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1 Introduction

Many evolution processes are characterized by abrupt state changes and these are modeled
by impulsive differential equations. In the literature there are two popular types of impulses:
instantaneous impulses (whose duration is short compared to the overall duration of the whole
process) and non-instantaneous impulses (here the action starts at some points and remain
active on a finite time interval). Additionally, when fractional derivatives with their memory
property are involved in the equations, the impulses cause some problems connected with the
lower limit of the fractional derivative. There are mainly two types of fractional differential
equations with impulses in the literature: ones with fixed lower limit at the initial time and the
second with a changeable lower limit at each each time of impulse. Caputo fractional differential
equations with changeable lower limit at the impulsive time are studied in [16] and the explicit
formulas for the solutions are given. Also, the non-instantaneous impulsive differential equations
are natural generalizations of impulsive differential equations (see, for example, [3, 6, 7, 12]).
An overview of the main properties of the presence of non-instantaneous impulses to differential
equations with ordinary derivatives as well as Caputo fractional derivatives is given in the book
[2].

An important qualitative problem for differential equations is stability. Often Lyapunov
functions and different modifications of the Lyapunov direct method are applied to study sta-
bility properties of solutions ([4, 5]). The application of Lyapunov functions to fractional
differential equations requires appropriate definition of their derivatives among the solutions
of the studied fractional equations. Note there many different types of stability defined and
used to various kinds of differential equations. In [14, 15] the stability properties of fractional
difference equations are investigated. One type of stability useful in real world problems is the
so called practical stability problem, introduced by LaSalle and Lefschetz [11], and it considers
the question of whether the system state evolves within certain subsets of the state-space. For
example, an equilibrium point may not be stable in the sense of Lyapunov and yet the system
response may be acceptable in the vicinity of this equilibrium.

In this paper we study nonlinear delay Caputo fractional differential equations with non-
instantaneous impulses and we consider delays depending on both the time and the state vari-
able. Some applications of state dependent delays are given in [8, 13]. We study two cases,
one when the lower limit of the Caputo fractional derivative is fixed at the initial time, and the
other when the lower limit of the fractional derivative is changed at the end of each interval
of action of the impulse. Practical stability of the solutions is investigated and our arguments
are based on the application of Lyapunov like functions and the modified Razumikhin method.
We will need appropriate definitions of the derivative of Lyapunov functions among the stud-
ied fractional equations. In our paper we use three different types of fractional derivatives of
Lyapunov functions. Comparison results for nonlinear non-instantaneous impulsive fractional
differential equations without any delay are used. Some sufficient conditions for practical sta-
bility and quasi practical stability are obtained. Also several examples are given to illustrate

our results.
The main contributions in this paper could be summarized:
- non-linear Caputo fractional differential equations with non-instantaneous impulses and
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general delay depending on both the time and the state variable are set up in both cases: the
case of a fractional derivative with fixed lower limit at the initial time and the case of a fractional
derivative with changed lower limit at the end of each interval of acting of the impulse;

- practical and quasi practical stability for studied equations are defined ;

- both the initial conditions and the impulsive conditions are set up in appropriate way;

- three types of the derivatives of the applied Lyapunov functions among the solutions of the
studied equation are used: Caputo fractional derivative; Dini fractional derivative and Caputo
fractional Dini derivative;

- fractional modification of Razumikhin method is suggested and applied in the case of any
of the mentioned above three types of derivatives of Lyapunov functions;

- several sufficient conditions for practical stability are obtained for both types of the

fractional derivatives- fixed lower limit as well as changeable one.

2 Preliminaries

Let two increasing sequences of points {t;}52; and {s;}$2, be given such that so = 0,

0<s; <ty <s8ip1,8=1,2,---,and lim {5 = oc.

k—o0

o0
Let to € [0,s1) U U [tk, sk+1) be a given arbitrary point. Without loss of generality we will
k=1

assume that to € [0, $1).

The intervals (¢;,8;41),4 = 0,1,2,---  k, will be the domain of the fractional differential
equations, while in the intervals (s;,t;),4 = 1,2,--- , k, the impulsive conditions are given.

In the paper we will use the Caputo fractional derivative of order ¢ € (0,1) for a function
m € C1([to,to + T),R), and is given by

t
¢ Dim(t) = ﬁ/t (t— ) Tm/(s)ds,  t€ (to,to + T,
and Riemann - Liouville fractional derivative of order ¢ € (0, 1)
t

RL Dty (1) = %( W I m(t)) = ﬁ% /t (t— ) Tm(s)ds, ¢ € (to,to+T),

and Griinwald—Letnikov fractional derivative
) t—hto]
SLDIm(t) = lim - > (=1)" Com(t—rh),  tE (to,to+ 1T,

q(q—l)---gq—ﬂrl)

t—to

where C, = , v > 0 is an integer and [=5°] denotes the integer part of the

fraction t_hto and T < oo.

The point ty is the lower limit of the fractional derivative. Note that, for vector valued
functions, the Caputo fractional derivative is taken component-wise.

Consider the space PCy of all piecewise continuous functions ¢ : [—r,0] — R™ with finite

number of points of discontinuity 7 € (—r,0) at which
o(r) = lim 4(1),

endowed with the norm

16llo = upo]{l\aﬁ(t)ll : ¢ € PCol,

S
te[—r,
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where ||.|| is & norm in R™.

In the case of the presence of any kind of impulses to the fractional differential equations,
the memory of the fractional derivative leads to considering two different types of equations:

- fractional derivative with fixed lower limit at the initial time (NIFrDDE):

oo

& DIx(t) = f(t,2(t), Tpt,0,)), forte U (ks Sk+1],
k=0

I(t) = @k(t,x(sk — O)), for t € (Sk,tk], k=1,2,---,
x(to +t) = o(t), te[-r0],
where the function f: Ry x R" x PCy — R";

- fractional derivative with changed lower limit at the end of each interval of acting of the
impulse (NIFrDDE):

¢ Dx(t) = f(t,x(t), Tp,z,)), fort € (ty,spq1],k=0,1,2,---,
x(t) = P (t,z(sk — 0)), for t € (sg,tr], k=1,2,---, (2.2)
x(tg +t) = ¢(t), te[-r0],

where the function f : [0,s1]UJ U [ti, sit+1] X R™ x PCy — R™.

=1

In both cases, @y : [sg, tx] X R" = R™ (k. =1,2,3,---), p: [0,s1]U U [ts, 8i+1] x PCy —
=1

[0,00), ¢ € PCy, r > 0 is a given number and the notation z,(s) = x(¢ —i—Zs), s € [—r,0] is used,
i.e., z; € PCy represents the history of the state x from time ¢ — r up to the present time ¢.
Also, for any t > 0, we let ¢ 5,)(s) = z(p(t, z(t + s))),s € [-7,0].

Remark 2.1 The functions @ are called impulsive functions and the intervals (sg, ],

k=1,2,--- are called intervals of non-instantaneous impulses.
We introduce the following assumptions:
A1.1 The function f € C(]0,00) x R™ x PCy,R™) and f(¢,0,0) =0, for t > 0.
A1.2 The function f € C’([O,Sl]UkEjl[tk,skJrl] x R™ x PCy, R") and f(#,0,0) = 0 for

oo

t€[0,s1] U [tr, srral.
k=1
A2.1 The function p € C([0,00) x PCy,R) and t — r < p(t,u) < t, for u € PCy and

t € [0, 00).
A2.2 The function p € C([0,51]U U [tk, sk+1] x PCo,R) and ¢t — r < p(t,u) < ¢, for

k=1
o]

u € PCyand t € [0, 81] U [ti, Si+1].
i=1
A3.1 The functions ®; € C([sk,tx] x R",R"), (k = 1,2,3,---) and ®(¢,0) = 0, for

t € [sk,tx].

A3.2 The functions &5 € C([sg,tx] x R™",R™), (k = 1,2,3,---) and ®x(¢,0) = 0, for
te [Sk, tk].

A4 The function ¢ € PCj.

Remark 2.2 Any of the assumptions A2.1 or A2.2 guarantee the delay in the argument

of the unknown function in (2.2), i.e., the function p determines the state-dependent delay.

@ Springer



No.5 R. Agarwal et al: NON-INSTANTANEOUS IMPULSIVE FRACTIONAL DIFFERENTIAL 1703

Example 2.3 The function p(t,u) = t — cos?(u) satisfies the assumptions A2.1 and A2.2
with r = 1,ie.,t —1 <t —cos?(u) < t.

Remark 2.4 Let x(¢), with ¢ > to, be a solution of (2.2) and t € U [tk, Sk+1] be a fixed
number. Define the function ¥(s) = z(t + s), s € [-r,0]. Then, ¥ = :vt € PCQ and
Tty = 2ot 3t + 5))) = 2t + (plt, 2t + ) — 1) = V(P () = ) = D011
If any of the assumptions A2.1 or A2.1 is satisfied, then ¢ € PCy and p(t, o) — t € [—r,0].

Remark 2.5 Note that, for the NIFrDDE (2.1), the functions f and p have to be defined
for all ¢ > 0, in spite of the fact they only appear in the fractional differential equation (see
assumptions Al.1 and A2.1. With respect to the NIFrtDDE (2.2), both functions are defined

only on the intervals of fractional differential equations (see assumptions A1.2 and A2.2).

Let J C RT be a given interval. We will use the following classes of functions

PC(J)={u:J—->R":ueC(J\ G{sk},R"):

k=1
u(sg) = u(sp — 0) = grsx; u(t) < oo, wu(sp+0)= }1151; u(t) < oo, k:sp€eJ},

NPCYJ)={u:J —R":ue PC(J), ue C(JnN ([O,sl] Uuzil[tk,sk+1]),R") :
u'(sg) =u' (s —0) = limu/(t) < oo, k:s,eJ}

tTsk
Define the sets:
K ={oceCR:,Ry): strictly increasing and o(0) = 0},

Sa={reR": [z <A}, where A>0.

3 Definition of Practical Stability and Lyapunov Functions

We will consider the cases of fractional differential equations with non-instantaneous im-
pulses (2.1) and (2.2). Following the classical concept of the idea of practical stability (see [10]),
we will give a definition for various types of practical stability of the zero solution of NIFrDDE
(2.1) (respectively (2.2)). In the definition below, we denote by z(t;to, @) any solution of the
IVP for NIFrDDE (2.1) (respectively (2.2)).

Definition 3.1 The zero solution of the system of NIFrDDE (2.1) (respectively (2.2)) is
said to be

(S1) practically stable with respect to (A, A) if there exists ¢ty € [0, s0) U [tk, sk) such

that, for any ¢ € PCy, inequality ||¢llo < A implies ||z(t;t0,d)|| < A, for ¢ > to, where the
positive constants A, A (A < A) are given;
(52) practically quasi stable with respect to (A, B,T) if there exists an initial time ¢y €

[0,s0) U U [tk, si) such that, for any ¢ € PCy, inequality ||¢]lo < A implies ||x(¢; to, ¢)| < B,
for t > to —|— T, where the positive constants A\, B (A < B) and T are given.
In connection with our stability study, we will use Lyapunov type functions:

Definition 3.2 ([2]) Let o < 8 < 0o be given numbers and A C R™ be a given set. We
say that the function V' : [ — 7, 5] x A — Ry belongs to the class A([a — r.0], A) if
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- The function V is continuous on [a, )/ |J {sk} X A and it is locally Lipschitz with respect
=1

to its second argument; - For each si € (a, B)_and x € A, there exist finite limits
V(sg,x) =V (s —0,2) = gm V(t,z) and V(s +0,2) = hm V(t, x).
Sk

In this paper we will use three main type derivatives of Lyapunov functions V' € A([tg — r,
to+T),A), 0 <T < oo, among the solutions of NIFEYDDE (2.1) (respectively (2.2)):

oo
- Caputo fractional derivative given ¢t € (U (tk, Sk+1]) N [to,to + 1),
k=0

1 K d
LDV (L) = [ (=) —(V )ds, 3.1
WDV(a0) = gy [ (=97 (Vi a(e)ds (31)
where z(t) € A, t € [to — 7, to +T), is a solution of NIFrDDE (2.1).
- Dini fractional derivative given t € (tg, Sg+1] N [to,to +7T), k=10,1,2,---,

(L]

1Dl ) V(1 6(0), ) = Timsup = [V(#,6(0)) = D (<17 (G (¢~ rh, 9(0)

h—0 (3.2)

r=1

= WL (1 0(0), Biptan )

where ¢p € PC([—r,0],A), ¥o(s) = ¥(s) and V(o ,p0)—t) = Y(p(t,¥(s)) —t), for s € [—r,0].
Note that, if condition (A2.2) is satisfied, then p(t,1(s)) —t € [=7,0] and Y, y(s))—t is
well defined.
- Caputo fractional Dini derivative given t € (¢, Sg4+1] N [to,to+T), k=10,1,2,---,

Dl V(0000 it,600)) = imsup 1LV (2.6(0) = V(1. (0)

h—0t
t— tk (33)

_Z D™ (V(E = rhie(0) - h4f<t,¢<0>,¢p<t,wo>—t>>—V<tk’¢(°>>)}’

where ¢,1 € PC([-r,0],A).
Expression (3.3) is equivalent to

£, Do) V(t,1(0), ¢§tk7¢(0))

= lim sup %{ Z —rh,(0) — hqf(t7¢(0)7¢p(t,wo)t)} (3.4)

h—0t r—1
(t— tk)qr(l —q)
Remark 3.3 The relation between the Dini fractional derivative defined by (3.2) and the
Caputo fractional Dini derivative defined by (3.4) is given by

V(tk, $(0))
(t—te)T(1—q)
Example 3.4 Let n=1and V(¢,z) = m(t) %, where m € C*(R;,R;).
Case 1 Caputo fractional derivative:

1 bl (s)a?(s) + 2m(s)x(s)x'(s)d
L1 —q) J, (t—s)

ng((IQQ)V(tv 1/’(0)7 U)v tkv (b(O)) = tkDEIQQ)V(ta 1/}(0)5 1/})

5, DV (t,x(t)) = s, t € (tg,sp+1), k=0,1,---,
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where x(t) = x(t;t0, ¢), t > to is a solution of (2.1).

Case 2 Dini fractional derivative.

Dy ) V(t:40(0),90) = 20(0) m(t) f (£, 9(0), Yp(r,p0)—1) + (#(0))? §F DIm(t), (3.5)

where ¢ € PC([—r,0], R™).
Case 3 Caputo fractional Dini derivative: Let ¢» € PC([—r,0],R,). Then

: Dqgg) ( "/’( ) ¢§tka¢(0))
— limsup % {m<t>w2<o>> ~ () (0))

h—0+
- Z 174 (1) [ = o) (960) = 100, 00) -0 = i) 0]}
X =Y =
—timsup L 00)7 3 (1) ,Com(e 1)~ m(@)*0) 3 (1) 4
h—0t r=0 r=0
[Soek]
- 2w(0)hqf(t7w(0)7wp(t,wo)ft) Z (_1)T qCTm(t_Th)
r=0
2000 (8, $0), e gy ()
[t htk
WOPIL000). byt Y (6 (mle - i)
r=1
= 20(O)m(t) F(EAB(0). Yy 1) + (0(0))? FEDIm(r) — OO mlte) (3.6)

(t—tr)T(1—q)
4 Main Results About Practical Stability

4.1 Fixed lower limit of the fractional derivative

Consider the initial value problem for the nonlinear system of non-instantaneous impulsive
Caputo fractional differential equations with state dependent delay (2.1). We will study practi-
cal stability by the fractional extension of the Razumikhin method. In [5], some stability results
for delay fractional differential equations (no impulses of any kind) are obtained, by applying
the Caputo fractional derivative of the Lyapunov function and the generalized Razumikhin
condition

sup V(0,z(0)) =V (t,z(t)). (4.1)
ec[—nr]

Remark 4.1 Note that condition (4.1) is restrictive, but it is necessary because of the ap-
plication of Caputo fractional derivative of the Lyapunov function and the fractional derivative
with fixed lower limit in (2.1).

We will give sufficient conditions for practical stability of the zero solution of NFrDDE (2.1)
by applying the Caputo fractional derivative of the Lyapunov function.

Theorem 4.2 (Practical stability for the Caputo fractional derivative) Let assumptions
Al.1, A2.1, A3.1, and A4 be satisfied. Assume that there exist a number ¢y € [0,s1) and a
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continuously differentiable Lyapunov function V' € A([to — r, 00), R™), with V(¢,0) = 0, such
that
(i) the inequalities
ar(|lz|)) < V(¢ x), for t > tg,z € R,
V(t,x) < as(||z]]), for t > to,x € Sy
hold, where «; € K, i = 1,2, and X > 0 is a given number.

(ii) for any ¢t € | (tx, sk+1) and for any solution x(t) = x(¢; o, ¢) of (2.1), with ¢ € PCjy
k=0
such that

sup V(0,2(0)) =V(t,z(t)),
Oc[to—r,t]

the inequality { DIV (¢, z(t)) < 0 holds.
(iii) for any k =1,2,---, the inequality
V(t, u(t,y) < V(sk —0,9), tE€ (sp,trra], y € Sp
holds with 8 = aa()).
Then, the zero solution of (2.1) is practically stable w.r.t. (\, A), with A = a7 ' (az())).
Proof Let x(t) = x(¢;t0, ¢) be a solution of NIFYDDE (2.1), with ||¢|lo < A. Define the

function

)= s V(s,a(s), t2 to.
sE€[to—r,t]

The function v is nondecreasing. According to condition (i), the inequalities
Vto +s,x(to +5)) = V(to + 5,6(s)) < ea(l[@(s)]]) < a2(X)
hold for s € [—7,0], i.e., v(to) € Sg. We will prove that
v(t) = v(ty), fort > to. (4.2)
Assume that (4.2) is not true.

Case 1 There exists a natural number p such that v(t) = v(ty) € Sg, for t € [to, sp),
but v(t) > v(ty), for t € (sp,sp + €], where € > 0 is a small enough number. Then, given
t* € (sp, sp + €], we get v(t*) > vy and V (sp, z(sp — 0)) € Sg. According to condition (iii) we
have

ot) = s V(s,a(s) = sup  V(s,a(s)) = v(sy) = vlto).

s€[to—r,t*] s€[to—7,5p)

This proves this case is impossible.

Case 2 There exists a point T > tg, T € Ej(tk,Sk;J,_l), such that v(t) = v(to), for
t € [to,T], but v(t) > v(tp) and v is strictly increa];s_i(r)lg for t € (T,T + ¢], where € > 0 is a
small enough number. Then, v(s) = v(tg) > V(s,z(s)), for s € [to,T], and v(t) = V(t,z(t)),
for t € (T, T + ¢]. Therefore, for t € (T, T + €], the equality

sup V(0,2(0)) =v(t) =V (¢, z(t))
©cto—r,t]

holds, and according to condition (ii), the inequality { DfV (¢, z(t)) < 0 holds. Then, for any
t € (T,T + ¢], we obtain

O p— /tt(”’@) a5 < ! /ttv/(s’l’(s”ds—gvaa,x(t»so,

r(1-gq) t—s)? " T T(1—-q) (t—s)

0
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because v(s) > V (s, z(s)), for s € [tg, T + €], and

R R L
(s,

_ tys/

__v(to) V(toaqfﬂ(fo)) —q/ v(s) = V(s ( ))ds—i—/ 14 (S’x(sq))ds. (4.3)
(t —to) to (t—s)®" o (t—3)

According to the assumption, we get v/(t) = 0, for ¢ € [to, T], and v'(t) > 0, for t € (T, T + €.

Then, for any ¢ € (T, T + €], we obtain

¢ Diy(t) — 1 boal(s) . 1 bow/(s) . .
& DIv(t) F(l—q)/to( d )/T( 7ds >0, te (T,T+¢],

t—s)? 'l-gq t—s)
a contradiction. This proves (4.2).
From (4.2) and condition (i), we get
ar([[z@)]) <V (¢t z(t)) < o(t) = v(to) = Sup ]V(&(b(to +5))
s€lto—r,to

< sup ax([[é(to +9)l]) < az(r),  t=to.

sE [to 77‘,15()]

4.2 Fractional equations with changed lower limit of the derivative

Consider the initial value problem for a nonlinear system of non-instantaneous impulsive
Caputo fractional differential equations with state dependent delay (2.2). First we give compari-
son results (known in the literature ) by Lyapunov functions for systems of fractional differential
equations with state dependent delays (no impulses)

oDlx(t) = f(t,2(t), Tpt,2,)), fort € (a,a+ 6], (4.4)
w(a+t) =o(t), tel-r0]
where 0 < © < cc.

Lemma 4.3 ([1] Caputo fractional Dini derivative) Assume that

1. The function z*(t) = z(t;a,¢) € A, A C R" is a solution of (4.4), defined for
tela,a+0],0>0.

2. The scalar fractional differential equation ¢D%u = G(t,u), for t € (a,a + O], with
u(a) = ug, where G € C([a,a + O] x R,R), has a solution u(t; a, ug).

3. The function V € A([a —r,a + O], A) and, for any point ¢ € [a, a + ©] such that

V(t,z*(t)) = sup V(s,z*(s)),

set—r,t]
the inequality
oDl V(a2 (1), 2%5a,6(0)) < G(t, V(E,27())) (4.5)
holds.
Then, the inequality sup V(a+s,¢(s)) < ug implies V (¢, 2*(t)) < u*(t), for ¢t € [a,a+0O].

s€[—r,0]
Lemma 4.4 ([1] Dini fractional derivative) Assume the conditions of Lemma 4.3 are
satisfied, where inequality (4.5) is replaced by

ch

1 V(LT (),27) < GtV (E2"(1)). (4.6)
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Then, the inequality sup V(a +s,¢(s)) < ug implies V (¢, z*(t)) < u*(¢), for t € [a,a + O].
s€[—r,0]

We study the practical stability using the following scalar comparison differential equation

with non-instantaneous impulses (NIFrDE):

¢, Du(t) = g(t,u), for t € (ty,sp41],k=0,1,2,--,

(4.7)
u(t) = Wg(t,u(sp —0)), for t € (sk,tx],k=1,2,---,
where u € R, g : [0,s1] U [ths Skt1] X R = R, and Uy, : [sg, t6] x R >R (k=1,2,3,---).
k=1

We introduce the following assumptions
H1 The function g € C([0,s1]U U [tk, sk+1] X R,R) and ¢(¢,0) = 0.

H2 For all natural numbers k, the functions ¥y € C([sk,tr] x R,R) are such that
U (t,0) = 0, for t € [sk, tg], and Wi (¢, u) < Ui(t,v), for u < v, t € [sg, tx].

H3 There exists a positive number K such that, for any £ = 1,2,---, the inequality
| (sk,u)| < K holds for |u| < K.

We will study the connection between the practical stability properties of the system
NIFrDDE (2.2) and the practical stability properties of the scalar NIFrDE (4.7).

Theorem 4.5 (for the Caputo fractional Dini derivative) Let the following conditions be
satisfied:

1. Assumptions A1.2, A2, A3.2, A4 and H1-H3 are fulfilled.

2. There exist a point ¢ € [0, s1), a function V' € A([to — r, 00),R™), and

(i) the inequality

b(llzll) < V(t, ) <a(llz]]), =€ Sa,te [to—r00)

holds, where a,b € K, A =b"1(K), and K is the number defined in condition (H3);

(ii) for any functions 1, ¢ € PCy such that ||1|lo € Sa and ||¢]lo € Sa, and for any point
t € (th,Sk+1), k = 0,1,2,---, such that V(¢ + 7,¢(7)) < V(¢,1(0)), for all 7 € [—r,0], the
inequality

£ D o)V (1,9(0), 95tk (0)) < g(t, V(£,1(0)))

holds;
(iii) for any k = 1,2, -, the inequality
V(t, ®x(t,y)) < Wi(t,V(sk —0,)), t € (sptrr1], y € Sa
holds.

3. There exists a constant A, with 0 < A < A and a(\) < b(A), such that the solution of
(4.7), with an initial value ug : |ug| < a()), satisfies the inequality |u(t; 1o, ug)| < b(A), for
t > to, where tg is defined in condition 2.

Then, the zero solution of (2.2) is practically stable w.r.t. (A, A).

Proof Choose the initial function ¢ € PCy with ||¢]lo < A, and consider the solution
x(t) = x(t;to,d) of system (2.2) for the initial time ¢( defined in condition 2. Let uf =

sup  V(t,é(t — to)). From the choice of the initial function ¢ and the properties of the
tG[to*T,to]
function b(u), applying condition 2(i), we get
up=sup V(t,(t —to)) < a([[¢llo) < a(A).
te[to—’r',t()]
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Consider the solution u* of (4.7) with the initial value ug. According to condition 3, the
inequality
|u*(t)] < b(A) fort >ty (4.8)

holds. Let p be a fixed nonnegative integer and ¢ € (tp, sp+1) be a given number such that
x(t+s) € Sa, for all s € [-r,0], and V(t,z(t)) = sup V(s,z(s)). Denote ¥(s) = z(t + s).

selt—nr,t

Then, ||[¢]lo € Sa, and from the choice of ¢, we get
V(t+79(r) = V(E+ 7zt + 7)) <Vt () = V(E,4(0)),
for 7 € [—r,0]. According to condition 2(ii) of Theorem 4.2, we get

t, Do)V (t,1(0), 3 tp, (0)) < g(t, V(£,4(0))),
with ¢(0) = x(¢t,), i.e., condition 3 of Lemma 4.3 is satisfied with a = t,, G(¢,u) = g(t,u) and
P(0) = z(tp), © = sp1 — 1.
We will prove that
V(t,z(t)) < b(A), t>to. (4.9)

For t =ty we get
Vto,xz(tg)) <  sup V(t,¢(t — 1)) < a(X) < b(A).

t€[to—r,to]
Assume (4.9) is not true and let t* = inf{t > to : V (¢, z(t)) > b(A4)}.
Case 1 Suppose that t* € (¢,, Sp+1), for some non-negative integer p. Then, the function
x is continuous at t* and V (¢, x(t)) < b(A), for t € [to,t*), and V(t*,x2(t*)) = b(A).
Case 1.1 Assume that p = 0. From condition 2(i) and the choice of the initial function,
we have

b([lx(@)]]) < V(¢ x(t) < b(A),
ie., z(t) € Sa, for t € [to — r,t*]. Also,

V(" z(t*)) =b(A) >a(X) > sup V(t, ¢t —to))

te[tof’l",to]
=z sup V(L ¢(t —to)) > V(t,x(t)),
te[t* —rto)
fort € [t*—r, to]. Then, x(t*+s) € Sa, foralls € [-r,0],and V(t*,z(t*)) = sup V(s,z(s)).

se[t*—r,t*]
Therefore, the conditions of Lemma 4.3 are satisfied for a = tg, G(t,u) = g(t,u), #(0) = z(to),

and © = t* — tg. Then, V(¢,2(t)) < u*(t), for t € [to,t*], and according to condition 2(i) of
Theorem 4.2, we get
b(A) = b([lz(t*)[| < V(#*, 2(t")) < u(t) < b(A).

This contradiction proves the assumption is not true.
Case 1.2 Assume now that p > 1. From condition 2(i) we have
b([[l=(®)]]) <V (t,x(t) < b(A).
Then, z(t* +s) € Sa, for all s € [-r,0], and V(t*,2(¢t*)) = sup V(s,z(s)). Therefore, the
set* —r,t*]

conditions of Lemma 4.3 are satisfied for a = t,, G(t,u) = g(t,u), $(0) = z(t,), and © = t* —1t,,.

@ Springer



1710 ACTA MATHEMATICA SCIENTIA Vol.41 Ser.B

Then, V (t,z(t)) < u't), for ¢ € [t,,t*]. Thus we get
b(A) = V(*,2(t")) < u(t) < b(A).

This contradiction proves the assumption is not true.

Case 2 Suppose that t* € (sp,tp), for some natural number p. From condition 2(i) it
follows that

b(llz(E9)I) < V", z(t) < b(A),
i.e., z(t*) € S4. Then, from condition 2(iii), we get
V(" (™)) = V(" @p(t", 2(sp = 0))) < Wp(t7, V(sp = 0,2(sp = 0))).
From condition (H3), using the inequality V' (s, — 0,2(s, —0)) < b(A) = K, we get the contra-
diction
b(A) < W, (t",V(sp — 0,2(sp — 0))) < K = b(A).

Case 3 Finally, suppose that t* = s,, for some natural number p.

Case 3.1 Let V(t,z(t)) < b(A), for t € [to,sp), and V(s+p—0,z(sp —0)) = b(A). Thus,
the inclusion z(t) € Sa, for t € [to, sp], is valid and as in the case 1 we get a contradiction.

Case 3.2 Let V(t,z(t)) < b(A) for t € [to, sp] and V(sp + 0,z(sp + 0)) > b(A). Thus,
from condition 2(i), we get V(sp, — 0,z(s, — 0)) < b(A) = K. From condition (H3) we have
U,(sp +0,V(sp, —0,2(sp —0))) < K which leads to the contradiction

b(A) < V(sp+0,2(sp+0)) =V(sp +0,P,(sp + 0, 2(sp, — 0)))
<WU,(sp +0,V(sp —0,2(sp — 0))) < K = b(A).

From (4.9) and condition 3(i) we obtain the claim in Theorem 4.5. O

Remark 4.6 Note that, in Theorem 4.5, the condition in (ii) is similar to the Razumikhin
condition and it is not as restrictive as the condition used in Theorem 4.2 (we note the type of
the fractional derivatives used in (2.1) and (2.2)).

Theorem 4.7 (for the Dini fractional derivative) Let the conditions of Theorem 4.5 be
satisfied but replace condition 2(ii) by:

2(ii) for any function ¢ € PCy with ||¢||o € Sa, and any point ¢ € (tx, Sg+1), £ =0,1,2,---,
such that V(¢ + 7,9(7)) < V(t,4(0)), for 7 € [—r,0], the inequality

holds. Then, the zero solution of (2.2) is practically stable w.r.t. (X, A).

The proof of Theorem 4.7 is similar to that in Theorem 4.5 where instead of Lemma 4.3

we apply Lemma 4.4.
Theorem 4.8 Let the following conditions be satisfied:
1. Assumptions A1.2, A2, A3.2, A4 and H1-H3 are fulfilled.
2. There exist a point ¢y € [0,s1) and a function V' € A([tg — r,00), R™) such that
(i) the inequality
b(”‘TH) < V(tv‘r) < a(”xH)v reR"te [tO - T,OO)
holds, where a,b € K;
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(ii) for any function ¢ € PCy and any point ¢t € (tg,sg+1), & = 0,1,2,---, such that
V(t+T1,9(1)) <V(t(0)), for 7 € [—r,0], the inequality

to Do)V (1, 9(0), 95, 6(0)) < g(t, V (t,4(0)))
holds;
(iii) for any k = 1,2, -, the inequality
V(t, ®x(t,y)) < Wi(t,V(sk —0,y)), t€ (sptr1], y€ER"

holds.

3. There exist positive constants A, T with 0 < A < B and a(\) < b(B), where B = b~1(K),
and K is defined in condition (H3), such that the solution of (4.7), with the initial condition
uo € Ry :up < a(N), satisfies the inequality |u(t;to, uo)| < b(B), for t > to + T, where tg is
defined in condition 2.

Then, the zero solution of (2.2) is practically quasi stable w.r.t. (A, B,T).

Proof Choose the initial function ¢ € PCy with ||¢]lo < A, and consider the solution
x(t) = z(t;to, @) of system (2.2) for the initial time ¢y defined in condition 2. Let

up=sup V(£ ¢(t—to)).

te[tof’l",to]

From the choice of the initial function ¢ and the properties of the function b, applying condition
2(i), we get
up = sup V(t,¢(t —to)) < a(l|¢llo) < a(A).

te[tof’l",to]

Consider the solution u(t) = u(t;tg, uo) of (4.7). Therefore, the function u satisfies
|u(t; to, uo)| < b(B), fort>ty+T, (4.10)

for t > to with ug = uf, where u*(t) = u(¢; o, uf) is a solution of (4.7). According to condition
2(ii), condition 4(i) of Lemma 4.3 is satisfied for the solution z (with © = c0). From Lemma
4.3, with © = oo, it follows that the inequality V (¢, z(t)) < u*(t), for t > to, holds. From
condition 2(i) and inequality (4.10) we get

b([lz(@)[]) < V (¢, (1)) < u(t) <b(B),
fort >tg+T. O

In the case of the application of the Dini fractional derivative we obtain:

Theorem 4.9 Let the conditions of Theorem 4.8 be satisfied with replacing the condition
2(ii) by:

2(ii) for any function ¢ € PCy with ||¢||o € Sa, and any point ¢ € (t, sg+1), £k =0,1,2,-+ |
such that V(¢ + 7,9(7)) < V(¢,%(0)), for 7 € [—r, 0], the inequality

Dl V(E5(0), ) < g(t, V(5 6(0)))
holds.
Then, the zero solution of (2.2) is practically quasi stable w.r.t. (A, B,T).

The proof of Theorem 4.9 is similar to that in Theorem 4.8, where instead of Lemma 4.3,

we apply Lemma 4.4.
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Remark 4.10 Note that condition (H3) of Theorems 4.5, 4.8, and 4.9, could be replaced
by the condition:

For all k = 1,2, -, the functions Uy, satisfy ¥y (¢t,u) < u, for t € [sg,tr] and u € R.

Remark 4.11 The point ¢; in the conditions of all the above Theorems is from the interval

[0, s1) but one can modify the proofs so it can be from any interval [ty, sg+1),k=1,2,---

4.3 Some examples

We will consider several particular examples and apply our results to illustrate the practical
stability properties.

Example 4.12 (constant delay) Let sp =2k + 1, tp =2k, for k =0,1,2,---, and r = 1.
Consider the IVP for the nonlinear system of non-instantaneous impulsive fractional differential

equations with constant delay:

SeDix(t) = y(t)lL—i-t (x(t) + y2(t)) +ety(t —1), fort € (2k,2(k+1)],k=0,1,2,---,
5. Dy(t) = —0.52(t)5 i (220 +P0) + e (e - 1),
fort € (2k,2(k+1)],k=0,1,2,---
z(t) = — EO(52) sin(t)x(2k —1-0), for t € (2k — 1,2k],k=1,2,---,
0.5
y(t) = E.2) sin(t)y(2k —1—0), for t € (2k — 1,2k, k=1,2,-- -,
z(s) = ¢1(s), y(s)=¢2(s) se€[-1,0], (4.11)

where z,y € R, a,b € (—1,1) are given constants. In this particular case,
pt,x(t+s),yt+s)=t—1, se€[-1,0],
and the conditions A2.1 and A2.2 are satisfied. Therefore,
Tpttiern)(5) = T(p(t 2t +5)),y(t +8)) = 2(t = 1) and  Yp(u e, () = y(t = 1),
for s € [-1,0]. Let V(¢,z,y) = 1.5(z% + 2y?). Then,
15(2” + %) < V(t,z,y) < 3(2* +¢?),

ie., b(s) = 1.5s% and a(s) = 3s. Let t € |J (2k,2k + 1] and ¢ = (b1,102) € PCy be such that
k=0

V(t,41(0),92(0)) > V(t + 5,91(5),¥2(s)),
for s € [-1,0), i.e
U (0) +2¢3(0) > 93 (s) + 23(s), s € [~1,0).

In this case,
VLo, conronwme (8) = Y1(=1) and by, (50 (e, (8) = P2(=1),
for s € [-1,0]. Then, according to Example 3.4, for m(t) = 1, we obtain
ok D11y V (£,11(0),42(0), 91, 23 i, $1(0), 61(0))

= 1.5 5, D{, 11)(1/11) +3 5.0, 11)(1/12)
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= 3¢ (Y1(0)(61) (0,110, (0210) (5) F 2062(0) (¥2)p0, (010, 200) (5))

< 15e™ (03(0) + (1(=1)” + 203 (0) + 2(va(-1))?)
3e—t(¢$(0) n 2¢§(0)) — 2V (£, 41(0), 12 (0)).

For any t € (2k + 1,2k + 2],

( \/W \/78111 ) = (52) sin? (t)1.5(332 + 292)

_071727"'7

(4.12)

xz,y € R, we have

0.
4(2)
< 0.5

T Ey(2)

ot

sin?(H)V(2k +1—0,2,y)

IN
o

V(2k+1-0,z,y). (4.13)

Consider the IVP for the scalar fractional differential equation with non-instantaneous impulses

=0,1,---

SeDu(t) = 2u, for t € (2k,2k+ 1), k

0.5

u(t) = u(2k —1-0), fort € (2k —1,2k],k=0,1,2,---
E,4(2)

’u(to) = Uo,

It has a solution (see Figure 1)

uoE,(2t9), if t € (0,1]
u(t) = § 0.5%ugE,(2(t — 2k)9), ift € (2k,2k+1], k=1,2,-
0.5%ug, if te(2k—1,2k], k=1,2,---
= 1//3E,(2) then, for |ug] < a(\) = 3\ = E1(2) ~ 0.00917929, we have |u(t)] <
0.5 21 a0 0.
1.47‘5\
1.2;\\\
1.(1: \\h o 0'50.5(171)
[ 1
[ 1 1
osf | g0
06k ," == 1y=0.001
0af ’,l' ,,' o ] — 19p=0.0001
o2l [ ! \\,7\\\\\\
. K / S
e ozl 2t PR .
2 4 6 8 !

Figure 1 Example 4.12. Graph of the solution of (4.13) for different initial values

(4.11) is practically stable w.r.t. the couple 1/\/3E

Now choose A such that A > /2/(3E4( According to Theorem 4. 5, the solution of
), /2] (BE,( L if
[91llo + 6o < —==
11{0 2110 3Eq(2),
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(), y(®)]| < ,/@.

Let, for example, ¢ = 0.5 and the initial functions ¢1(s) = ¢2(s) = 0.2(1 + sin(s)), s € [-1,0],

ie.,

then

1
lo1llo + [|01]l1 < ———= ~ 0.055315.
3E05(2)

The solution of the system (4.11) with these particular initial functions ¢1(s) = ¢2(s) = 0.2(1+
sin(s)), s € [-1,0] is shown in Figure 2.

0.34
0.2
0.14
0 T
—— 4 6 8 10
X Y

Figure 2 Example 4.12. Graph of the solution of (4.11)

Now, let change the impulsive functions in (4.11) to other ones, for example, let the impul-

sive conditions of the system (4.11) be changed by
a(t) = —te(2k —1-0), for t € (2k — 1,2k],k=1,2,- -+,
y(t) =ty(2k —1—0), fort € (2k — 1,2k, k=1,2,--- .

(4.15)
40+
301

201

20 N

Figure 3 Example 4.12. Graph of the solution of (4.11) for large impulsive functions
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Note the impulsive functions —tz and ty do not satisfy the conditions of Theorems 4.5, 4.7,
and 4.8, and as can be seen from Figure 3, the system (4.11) is not practically stable. Thus,
condition (iii) is not only sufficient but also it is necessary to assure the practical stability for
the system.

Example 4.13 (variable time delay) Let s = 2k + 1, ¢, = 2k for k = 0,1,2,---,

and r = 1. Consider the initial value problem for the nonlinear system of non-instantaneous
impulsive fractional differential equations with time variable delay:

t

c q — _ 2 —t  win2

5 D%(t) = y(0) 1 (2(6) +97(0)) + eyt = sin®(1),
for t € (2k,2k+1], k=0,1,---

5Dty = 2L (220) +47(0)) + ettt — sin?(0),

for t € (2k,2k +1], k=0,1,---

sm x(2k—1-0), fort € (2k —1,2k],k=1,2,---,
V Eq

(4.16)

sm y(2k —1-0), fort € (2k — 1,2k],k=1,2,---

= s), (s) (s) se[-1,0],

where z,y € R.

In this partial case,
p(t,z(t +s),y(t +5)) =t —sin’(t), s € [-1,0],

and the assumptions A2.1 and A2.2 are satisfied, with » = 1 (see Figure 4).

5- -
PR
-
-
-
PR
4 e
F -,
[ R
F - =
[ ~
3k 7
F - -
7 e
e e
R - -—-t-1
2+ - -
- -
- -
Pid - —f
- -
- -
- #
1 i 24 2
R t—sin“(t)
o _-
P /L" L L L Ly
_- 1 2 3 4 5
-
-
,//
1k

Figure 4 Example 4.13. Graph of the delay in (4.16)

Therefore,
o(tze.) (8) = 2(p(t, 2(t + 5)), y(t + 5))) = z(t — sin®(¢))
and

yp(t@hyt)(s) = y(t - Sin2(t))a for s € [_17 0]
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Let V(t,z,y) = 1.5(z® + 2y?). Similar to Example 4.12 and (4.12) and (4.13), we prove
the validity of Conditions 2(ii) and 2(iii) of Theorem 4.5 and the comparison scalar equation is
also (4.14). According to Theorem 4.5, the solution of the system (4.16) is practically stable.

Let for example ¢ = 0.5 and the initial functions ¢1(s) = ¢2(s) = 0.2(1+sin(s)), s € [-1,0],
ie.,

1
lo1llo + [|01]1 < ———= =~ 0.055315.
3F05(2)

The solution of the system (4.16) for these particular initial functions is shown in Figure 5.

0.41
0.31
0.21

0.11

X V

Figure 5 Example 4.13. Graph of the solution of (4.16) with time variable delay

Similar to Example 4.12, we change the impulsive functions in (4.16) by othr ones. For
example, let the impulsive conditions of the system (4.16) be changed by

2(t) = —tz(2k —1—0), for t € (2k —1,2k], k= 1,2,-- -,
y(t) = ty(2k —1—0), for t € (2k —1,2k],k = 1,2,--- .

(4.17)
40
307
207
10
0 $j-5j‘/L:F_, /l\ -
1 1

-101

1

20

_20.

—_—

y

Figure 6 Example 4.13. Graph of the solution of (4.16) with large impulsive functions

The impulsive functions —tx and ty do not satisfy the conditions of Theorems 4.5, 4.7, and
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4.8, and as can be seen from Figure 6 the system (4.16) is not practically stable. Therefore,
condition (iii) for the impulsive functions is not only sufficient but also it is necessary to assure
the practical stability for the system.

Example 4.14 (state dependent delay) Let s, = 2k + 1, ty = 2k for k = 0,1,2,---,
and r = 1. Consider the initial value problem for the nonlinear system of non-instantaneous

impulsive fractional differential equations with time variable delay

c t 2 —
kD% (t) = ()7 () +5°()) + ¢ Yptratorion:

te(2k,2k+1], k=01,

—z(t) t 5 5 B
5 1—H(~”C (t)+y (f)) + e T t0(1) (1))

te(2k,2k+1), k=0,1, -

x(t) = asin(t)x(2k + 1 —0), y(t) = bsin(t)y(2k + 1 —0),
fort e (2k+1,2k+2),k=0,1,2,--- ,

z(s) = d1(s),  y(s) = ¢a(s) te[-r0]

where z,y € R, r > 0 is a small constant, a,b € (—1, 1) are given constants,

s Dy(t) =
(4.18)

p(t,z,y) =t — 0.5(sin’(x) 4 cos?(y)).
Then, the assumptions A2.1 and A2.2 are satisfied. Therefore,
To(taeye) (8) = 2(p(t, 2(t + ) + 5,y(t + 5)))
= 2(t — 0.5(sin®(x(t + s)) + cos*(y(t + 5))))
and

Yp(t,ze,e) (8) = y(t — 0.5(sin®(z(t + 5)) + cos?(y(t + s)))) for s € [-1,0].

Let V(t,z,y) = 1.5(2? +2y?). Also, let t € |J (2k,2k+ 1] and ¢ = (1, 102) € PCy be such
k=0
that

V(t,41(0),42(0)) > V(t + 5,1h1(s),9b2(s)) for s € [-r,0),
¥3(0) +2¢3(0) > ¥3(s) + 203(s) for s € [-r,0)
In this case,
D10, 0010, (6m10) (8) = P1(=0.5(sin? (11 (s)) + cos®(v2(s))), s € [-1,0],
U200, 20,0y (8) = Y2(=0.5(sin’ (1 (s)) + cos®(¢a(s))), s € [~1,0].
Apply —0.5(sin? (1)1 (s)) + cos?(12(s)) € [~1,0] and we get

(%1(=0.5(sin® (1 (5)) + cos® (2 (5))))* + 2(¢2(—0.5(sin’ (¥1(s)) + cos? (¢2(s))))
< ¥7(0) +2¢3(0), s € [-1,0]. (4.19)

1

Similar as in Example 4.12; applying inequality (4.19), we get inequalities (4.12), (4.13) and
the comparison scalar equation (4.14). According to Theorem 4.5, the solution of the system
(4.18) is practically stable.
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