g. [41–49].

It is possible to add a neutral BH, with horizon mass M , inside 
the Melvin magnetic Universe described by Eq. (15). Remarkably, 
an exact 2-parameter solution to such problem exists, which re-
duces to the Schwarzschild spacetime for B = 0, and to the Melvin 
magnetic Universe for M = 0. In usual spherical polar coordinates 
(t, r, θ, ϕ), the metric of such a Schwarzschild-Melvin BH space-
time takes the simple form,

ds2 = 
2(− f dt2 + f −1dr2 + r2dθ2) + 
−2r2 sin2 θdϕ2 , (17)

where f = 1 − 2M/r, with M representing the mass of the space-
time [50] and 
 is now given by


 = 1 + 1

4
B2r2 sin2 θ . (18)

Further increasing the complexity, it is also possible to add a 
charge parameter Q to the previous BH in the Melvin magnetic 
Universe [51]. An exact 3-parameter solution to such problem ex-
ists, which reduces to the Reissner-Nordström (RN) solution for 
B = 0, to the previous Schwarzschild-Melvin spacetime for Q = 0
and to the Melvin magnetic Universe for M = 0 = Q [51]. The met-
ric of such RN-Melvin BH is given by

ds2 = |
|2(− f̃ dt2 + f̃ −1dr2 + r2dθ2)

+ |
|−1r2 sin2 θ
(
dϕ − ω̃dt

)2
, (19)

where f̃ = 1 − 2M/r + Q 2/r2, with Q being the electric charge of 
the BH and


 = 1 + (1/4) B2
(

r2 sin2 +Q 2 cos2 θ
)

− iB Q cos θ , (20)

ω̃ = −2B Q r−1 + B3 Q r + (1/2) B3 Q 3r−1

− (1/2) B3 Q r−1
(

r2 − 2Mr + Q 2
)

sin2 θ + cst . (21)

The novel feature of the RN-Melvin spacetime is that, due to 
the non-trivial Poynting vector, resulting from the existence of an 
electric charge inside a magnetic field, the spacetime becomes sta-
tionary, rather than static, despite the B = 0 limit being static. 
Loosely speaking, a RN BH in a Melvin Universe starts to spin. See, 
e.g. [52] for the full solution, including the gauge field.
3

It is also possible to add a Kerr, or Kerr-Newman (KN) BH in-
side the Melvin magnetic Universe, as long as the symmetry axes 
are aligned. Such solution was first analysed in a linear setup by 
Wald [53]. Soon after, the fully non-linear rotating BH solution 
containing back-reacting magnetic fields was determined in the 
seminal works of Ernst [51], and Ernst and Wild [54]. Generaliza-
tions and extensions of Ref. [51] have been attained (see [55,56]
for detailed overviews and [57–61] for details on their thermody-
namic properties).

The full metric of a KN-Melvin BH is displayed in detail in 
Ref. [62], where it has been obtained from magnetizing a seed KN 
BH through solution-generating techniques, developed by Harri-
son [63]. The resulting spacetime is an axially symmetric geometry 
that depends on the {r, θ} spacetime components. Furthermore, in 
general, it depends on the parameters of the seed KN BH con-
sidered before the magnetization procedure, i.e. {M, J ,q} and on 
the magnetic field parameter B introduced by the procedure. The 
(rather) lengthy geometry of a KN-Melvin BH it is given explicitly 
in Appendix B of Ref. [62]. For simplicity, we discuss here only its 
main properties without displaying all its components,2

ds2 = H

[
− f dt2 + R2

(
dr2

�
+ dθ2

)]
+ � sin2 θ

H R2 (dϕ − ωdt)2 ,

(22)

Aμ = (	0 − ω	3,0,0,	3) , (23)

where

R2 = r2 + a2 cos2 θ

� =
(

r2 + a2
)

− 2Mr + q2 ,

� =
(

r2 + a2
)2 − a2� sin2 θ ,

f = R2��−1 , (24)

where a is defined through the usual KN BH angular momentum 
(a ≡ J/M) and H, ω, 	0, 	3 are all complicated functions of (r, θ)

and (M,a,q, B), given, respectively, in Eqs. (B.5), (B.8), (B.15) and 
(B.17) of [62]. To ensure the validity of our findings, we have ver-
ified that the metric and vector potential in Eqs. (22)-(23) satisfy 
the Einstein-Maxwell system and that correctly tend to the KN ge-
ometry when B = 0.

The KN-Melvin geometry has for a long time been thought to 
tend asymptotically to the Melvin Universe. Instead, only relatively 
recently [62], it has been shown that this is the case only if

q = −aM B . (25)

The condition in Eq. (25) ensures that the ergoregion surrounding 
the KN-Melvin BH does not extend to spatial infinity, and we are 
going to restrict to such case in the following analysis of the KN-
Melvin, that we call Case I.

Despite the asymptotic property that distinguishes it, Case I has 
the caveat that the seed BH (in the magnetization procedure) is 
already electrically charged and one may object that this is not 
the ideal to try to describe an astrophysical system wherein the 
BH is expected to have negligible electric charge. Thus, we also 
consider the Kerr-Melvin solution as Case II in which the seed BH 
has no electric charge, in which case q = 0 and condition (25) is 

2 In comparison with the original metric in [62], we are setting the magnetic 
charge p to zero. This further condition requires the azimuthal angle ϕ to have 
period �ϕ = 2π

(
1 + (3/2)q2 B2 + 2aqM B3 + (

a2 M2 + (1/16)q4
)

B4
)
, in order to 

avoid conical deficit at the poles [64].
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not imposed. As we shall see below, the main conclusions will be 
common to both Case I and Case II.

In preparation for the next section, let us specify the horizons’ 
positions in Eq. (22). As usual, they are located at the roots of 
1/grr . Following the notation of [62], and restricting to Case I, one 
can find that

r± = (
1 ± ε̃

)
M , (26)

where ε̃2 = 1 − ε2, and ε is defined through,

ε ≡ a

M

√
1 + B2M2 , with 0 � ε � 1 . (27)

From Eq. (27) it is clear that if BM 	= 0, since 0 � j = a/M � 1, 
KN BH with a sufficiently large value of j cannot support external 
magnetic fields without developing naked singularities, hence they 
are non-physical. For Case II instead, the event horizon location 
does not differ from the well-known Kerr case.

4. Scalarization and magnetized spacetimes

In the previous section we have set the stage to analyse Case 
I and Case II of KN-Melvin spacetimes. Now, let us analyse the 
necessary condition that triggers the scalarization instability.

As mentioned earlier, the effect of a self-gravitating magnetic 
field, per se, could support the GB− instability. In a Schwarzschild-
Melvin BH spacetime, near the horizon the GB invariant has the 
form,

RGB (r ∼ 2M) =
(

4M4
(
(BM sin θ)2 + 1

)8
)−1

×
[

3

[
(BM sin θ)8 − 2 (BM sin θ)4 +

(
(BM)4 sin2 (2θ) − 1

)2
]

+ 24 cos2 θ
(
(BM)8 sin6 θ − (BM)6 sin4 θ + (BM)2

)

+ 16 (BM)4 cos4 θ
(

1 − 6 (BM)2 sin2 θ
)]

. (28)

Thus, there exists a range of angles θ such that RGB assumes 
negative values whenever,

BM > 0.971 . (29)

Therefore, for sufficiently large BM the necessary condition for 
scalarization (near the BH) is obeyed. For the Kerr BH the on-
set of the instability coincides with the emergence of a negative 
GB spacetime region (near the horizon): notably, this condition 
becomes also sufficient for large enough values of the η/M2 ra-
tio [20].3 Assuming a similar scenario in the presence of the mag-
netic field, the above calculation provides us with an estimate for 
the onset of GB− scalarization in static spacetimes; restoring phys-
ical units, we obtain,

B 
 2 × 1013 G

(
4 × 106M�

M

)
, (30)

where we normalized to the mass of Sagittarius A∗ . The above 
number above is relatively high, but still within the regime of the 
highest magnetic fields ever measured in magnetars orbiting in the 
vicinity of known BHs [30–33].

For what concerns KN-Melvin BHs, a similar analysis can be 
done. However, given the size of Eq. (22), it is impractical to show 

3 Our goal will be to show that the necessary condition for scalarization in the 
KN-Melvin case is more stringent for j, when considering only the geometry near 
the horizon.
4

Fig. 1. Analysis of the sign of the GB invariant on the BH horizon for Case I (left 
panel) and Case II (right panel). The yellow region represents the domain in the 
{BM, j} phase-space, where the GB invariant takes positive values for any azimuthal 
angle θ at the BH horizon. For black regions, on the other hand, there is at least 
one value of θ such that RGB takes negative values. In the left panel, no KN-Melvin 
BHs are allowed in the top white region of the phase-space. That is due to the 
requirement of the existence of an event horizon for a KN-Melvin BH, cf. eq. (27).

the full form of RGB here. Therefore, in Fig. 1 we display the re-
gions where RGB becomes negative for at least one value of θ , in 
a 

{
BM, j ≡ J/M2

}
phase-space, for both Case I (left) and Case II 

(right).
In the limit where j → 0, we get the expected threshold for 

Schwarzschild-Melvin BHs (see Eq. (28)). Conversely, for small B , 
the threshold to have a negative RGB near the horizon is obtained 
for j � 0.5, as expected. However, starting from BM = 0, j = 0.5
and increasing the magnetic field, the necessary condition to have 
unstable static scalar perturbations is satisfied for larger values of 
j, compared to the Kerr BH limit. This perhaps surprising result 
shows that the effect of adding an external magnetic field to a 
Kerr BH is not making the scalarization process easier to happen, 
instead, it leads to GR solutions that are more stable than their 
non-magnetized counterparts, regardless of the case considered. A 
similar result is evident also considering slowly-rotating BHs in 
a neighbourhood of the scalarization threshold of Schwarzschild-
Melvin BH. Ultimately, Fig. 1 indicates that rotation and magnetic 
fields possess different and somehow opposing roles near the hori-
zon, although they may both trigger the instability of KN-Melvin 
spacetimes separately. These results can be straightforwardly gen-
eralized to bosonic fields with non-zero spins.

An important remark is in order concerning physical quanti-
ties. The mass and angular momentum parameters in Fig. 1 refers 
to the seed Kerr (or KN) BH ones. A definition of mass and an-
gular momentum in spacetime with non-flat asymptotics quan-
tities – through Komar integrals, for instance – may be difficult 
to obtain. Yet it has been shown [58] that in the case of KN-
Melvin BHs, it is possible to use the so-called canonical integra-
bility method [65–67] to obtain the physical quantities for such 
spacetimes. Following Ref. [58], we have checked that, using the 
physical BH parameters, the qualitative behaviour seen is similar 
to that in the left panel of Fig. 1; i.e. it is consistent with using the 
seed parameters.

4.1. A geometrical interpretation

As previously stated, the necessary condition to undergo tachy-
onic instability concerns the 4-dimensional RGB invariant. However, 
let us try to interpret the results of Fig. 1 inspecting the horizon 
(2D) geometry of the KN-Melvin geometry.

Previous studies have shown that both rotation and the inclu-
sion of magnetic fields deform the geometry of the BH external 
horizon [48,68–72]. Concretely, the effect of rotation turns the 
Kerr horizon into an oblate spheroid (compared to the spherical 
Schwarzschild horizon), perpendicularly to the angular momentum 
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Fig. 2. BH horizon isometric embeddings in Euclidean 3-dimensional space (x − z
sections) for different values of {BM, j}. As rotation increases, the horizon becomes 
oblate (perpendicularly to the axis of rotation). Increasing B instead elongates the 
horizon along the z-direction (prolate). In the case where both rotating and mag-
netic fields are present, the structure resembles the static case.

of the rotating BH (z-axis). The larger the rotation the more oblate 
becomes the horizon shape. In order to visualize the BH hori-
zon, one might embed it isometrically in Euclidean 3-dimensional 
space. Notably, for Kerr BHs, such procedure is possible only for 
relatively slow BHs (precisely, up to a = √

3/2M).
Likewise, the horizon structure of a Schwarzschild-Melvin BH is 

deformed in comparison to the static BH case. However, conversely 
to the Kerr case, the horizon geometry is deformed in the same di-
rection as the external magnetic field, making it a prolate spheroid. 
As expected, a larger BM corresponds to a more deformed horizon 
structure. In order to visualize the horizon structure of KN-Melvin 
BHs, we followed the work of Smarr [68], but including an exter-
nal magnetic field. Our results are shown in Fig. 2: the inclusion 
of magnetic fields counter-balance the effects of rotation, yield-
ing a more spherical horizon shape to spinning and magnetized 
spacetimes. This provides some insight on how the rotation and 
magnetic field have a conflicting geometric effect, once a KN BH is 
placed in the external magnetic field.

5. Conclusions

A paradigmatic mechanism that leads to new field configura-
tions is given by “spontaneous scalarization”. This process has been 
discovered in the framework of scalar-tensor theories [10], where 
a scalar field, coupled to gravity, triggers a tachyonic instability, 
leading to stars with non-trivial scalar charges. These compact 
stars are said to be scalarized [73].4 A similar scalarization mech-
anism might also happen in vacuum BH spacetimes, when non-
trivial couplings between a scalar and (higher-order) curvatures 
are present [14,15,17,84–92]. In these theories, scalarized BHs dif-
fer from the Kerr family because some of the assumption of the 
above-mentioned no-hair theorems cease to be valid.

4 Spontaneous growth of fields associated with tachyonic instabilities may also 
occur for vectors, tensors and spinors [74–83].
5

Recent works in the context of Einstein-scalar-Gauss-Bonnet 
theory have shown that both static and fastly spinning BHs might 
suffer from tachyonic instabilities [14,15,20], depending on the 
sign of the GB curvature invariant (RGB). Further details on the 
properties of rotating and non-rotating scalarized BHs in EsGB have 
been obtained, among others, in Refs. [18,22,93,94]. GB− scalariza-
tion is not a unique feature of rotating solutions, as recently shown 
by Ref. [19] for charged BH in EMsGB theory. In fact, even ob-
ject solely formed by magnetic fields, as the Melvin Universe [23], 
might lead to magnetic-induced scalarization [24].

Magnetic fields are ubiquitous in nature. Their impact on BHs, 
and particles around them, can be crucial in the current GW as-
tronomy era. There are in fact known stars which encompass mag-
netic fields up to 1016G [33]. The interaction of such magnetars 
and BHs might lead to unexpected and intriguing new phenomena. 
Simultaneously, it is fundamental as well to enlarge our predictive 
power, searching for extra BH charges coming from modification 
of GR. Hence, in the context of EMsGB theories, in this paper we 
have shown that astrophysical BHs tend to be more stable, once 
magnetic fields are added to Kerr spacetimes. The two effects of 
rotation and magnetic field are therefore substantially different in 
the near horizon region of KN-Melvin BHs, at least up to BM ∼ 1.

A thorough analysis of scalar perturbations in such theory 
might be possible. Practically this means solving for static scalar 
perturbations around a KN-Melvin BH. This study would provide 
the exact values for the onset of the instability in the BM and 
j phase-space. However, going through this path raises important 
issues. In fact, as previously mentioned, a cutoff in the magnetic 
field would be needed in order to ensure asymptotic flatness, and 
this procedure introduces ambiguities. Furthermore, the results ex-
hibited in Fig. 1 clearly show that adding a magnetic field is not 
enhancing the scalarization process of KN BH thus making the re-
sult in this paper clear: spin-induced scalarization is not facilitated 
by magnetic fields, at least poloidal ones that can be approximately 
described, near the horizon, by the Melvin magnetic Universe, as 
long as BM � 1.
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