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The possibility of mining the rotational energy from black holes has far–reaching implications. Such 
energy extraction could occur even for isolated black holes, if hypothetical ultralight bosonic particles 
exist in Nature, leading to a new equilibrium state – a black hole with synchronised bosonic hair – whose 
lifetime could exceed the age of the Universe. A natural question is then: for an isolated black hole and 
at maximal efficiency, how large is the energy fraction ε that can be extracted from a Kerr black hole 
by the superradiant growth of the dominant mode? In other words, how hairy can the resulting black 
hole become? A thermodynamical bound for the total superradiance efficiency, ε � 0.29 (as a fraction 
of the initial black hole mass), has long been known, from the area law. However, numerical simulations 
exhibiting the growth of the dominant mode only reached about one third of this value. We show that if 
the development of superradiant instabilities is approximately conservative (as suggest by the numerical 
evolutions), this efficiency is limited to ε � 0.10, regardless of the spin of the bosonic field. This is in 
agreement with the maximum energy extraction obtained in numerical simulations for a vector field and 
predicts the result of similar simulations with a scalar field, yet to be performed.

© 2021 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction

The recent successes of radio [1] and gravitational–wave astron-
omy [2–4] have put general relativity (GR) to the test as never 
before. A key issue is the observational confirmation of the Kerr 
hypothesis: that all astrophysical black holes (BHs), regardless of 
their scale, are well described by Kerr’s solution to the vacuum 
Einstein’s field equations [5]. From a theoretical standpoint, this 
paradigm relies on: (i) the uniqueness theorems of vacuum GR 
[6–8], which establish that its most general solution, regular on 
and outside the event horizon, is the Kerr metric, solely defined 
by its global charges, mass M and angular momentum J ; (ii) a 
number of no–hair theorems (e.g. [9,10]) ruling out the existence of 
non–Kerr BHs in the presence of certain types of matter–energy, 
which otherwise could endow BHs with “hair”. Consequently, these 
theorems support the no–hair conjecture [11], according to which 
the gravitational collapse of any type of matter–energy in GR al-
ways yields a Kerr BH.

At the time of writing there is no clear tension between the 
Kerr hypothesis and observations. Yet, fundamental open issues 
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such as dark matter, dark energy and the inevitability of singular-
ities in GR [12,13] strongly suggest going beyond GR and/or the 
standard model of particle physics. In this context, dynamically 
robust non–Kerr models are particularly welcome as exploratory 
scenarios of deviations from the Kerr hypothesis. Clearly, a forma-
tion scenario and sufficient stability are mandatory to make any 
alternative BH (or exotic compact object) model physically plausi-
ble and a potential actor on the astrophysical stage.

In this discussion, the phenomenon of superradiance [14] orig-
inates a novel possibility. Bosonic fields with a mass in an ap-
propriate range can efficiently transfer the rotational energy of a 
Kerr BH into a cloud of bosonic particles, spinning down the BH – 
see e.g. [15]. When the BH spins down enough to meet the phase 
angular velocity of the dominant superradiant mode, the process 
stalls. The detailed phenomenology depends on the type of bosonic 
field. Real fields have a rich phenomenology related to the de-
cay of the bosonic cloud via gravitational waves emission – see 
e.g. [15–17]. If the (scalar or vector) field is complex, on the other 
hand, the cloud is stationary after the synchronisation between the 
BH’s and the field’s angular velocities occurs, and a new stationary 
equilibrium state forms. This has been seen in the numerical evo-
lutions of East and Pretorius, focusing on the case of vector bosonic 
fields [18]. The new equilibrium states were shown to match BHs 
le under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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with synchronised Proca hair [19], first reported in [20] following 
the construction of BH solutions with synchronised scalar hair [21].

The BHs with synchronised hair (BHsSH) formed from the su-
perradiant instability of Kerr are, themselves, prone to superradiant 
instabilities [22]. These, however, can be very long–lived; in partic-
ular, for supermassive BHs the lifetime of the superradiant instabil-
ity of the newly formed hairy BH can take a timescale larger than 
a Hubble time to develop [23]. In other words, superradiance can 
form a hairy BH on an astrophysical timescale, and the latter can be sta-
ble for a cosmological timescale. This makes these hairy BHs resulting 
from the growth of the dominant superradiant mode of Kerr plau-
sible players in astrophysical processes.

The superradiance scenario offers a formation mechanism for 
BHsSH with an interesting twist. Superradiance is quite sensitive 
to a matching of scales. The instability is strongest if the Comp-
ton wavelength of the bosonic particle, 1/μ, and the BH radius, 
∼ M , approximately match: Mμ ∼ 1. Away from this sweet spot, 
the timescale of the instability grows with the exponential of 
Mμ for Mμ � 1 [24] and as a large inverse power of Mμ for 
Mμ � 1 [25]. Thus, BHs only become efficiently hairy (on an astro-
physical timescale) in an island of the parameter space, determined 
by the mass of the bosonic particle μ. Sufficiently far from the 
resonance Mμ ∼ 1, Kerr BHs are effectively stable against super-
radiance. Thus, in this scenario, Kerr and hairy BHs may co–exist 
in the Universe, with the latter belonging to an island in a narrow 
mass range around μ (and non–zero spin) and Kerr BHs compos-
ing the surrounding ocean of the BH mass spectrum.

For astrophysical BHs, known to exist within the mass range 
M ∈ [1, 1010]M� , the resonance Mμ ∼ 1 means that the bosonic 
particle is ultralight, with the mass range μ ∼ [10−10, 10−20] eV. 
This connects to the particular class of dark matter models known 
as fuzzy dark matter [26,27], which could have a stringy ori-
gin [28], or otherwise be embedded in simpler extensions of the 
standard model – see e.g. [29].

The foregoing discussion yields the exciting possibility that BHs 
(and in this case the hairiness of BHs) can become particle detec-
tors of extremely light – and potentially inaccessible to colliders 
– dark matter particles, via astrophysical measurements. To as-
sess this possibility, however, it is important to understand how 
much energy can be extracted from a Kerr BH from the growth of 
the dominant superradiant mode. Or, in the context of the com-
plex bosons that endow BHs with hair, this translates into how 
hairy a BH can become, which naturally defines how non–Kerr its 
phenomenology may be. In his pioneering paper on the area law, 
Hawking noticed that no more than 29% of the initial BH mass 
could be extracted via superradiance [30]. Yet, the simulations by 
East and Pretorius, which followed the growth of the dominant su-
perradiant mode, only reached about 9%. Was this because of the 
choice of parameters? Could the value be much closer to 29%? Is 
there a difference between scalar and vector superradiance con-
cerning this maximal efficiency?

In this letter, we shall provide a simple argument that for both 
the scalar and vector case there is a roughly similar bound of 
around 10% for the maximal energy extraction due to the dom-
inant superradiant mode from a Kerr BH; thus the efficiency is 
ε � 0.1,1 regardless the spin of the bosonic field. This bound is 
based on: (i) a scanning of the BHs solutions with synchronised 
scalar and Proca hair that can result from the growth of the dom-
inant superradiant mode; (ii) the rationale that this superradiant 
evolution is approximately conservative, which is supported by the 
evolutions in [18]. Under this assumption, superradiance merely 
redistributes the mass and angular momentum of a Kerr BH, split-

1 ε is the fraction of the initial mass that is extracted in the process.
2

ting it amongst the trapped region and the bosonic hair. Since Kerr 
BHs have a dimensionless spin j that obeys j � 1 (Kerr bound), the 
corresponding hairy BH that forms after the superradiant growth 
from Kerr must also obey this bound. We observe that generic 
hairy BHs do not obey j � 1 [21]. Scanning the parameter space, we 
can identify the hairiest solutions, under the constraint 0 � j � 1. 
These occur precisely for hairy BHs with j = 1 and at a certain 
Mμ, which (slightly) depends on the spin of the field. Identifying 
the fraction of energy in the bosonic field in these solutions with 
the maximal efficiency, we obtain:

Scalar : εmax ∼ 0.099 (at Mμ ≈ 0.24) ;
Vector : εmax ∼ 0.104 (at Mμ ≈ 0.27) .

(1)

In particular we observe that, for the vector case, the maximal en-
ergy extraction reported in [18], of ∼ 9%, occurred for Mμ = 0.25, 
which shows an interesting agreement with (1). Equation (1) is the 
main result in this letter. It predicts that numerical evolutions (yet 
to be performed) similar to those in [18] for the scalar case will 
lead to a similar result for the maximal efficiency, smaller than 
10%. In the remaining of this paper we shall detail how the re-
sult (1) is obtained.

2. Black holes with synchronised hair

BHsSH are families of four–dimensional, asymptotically–flat, 
stationary solutions of Einstein’s gravity minimally coupled to a 
complex bosonic field ψ with non–vanishing mass μ. The bosonic 
field can be a scalar (first discussed in [21]) or a vector (first dis-
cussed in [20]). Such spacetimes are regular on and outside an 
event horizon. The simplest solutions arise for free bosonic fields, 
but generalizations with interacting fields and/or non–minimal 
couplings are possible and have been studied, e.g. [31]. Besides 
the field’s mass, which defines a scale and is set in the action, 
the space of solutions is conveniently characterised as a two–
dimensional domain, spanned by two continuous dimensionless 
parameters: the ADM mass in units of the field’s mass,2 Mμ, and 
the oscillation frequency of the matter field in units of the field’s 
mass, ω/μ. For each value of (ω/μ, Mμ) there is a single BH so-
lution in a certain two–dimensional domain – see Fig. 1. The range 
of physical masses M (say in solar masses) becomes defined after 
specifying the scale μ.

Actually, the continuous family of solutions just described is 
only one amongst an infinite discrete set of such continuous fami-
lies of hairy BHs. This discrete set is labelled by two integers: the 
number of nodes of the appropriate radial functions, n ∈ N0, and 
the azimuthal harmonic index, m ∈ Z+ , which, like ω, enters the 
bosonic field ansatz, ψ ∼ e−iωt+imϕ . Both n and m can be seen as 
excitation numbers. Here we shall focus on the fundamental solu-
tions with (n, m) = (0, 1), which are the ones that naturally emerge 
as the equilibrium configurations from the growth of the dominant 
superradiant mode in Kerr [19], but some of the excited solutions 
have also been explicitly constructed – see e.g. [32,33].

BHsSH rely on a synchronisation between the event horizon’s 
angular velocity �H and the field’s phase angular velocity ω/m, 
i.e. they satisfy the synchronisation condition

�H = ω

m
. (2)

Thus, the (ω/μ, Mμ) parameterization of the domain of existence 
can be equally seen as a (m�H /μ, Mμ) parameterization, which is 
a set of more physically intuitive quantities. Each solution in this 

2 For clarity we remark that, reinserting units, this dimensionless parameter is 
Mμ/M2

Pl , where MPl is the Planck mass.
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Fig. 1. Region of interest (cf. section 5) of the domain of existence of BHs with synchronised scalar (left panel) and vector (right panel) hair with (n, m) = (0, 1) in the Mμ
vs. ω/μ plane. The insets in both panels show the full domain of existence.
domain has two extra global quantities, besides the ADM mass: the 
total angular momentum, Jμ2, and the Noether charge associated 
with the global U (1) symmetry provided by the complex nature of 
the bosonic field, Q μ2. Unlike the mass and angular momentum, 
the Noether charge is not associated with a Gauss law, meaning 
it cannot be measured by an observer at infinity. Since the do-
main of existence is two–dimensional, the three global quantities 
(Mμ, Jμ2, Q μ2) are not independent, but no simple relation be-
tween them is known.

The global charges M and J can be expressed as M = MH + Mψ

and J = J H + Jψ , where MH and J H (Mψ and Jψ ) are the en-
ergy and angular momentum inside (outside) the event horizon, 
respectively. These are rigorously defined by Komar integrals – see 
e.g. [20,34]. It is convenient to define the dimensionless total and 
horizon angular momenta, j ≡ J/M2 and jH ≡ J H/M2

H , respec-
tively. BHsSH can violate the Kerr bound, in terms of asymptotic 
and/or horizon quantities [35], and in fact do so in large exten-
sions of their domain of existence, although their horizon linear
velocity never exceeds the speed of light [36].

The proportion of energy and angular momentum in the 
bosonic field (i.e. outside the event horizon), for a given solution, 
is measured by the fractions

p ≡ Mψ

M
, q ≡ Jψ

J
. (3)

The quantities p and q measure the hairiness of the solutions. Note 
that p, q ∈ [0, 1]. They reduce to Kerr BHs in equilibrium with 
linearised bosonic fields when p, q → 0 (Kerr limit) and to spin-
ning bosonic stars when p, q → 1 (solitonic limit). If a hairy BH is 
the equilibrium state obtained from the superradiance instability 
of Kerr, and under the aforementioned assumption of an approxi-
mately conservative process, then we identify the efficiency of the 
process as ε = p.

3. Domain of existence

Fig. 1 shows the domain of existence of BHs with synchronised 
scalar (left panel) and vector (right panel) hair with (n, m) = (0, 1). 
A detailed comparison between the two families can be found in 
[37]. The light grey shaded region represents the domain of ex-
istence of Kerr BHs in Einstein’s gravity, which satisfy the Kerr 
bound, i.e. j � 1. Solutions saturating this bound fall into the 
black solid line. The domain of existence of BHsSH is bounded 
by: (i) the existence line (blue dotted line), a line segment com-
prised of solutions describing bound states between Kerr BHs and 
3

linearised bosonic fields (p = q = 0). This line segment joins the 
Minkowski limit (M, J → 0) to the Kerr bound line. It is half–open, 
including the upper endpoint only. The latter is known as the Hod 
point [38] and can be found analytically for the scalar case (blue 
point in the left panel of Fig. 1). And (ii) the bosonic star line
(red solid line), comprised of solutions describing spinning bosonic 
stars (p = q = 1).

As already discussed, the (dominant mode) superradiant insta-
bility of Kerr may form some of the hairy BHs in this domain of 
existence. This phenomenon occurs whenever the Kerr solution is 
exposed to a scalar field perturbation for which the field’s phase 
angular velocity satisfies the superradiant condition ω/m < �H . For 
a massless field, the rotational energy is radiated to infinity, leav-
ing a Kerr BH with lower mass and angular momentum, in fact 
decreasing j. But for a bosonic field with non–vanishing mass and 
with a Compton wavelength comparable to, or larger than, the Kerr 
BH, a superradiant instability sets in, driving the configuration to a 
new equilibrium state (for complex fields).

Kerr BHs which lie to the right of the existence line are un-
stable when they are perturbed by linearized bosonic fields with 
the m = 1 azimuthal mode. The seed solutions of the evolutions 
described in [18] were Kerr BHs with initial mass M and dimen-
sionless angular momentum j = jH = 0.99 in the presence of a 
vector field with mass Mμ ∈ {0.25, 0.30, 0.40, 0.50} and azimuthal 
number m = 1. These Kerr BHs gradually developed hair, attain-
ing equilibrium when the horizon and the field synchronised. The 
corresponding migrations can be observed in Fig. 5 in [19].

4. Analytic bounds on “hairiness” for j ��� 1

Hawking’s area theorem sets an upper limit of 29% for the ef-
ficiency of energy extraction from Kerr BHs by superradiance. This 
is simple to see. The horizon area of a Kerr BH with mass MH

and angular momentum J H is A = 8π M2
H (1 +

√
1 − j2

H ) (we re-

call that M = MH , J = J H for a vacuum Kerr BH). The irreducible 
mass Mirr is defined as the mass of the Schwarzschild BH that re-
sults when all angular momentum has been extracted by reversible 
transformations, i.e. leaving the horizon area unchanged. The area 
theorem (δA � 0) then dictates that δMirr � 0. Like the area of 
the horizon, the irreducible mass remains unchanged (increases) 
in (ir)reversible transformations.

Starting from a Kerr BH, the maximum amount of energy that 
can be extracted from it is

MH − Mirr = MH

[
1 − 1√

2

(
1 +

√
1 − j2

H

)1/2
]

, (4)
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Fig. 2. Fraction of energy in the bosonic hair p according to relation (5).

resulting in a Schwarzschild BH with mass Mirr . It is therefore pos-
sible to extract up to 1 − 1/

√
2 ≈ 29% of the energy, with the 

upper limit corresponding to an initial extremal Kerr BH ( jH = 1) 
and a final Schwarzschild BH. Of thermodynamic nature, this limit 
applies to any (reversible or irreversible) transformation whereby 
rotational energy is extracted from a Kerr BH, including superradi-
ance.

In light of this maximal theoretical efficiency, ε � 0.29, BHsSH 
grown from superradiance have p � 0.29. The simulations in [18]
showed, however, only up to 9% of the initial energy is transferred 
into the (vector) field. Furthermore, they exhibit negligible dissipa-
tion. This suggests that the evolution of superradiant instabilities is 
nearly conservative, i.e. preserves the energy M and angular mo-
mentum J , thus leaving j almost unchanged. Accordingly, j � 1
should be satisfied throughout the evolution, since it is satisfied
by the initial (Kerr BH) state.

It was already suggested in [19] that this upper limit on j
places tighter constraints on the hairiness than the thermodynamic 
limit. This was done using an analytical model proposed therein to 
describe physical quantities of the hairy BHs which are Kerr–like. 
According to this model, BHsSH which are sufficiently Kerr–like 
have a fraction of energy in the bosonic field p obeying

p = 1 +
1 −

√
1 − 16ω2

H ( jωH − 1)2

8ω2
H ( jωH − 1)

, where ωH = M�H . (5)

In Fig. 2 we show how p derived from this relation varies with j
and ωH . The analysis shows that j � 1 implies p � 0.10, approxi-
mately one third of the thermodynamic bound.

5. A bound on “hairiness” from scanning BHsSH

Instead of using an approximate analytical model, we can in 
fact use the data on hairy BHs to see how large is p for j � 1. 
The region of interest, containing BHsSH that could emerge from 
the superradiant instability of Kerr BHs, is a subset of the domain 
of existence (shaded light orange in Fig. 3), bounded by two lines: 
the existence line and the j = 1 line. These lines meet at the Hod 
point, which corresponds to an extremal Kerr BH ( j = jH = 1). The 
“hairiness” trend is that, for fixed Mμ, p increases as ω/μ in-
creases. Since the p = 0.29 line always lies to the right of the j = 1
line, the latter sets a tighter (frequency–dependent) upper limit on 
the hairiness than the former, as expected.

Table 1 lists the properties of BHsSH with j = 1 and Mμ ∈
{0.25, 0.30, 0.40, 0.50} for both the scalar and vector cases. These 
illustrative values were chosen to match the ones taken in the 
4

Table 1
“Hairiness” of BHsSH with (n, m) = (0, 1) and j = 1, for se-
lected values of Mμ.

Mμ ω/μ Mω p q

Scalar 0.25 0.9921 0.2480 0.0971 0.3856
0.30 0.9884 0.2965 0.0951 0.3132
0.40 0.9774 0.3910 0.0686 0.1669
0.50 0.9587 0.4794 0.0160 0.0303

Vector 0.25 0.9667 0.2417 0.1035 0.3984
0.30 0.9496 0.2849 0.1038 0.3259
0.40 0.9009 0.3604 0.0933 0.2057
0.50 0.8356 0.4178 0.0738 0.1221

Table 2
Properties of the “hairiest” BHsSH with (n, m) = (0, 1) which are comparable to Kerr 
BHs (i.e. obey j � 1). These are characterised by j = 1 and are pinpointed as black 
circles in Fig. 3.

Model Mμ ω/μ Mω p q jH

Scalar [21] 0.2445 0.9925 0.2426 0.0989 0.4010 0.7367
Vector [20] 0.2761 0.9584 0.2646 0.1042 0.3621 0.7981
Analytical [19] – – 0.2393 0.0973 0.4067 0.7282

simulations in [18], which were carried out for the vector case. Ac-
cording to our assumption that ε = p, these are the hairiest solu-
tions with such masses that can be formed from superradiance. For 
instance, a BH with synchronised scalar (vector) hair has at most 
about 9.7% (10.4%) of its energy in the field when Mμ = 0.25. 
The results in Table 1 are compatible with the findings reported in 
[18], suggesting in particular that the superradiant amplification of 
the (vector) field in the maximal efficiency case reported therein, 
Mμ = 0.25, is (approximately) as efficient as it can be.

A more comprehensive analysis is provided in Fig. 4. Starting 
from the Hod point, p increases as one moves downstream along 
the j = 1 line, reaching a maximum and then decreasing towards 
the Minkowski limit. Solutions with fixed j values below unity 
show a similar behaviour. The maximum occurs at larger (lower) 
values of ω/μ (ωH ) as j decreases. The global maximum of p
occurs at Mμ ≈ 0.24 (0.27) and it is about 0.099 (0.104) in the 
scalar (vector) case, as shown in Table 2, corresponding to the val-
ues reported in Eq. (1). This suggests the maximal efficiency is not 
very sensitive to the spin of the bosonic field. The corresponding 
solutions satisfy the Kerr bound in terms of horizon quantities as 
well. Table 2 also shows they are well described by the analytical 
model introduced in [19], valid for any bosonic field.

6. Remarks

Some final remarks are in order. Firstly, this new (tighter) up-
per bound on the “hairiness” of BHsSH grown from superradiance 
(those represented by the region of interest) does not exclude the 
possibility that hairier BHs can appear from other dynamical for-
mation channels, such as the merger of bosonic stars [39]. That is, 
the region of dynamically viable solutions, corresponding to those 
that can form by some mechanism and be sufficiently long–lived, 
can go beyond the region of interest discussed here.

Secondly, BHsSH in the region of interest can be arbitrarily close 
to Kerr BHs and therefore are quite Kerr–like: they are more accu-
rately described as event horizons surrounded by a bosonic cloud 
rather than bosonic stars with an event horizon at its centre [37]. 
For instance, the areal radius of their shadow is at most 11% larger 
than that of comparable Kerr BHs [40].

Thirdly, like Kerr BHs, BHsSHs are prone to their own superra-
diant instability [22]. At fixed m, they are unstable against bosonic 
field modes with m̃ > m. For constant Mμ, the strength of the in-
stability decreases as the BHs become hairier (i.e. as one moves 
away from the existence line) [23]. In the region of interest, it is 
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Fig. 3. Same as in Fig. 1, but with two additional lines: the dash–dotted black line separates BHsSH with less (to the left) and more (to the right) than 29% of the total 
energy in bosonic field, whereas the dashed orange line separates BHsSH satisfying (to the left) and violating (to the right) the Kerr bound. The light orange shaded region 
comprises BHsSH which satisfy this bound. The black circles represent the “hairiest” solutions in the region of interest (cf. Table 2).

Fig. 4. Fraction p of the total energy contained in the bosonic field of BHs with synchronised scalar (left panels) and vector (right panels) hair for selected values of j. The 
top (bottom) panels show the dependence of p on ω/μ (ωH = M�H ). The circles pinpoint the corresponding maximum.
minimum for BHs on the j = 1 line. If the timescale of the instabil-
ity is larger than the age of the Universe, the hairy BH is effectively 
stable [23]. Effective stability is expected to occur for Mμ � 0.25. 
Interestingly, the “hairiest” BHs are characterised by Mμ ≈ 0.25
(see Table 2) and thus might be stable on cosmological timescales, 
for the appropriate mass range.

Finally, let us comment on three potential limitations of our 
approach. The first one is that we have assumed that the evo-
lution from Kerr into a hairy BH is conservative, unaltering j. If 
5

that would not be the case, and some of the system’s energy is 
dissipated towards infinity by gravitational waves or gravitational 
cooling [41] (i.e. ejection of the bosonic field), would this chal-
lenge the bound? For the Kerr BH, superradiance with dissipation 
(e.g. via the scattering of a massless bosonic field), has a net effect 
of increasing the reduced area A/M2. This implies a reduction of 
j. Thus, it seems likely that also for the hairy BHs any dissipation 
will reduce j further. Accordingly, the bound obtained under the 
assumption of a non–dissipative evolution is a robust, conservative 
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bound. The second potential limitation is that we have obtained 
the bound (1) from a specific set of solutions of BHsSH, namely 
those of the simplest bosonic model, without self–interactions. If 
we allow for self–interactions, is the bound significantly affected? 
Since the bosonic field is small in the region of interest, as it is 
very close to the existence line (cf. Fig. 3), any non–linearities will 
be negligible. Thus, we expect this bound to be universal, in the 
sense of also applying to models with generic self–interactions. In-
deed, a preliminary investigation of the results reported in [31]
confirms this expectation. That work studied BHsSH in a model 
with a massive complex scalar field with a quartic self–interaction, 
while the case of synchronised BH solutions with a self–interacting 
vector field has not yet been considered in the literature. As a final 
possible limitation, we have only considered isolated BHs, avoiding 
the issue of accretion. Accretion is known to spin up BHs and thus 
it may counter–act the effect of superradiance – see e.g. [39,42]. 
Our bound, however, is obtained for BHs with j = 1. For the Kerr 
case, this means no further accretion is possible. A similar sharp 
statement cannot be applied for the hairy BHs, since j can exceed 
unity. Yet, since these are Kerr–like BHs, it seems plausible that the 
impact of accretion may be small.

Declaration of competing interest

The authors declare that they have no known competing finan-
cial interests or personal relationships that could have appeared to 
influence the work reported in this paper.

Acknowledgements

This work is supported by the Center for Astrophysics and Grav-
itation (CENTRA) and by the Center for Research and Development 
in Mathematics and Applications (CIDMA) through the Portuguese 
Foundation for Science and Technology (FCT – Fundação para a 
Ciência e a Tecnologia), references UIDB/00099/2020, UIDB/04106/
2020 and UIDP/04106/2020, and by national funds (OE), through 
FCT, I.P., in the scope of the framework contract foreseen in 
the numbers 4, 5 and 6 of the article 23, of the Decree-Law 
57/2016, of August 29, changed by Law 57/2017, of July 19. 
The authors acknowledge support from the projects CERN/FIS-
PAR/0027/2019 and PTDC/FIS-AST/3041/2020. N. M. Santos is sup-
ported by the FCT grant SFRH/BD/143407/2019. This work has 
further been supported by the European Union’s Horizon 2020 re-
search and innovation (RISE) programme H2020-MSCA-RISE-2017 
Grant No. FunFiCO-777740.

References

[1] K. Akiyama, et al., First M87 Event Horizon Telescope results. I. The shadow of 
the supermassive black hole, Astrophys. J. 875 (1) (2019) L1.

[2] B.P. Abbott, et al., Observation of gravitational waves from a binary black hole 
merger, Phys. Rev. Lett. 116 (6) (2016) 061102.

[3] B.P. Abbott, et al., GWTC-1: a gravitational-wave transient catalog of compact 
binary mergers observed by LIGO and Virgo during the first and second ob-
serving runs, Phys. Rev. X 9 (3) (2019) 031040.

[4] R. Abbott, et al., GWTC-2: compact binary coalescences observed by LIGO and 
Virgo during the first half of the third observing run, Phys. Rev. X 11 (2021) 
021053.

[5] R.P. Kerr, Gravitational field of a spinning mass as an example of algebraically 
special metrics, Phys. Rev. Lett. 11 (1963) 237–238.

[6] B. Carter, Axisymmetric black hole has only two degrees of freedom, Phys. Rev. 
Lett. 26 (1971) 331–333.

[7] D.C. Robinson, Uniqueness of the Kerr black hole, Phys. Rev. Lett. 34 (1975) 
905–906.

[8] P.T. Chrusciel, J. Lopes Costa, M. Heusler, Stationary black holes: uniqueness 
and beyond, Living Rev. Relativ. 15 (2012) 7.

[9] J.D. Bekenstein, Transcendence of the law of baryon-number conservation in 
black hole physics, Phys. Rev. Lett. 28 (1972) 452–455.

[10] C.A.R. Herdeiro, E. Radu, Asymptotically flat black holes with scalar hair: a re-
view, Int. J. Mod. Phys. D 24 (09) (2015) 1542014.

[11] R. Ruffini, J.A. Wheeler, Introducing the black hole, Phys. Today 24 (1) (1971) 
30.

[12] R. Penrose, Gravitational collapse and space-time singularities, Phys. Rev. Lett. 
14 (1965) 57–59.

[13] S.W. Hawking, R. Penrose, The singularities of gravitational collapse and cos-
mology, Proc. R. Soc. Lond. A 314 (1970) 529–548.

[14] R. Brito, V. Cardoso, P. Pani, Superradiance: New Frontiers in Black Hole Physics, 
Lect. Notes Phys., vol. 906, 2015, pp. 1–237.

[15] A. Arvanitaki, S. Dubovsky, Exploring the string axiverse with precision black 
hole physics, Phys. Rev. D 83 (2011) 044026.

[16] K.K.Y. Ng, S. Vitale, O.A. Hannuksela, T.G.F. Li, Constraints on ultralight scalar 
bosons within black hole spin measurements from the LIGO-Virgo GWTC-2, 
Phys. Rev. Lett. 126 (15) (2021) 151102.

[17] C. Yuan, R. Brito, V. Cardoso, Probing ultralight dark matter with future ground-
based gravitational-wave detectors, Phys. Rev. D 104 (4) (2021) 044011.

[18] W.E. East, F. Pretorius, Superradiant instability and backreaction of massive vec-
tor fields around Kerr black holes, Phys. Rev. Lett. 119 (4) (2017) 041101.

[19] C.A.R. Herdeiro, E. Radu, Dynamical formation of Kerr black holes with syn-
chronized hair: an analytic model, Phys. Rev. Lett. 119 (26) (2017) 261101.

[20] C. Herdeiro, E. Radu, H. Rúnarsson, Kerr black holes with Proca hair, Class. 
Quantum Gravity 33 (15) (2016) 154001.

[21] C.A.R. Herdeiro, E. Radu, Kerr black holes with scalar hair, Phys. Rev. Lett. 112 
(2014) 221101.

[22] B. Ganchev, J.E. Santos, Scalar hairy black holes in four dimensions are unstable, 
Phys. Rev. Lett. 120 (17) (2018) 171101.

[23] J.C. Degollado, C.A.R. Herdeiro, E. Radu, Effective stability against superradiance 
of Kerr black holes with synchronised hair, Phys. Lett. B 781 (2018) 651–655.

[24] T.J.M. Zouros, D.M. Eardley, Instabilities of massive scalar perturbations of a 
rotating black hole, Ann. Phys. 118 (1979) 139–155.

[25] S.L. Detweiler, Klein-Gordon equation and rotating black holes, Phys. Rev. D 22 
(1980) 2323–2326.

[26] A. Suárez, V.H. Robles, T. Matos, A review on the scalar field/Bose-Einstein con-
densate dark matter model, Astrophys. Space Sci. Proc. 38 (2014) 107–142.

[27] L. Hui, J.P. Ostriker, S. Tremaine, E. Witten, Ultralight scalars as cosmological 
dark matter, Phys. Rev. D 95 (4) (2017) 043541.

[28] A. Arvanitaki, S. Dimopoulos, S. Dubovsky, N. Kaloper, J. March-Russell, String 
axiverse, Phys. Rev. D 81 (2010) 123530.

[29] F.F. Freitas, C.A.R. Herdeiro, A.P. Morais, A. Onofre, R. Pasechnik, E. Radu, N. 
Sanchis-Gual, R. Santos, Ultralight bosons for strong gravity applications from 
simple Standard Model extensions, Jul. 2021.

[30] S.W. Hawking, Gravitational radiation from colliding black holes, Phys. Rev. Lett. 
26 (1971) 1344–1346.

[31] C.A.R. Herdeiro, E. Radu, H. Rúnarsson, Kerr black holes with self-interacting 
scalar hair: hairier but not heavier, Phys. Rev. D 92 (8) (2015) 084059.

[32] Y.-Q. Wang, Y.-X. Liu, S.-W. Wei, Excited Kerr black holes with scalar hair, Phys. 
Rev. D 99 (6) (2019) 064036.

[33] J.F.M. Delgado, C.A.R. Herdeiro, E. Radu, Kerr black holes with synchronised 
scalar hair and higher azimuthal harmonic index, Phys. Lett. B 792 (2019) 
436–444.

[34] C. Herdeiro, E. Radu, Construction and physical properties of Kerr black holes 
with scalar hair, Class. Quantum Gravity 32 (14) (2015) 144001.

[35] J.F.M. Delgado, C.A.R. Herdeiro, E. Radu, Violations of the Kerr and Reissner-
Nordström bounds: horizon versus asymptotic quantities, Phys. Rev. D 94 (2) 
(2016) 024006.

[36] C.A.R. Herdeiro, E. Radu, How fast can a black hole rotate?, Int. J. Mod. Phys. D 
24 (12) (2015) 1544022.

[37] N.M. Santos, C.L. Benone, L.C.B. Crispino, C.A.R. Herdeiro, E. Radu, Black holes 
with synchronised Proca hair: linear clouds and fundamental non-linear solu-
tions, J. High Energy Phys. 07 (2020) 010.

[38] S. Hod, Stationary scalar clouds around rotating black holes, Phys. Rev. D 86 
(2012) 104026, Erratum: Phys. Rev. D 86 (2012) 129902.

[39] N. Sanchis-Gual, M. Zilhão, C. Herdeiro, F. Di Giovanni, J.A. Font, E. Radu, 
Synchronized gravitational atoms from mergers of bosonic stars, Phys. Rev. D 
102 (10) (2020) 101504.

[40] P.V.P. Cunha, C.A.R. Herdeiro, E. Radu, EHT constraint on the ultralight scalar 
hair of the M87 supermassive black hole, Universe 5 (12) (2019) 220.

[41] E. Seidel, W.-M. Suen, Formation of solitonic stars through gravitational cooling, 
Phys. Rev. Lett. 72 (1994) 2516–2519.

[42] R. Brito, V. Cardoso, P. Pani, Black holes as particle detectors: evolution of su-
perradiant instabilities, Class. Quantum Gravity 32 (13) (2015) 134001.
6

http://refhub.elsevier.com/S0370-2693(21)00775-9/bib50B2082F20350CD0A8827B70645A6258s1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib50B2082F20350CD0A8827B70645A6258s1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib596EACE5D441A2B2FC6BFD28DCBDB213s1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib596EACE5D441A2B2FC6BFD28DCBDB213s1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib2B38A0239FD066C7180AE83BC42C0860s1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib2B38A0239FD066C7180AE83BC42C0860s1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib2B38A0239FD066C7180AE83BC42C0860s1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib919DDAE529DEEBA5D8AE6C5918C5190Bs1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib919DDAE529DEEBA5D8AE6C5918C5190Bs1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib919DDAE529DEEBA5D8AE6C5918C5190Bs1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib8D35E0A74CD107F972A1FF2ADB03E57Bs1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib8D35E0A74CD107F972A1FF2ADB03E57Bs1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib011DBC57F92846AF76041F443D523A0Fs1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib011DBC57F92846AF76041F443D523A0Fs1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib2BA332FFF9B624526A55C66D96383085s1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib2BA332FFF9B624526A55C66D96383085s1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib57B92559E15D283ECB3EDAE86084D9CAs1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib57B92559E15D283ECB3EDAE86084D9CAs1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib779E5BA325687E5940EBB1F35635E6CBs1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib779E5BA325687E5940EBB1F35635E6CBs1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib93B0D6ECBE5365940ABA05E1D8B4C444s1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib93B0D6ECBE5365940ABA05E1D8B4C444s1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bibD7FB20BD448B67D100656DE46B1944EEs1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bibD7FB20BD448B67D100656DE46B1944EEs1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib29D75830AC15E65301006253D5569FA0s1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib29D75830AC15E65301006253D5569FA0s1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bibF259AF065FC94CDD5F210F18A3B9547Ds1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bibF259AF065FC94CDD5F210F18A3B9547Ds1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bibAB45D10EA0BDA730178C96600D96A0A9s1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bibAB45D10EA0BDA730178C96600D96A0A9s1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib0D877392FE8F8FFDD73D94A63AB0782Bs1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib0D877392FE8F8FFDD73D94A63AB0782Bs1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bibF335C819E9D46BDC7767FB5515B7CA1Cs1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bibF335C819E9D46BDC7767FB5515B7CA1Cs1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bibF335C819E9D46BDC7767FB5515B7CA1Cs1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bibF4A4FFABA19C538CB71984744470D0DEs1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bibF4A4FFABA19C538CB71984744470D0DEs1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib231A7E8E88E881B465E4A33B52DBFFADs1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib231A7E8E88E881B465E4A33B52DBFFADs1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib3056F9C33A3EAECF41E849203CD7FAF0s1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib3056F9C33A3EAECF41E849203CD7FAF0s1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib7E412A737FD1007D57E2A4C260B68B2Fs1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib7E412A737FD1007D57E2A4C260B68B2Fs1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib87B0F0670C15DFCAB29A14E5D1E60540s1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib87B0F0670C15DFCAB29A14E5D1E60540s1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib9F40E02AA59A623D7C2749B6E201C012s1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib9F40E02AA59A623D7C2749B6E201C012s1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bibBEEE8D8509138C19736B4A3983B431DCs1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bibBEEE8D8509138C19736B4A3983B431DCs1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib8CAE230A90410C79EA6F6B5857E40B87s1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib8CAE230A90410C79EA6F6B5857E40B87s1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bibFC09253A8DC837232385435DC89292CBs1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bibFC09253A8DC837232385435DC89292CBs1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib676CDA9A5CBB4D00BA49A4FE3F3CE2D1s1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib676CDA9A5CBB4D00BA49A4FE3F3CE2D1s1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib77ADD2F41B94CBF55246D5A6C3ACF624s1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib77ADD2F41B94CBF55246D5A6C3ACF624s1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bibD96ADC9AF8F27AA77CF8C3A86EA15BC1s1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bibD96ADC9AF8F27AA77CF8C3A86EA15BC1s1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib83471E00188D8DE26053FEBDBA7FCC42s1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib83471E00188D8DE26053FEBDBA7FCC42s1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib0233E27ADF88094239B129B4585C43B8s1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib0233E27ADF88094239B129B4585C43B8s1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bibF00F6FBD22EF08FF29F734CF16A4F4D7s1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bibF00F6FBD22EF08FF29F734CF16A4F4D7s1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib00898C2537478DDBF6D806DF247BDF10s1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib00898C2537478DDBF6D806DF247BDF10s1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib00898C2537478DDBF6D806DF247BDF10s1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib50C887843A241A71EE848F82776774B5s1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib50C887843A241A71EE848F82776774B5s1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bibF5281A7DB277F720B7801348141E7E66s1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bibF5281A7DB277F720B7801348141E7E66s1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bibF5281A7DB277F720B7801348141E7E66s1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib54B2312F6BB6FA21C5F190E86534681Cs1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib54B2312F6BB6FA21C5F190E86534681Cs1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib93BEADD9B6942B0C3C98581F6ED86832s1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib93BEADD9B6942B0C3C98581F6ED86832s1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib93BEADD9B6942B0C3C98581F6ED86832s1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bibB5A34AC26CF80A70EABA6DC80918BF00s1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bibB5A34AC26CF80A70EABA6DC80918BF00s1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bibD0868B5B2DB968DA9AF16CBB5B16EDF0s1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bibD0868B5B2DB968DA9AF16CBB5B16EDF0s1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bibD0868B5B2DB968DA9AF16CBB5B16EDF0s1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bibCE0FD50E1D1D68DB7F010CBA7FA9BA2Bs1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bibCE0FD50E1D1D68DB7F010CBA7FA9BA2Bs1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib694FC36592D98251F0848E90DD363B25s1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bib694FC36592D98251F0848E90DD363B25s1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bibAAFA832FB1A61311C6DD0DBD8F94F69Cs1
http://refhub.elsevier.com/S0370-2693(21)00775-9/bibAAFA832FB1A61311C6DD0DBD8F94F69Cs1

	A bound on energy extraction (and hairiness) from superradiance
	1 Introduction
	2 Black holes with synchronised hair
	3 Domain of existence
	4 Analytic bounds on ‘‘hairiness’’ for j≤≤≤1
	5 A bound on ‘‘hairiness’’ from scanning BHsSH
	6 Remarks
	Declaration of competing interest
	Acknowledgements
	References


