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Abstract

In this paper, we consider the time-fractional telegraph equation of distributed order in higher spatial
dimensions, where the time derivative is in the sense of Hilfer, thus interpolating between the Riemann-
Liouville and the Caputo fractional derivatives. By employing the techniques of the Fourier, Laplace, and
Mellin transforms, we obtain a representation of the solution of the Cauchy problem associated with the
equation in terms of convolutions involving functions that are Laplace integrals of Fox H-functions. Fractional
moments of the first fundamental solution are computed and for the special case of double-order distributed
it is analyzed in detail the asymptotic behavior of the second-order moment, by application of the Tauberian
Theorem. Finally, we exhibit plots of the variance showing its behavior for short and long times, and for
different choices of the parameters along small dimensions.
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1 Introduction

Distributed-order fractional calculus (DOFC) is a branch of fractional calculus important for the modeling of
complex systems. It generalizes the constant fractional operators by integrating the fractional kernel of these
operators over an extended range of orders. The fractional differential operator of distributed order, for orders
not great than 2, is given by

u da

DO‘:/ b () dt—ada, 0<i<u<2, b(a)>0
1

where ;t—i stands for a single-order fractional derivative and b («) is a non-negative weight function or generalized

function. DOFC takes into account the superposition of orders and is a useful tool for modeling decelerating

anomalous diffusion, ultraslow diffusive processes and strong anomaly (see e.g [I11[37]). DOFC models systems

whose behavior stems from the complex interplay and superposition of nonlocal and memory effects occurring
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over a multitude of scales [52]. Over the last two decades, a significant number of papers appeared focusing
on mathematical aspects and real-world applications of fractional partial differential equations with distributed
order, see e.g., [1L[21[8/[1212213013134.36,37,[44,[49]57] for mathematical aspects, [29,43] for applications, and the
review paper [I3] about the mathematics of DOFC, including analytical, numerical methods, and the extensive
overview of the recent applications of DOFC to fields like transport processes, and control theory. Moreover,
DOFC was applied also in the study of composite materials [BL[7] and viscoelastic materials having spatially
varying properties [35].

The classical telegraph equation was first derived by Lord Kelvin in the 19th century [58]. It is a hyperbolic
partial differential equation of the form

co Ofu (,t) + €1 0pu (2, 1) — § Onpu (x,t) + du(z,t) = q(2,1), xR, t>0.

This equation was proposed by Cattaneo in 1958 (see [I0]) to overcome the problem of infinite propagation
velocity in heat transmission. Over the years, this equation and its time-fractional versions appeared in the
study of several phenomena such as transmission lines for all frequencies [24], random walks [3], solar particle
transport [14], oceanic diffusion [45], wave propagation [65], damped small vibrations, anomalous diffusion and
wave-like processes [4,38,[46,47], scalar part of the Maxwell equations.

The TFTE with time-fractional derivatives of orders oy €]0,1] and as €]1, 2] was studied from the analytical,
numerical, and probabilistic points of view by several authors. In [9], Cascaval et al. discussed the well-posedness
of some initial-boundary value problems for the TFTE as well as the asymptotic behaviour of their solutions.
In [47] the authors studied the neutral case of the TFTE and obtained an explicit Fourier representation of the
fundamental solution (FS) and made a probabilistic interpretation of the F'S in terms of stable probability density
functions. Particular attention was given to the case a3 = 1/2 and «s = 1 due to its connection of the telegraph
process with Brownian motion. Some of these results were generalized by Camargo et al. in [6] for general o
and s and studied later by Boyadjiev and Luchko in [4]. In [54], the authors considered a generalized telegraph
equation with time-fractional derivatives in the Hilfer and Hadamard senses and space-fractional derivatives are
in the sense of Riesz-Feller. Gérska et al (see [23]) considered various types of generalized telegraph equations
and determine the conditions under which solutions can be recognized as probability density distributions.

The works [I5HI8|46148[64] are examples of works devoted to the study of the TFTE in the multidimensional
case with n space variables, where in some cases the second derivative in space is replaced by the Euclidean
Laplace operator. In [46] the authors solved the multi-dimensional TFTE with multi-term time-fractional
derivatives and proved that its fundamental solution is the law of a stable isotropic multi-dimensional process
time-changed. Ovidio et al [48] constructed compositions of vector processes whose distribution is related to
space-time fractional n-dimensional telegraph equations. We refer also the works of Masoliver and his co-workers
about the TFTE and its connections with random walks (see [39H42]), and the recent survey paper [38] where
is presented a very complete review of the fractional telegraph process. In [I6,[I8] were employed Fourier,
Laplace and Mellin transform techniques to obtain the first and second FS. Moreover, the application of the
Residue Theorem allows obtaining double series representation for the FS of the TFTE in higher dimensions.
Connections of the TFTE with fractional Clifford analysis and Sturm-Liouville theory were presented in [17]
and [15].

In our recent paper [63] we studied the time-fractional telegraph equation with generalized distributed order
in R® x R* finding a representation of the fundamental solution in terms of convolutions involving Fox H-
functions. In this work, we extend our analysis to time-fractional telegraph equations of distributed order
with Hilfer (or composite) time-fractional derivatives. Hilfer’s derivative ;D" was defined by Hilfer as a
two-parameter family of fractional derivatives of order v > 0 and type v € [0, 1] given by

108 ) 0.

where I, denotes the left Riemann-Liouville fractional integral of order v > 0 (see (II) in Section ). The Hilfer

v vim-— d
(03 0 = (15

fractional derivative allows to interpolate smoothly between the Riemann-Liouville and the Caputo fractional
derivatives (see [26][28,[29]). These special cases are obtained when v = 0 and v = 1, respectively. The type-
parameter produces more stationary states, provides an extra degree of freedom on the initial condition, and
increases the flexibility for the description of complex data. It was first used by Hilfer to describe the dynamics
in glass formers over an extremely large-frequency window [27]. During the last years fractional differential



equations with composite derivatives were studied by several authors, see e.g., [2563H56L60H62]. In these works
the equations are considered in R x R™, i.e., one single space variable and one time variable. Here, we consider
the telegraph equation of distributed order with Hilfer time-fractional derivatives in the higher dimensional
case, i.e., R® x RT.

The paper is organized as follows. In Section 2 we recall some basic facts about fractional derivatives,
integral transforms, and special functions, which are necessary for the development of this work. In Section
3 we formulate the problem of generalized distributed order telegraph equation for general density functions.
Following the ideas presented in [63], we use a combination of Laplace, Fourier, and Mellin transforms to obtain a
representation of the solution of our equation via convolution integrals involving Fox H-functions. The key points
to obtain our main result are the use of the classical Titchmarsh’s Theorem to invert the Laplace transform,
and the use of the Mellin transform to invert the Fourier transform. Some particular cases of our equation
are analyzed by considering specific choices of the parameters of the equation. In Section ] we compute the
expression of the fractional moments of arbitrary order of the first fundamental solution in the Laplace domain.
For the particular case of single-order derivatives, we invert the Laplace transform of the second-order moment
obtaining an expression in terms of the three-parameter Mittag-Lefler function. For numerical purposes, we
study the corresponding asymptotic behavior of the second-order moment in the time domain for the long and
short time limit, by using the Tauberian Theorem. In the final part of the paper, we present and analyze some
plots of the second-order moment for this particular case. As it will be shown the graphical representations
support the analytical conclusions obtained via the Tauberian Theorem.

2 Preliminaries

Let a,b € R with a < b and o > 0. The left Riemann-Liouville fractional integral I/, of order v > 0 is given by
(see [32])

(I f) (x) = T (17) /a @ f(ww))l,y dw, x> a.

The left Hilfer (or composite) fractional derivative thf of order v > 0 and type 0 < v < 1 is given by
(see [26,128]129])

(03en) 0 = (55 (B8 ) @), 1)

where m = [y] + 1 and [y] means the integer part of 4. We observe that in the case when v = 0 we recover
the left Riemann-Liouville fractional derivative and in the case when v = 1 we have the left Caputo fractional
derivative. The previous definitions of fractional integrals and derivatives can be naturally extended to R"™
considering partial fractional integrals and derivatives (see Chapter 5 in [51]).

In this work, some integral transforms are used, namely, the Laplace, the Fourier, and the Mellin transforms.
The Laplace transform of a real-valued function f (¢) is defined by (see [32])

~ o0
LU} ) =Fls) = / e f(t) dt, Re(s) € C

and when it is applied to () leads to (see [25])

-1

LLDYET O} ) =57 Fio) = 3 s [ (a0 ) (o), 2
5=0

dtF
inverse Laplace transform of functions involving a branch point, we have the following theorem from Titchmarsh

(see [59]).

where the initial-value terms [ﬂ (tléf”)(mfwf)} (0T) are evaluated in the limit ¢ — 07. Concerning the

Theorem 2.1 Let f(s) be an analytic function which has a branch cut on the real negative semiaxis, which
has the following properties

Fl) =0, |s|— oo f<s>=0(§), s = 0,



for any sector |arg (s)| < m —n, where 0 < n < w. Then the inverse Laplace transform of f(s) s given by

s = {Fepo -1 [ et (F (e ) an

™

where Im (+) denotes the imaginary part.

The convolution of two integrable functions f and g with support in [0, +00) is defined by

t
(Fr)® = [ fle-w gl du,  teRr 3)
0
and the Convolution Theorem for the Laplace transform is given by

L{(f*9) @)} (s) = L{f}(s) L{g} (s). (4)

The n-dimensional Fourier transform of a real-valued integrable function f in R™ is defined by (see [32])

FU @) (5) = () :/ ¢% f(z) dr, K ER",

n

while the corresponding inverse Fourier transform is given formally by
~ 1 . ~
@ =7 {F} @) = gor [ e T de ser (5)
(2m) n
The convolution operator of two functions in R™ is defined by the integral
(f *2 9) (x) = A fle=2)g(z)dz, zeR" (6)
and the Convolution Theorem for the Fourier transform is given by
FAS *2 9) ()} () = F{f} (5) F {g} (%) (7)
For the n-dimensional Laplace operator A, = > 1, aa—; we have (see formula (1.3.32) in [32])

F{Aof (2)} (5) = = |62 F{f (2)} (5). (8)

Another integral transform that we use in this work is the Mellin transform. For f locally integrable on ]0, +o00[
it is defined by (see [32])

+oo
MU @) =) = [ et f) e sec, (9)
and the inverse Mellin transform is given by
1 y+ico
) =M O ) =5 [ w e ds w0y =Re(s). (10)
y—i00

The condition for the existence of (@) is that —p < v < —¢ (called the fundamental strip), where p, g, are the
order of f at the origin and oo, respectively. The integration in (0] is performed along the imaginary axis and
the result does not depend on the choice of v inside the fundamental strip. For more information about this
transform and its properties, see e.g., [32]. The Mellin convolution between two functions is defined by

x

o) = [ £(2) ot 2 1)

u u
and satisfies the Mellin Convolution Theorem (see formula (1.4.40) in [32])
MAS xm g} (s) = MA{[}(s) M{g}(s).

The following relation holds (see (1.4.30) in [32])

ms ()} =min . (12)



The solution of the time-fractional telegraph equation of distributed order obtained in this work involves
the Fox H-function H %" which is defined, via a Mellin-Barnes type integral, by (see [33])

P

e | (a1, o1),...,(ap, op) / L(bj+Bjs) [T, T (1—a; — a;s) —ds, (13)
" (b1, B1) -+, (bgs By) " 2 Hl g1 T (@i +ais) Ty T(1 =05 = Bjs)

where a;,b; € C, and «;,8; € RT, fori=1,...,pand j =1,...,¢, and C is a suitable contour in the complex

plane separating the poles of the two factors in the numerator (see [33]). The expression of the second-order
moment in Section [A1]is presented in terms of the three parameter Mittag-Leffler function ng 5, (2) (see [21]),
which is defined, in terms of power series, by

E

" = — R 14
a,ﬂ(z) ];)k'l—‘(ak—i—ﬁ)’ ZGC, O[,ﬂ,’)/e ) O[>0, ( )

where (), is the Pochhammer symbol.

Throughout the paper, we assume that all the involved functions are Laplace and Fourier transformable.

3 Generalized time-fractional telegraph equation of distributed or-
der

In this work we consider the following generalized time-fractional telegraph equation of distributed order
1 2 1,1
[ [ o) dirun asar +a [ [ oo 0pu e dods
o J1 o Jo
— & Ngu(2,t) + d*u(x,t) = q(z,1), (15)

for given weight functions b (8,v) > 0 and by (o, p) > 0, satisfying

1 2 1 1
| [nenaw=c [ [ e dada-c. (16)
0 1 0 0

and subject to the following initial and boundary conditions

(tféi_”)(l_a)U) (2,0%) = f (), (tfo(i_u)@_ﬂ)u) (z,0%) = g1 () (17)
{gt ( I( M2=F) )] (z,07) = g2 (2), |I|linioou(x ,t) =0, (18)

where (z, t) € R" x RT, A, is the classical Laplace operator in R", the partial time-fractional derivatives of
order 8 €]1,2] and « €10, 1], and types p, v € [0, 1] are in the Hilfer sense and given by (@), a € R{, ¢ € R\ {0},
d € R, and Cy,Cy € RT. The positive constants C; and Cy can be taken as 1 if we assume the normalization
condition for the integrals (I6). Moreover, ¢ belongs to Ly (R™ x I), and f,g1,92 € L1 (R™). We look for
solutions u (x,t) of our problem in the space C? (R™) x C? (0, +00) with possible exception at z = 0.

3.1 Solution in the Fourier-Laplace Domain

In order to analytically determine the solution of ([IH)-({I8) in the space-time domain we start applying the
Fourier and Laplace transforms to (I5) and solve the equation in the Fourier-Laplace domain. After that, there
are two alternative strategies related to the order in carrying out the inversions of the Fourier and Laplace
transforms are performed (see [37)):

(S1) invert the Fourier transform, yielding @ (x, s), and then invert the Laplace transform of the result.

(S2) invert the Laplace transform, yielding @ (k, ¢), and then invert the Fourier transform of the result.



In this work, we consider the strategy (S2) where the inversion of the Laplace transform is performed via
the classical Titchmarsh’s Theorem, and the inversion of the Fourier transform is performed via the Mellin
transform.

we start by applying in (IE]) the Laplace transform with respect to the variable ¢t € R™ and the n-dimensional
Fourier transform with respect to the variable 2 € R™. Taking into account relations (2] and (), and the initial
conditions in (I7)-(X)), we obtain

N 1,2 1 2
@ () /O /1 ba (8,v) * dB dv — 1 (x) /0 /1 ba (B,v) 829 4B du
1 2 1 1
by (B,v) s7V2=P dBd (k, by (o, 1) s* doed
W [ s Biv-taii(ns) [ b s dod

aF ) [ [ b s dadiok ¢ 0 B (s) + R 0,9) = (9),
0 0

which is equivalent to

(s) g1 (k) (BS (s) — ‘Z—z)

) Bi (s
L&)+ A T ST (B2 () + B (5) + |nPP)

= G
)+ B

By (s

2 () (B3 (5) - %) G(s.9)

g
"B S+ Bi(s) t 52 2 (Ba(s) + Bi(s) + AP)

where fand g; are the Fourier transforms of the functions f and g;, respectively, and

1 2 1 1
Bz<s>cé</0 / bz(ﬂ,V)sﬁdﬂdv+d2>, Bl<s>(j%/0/0b1<a,u>sadadu, (20)

1 1 2
B;(s) =3 (/O /1 by (B,v) s—V<2—ﬂ>dﬂdy+d2), Bi(s) = 5 / / by (o, p) sTPE" D dadpu.  (21)

Remark 3.1 When p=v =1, i.e., the telegraph equation has only Caputo fractional derivatives, we have the
following relations between [20) and (21))

B =B e B -G = (B - ).

The previous relations combined with the fact that (7)) and ([I8) reduce to

ou

u(ac,()):f(ac), u(‘rao):gl(‘r)a 815 (‘T 0)_92($)a
ie., f=g1 whenv=p=1, allow us to reduce the expression [IJ) to the correspondent one obtained in [63).

3.2 Solution in the space-time domain

In this section we perform the inversion of the Laplace and Fourier transforms in order to obtain our solution
in the space-time domain. Let us consider the following auxiliary functions in the Laplace domain

- B

Ul (fi, S) = 32 (S) + B1 (S) + |I€|27 (22)
. B (9
Us (k,8) = v (Ba (s) + By (s) + |#]2)’ (23)
a3 (’iv S) : (24)

P (Ba (s) + Bi(s) + |s[?)’



with p =0 or p = —1. To further proceed we make the following additional assumption:
(H1): The functions 5]- (fi, Te”) ,7 =1,2,3 are in the conditions of Theorem 2] (25)

Assumption (H1) holds for the particular cases we consider later on. Applying Theorem 2.0l we have

1

+oo 5 )
uj (k,t) = = /o e "' Im (ﬂj (n,re”)) dr, j=1,2,3. (26)

To evaluate the imaginary parts of the functions @ (FL, re”), j=1,2,3, along the ray s = re’™, with » > 0, we
consider the following polar decompositions

| pr = |Bi (re'™)]
By (re'™) = pi (cos (ym) + i sin (yw)) = 1 _ , =12 (27)
v = = arg (Bl (re”))

| pi = |Bi (re™)]
By (re'™) = p; (cos (yim) + i sin (/7)) = 1 ' , =12 (28)
i = Lo (5 (o)

After straightforward calculations, we obtain the following expressions

pi [(A+ |5?) sin (177) — B cos (7m)]

Im {7, (k,re’™) t =Ky (|6|,r) = 5 , (29)
{ } {(AaL |n|2) +B2]

Im {52 (m,rei”)} Ko (p, 5], 1) = P35 [(A + |:‘€|2) sin (y5) —QB cos (’Y;TF)} ’ (30)

(o [(a )+ 2]

Im { @ (k,re'™) b = K5 (p,|6],7) = -5 5 ) (31)

{ 3 } 3P ()P [(A+|H|2) JrBQ}
where
A = pacos (y2m) + p1 cos (y17) and B = pasin (yom) + p1 sin (v 7). (32)

Remark 3.2 Taking into account Remark[31, when p = v = 1 we have, by straightforward calculations, the

following relations

ps =177 p2 pi=1r""p
and

V5 =72 7 =14+m

Applying the inverse Laplace transform to (I9) and taking into account (28], (29), (30), and (3I), we obtain

u(k,t) = fA;_H) /O+OO e " Ky (s, r) dr
- @ /OJFOO e "t {Kz (-1, |k|,r) — i—i Ks (-1, x| ,T):| dr
- @ /OJFOO e "t {Kz 0,|x|,r) — Ccl—ng (0, |~ ,T)] dr
Sl | e K (0] 1) (33)



where x; is given by (@) and in the last term me made use of (). For the inversion of the Fourier transform,
taking into account (Bl) and (@), we obtain

u@;ﬂf@ﬂ*thl{%tA+we_”KﬁﬂnLr)m}(xj)
—glﬁﬂ*thl{%‘é+we_” P@(—14mpr)—§§zg(—14m,m}dr}@mﬂ
—ggﬁﬂ*thl{%‘é+we_”[Kﬁ@ﬁmhr}—%;Kgmﬁm,ﬂ]dr}@;ﬂ

1

mc?

—q(z,t) % %, ]-'_1{ /Om e " K3 (0, |k|,7) dr} (z). (34)

Using the following formula presented in [51] for the inverse Fourier transform of L;-functions

. o R n
@;ﬁpéneﬂmmwﬂﬁndﬁzz&;ﬂEué o (w) w g1 (jw) dw, (35)

and since we are dealing with radial functions in &, ([84]) can be rewritten as

u (z,t)

1 |x|17% +oo  ptoo ;
=——f(z) % m / / e Ky (w,r) drw? Jo _y (lz|w) dw
™ 2 0 0

1 e R Sl & n
L0 () * - | e K, (—1,w,r)—c—2K3 (=Lw,r)| drw? Jz_1 (|z|w) dw

1 lg|'72  proe pteo d> .
— = go (7) %, / / e "t [Kg (0,w,r) — — K3 (O,w,r)] drw? Ja_q (|z|w) dw
™ 0 0 C

L (x,t) % % 2] /+0° /Jrooe_”K (0,w,r) drw? Jo_y (Jz|w) dw
WCQQ ) t ¥z (27r)% ) A 3 (U, w, |

1 +oo lz|'72 [T .
=—=f(z) % / e Ky (w,r) w2 Jo_q (|z|w) dw dr
0 2

(2m) 0
I
AR /m_ﬁlxll_%/m-K(l )= L Ky (L, w? g (] w) dw d
ngac 1_0 e (270% A i 2 , W, T 2 3 ,w,r)| w 2 (|z|w) aw ar

Iz

1 e el TE e d? "
-9 () *4 / I — / K> (0,w,r) — = K3 (O,w,r)] w2 Jz 1 (|z|w) dw dr
0 0 L

I3

1 oo El N e .
— ——=q(x,t) %4 %4 /0 et /o K3 (0,w,7) w? Jn 1 (Jz|w) dw dr|. (36)

Is



To compute explicitly Iy, Ia, I3, and I4 in ([B6) we are going to use the Mellin transform. First, we rewrite

these integrals as a Mellin convolution (IIJ). In fact, considering the following auxiliary functions
d2
g1 (w) = K3 (w,r), 92 (w) = Ko (=1, w,r) — = Ks(—-1,w,r),

d2
g3 (’U.)) = K2 (05 w, 7’) - 75 K3 (05 w, 7’) ) g4 (’U_)) = K3 (O,UJ,T) )

2
1 1

fw) = 5 "1‘]31(_)7
e [ wit w

we have for i =1,2,3,4

(2m)*® |2
e A 2
T (2n)f / gi (w) w¥ T3y (2| w) dw (37)
From the relations (I2) and (III), we have for i = 1,2, 3,4
w53 6) = Mg 1) (77 ) 6 = M0} (-5) M) ()
which is equivalent to
M{Il} (_S) :M{gi} (S) M{f} (S)a i1=1,2,3,4. (38)

Now, we compute the Mellin transforms that appear in (38). The Mellin transform of the function f was already
calculated in [63] (see formula (43)):

MAS} () =~ I(n—s)

n nt+l—s s\’ (39)
T " 2not T (5=2) T (3)

To compute the Mellin transform of the function g1, we take into account (@), ([29), and ([B2), obtaining

+oo
Mg} (s) = / w1 Ky (w, ) dw

dw

_ /+°° el Pt [(A + w?) sin (y{7) — B cos ('yi"w)}
0 (A+w?)® + B2
+oo s+1
w
= p¥ sin (Vi S — Y
P1 (71 )/0 (A+w2)2+32

wsfl

“+o0
+ p1 [A sin (yf7) — B cos (i / — duw. 40
§ [A sin (vim) R v e (40)
Considering the change of variables w? = z in (@) we obtain
4 ]
2424z + A2+ B2

Is

—+oo
Mg} (s) = i sin () /

2371

dz .
22 4+ 2Az + A? 4+ B2 *

Ig

+oo
+0} [Asin (i) = B cos (17m)] [
0




Integrals I and I were already calculated in [63] (see formulas (49) and (50)). Therefore, we have that

(
T PA+35)TA-(1+3)) 0 N3
RO () ralg) O

(42)
and
m LG r-s 2, p2yi-l
PR r(-seon) )
where

A
= arccos [ ———— | .
v <v A2+ B 2)
Hence, from [#2)) and [#3]) we conclude that [{@I]) takes the form

s _ Tl Sin(ﬁ”)r(l"'%)r(l_(l"‘%)) 2 2
M{gl}()* QSin(’L/J) F(%)F(l—%) (A +B)

4=.|m
I\i

 mpi [A sin (i) — B cos (y{m)
2sin (¥)

> A+ BT 4h)
Nr(-zgon) T

Now, we calculate the Mellin transform of go. Taking into account (@), (B0), BI), B2), and @) we get

M{g2} (s)

+oo d2
= / w T Ky (=1, w,7) dw — —
0

2z, w' ™ K3 (=1, w,7) dw
_ /+oo et p5 [(A+ w?) sin (y37) — B cos (y3m)] e d—z /+00 et -B dw (46)
0 (=17 [(A+w?) + B?] & Jo (=) [(A+w?) + B2

“+o00 ws-‘,—l
——rpysin () [
0

+oo ,ws—l
——dw —rp5 [Asin (y57) — Bcos (yom / —dw
A+w2)2+32 P2[ (72 ) (72 )] o (A+w2)2+32
Td2 +oo ,ws—l
5 / 5 dw
¢ o (A+w?)"+ B2

“+o0 werl
= —rpysin (57w / _
i) [ o

dw

rps c? [Asin (y37) — ws™!

c2

B x d*B [t
cos (gm)l 7 / —  _dw. (47)
o (A+w?)”+ B2
Considering the change of variables w? = z in (@Z]), we obtain

Nlw

rpssin (y3m) [T z
M{gQ}(s):_ 9 /O 22+2AZ+A2+B2dZ

rph c® [Asin (y37) — Beos (v

)] +Td2 /+OO z%_l
202 0

dz. 48
2+2Az+ A2+ B2 (48)
The two integrals in ([48)) correspond to Iy and Is. Hence, from [{@2) and @3] we arrive to

. Cmrpysin(um) T(A+35)T(A-(143%) , 5 gy i1
M{g2}(s) = 2sin () F(%)F(l—%) (A +B)

LT [p5 ¢® [Asin (v3m) — Bceos (y3m)] + d*B]
2¢2 sin (¥)

10



For the calculation of the Mellin transform of g3 we use @), B0), B1),B32), and @) to get
M {gs} ()

+o0 d2 [t
= / w*™! Ko (0, w,7) dw — — / w* ™t K3 (0, w,r) dw
0 ¢ Jo

[t 1 p5 [(A+ w?) sin (y37) — B cos (y3m)] N i o1 _B »
- /O /0 — T dw.  (50)

2 dw — - 3
(=) [(4+ w2+ B c At w?)? + B2
Expression (B0) is very similar to (46]) with a difference in the power of —r. However, this exponent does not

affect any of the performed calculations in obtaining ([@9). Then we get
—mpssin(ygm) T(1+3) D(1—(143))

M {gs} (s) = L2 (4% + B2
2 s s
WO r(2)1(-2)
o [05 ¢? [Asin (y37) — Beos (y3m)] + d*B] () ra-:s) (42 + B2)571
2 gi S S ’
2efsin (¢) rEs-0)r(i-2G-1)
(51)
Finally, we calculate the Mellin transform of g4. Taking into account (@), B1II), (32), and (@) we get
+oo N +oo ws—1
M{ga} (s) :/ w®™ " K3 (0,w,r) dw = —B / ——— dw. (52)
0 0o (A+w?)?+ B2
Considering the change of variables w? = z in (52)), we obtain
B [T z271
MAga}(s) = =5 /0 TraL AT % (53)
The integral in (B3) corresponds to the integral Is. Hence, from ([@3)) we arrive to
Brm ') r(r-:2 5_1
M{g4}(s) (2) ( 2) (A2+BQ)4 . (54)

=32

W T (2 G-10) (-G 1)
Now, using the inverse Mellin transform (I0)) applied to ([B8]), we obtain the representation of the integrals Iy,
I, I3, and I in terms of Mellin-Barnes integrals and, consequently, as Fox H-functions. For the integral Iy,

taking into account (IQ), (32), (4H), and B9J)), we obtain

1 —S
4

_1 , _
1 —pi sin(yim) (A2+B?%) % 1 /7"'“’0 F(1+%)T(n—s)I(-%) (A? + B?) J
- no3 g 2mi ; S S n s S 5
7 2lal)" sin@) 2 S T(3) T (82) T (2 - 5) T (1 £2) i
P [Asin(him) = B cos (vim)] (42 + B?)
T (22)" sin ()
L /”m F(n—s)T(1-3) (2B
X — S
TS (24 g) (o T1eE o) W
which is equivalent, by ([I3]), to the following expression in terms of Fox H-functions
1 1
_1 1 (1 —n, 1)) (15 _) ) (Oa _) 9 (Oa i)
I —p} sin (vim) (A2 4+ B?) 2 12 (A2 4 B2)71 2 2 2m
1= n— n . s -_—
'3 @2la) sm() E AN AN A
T2 2 2/ " 2w
1
-1 1 (1 - n, 1)) <0a _) ) <%a i)
_ pi[Asin(yim) — B cos (yim)] (4% + B?) o2 | (424827 2 27
75 (2 |2))" sin () 2 |z] 1-n 1 U
2 72)7 T 27
(55)

11



For the integral I, taking into account (I0)), (32), [@J), and ([BY), we obtain

ST TR N VS T VRSOR M (92 ) I
2 = n—3 n_ . P
U @lal)" sin (@) 2 S T (3) T (82) T (2 -5) T (1- ) =
7 [p5 ¢? (A sin(y3m) — B cos (y3m)) + Bd?] (A% + B2)71
"5 (2]a])" sin (4)

1 /W’OO L(n—s)T(1-3%) (A?+B?)*i ) p

— S

2mi oo T(—24+ )T (22 -5 T (1+2-£2) &l

which is equivalent, by ([I3]), to the following expression in terms of Fox H-functions
1 1
1 (1 - n, 1)7 (17 _) ) (Oa _) s (0; i)
rp3 sin (v3m) (A% 4+ B?) 12| (A24B2)71 2 2 2m
4,3

77 (2]x))" sin () e (17 %) ) <12n’ %) ’ (0’ %)

-1

1
2

I, =

7 [p3c® (A sin (v37) — B cos (v3m)) + Bd?] (A% + B?)
277 (2[a])” sin (1)

(424 B2) 77 (L—n,1), (0, %) (_% %)

2] 1-n 1 v ¢
(5%3) (5 5)

Due to the similarities between go and g3 (and consequently between Iz and I3) we have that

1 1 ¥
Fe| e oy (1’ 5)’ (0’ 5)’ (0’ %)

—p5 sin (y3m) (A% + B?) 1,2
4,3

w77 (2]e])” sin (v) A T T T el B G
525 272’ ,27'('

—1

0,2
x Hgz’

I3 =

B [p5 ¢? (A sin (y3m) — B cos (y3m)) + Bd?] (A* + B?)
re (2]e])" sin ()

1
9 9 1 (1 -n, 1)7 (07 5) ) <% 2£>
« HO2 (A2 +B?) ¢ .

’ ] 1-n 1 "
(543) (5=

Finally, for the integral 14, taking into account (I0), 32)), (54), and (B9), we obtain

B(A+B) " 1 /W’OO T(n—s)T(1-2) (A2 4+ B2)7T
m°F (21al)" sin(9) 270 Jcioo T (24 g2) T (2 - 5) T (14 £ - 82) 2]

which is equivalent, by ([I3]), to the following expression in terms of Fox H-functions

1 ¥ w)
1- 715 Oa_ ) T Ty 5
BB ool (e d=n1) ( 2) ( ' on

w 2fa)" sin@) T T ] 1=n 1\ [ & ¢
2 72)°\ 7' 2rn

From (B3), B6), (7)), and (B8]) we conclude that the representation ([B6]) of the solution u (x,t) of ([IH)-(I4)

corresponds to the sum of convolution integrals involving Fox H-functions.

(58)

In the next subsection we summarize our calculations in the main result of the paper.

12



3.3 Main result and corollary

Taking into account [B8), B3, (B, (B7), and (B8] we obtain our main result.

Theorem 3.3 The solution of the time-fractional telegraph equation of distributed order ([IT) subject to the
conditions [I)-(I6) and the additional assumption 28] is given, in terms of convolution integrals, by

n

u(z,t) = f(z)Gl(x—z,t)der/ 91 (z) Ga(x — 2, t) dz
RTL

—|—/Rngg(z) Gs(z—z,1) dz-i—/n /th(z,w) Ga(r =2t —w) dwdz, (59)

where the functions G1, G2, Gs, and G4 are given by

Gr(at) = —— /+00 P (42 + B%) 2 e
1 ) ﬂ_anl (2|Z‘|>n 0 sin ('l/))
A? 4 B2)7H : A5
X |sin (yym) H % + [A sin (4i7) — B cos (yim)] (A* + B?) * H* % o
. oo 1 (42 +BQ)_% ot (A2 —i—BQ)_%
G ZC,t :%17/ . *Sin *7'(‘ H -
200 = T o) o sin () s =
. A2 32 7%
+i2 [p5 ¢ (A sin (v37) = B cos (y5m)) + Bd®] (A* + B?) > H* % o
) X
1 +00 (A2 + 32)7% e*’l“t (A2 + B2)7%
Gs (2,1 :?/ . ssin(vam)H | —F—
0= T o e (el =
) . A2 B2 _i
5 [03 ¢ (A sin (157) = B cos (13m)) + Bd] (A% + B2) " o* % "
g T
_ +00 B (A2 + B2) L et A4 B2
O S / A+ 57) e (B Y
Arz (2z))" Jo sin (1) ||

where pi, v1, ps, and v5, A and B, and 1) are given, respectively, by 28), B2), and @4). Moreover, the
functions H and H* are expressed in terms of the following Fox H-functions

1 1 0
(e p) et | 0 (02 0) (032)

|| o |z] 1 1-n "
(1) (5%3) (5)

Remark 3.4 If we consider

n
f(x)zé(x):H(S(xi), g(z) =q(z,t) =0, a=c=1, d=+vA
i=1
with A € RT in [I5)-(I6), then the solution u (x,t) given by [E9) corresponds to the eigenfunctions of the gener-
alized time-fractional telegraph equation of distributed order in R™ x RT. Moreover, if additionally be (3,v) =0
(resp. b1 (o, ) = 0) we obtain the representation of the generalized eigenfunctions of the time-fractional diffu-
sion (resp. wave) equation of distributed order in R™ x RY.
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Putting a = 0 in Theorem B3] we have the following simplifications

Bi(s) = Bj (s)

0, A=pcos(yr), B=psin(yr), A*+B*=p’,  =nm,
which give the following result.

Corollary 3.5 The solution of the generalized time-fractional wave equation of distributed order in R™ x RT
1 g2
/ / ba (B, V) taé’fu (z,t) dBdv — ® Agu (2,t) + d*u (z,t) = q(z,1)
0 J1
for a given density function by (B,v), subject to the following initial and boundary conditions

—v)(2— 0 —v)(2— :
(tléi e ﬂ)u) (1'50-"_) =01 (SC), [a (tlé}r e B)u):| (1'50-"_) = 92 (:C)v |z|1i>n-i1-OOU(x7t> = 07

is given, in terms of convolution integrals, by
t
u (z,t) :/ g1 (2) Ga(z — 2z, 1) dz+/ 92(2) Gs(x — 2, t) dz+/ / q(z, w) Gg(z — 2z, t —w) dwdz,
n R n Jo
where the functions Go, G3, and G4 are given by

G 0t) = [ e () + e smem w ()] o

-1 Foo gt 1
Gy(r,t) = —F—— / H* ( ) dr
1) = Q)" Jo P 2| \/p

with p and v, p* and v* given by 27) and [28]), respectively, and the functions H and H* are expressed in
terms of the following Fox H-functions

1-n,1), (1, 1) : (0,
1 0,2 1 2
H(—>:H3’2
p s lel Ve L-n 1\ (7
( 2 5)(5)

1
(1 —-n, 1)3 (Oa _) ) (_’Ya 1)
1 1 2 2
W (s ) = s
|z /P 2|l Ve 1—-n 1 ( 7)
2 Y 2 k) /'y, 2
Remark 3.6 If we consider v =y =1 in Theorem[Z3 (i.e., the telegraph equation has only Caputo fractional

derivatives) we obtain the main result in [63]. For that we need to take into account Remarks[31] and [32 and

to combine the first two integrals in ([B9) into a unique integral. Hence, the solution u (x,t) is given by

o2

u(z,t) = Rnf(z)(Gl (x—2,t)+Ga(x—2z,t)) dz

—|—/Rng2(z) Gs(z—z,1) dz-i—/n /th(z,w) Ga(r =2t —w) dwdz, (60)
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where forv=pu=1

G1 (:C, t) + GQ (:L', t)

1 /+oo (42 —|—B2)_% ot . . (A2 +Bz)—i
=— —~ - p1 sin (7)) + po sin (yom)| H | ————
= 21" Jo r sin (1)) oy sin {yim) + 2 sin (32m)] E
. . 2 2\~3F 4/* (‘42""32)_i
+[A p1 sin (y17) — B py cos (y17) + A pg sin (y2m) — B pa cos (vom)] (A* + B?) 2 H BT
1
d2B 1 A2 +B2 1
+— (A +B%) 2 H W+B) dr (61)
c? ||
By 32)) we have that
A py sin (y17) — B p1 cos (1) + A pa sin (yam) — B pa cos (y27)
= Alp1 sin(m7) + p2 sin (y2m)] — B p1 cos (117) + p2 cos (y2)]
=AB - BA =0,
and, hence, ([6Il) simplifies to
Gy (x, t) + Gs (.T, t)
1 1 1
71 —+o00 B A2—|—B2 —2 e—rt A2—|—B2 4 d2 1 A2+BQ 2
— — — / ( : ) H ( ) +_2(A2+BQ) 27_[* ( ) dr
7= (2]z])" Jo 7 sin (1) || ¢ ||
which corresponds to the function Gy presented in the main result of [63]. Moreover, in (60)
1 o0 (A2 +B2)_% ot (A2 +BQ)_%
Gx,tzwli/ - posin (yom) H | ———
(@0 = @z)" Jo r? sin (1)) 26l (727) E
1
1 ) 1 . A2+BQ —a
+c—2 [p2 ¢* (A sin (yom) — B cos (y27)) + BdQ] (A*+B%) *H Q dr,

||

_1
4

1 /+oo B (AQ +BQ)71 efrt ” (AQ +BQ)
0

At (2]z)" sin (¢) ||

Gy (z,t) = dr

which correspond, respectively, to the functions Ga and Gs that appear in the main result of [63]. Therefore, we

can claim that there is consistency in our results.

Remark 3.7 The telegraph equations studied in [16,[18] are particular cases of the equation studied in this
paper, for the choices v =pu=1,bs (B,v) =0(8—01), b1 (a,u) =d(a— 1), with1 < f1 <2 and 0 < a; <1
d=0, and q(z,t) = 0.

The numerical implementation of (59]) is possible, however, depends substantially on the study of the asymptotic
behaviour of G1, G2, G3, and G4 through the study of the asymptotic behaviour of the associated Fox H-
functions. We would like to remark also that (B9) is a very general solution, but for particular cases of the
dimension, of the fractional parameters, and/or of the density functions, it is possible to get simpler expressions.

4 Fractional Moments

In this section we obtain the expression for some fractional moments of the first fundamental solution Gy of
the time-fractional telegraph equation of distributed order (I3 with d = ¢ (x,t) = 0, and subject to the initial
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and boundary conditions
F@=g@=0@=][0@) ad g =0 (62)
j=1

Then G is given by G1 (z,t) = Gy (z,t) + G2 (z,t), where G and G2 are given in Theorem B3

It is well known that the Mellin transform (@) can be interpreted as the fractional moment of order s — 1 of
thefunction f ~(see [19]). Therefore, we can calculate the fractional moments Mg;fff’” of arbitrary order v > 0
of G1, where G1 denotes the Laplace transform of G;. Denoting by s the variable in the Laplace domain and
by r the radial quantity |z|, we have, from the definition of the Mellin transform, that

N +oo +00 N N
N2 (s) :/ 7 Gy (r,s) dr :/ PTG (rs) dE = M {7’" G (r, s)} (y—n+1). (63)
0 0

From (I9), we have that

Gy (rt)=L"" {.7:1 {51 (k,8) + o (k,s) — — U3 (K,8) } (r, s)} (r,t)
p=-—1 C p=—1
which is equivalent to
~ = = d? ~
G (r8) = £{G () (n9) =7 G s 4 Ta(ew) | = Faen)|  fos).
p=— p=—

To calculate the inverse Fourier transform we are going to use the Mellin transform, similarly as it was done in
Section Bl Taking into account (35, we have that

— = = d2 =
Fl {u1 (k,8) 4 12 (K,s) ’p:% 2 Us (K,s) ‘p_l} (r,8)
r'-% oo T = d? ~ n
- (2m) /0 [ul (k,8) + Uz (k,8) ’p:ﬂ U (K,8) ‘p—1:| w? Jz 1 (2| w) dw (64)

= (95 *m f) <%>7

where #, denotes the Mellin convolution given by (1) at the point 1 with

= = d* ~
g5 (w) =1y (k,s) + ua (k,s) ‘p:% - us (K, s) ’p:71

and

1 1
T = o T o w37 <E>
Denoting by I7 the integral in (G4]), we have, by relations (I2]) and (1), that
w17} () =M { a2 1) (3) 6 = M) (=) MUT) )
which is equivalent to
MLz} (=s5) = M{gs} (s) M{f}(s). (65)
From (B9) we have that

1 I'(n-—s)
ML) = == nFi=sy T (3)
w7 Jz|" 2071 T (#570) T'(3)
Now, we calculate the Mellin transform of the function gs. Taking into account (@), and 22)) with p = 0, (23)
and (24) with p = —1, we get

(66)

M{gs}(s) = /OJFOO w1 [51 (k,s) + Uz (k,s) T i—j% (k,s) p——1:| dw
S 2 px 2 e w !
= [Bis)+ 5 le B2<S)‘dﬂ/0 By(s)+ Bi(s) +u?
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The integral in the previous expression was already calculated in [63] (see formula (84)). Therefore, we have
that

S

M{gs} (s) = [Bi (s)+ 5 [ By (5) — &] | =

From (G6)), ([@0), (€5), and (G3) we conclude that

—~ o~ 2/\
M {r” Ft {ﬁl (K,s) + Uz (K, s) ’ _ 4 us (k,s)

p=-—1 C2

p__l} (T“aS)} (y—n+1,s)

(Bs(s)+ Bi(s)) > I'(nt+s) T

8 2 Dx* 2 1
= [Br@) + 5 (@ B3 (5) - 7] e =L T (_%() (68)

s=y—n+1

By the duplication formula of the Gamma function I" (2z) = = T (z) I (2 + 3), we have the following equal-
ities for the Gamma functions that appear in (G8])

I'(n+s)  2nts—! n+s
e o () &)
I'(l1+s) 28

Taking into account (€9), (f0), and (TI]), expression (G8) simplifies to

M F ﬁl(n,s)ﬁz(n,s)] fd—Qﬁg(n,s)Lil (r,s) % (y—n+1,s)
] :

p=—1 (2

= [Bis)+ > [Bi(s) - ] (Ba(e) + By ()" o <”;S> r(1+3)

T2

s=y—n+1

and, consequently, the fractional moments of arbitrary order v in the Laplace domain are given by

97=n [ (77“) r (M%) . (72)

If we restrict ([T2]) to the time-fractional telegraph equation of distributed order with Caputo fractional deriva-
. . . . . . . — 3 2 — 2
tives, i.e., if we consider y = v =1 (which implies that B (s) = s™' By (s) and B} (s) — & = s72 [Bg (s) — f—z}

by Remark B1l), then (T2) becomes equal to

~_. 1 ’B ’B —d? —ytn=s 1 3 _
Mz;’ly,ﬁ,l (s) = ¢® By (s) + ¢* Ba (s) (Bs () + B (s)) 14n-3 or-nT (%) T (M) :

—~v+n—3

(B2 (s) + Bi (s))

n
T2

Mo () = [B7 (9) + 5 [ 55 ) - ]

n
T2 c2s 2

which coincides with the correspondent expression deduced in [63]. Let us now analyse expression (((2]) for some
special cases:

e When v =n — 2k — 3, with n > 2k 4+ 3 and k € Ny, the correspondent moments in the Laplace domain

become infinite.

e When v =1 (mean value), we have

-2

w3

N R * S * By (s) + B (s ) —n n
Mnitﬁ (s) = [31 (s) + = [02 B3 (s) — dQH (B2 (s) ﬁgl (s) gl-np (2 — 5) , (73)
which becomes infinite when n = 4 4 2k, with k € Ng.
e When v = 2 (variance), we have
N8,V * S * By S)+Bl S))% -n 5—n
M () = [B1 )+ 5 [ By ) - ]| PR D e (228) g

which becomes infinite when n = 5 + 2k, with k € Ng.
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4.1 Tauberian analysis for the second-order moment (variance)

When the fundamental solution is a positive function, it is possible to classify the diffusion process by analysing
the correspondent second-order moment, also called the mean squared displacement of a particle. This is
obtained by comparison with the variance in the normal diffusion process. In this subsection we consider the
particular case of double-order distributed fractional derivatives, and we analyze the second-order moment for
short and long-time. We separate our analysis between the diffusion and the wave cases. The following Laplace
inversion formulas will be needed in the sequel:

e Formula (2.1.1.1) in [50]

e Formula (5.1.26) in [21]
V=B
£t {(7} (t) =t""1E] 5 (M), Re(a),Re(B) >0, XeC, (76)
S ;
where E ; is the three parameter Mittag-Leffler function given by (I4).

4.1.1 Two composite time-fractional derivatives in the diffusion case

Here we consider bs (8,v) = 0, which implies that Bs (s) = B3 (s) = 0. In this case, the second-order moment
in the Laplace domain becomes

o _ p1-np (5 s
W (s) = M (5) = 2t C2) i (6) (B, (6))"F°, m#54 2k, ke Mo, )
T2
Further, we assume
bi(a,p) =kid(a—ar)d(p—pu)+ked(a—as)d(p—p) (78)

with 0 < on < ag < 1,0 < g, pio < 1, pig < i 1=2L, ky, ko > 0, and ky + kg = 1. For this by (a, p) we get

akg

ak ak ak
Bi(s) = c—; o1 4 C—Qs% and Bl (s) = c—;sﬂ“(l*aﬂ + ?sw(l*az). (79)
Considering ([[9) in ([T7) we get
N 9l—n 253 1 (5=n .
M;O;z%@z),(uhuz) (s) = — (3 2 ) (kl g~ (—a1) o ks S—Mz(l—az)) (ky %' + kys®?) 2 | (80)
T2 "

Mgﬁg’az)’(“l’w)

To invert the Laplace transform of we first rearrange the expression (80):

n—3 _ (@2-a)(E=n) | az(n-5)
9l-n (a k2) 7 T (57") ks s2mel M2t (1—ar)

n—1 5—n
—_ 77/_3 =
T2 c k2 g2—o1 _k_l 2
ko

_ n—3 _ (ag—aq)(5—=n) (n—5)
ol—n (ak‘g) 2 F(—52") g 2R B2 — s (1-a2)

Mﬁﬁg’”)’(”““” (s)

(81)

Taking into account (7€) with

o = g — O, Y=

B = w +p1 (1 —aq) (1st term), B = w + p2 (1 —az) (2nd term),
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we get from (BT) that

1— n—3 5— _
M(afl,az)y(m,#ﬂ (t) _ 2" (akQ) > T (Tn) ﬁt@-ﬂh(l—aﬂ—l E% . _ﬁ toz—o
2 T R oo, 2G4 (1-a) \ Ky
1— n-3 5— _
N 9l—n (a k2) 2 T (Tn) taz(f;fn)_i_lu(l_o@)_l E% ) _ﬁ 2= |
7rn;l =3 az—ai, 7a2(2—n) +h2(l—as2) ko

Remark 4.1 Forn = 1, the expression ([82) reduces to the expression (28) in [53] with suitable identification
of the parameters, which indicates consistency in our results.

The graphical representation of Mff;g’”)’(“ L#2)

as a function of ¢ using ([82) is not an easy procedure due
to the presence of the three parameter Mittag-Leffler function E; g- The numerical implementation of this
special function is possible for some range of the parameter « (see [20]), which do not include all the cases
studied in this work. Therefore, we will make an asymptotic analysis of (80) using the Tauberian analysis.
Since s—#2(I—a2)tm(—a1) 5 0 and s*2~ — 0 as s — 0 then, we get the following asymptotic behaviour of

M (@sa2)s(k1spz) (s)ass —0:

n;2

N 9l—n o233 1 (5=n s
MEL?217QQ)7(#17“2) (S) — — (3 2 ) (kl S—M1(1—o¢1) 4 ]{/’2 S—ug(l—ag)) (kl go1 + ]{/’2 SQZ)_Q
T2 "™

1—-n n3 5—n
27 (aky) r(°3%) g—mi(l—ay)+21g=2 (83)

ﬂ_ngl cnig

Concerning the symbol ~ in the previous and subsequent expressions, we say that f and g are asymptotically
% =1 (resp. limy_0 282 =1).

equivalent as w — oo (resp. as w — 0), i.e., f ~ g, if and only if lim,,— o O]
Using (78)) to invert the Laplace transform in (83]), we obtain the asymptotic behavior of Mgfg

az),(p1,p2) for
t — 400, with 0 < 3 <1 and n and oy according to the following cases:

21" (ak;)"7 T (351) gt

o <o, n=1,2,3,4

n—1 )

T 3 1"( n M)

M(al,az)y(ﬂlyﬂz) ¢ & ?
n;2 ( ) ~ n—3 a1 (5—n—2u1)
9l-n (akl)‘2 F(M) g LBt g 2
2 1 —

— - TR a1<275/\a1<042,nf6,8,...

T2z ¢ F(MlJrial g M) H1+1T—

(84)

)

To classify the type of diffusion process we need to compare Mfﬁ‘;’aZ)’(“ 1H2) with the moment of the normal

diffusion process which is given by

1-n s
MO ) _ 27" (ak) T aen (85)

ﬁnTil cn—3
According with the dimension n we have the following cases:
en=123: Mgf;g’ou)’(““m) (t) /MS;’;)’(’“’“Z) (t) = 0,as t — +oo, for all 0 < p; < 1, and all admissible a;
and n, which corresponds to a subdiffusion process in the long time. In the limit case, y; = 1 (Caputo case),

for n = 1, 2 we still have a subdiffusion process while for n = 3 holds Mé?;l’a2)’(“l’“2) (t) /Mé}él)’(““@) (t) —
k >0, as t = +00, thus the process coincides with the normal diffusion in the long time;

e n = 4: The classification of the type of diffusion depends on the type pu;.

» For 0 < py < 1/2 holds MSSQI’OQ)’(M’M) (t) /Mg;)’(m"”) (t) = 0, as t — 400, thus corresponding to
a subdiffusion process in the long time;

> FOI' 1 = 1/2 hOldS Mfl?t217a2)7(ulvﬂ2) (t) /Mz(iél)a(ﬂlaﬁﬂ) (t) N k > 0, as t — +OO, thuS the process
coincides with the normal diffusion in the long time;
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» For 1/2 < py <1 holds ME&I’O‘Z)’(““W) (t) /ijél)’(’“””) (t) — 400, as t — +00, thus corresponding
to a superdiffusion process in the long time.

e n =6+ 2k: The moment MSLO:QI’OQ)’(M’“Z) (t) is positive when n = 8 + 4k and negative when n = 6 + 4k,
k € Z*. This is due to the change of sign of the gamma function in the numerator. In the second case, a
probabilistic interpretation is no longer possible.

Finally, we note a different behaviour of the monotonicity of the second-order moment along the dimensions,
depending on the values assumed by the several parameters in the expression. When n = 1,2, 3, 4, if we assume
that ¢ > 0, then the following conclusions about Mgfg’az)’(” 1412) for large values of ¢ can be drawn:

«1,02), s . . . . 1— . 1—
o n=1: Mfzzl 2)i(psnz) 4o on increasing function when 2—ﬁi < a3 < 1, is constant when a7 = —2_2‘1, and
. . . 1— .
is a decreasing function when 0 < oy < 2751 <0.5, with 0 < g <1.
a1,09), s . . . . 2—2 . 2—2
o n=2 Mgﬂl 2h(B2) o o increasing function when =32 < ay <1, is constant when a; = 3555, and

is a decreasing function when 0 < a; < 3:—;}% < %, with 0 < puy < 1.

e n=23: Mff;g’o”)’(“l’m) is a decreasing function when 0 < oy < 1 and 0 < p; < 1, and is constant when
ar=1lor0<ao; <1andpu; =1.

o 4: M(O‘lva?)v(#lvll@)

n:2 is a decreasing function for all 0 < a; < 1 and 0 < p; < 1, and is constant when

a; =0and pu; = 1.

Now, we study the asymptotic behaviour of Mfﬁ;’”)’(“ 142) for small values of ¢. From (B0) we have the
following asymptotic behaviour when s — +00 :

N 9l-n 252 D (5zn .
Mé%h@)(ﬂh@) (s) = anil ( 2 ) (lﬁ gH(l—a1) o ko S*m(lﬂm)) (ko s™ + ko Saz)TS
’ T 32 C’n—3
1—-n ans 5—n e (1o
N 2 (a lfi)l T (—2 ) Siﬂ2(17&2)+¥- (86)
T2z cn—3

(a1,02),(p1,12)
n:2 for

Using ([73) to invert the Laplace transform in (86]), we obtain the asymptotic behavior of M
t — 0%, with 0 < p2 < 1 and n and as according to the following cases:

21" (aky)"7 T (351) et g

ar > oy, n=1,2,3,4

ﬁnTil cn—3 r (MQ + a2(5—n—2p2)) ’
M(alﬁaz),(m,uz) t 2
n;2 ( ) ~ 217’” ( L )nTid I (5771) t#2+a2(57n—2u2)71 9
a 5 2
; 3 2 Gon—2p2)\’ 042<27M25/\042>041,n:6,8,...
Tz ¢ F(M2+W) Mo +n —

(87)
Comparing Mgﬁﬁ’az)’(”l”“) with MS;’QI)’(’“’“Z) when ¢t — 0%, we have the following conclusions:

en = 1,2,3: Mff;’”)’(“l’”z) (t) /MS;’;)’(”““Z)(t) — +oo, as t — 07, for all 0 < w3 < 1, and all
admissible o7 and n, which corresponds to a superdiffusion process in the short time. In the limit
case, 1 = 1 (Caputo case), for n = 1,2 we still have a superdiffusion process while for n = 3 holds
Mg?g’az)’(’“’m) (t) /Mgél)’(’“”“) (t) - k > 0, as t — +oo, thus the process coincides with the normal
diffusion in the short time;

e n = 4: The classification of the type of diffusion depends on the parameter p;.
» For 0 < g < 1/2 holds MES‘QI’QQ)’(M’“Z) (t) /MS;)’(’“’W) (t) = +o0, as t — 07, thus corresponding

to a superdiffusion process in the short time;

» For 3 = 1/2 holds ME&I’O‘Z)’(“““Z) (t) /ijél)’(’“”“) (t) = k > 0, as t — 0T, thus the process
coincides with the normal diffusion in the short time;

» For 1/2 < p; <1 holds MSSQI’OQ)’(“I’M) (t) /Mi}él)’(“l"”) (t) — 0, as t — 07, thus corresponding to
a subdiffusion process in the short time.

e n =06+ 2k: As happen in the long time case the moment is not always positive, and hence also here it is
not possible to perform a probabilistic interpretation for all the values of n.
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4.1.2 Two composite time-fractional derivatives in the wave case

Here we consider by (o, 1) = 0. Hence, B; (s) = Bi(s) = 0 and the second-order moment in the Laplace
domain becomes
N G I .
Y I (s) = M, 5 (8) = ——=r=—"sB5(s) (B2(s)) * , n#5+2k keN,. (88)
T2

Let us now assume that

b (B,v) =k16(B—B1) 6 (v —v1) + k26 (B~ B2) 0(v—1r2),

with 1 <81 <82<2,0<,15 <1, 1n< 1/1%, k1,ke > 0, and k1 + ko = 1. For this by (8,v) we get

kl 1 k2 2 * kl —vi(4—pP1 k2 —v2(4—P2
Bg(s):c—QsBJrc—QsB and BQ(S):C—QS (25)+c—23 (2-82), (89)
Considering (B9) in (88)) we get
—~ ol-np (5zn nes
M515;57ﬂ2)1(l/111’2) (S) _ — ( 23) S (kl g v1(2—p1) + ko S*’/z@*ﬁz)) (kl gh + ko Sﬁ2) z (90)
Tz T

B2),(v1,v2) (S)

Inverting the Laplace transform of Méﬁé following the same steps of the deduction of (82) we get

n—3
1— 2 5— 5—n
MO ) - 2T T TR b sagem ey i3 A e
n;2 A8 kg Ba=pr, b 2=B)-1 \ ky
n—3
1— 2 5—n —n
+2 nk221 (3" 25 s (2-62) -2 72" ; BURTSTAY
ﬂ_% cn—3 Ba—pB1, ﬂ2(27n)+l/2(2—ﬂ2)—1 ko

(91)

M;ﬁ?;ﬂﬂv(lﬁ,

First, we study the asymptotic behaviour of “2) for large values of t. From (B80) we have the following

asymptotic behaviour when s — 0 :

o 1% % 217nr 5__n @
Mglﬁ;é,ﬂQ),( 1,2) (S) _ 517(23)3 (kl S—V1(2—B1) + ko S_Vz(Q—Bz)) (kl 351 + ko SBQ) 3
T2 "
n—3
1-n .72 5—n
RN ) JERERANUC (92)
7'('% cn—3

Using (78) to invert the Laplace transform in ([@2]), which is only possible for n < 4, we obtain the asymptotic

behavior of Mgﬁé’&)’(yl’l&) for ¢ — +o0, with 1, 11, and n according to the following cases:

B1(5—n—2v1)
e )

2T () e
n—1

T2 3 r (21/1 + 7[31(57;72'/1) - 1) 7

B1<P2, 0<11 <1, n=1,23

M515;57ﬂ2)1(1’1 v2) (t) -~

n—3
I _ B1(5—n—2v1)
21 nk12 F(52n) t2yl+ 1 721 1) _o

g en=3 r (2V1 + 7[31(57;72'/1) — 1)

) /81<52;%<V1§17n:4

(93)

B2),(v1,v2)

To classify the type of diffusion-wave process we need to compare Mgﬁ% with the normal diffusion

process. The situation here depends on the dimension and we have the following cases:
en=1 Mfg’m)’(ul’uz) (t) /Mﬁél)’(m””)(t) — 400, as t — +o0, for 1 < % <fp<2and 0 <1y <1,
which corresponds to a superdiffusion process in the long time and MS;BQ’BQ)’(V“VQ) (t) /M%él)’(’“””) -0,

ast — 4oo, for 1 < f; < % < 2 and 0 < 1y <1, which corresponds to a subdiffusion process in the
_ 3—2u11

long time. In the special case 81 = St the process coincides with the normal diffusion in the long time.

o n—2: M’EﬁévﬁZ)v(Ul,l’2) (t) /Mgél)’(m"”)(t) — +00, as t = +oo, for 1 < % <P <2and 0<y <1,
which corresponds to a superdiffusion process in the long time and M%) (/1:12) (t) /Mgél)’(‘“"”)(t) — 0,

n;2
ast — +oo, for 1 < f; < % < 2 and 0 < 1y <1, which corresponds to a subdiffusion process in the

2:42151 the process coincides with the normal diffusion in the long time.

long time. In the special case 81 =
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o n= 3 M3 () /MG R (1) 50, as ¢ — oo, for all 1 < B < 2 and 0 < vy < 1, thus
corresponding to a subdiffusion process. For v; = 1 the process coincides with the normal diffusion case.

o no=d: M{PP 0 () /M) ) (1) 5 0, as ¢ — Foo, for all 1 < B < 2 and 1/2 < 1y < 1, thus
corresponding to a subdiffusion process.

)7(1’11

Finally, we study the asymptotic behaviour of Mffé’g 2 “2) for small values of ¢ knowing the asymptotic

behaviour of (@) when s — +oc0. From (@0), as s — +00, we have

—~ ol-np (2=n n—5
Mfﬁé’ﬁz)’(yl’yz) (s) = 7( 2 ) S (kg s V1(2-51) + ko Squ(Q*ﬁZ)) (k’1 P+ ko sﬁz) 2

n—1

T2 ¢

2T ()
n—1

SI_VZ(Q_BQH_M- (94)
Tz ¢n—3

Using ([78) to invert the Laplace transform in (@4]), which is only possible for n < 4, we obtain the asymptotic
behavior of Mgﬁé’ﬁz)’(ul’uz) for t — 0%, with 2, v2, and n according to the following cases:
n—3 5—n—2v
9l-n k2 T (577”) t2U2+M,2
2= n-3 B2(5—n—2v2)
T et F(ng—i—%—l)

) /82>51;0§V2§1;n:17253

MGy )

n-3 _ Bo(5—n—2v5)
9l—n ]{/’2 B (52n) t2u2+%72
1

7T ¢n—3 r (2V2 + 7’62(5_;_21@) — 1)

) 62>ﬁ1,%<1/2§1,n:4

(95)

The analysis of (93) is similar to the one performed for (@3). Regarding the classification of the diffusion-wave
process the following conclusions can be taken:

o n=1: M3 ) () MU W) (1) 50, as t - 0F, for 1 < 524 < 8, < 2 and 0 < vp < 1, while
Mgﬁé’&)’(l’lm) (t) /Mﬁél)’(“l"”)(t) — 4o00,ast— 0T, for 1 < By < % < 2 and 0 < vp < 1. Hence, in
the short time, the process is subdiffusive in the first case and is superdiffusive in the second case. In the

32*2;’11 the process coincides with the normal diffusion in the short time.

special case 1 =

o n=2: MY () /MG U (1) 0, as £ 0F, for 1 < 324 < B, < 2 and 0 < 1y < 1, which

corresponds to a subdiffusion process in the short time, and Mg%’ﬁ2)’(”1’”2) (t) /Mgél)’(“l"”)(t) — +o0,
ast — 0T, for 1 < o < 3=34 < 2 and 0 < vy < 1, thus corresponding to a superdiffusion process in the

3—211
: 3 _ 5—41n
short time. In the special case 81 = 320

the process coincides with the normal diffusion in the short

time.

on =23 Mg;ﬁg’&)’(yl’l&) (t) /Mg;)’(“l"”)(t) — 400, ast — 0T, forall 1 < B2 <2 and 0 < vy < 1, thus
corresponding to a superdiffusion process. For v = 1 the process coincides with the normal diffusion case.

o n =4 Mfg’ﬁﬂ’(”hyz) (t) /Mgél)’(“l’w)(t) — +o00,ast — 07, for all 1 < B <2 and 1/2 < vy < 1, thus
corresponding to a superdiffusion process in the short time.

Remark 4.2 If we consider the Caputo case in Sections [{.1.1] and [{.1.3, our analysis of the diffusion-wave
process for the double-order case improve the results presented in [63]. Moreover, considering single order
derivatives and the one-dimensional case, it was proved in [6])] that the fundamental solution corresponds to a
probability density function only when the fractional derivatives are in the Caputo sense.

4.1.3 Graphical representations of the second-order moment for the long time

In this section we present and analyse the plots of the asymptotic behaviour of Mglo;‘QI’O‘Z)’(“l’“Z) (t), when t — 400,
for some of the cases studied previously separating the diffusion and the wave cases. The plots were generated
using Mathematica software and the commands available in it.

The diffusion case: In the following figures, we show the graphical representation of (84) for n = 1,2, 3,4,
a1 = 0.25,0.50,0.75, and different values p1, using a logarithmic scale in the axes when needed.
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Figure 1: Plots of the asymptotic behaviour of Mg%l’”)’(’“”“) (t) when t — +oo for ag = 0.25,0.50,0.75 (from
left).
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Figure 2: Plots of the asymptotic behaviour of M;O:QI’O‘Z)’(“““Z) (t) when t — +o0o for n = 2 and a; = 0.25,
n=3and oy = 0.50, n =4 and ay = 0.75 (from left).

Looking at the plots we see that the classification of the diffusion process in each dimension agrees with the
analysis of ([84)) performed previously. The plots show an interpolation between the extreme cases p; = 0 and
1 = 1, which correspond to the Riemann-Liouville (RL) and Caputo cases, respectively. The extreme cases
have different behaviour, e.g., the slope of the variance is different and in the dimension, n = 3 the variance is
constant in the Caputo case. In contrast, in the RL case, the variance decreases for large values of ¢. Moreover,
for @y = 0.25 we can observe a different behaviour of the diffusion in dimensions n =1 and n = 2 : in the RL
case the variance decreases for large values of ¢ while in the Caputo case the variance increases.

The wave case: In the following figures, we show the graphical representation of ([@3)) for n = 1,2,3,4,
B1 =1.25,1.50,1.75 and different values v;.

10! 10? 10° 10 10° 108 107 10" 102 10° 104 10° 10° 107
t t

Figure 3: Plots of the asymptotic behaviour of Mg;ﬁg’m)’(yl’w) (t) when t — 400 for 81 = 1.25,1.50,1.75 (from
left).
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Figure 4: Plots of the asymptotic behaviour of Mffé’m)’("“w) (t) when t — 400 for n = 2 and B; = 1.25, n = 3
and 81 = 1.50, n =4 and 1 = 1.75 (from left).

For each dimension and different values of the fractional parameters, the process classification agrees with
the analysis of (@3)). The range of the plots increases with the increase of 51 and v;. Again it is interesting
to observe the different behaviour of the variance for the extreme cases v; = 0 (RL case) and 11 = 1 (Caputo
case) for the dimension n = 3. Also the slope of the variance is different in the other dimensions.

4.1.4 Graphical representations of the second-order moment for the short time

In this section we present and analyse the graphical representation of the asymptotic behaviour of M,(fg ra2),(H1p2) (t)

when ¢ — 07, for some of the cases studied previously separating the diffusion and the wave cases. The plots
were generated using Mathematica software and the commands available in it.

The diffusion case: In the following figures, we show the graphical representation of (87) for n = 1,2, 3,4,
as = 0.25,0.50,0.75, and different values us.
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Figure 5: Plots of the asymptotic behaviour of Mg?;’az)’(“l’“ﬂ (t) when ¢t — 07 for ay = 0.25,0.50,0.75 (from
left).
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Figure 6: Plots of the asymptotic behaviour of Mgﬁj’w)’(“l’“ﬂ (t) when t — 07 for n =2 and ay = 0.25, n = 3
and oz = 0.50, n = 4 and ag = 0.75 (from left).

Looking at the plots we see that the range of the plots decreases with the increase of as and us. The type
of process is in accordance with the conclusion made in the analysis of (87]). Again, we can observe a different
behaviour of the variance for small values of ¢ in the extreme cases v, = 0 and 5 = 1, corresponding to the RL
and Caputo cases, respectively. For a; = 0.25 and the dimensions n = 1 and n = 2 the variance decreases in
the RL case and increases in the Caputo case, for small values of ¢t. In the case v = 1 the plots coincide with

the correspondent ones obtained in [63].
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The wave case: In the following figures, we have the graphical representation of ([@f) for n = 1,2,3,4,
B2 = 1.25,1.50,1.75, and different values v and n.
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Figure 7: Plots of the asymptotic behaviour of Mg?;l’(”)’(“l"”) (t) when ¢ — 0% for 82 = 1.25,1.50,1.75 (from
left).
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Figure 8: Plots of the asymptotic behaviour of Mff;‘Ql’O‘Z)’(“l’M) (t) whent — 0% forn =2 and 2 =1.25,n =3
and B2 = 0.50, n = 4 and 2 = 0.75 (from left).

Looking at the plots we see that the conclusions are similar to those already exposed. The behaviour of the
functions is in accordance with the conclusions made in the analysis of ([@5). When v5 = 1 the plots coincide

with those presented in [63].

5 Conclusions

The results presented here generalize those obtained in [63] by the introduction of the Hilfer derivative, that
allows a smooth interpolation between the Riemann-Liouvile and the Caputo fractional derivatives. The solution
of the Cauchy problem associated with the telegraph equation was expressed as convolutions with functions that
are expressed by Laplace integrals involving Fox H-functions. For particular cases of the equation the solution
can be simplified and we showed that we can recover known results presented in the literature, which reveals
consistency of our results. The classification of the diffusion-wave process depends, not only on the spatial
dimension, but also on the order and type of the derivatives. This is very different from previous works on the
literature since in most cases the telegraph equation is studied only for Caputo or Riemann-Liouville fractional
derivatives. It would be interesting to consider other types of density functions in addition to those considered

in this article, but the calculations would become cumbersome.
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