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Palavras Chave neurociência, redes codificantes por potenciais de ação, redes neuronais de po-
tenciais de ação, redes recorrentes, redes de neurónios leaky integrate-and-fire,
potenciais pós-sinápticos

Resumo Modelar redes neuronais com princípios biologicamente plausíveis é um desafio
para a neurociência teórica. De facto, há evidência crescente de que os tempos
precisos dos potenciais de ação emitidos por um neurónio desempenham um papel
crucial na computação neuronal. No entanto, construir redes neuronais funcionais
que mimetizem a variabilidade de disparos encontrada in vivo não é uma tarefa tri-
vial. Boerlin et al. sugeriu um modelo de redes leaky integrate-and-fire que, através
de um balanço apertado entre excitação e inibição neuronal, conseguem construir
uma estimativa de um sinal multi-dimensional em tempo real, usando a combina-
ção ponderada de séries de potenciais de ação com variabilidade do tipo Poisson.
Apesar destas plausabilidades biológicas, estas redes codificantes por potenciais de
ação sustentam-se na propagação instantânea desta entidade biofísica. Uma vez
que esta assunção não vai de encontro às escalas de tempo das sinapses observadas
no cérebro, esta é uma limitação do modelo. Assim, tendo como objectivo construir
uma rede codificante por potenciais de ação com potenciais pós-sinápticos biolo-
gicamente plasíveis, neste trabalho usamos o facto do modelo original destas redes
permitir a reconstrução de sinais multi-dimensionais para transformar o problema
de reconstrução preditiva num problema multi-dimensional no domínio temporal.
Através desta transformação, emergem três propriedades que estas redes devem ter
para se manterem funcionais: não codificar o presente; permitir heterogeneidade
temporal; prever o futuro da estimativa da rede de acordo com a dinâmica do sinal
original. Assim, introduzindo estas propriedades nas assunções originais de Boerlin
et al., mostramos que é possível conceber uma rede codificante por potenciais de
ação que reconstrua sinais multi-dimensionais sem a necessidade da comunicação
instantânea dos mesmos.





Keywords neuroscience, spike coding networks, balanced networks, spiking neural networks,
recurrent networks, leaky integrate-and-fire networks, postsynaptic potentials

Abstract Modeling biologically realistic neural networks is a challenge for neural theory.
While there is increasing evidence that the precise times of spikes play a crucial
role in neural computation, building spike neural networks that resemble the spik-
ing variability encountered in vivo while computing some function is not a trivial
task. Boerlin et al. suggested a framework of leaky integrate-and-fire networks
that, through excitation-inhibition tight balance, can track high-dimensional sig-
nals while producing spike trains with Poisson-like statistics. Notwithstanding their
biologically plausible features, the spike coding networks rely on the instantaneous
propagation of spikes to ensure an optimal function. Given that such an assump-
tion may not fit the slower timescales of the synapses encountered in the brain
this is a limitation of the model. Thus, under the goal of deriving a model with
biologically plausible postsynaptic potentials, in this work, we take advantage of
the spike coding networks’ ability to track high-dimensional signals to transform
the problem of predictive tracking into a high-dimensional problem in the temporal
domain. By doing so, we were able to get insights about the properties that such
networks should have to be functional: no coding for the present time; temporal
heterogeneity; prediction of the network’s estimate according to the dynamics of
the signal being tracked. Then, by deriving a network from the same assump-
tions as Boerlin et al. while enforcing these properties it was possible to build
a spike coding network that tracks multi-dimensional signals without relying on
instantaneous communication of spikes.





Contents

Contents i

List of Figures iii

Glossary x

1 Introduction 1

1.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Rate versus Spiking Neurons . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.3 Neural Dynamics of Spiking Neurons . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.3.1 Single-Neuron Models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.3.2 Network Models of Leaky Integrate-and-Fire (LIF) Neurons . . . . . . . . . . . . . . . 5

1.4 Overview of Spiking Neural Networks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.5 Spike Coding Networks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.6 Goals and Thesis Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.6.1 Goals . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.6.2 Thesis Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2 Spike Coding Networks 10

2.1 Mathematical Principles of Spike Coding Networks (SCNs) . . . . . . . . . . . . . . . . . . . . 10

2.2 The Error Bounding Box . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2.3 Adding Spike Costs to SCNs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.4 SCNs are Optimal Realizations of LIF Networks . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.5 Biological Plausibility of SCNs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.5.1 Spiking Variability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.5.2 E/I Tight Balance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.5.3 Robustness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.6 Limitations of SCNs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2.6.1 Instantaneous Propagation of Spikes . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2.6.2 Synaptic Delays in SCNs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.6.3 SCNs are Homogeneous Networks in the Time Domain . . . . . . . . . . . . . . . . . . 20

2.6.4 Violation of Dale’s Law . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.6.5 A SCN is a Current-Based (CUBA) Model . . . . . . . . . . . . . . . . . . . . . . . . . 20

i



2.7 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

3 Predicting the Future 21

3.1 Slow Decoders . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

3.2 Prediction Boundaries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

3.3 Spike’s Effect into the Future . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

3.4 Different Predictions Yield Different Network Behaviours . . . . . . . . . . . . . . . . . . . . . 25

3.5 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

4 From Temporal Decoders to Heterogeneous Spike Coding Networks 31

4.1 Temporal Decoders in SCNs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

4.2 Mathematical Principles of Heterogeneous Spike Coding Networks (hSCNs) . . . . . . . . . . . 34

4.3 The hSCN Bounding Box . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

4.3.1 Slow Dynamics Shrink the Bounding Box . . . . . . . . . . . . . . . . . . . . . . . . . 36

4.4 Adding Spike Costs to hSCNs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

4.5 Robustness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

4.5.1 Temporal Heterogeneity in hSCNs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

4.6 Benchmarking and Other Metrics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

4.7 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

5 Generalizing Heterogeneous Spike Coding Networks 43

5.1 Postsynaptic Potentials as Convolutions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43

5.2 Postsynaptic Potentials as the Sum of Convolutions . . . . . . . . . . . . . . . . . . . . . . . . 45

5.3 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

6 General Discussion 47

6.1 hSCNs and Other Published Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

6.2 Model Predictions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

6.3 Limitations of hSCNs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

6.4 General Comments and Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

References 51

ii



List of Figures

1.1 Progress of electrophysiology. Taken from [2]. . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Spiking variability from in vivo recordings. Adapted from [9] Copyright 1998 Society for

Neuroscience. A. Response variability of a Middle Temporal (MT) neuron. Top: Spike trains over

different trials. Bottom: Firing rate. B. Interspike Interval (ISI) histogram. C. Variance of the

spike count against the mean number of spikes. The dashed line is the expected line for a Poisson

process. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.3 Electric circuits for the neuron’s membrane. A. Generic circuit, representing the membrane

capacitance in parallel with other components. Namely, the ion channels are represented by a

resistor in series with a battery and an electrode injecting a constant current. B. The RC circuit

with a switch representing the LIF model. When there is a spike the switch closes. . . . . . . . . . 5

1.4 Averaged recordings of Excitatory Postsynaptic Current (EPSC). Adapted from [27].

A. Averaged recordings of EPSC mediated by AMPA/kainate receptors in mossy-fiber synapses

onto CA3 pyramidal neurons in hippocampal slices (wiggly line). And respective theoretical fit

(smooth line), considering a first-order kinetic model. B Averaged recordings of EPSC mediated by

GABAB receptors in dentate granule cells (wiggly line). And respective theoretical fit (smooth

line), considering a first-order kinetic model. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.5 Synaptic conductances. A. Dirac delta impulse. B. Exponential kernel. C. Double exponential

kernel. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.6 Excitatory Postsynaptic Potentials (EPSPs) and Inhibitory Postsynaptic Potentials

(IPSPs).A. A EPSC depolarizing the membrane. B. A Inhibitory Postsynaptic Current (IPSC)

hyperpolarizing the membrane. C. A IPSC depolarizing the membrane.D. Simple rule for setting

excitatory and inhibitory synapses. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2.1 A SCN works like an autoencoder. (i) A SCN is a network with a feedforward matrix D⊤

and a recurrent matrix −D⊤D that is able to readout an input signal x, yielding an estimate x̂.

(ii) Same as (i), but unfolded to show that the readout is decoded from the network’s spike trains,

using the readout weights D. (iii) Same as (ii), but further unfolded to show that the spike trains

are first filtered with a postsynaptic potential. Then, these are weighted by the corresponding

decoding weight and summed linearly to yield the signal’s estimate x̂. . . . . . . . . . . . . . . . . 12

iii



2.2 The error bounding-box. A. One neuron defines a spike/no-spike boundary. When the readout

hits this boundary it jumps along a perpendicular direction to it, according to the decoding vector.

One neuron is only able to correct the readout along one direction. B. Adding a second neuron

with a different decoding vector allows the readout to jump closer to the signal. C. Adding several

neurons defines a box that bounds the readout, allowing a correction along many directions. D.

The neuron’s voltage is the projection of the error vector along the neuron’s decoding vector. E.

Tracking of a 2D signal by a ten-neuron network with different decoding vectors. Top: Signal x(t)

and its estimate x̂(t). Bottom: Spike trains s(t) for each neuron. . . . . . . . . . . . . . . . . . . 13

2.3 High-dimensional bounding boxes Taken from [53]. The dimensionality of the bounding box

depends on the dimensionality of the signal x. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

2.4 A generic LIF network with feedforward and recurrent matrices tracking a signal. A.

This LIF network has a feedforward matrix F and a recurrent matrix Ω that gets an input signal x

and outputs a readout x̂. B. Unfolded network that follows an error-driven coding and thus has

Ω = −FD. C. A network with the recurrent matrix of B is non-optimal because the Fi vectors

are not aligned with the Di vectors. This leads to an encoding-decoding mismatch since the i-th

neuron measures the error along Fi but then spikes along Di. . . . . . . . . . . . . . . . . . . . . . 15

2.5 Poisson-like variability in neural data and SCNs. A. Taken from [8] Copyright 1993 Society

for Neuroscience. The firing of almost all neurons in Visual Area 1 (Primary Visual Cortex) (V1)

and MT was consistent with a Poisson process (CV ≈ 1). B. Taken from [53]. Left: Distribution of

Coefficient of Variation (CV) for four different simulation conditions of redundancy (computed as

N/M) and input dimensionality. Right: Median of CV distributions. Colors of the distribution on

the left match the dots in the right plot. In SCNs, for low redundancies there are low CVs and for

high redundancy we see CV ≈ 1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.6 E/I balance. A. Either loose or tight balance produce highly variable spike trains. Taken from

[60]. Left: Loose balance. Right: Tight balance. B. Taken from [56]. (i) In the optimal SCN an

inhibitory spike balances perfectly the excitatory input and the signal is perfectly tracked. (ii) The

input drive is not perfectly balanced, yielding a spike too early. (iii) The inhibition is stronger than

the excitation and the spiking is delayed. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.7 Robustness of SCNs. Taken from [53]. Top: Perturbations added along the simulation. Middle:

Signal x(t) and its estimate x̂(t). Bottom: Spike trains s(t) for each neuron. . . . . . . . . . . . . 17

2.8 Effects of the instantaneous propagation of spikes . A. Diagram of the synaptic interactions

between two neurons oppositely tuned (D0 = −1 and D1 = +1). B. Tracking of a 2D signal by

two oppositely-tuned neurons without ping-pong. Top: Signal x(t) and its estimate x̂(t). Middle:

Evolution of the voltage V (t) for each neuron. Bottom: Spike trains s(t) for each neuron. Note

that the sign of the decoding vector spiking matches the sign of the signal being tracked. Shaded

areas of the voltage are zoomed-in. C. Tracking of a 2D signal by two oppositely-tuned neurons

with ping-pong. Top: Signal x(t) and its estimate x̂(t). Middle: Evolution of the voltage V (t) for

each neuron. Bottom: Spike trains s(t) for each neuron. Shaded areas of the voltage are zoomed-in. 18

iv



2.9 Synaptic delays in SCNs. A. Tracking of an 1D signal by a two-neuron network with identically

tuned neurons. Top: Signal x(t) and its estimate x̂(t). Middle: Voltage V (t) for each neuron. The

shaded area is zoomed-in to illustrate that the delayed lateral inhibition allows the second neuron

to spike. Bottom: Spike trains s(t) for each neuron. B. In the geometric perspective, two identically

tuned neurons are represented as parallel boundaries. Top: The readout x̂ hits the first boundary.

This leads the spiking neuron to see a jump of the readout, but the rest of the network does not

have access to this information yet. In the network’s perspective, the readout did not jump and it is

following its natural evolution. Bottom: Eventually, the readout hits the other neuron’s boundary,

yielding a spike. C. Tracking of a 2D signal by a ten-neuron network with synaptic delays. Top:

Signal x(t) and its estimate x̂(t). Bottom: Spike trains s(t) for each neuron. . . . . . . . . . . . . 19

3.1 Fast and slow filters. A. The differences between an alpha and an exponential kernel. Top:

Kernels Bottom: Spike train s(t). B. Top: Fast o(t) and slow r(t) filtered spike trains. Bottom:

Spike train s(t). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

3.2 The neuron’s prediction field. A. At time t the i-th the prediction of the i-th neuron regarding

the future of the readout between the beginning (vertical line at t) and end (vertical line at t + ∆t)

of the integration window lies within the yellow region. B. Trajectories of the prediction boundaries

for a 2D input. Black arrows represent the evolution in time. When the neuron hits a decision time

point (blue arrow), it may predict the future according to the lower limit boundary, which keeps

the estimate closer to the original point, or according to the upper boundary, which assumes future

spikes of the i-th neuron, leading the estimate to a further point in space. The grey lines signal

the difference between the spike and no-spike scenario for each prediction, up until the end of the

preview time window. If we would let the signals evolve past this point, with no further spikes,

they would decay to (0,0) (cross). In the 2D input case, the direction of the decoding vector also

plays a role. C. Zoom-in of B. Although the direction of the decoding vector remains the same,

the fact it has different starting points as the silent estimate evolves leads to different points at

the corresponding spike estimate. Thus, the greatest effect of the spike is felt in another direction.

The two dark orange arrows signal these directions of effect for each prediction boundary. The

prediction field of the neuron is then given by the angle between these two directions. . . . . . . . 24

3.3 To postpone the spike is equivalent to predicting the future differently. A. At the time

decision t, the neuron’s voltage is above its threshold if the readout is being predicted according to

x̂pred1 and below it if the readout is being predicted according to x̂pred2 . x̂pred1 is the prediction

corresponding to the lower boundary limit, whereas x̂pred2 is the prediction corresponding to having

a spike at t′. B. d for a sequence of time points, considering the lower boundary limit prediction for

every evaluation time. At every point the neuron evaluates its spiking rule, which is approaching

the threshold. When it gets there, the neuron’s greedy decision would be to spike. But should it

spike at the first instant it hits the threshold? C. Evolution of L(t|i spikes) for the same time

points as B, considering the lower boundary limit prediction for every evaluation time. We see that

the loss of spiking has a minimum (arrow), for a given integration window ∆t, which corresponds

to the optimal spike time to which the spike should be postponed in order to get a more accurate

tracking of the signal. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

v



3.4 The effect of a slow spike in the readout. A. The peak of a spike in the ascending phase

of the readout depends on the past spikes, which have a cumulative effect into the future. Here,

the spike occurs when x̂ = 1.6 (arrow) and its maximum future effect is felt at x̂ = 6 due to the

cumulative effect of past spikes. B. When the neuron’s kernel is at the baseline, the rising time

h is the time it takes for the firing rate to reach its peak. C. h is the time interval that it takes

for the spike decision occurring at t1, t2, t3 or t4 (unidirectional arrows) to diverge the most from

the silent decision. This distance is given by the length of Di. Here we illustrate the predictions

at four decision time points. As the initial value of the readout decreases, the time interval hd

between the local maximum produced by the spike (dashed bidirectional arrows) and the end of the

preview window (full line bidirectional arrows) decreases, indicating that the point of the maximum

divergence of the spiking and no spiking hypothesis is approaching a local maximum of the readout. 25

3.5 Diagram of the decaying of readout x̂ within an integration time window (grey area). In every

time step, the neuron has a decision to make: to spike or not to spike? Here, after some spikes had

already been fired in the past, which cannot be changed, the neuron hits the current decision time

(arrow) and, according to a defined spiking rule, makes its decision. A. 1D input signal considering

scenario I. B. 1D input signal considering scenario II. C. 2D input signal considering scenario I.

D. 2D input signal considering scenario II. (A and C) The neuron sees its future as if the spike at

the given decision time is the only one within the integration window, which leads to the readout

decaying to 0 (cross), considering the effect of past spikes. (B and D) The neuron is agnostic about

the past and future spikes, only acknowledging the current estimate value, thus assuming that the

readout must only remain constant or, in the case of a spike at the decision time, decay to the

value of the readout at the time of the spike. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

3.6 Tracking of a signal under scenario I A. Top: Estimate of an impulse signal by an one-neuron

network (alpha kernel parameters: ar = 1, ad = 0.1), considering a long (∆t = 2.56 ms) and a

short (∆t = 0.64 ms) integration time window. Note that the longer the integration window, the

longer the predictive power of the network. Middle: Voltage for the long and short integration time

window. Note that when Vi hits Ti it is reset to −Ti. Bottom: The neuron’s spike train s(t) for the

long and short integration window. B. Dependence of the spiking threshold Ti on the integration

time window ∆t. C. Dependence of the average maximum and minimum of the readout on the

integration time window ∆t. D. Spike decisions that led to an over-estimation of the signal. If

the estimate is at its rising phase and the integration window is too short, the neuron cannot see

the further rise that a spike will cause, thus yielding the decision to spike. If the estimate is at its

decaying phase and the integration window is too long, the neuron predicts a long decay on the

network’s estimate if it remains silent, thus yielding the decision to spike. . . . . . . . . . . . . . 28

vi



3.7 Tracking of a signal under scenario II. Same kernel parameters and integration windows as

in figure 3.6. A. Top: Estimate of an impulse signal by an one-neuron network. Middle: Voltage

for the long and short integration time window. Bottom: The neuron’s spike train s(t) for the

long and short integration window. B. Dependence of the spiking threshold Ti on the integration

time window ∆t. C. Dependence of the average maximum and minimum of the readout on the

integration time window ∆t. D. Spike decisions that led to an over-estimation or under-estimation

of the signal. Note that in this scenario the prediction in case of a spike (x̂′

spike) is different from

what actually happens if there is a spike (x̂spike), due to the new considered baseline. Thus, if the

estimate is at its rising phase and the integration window is too short (left), the neuron not only

cannot see the further rise that a predicted spike will cause, but it also does not see the great rise

on the estimate already happening due to the past spikes that will be amplified by this new spike.

If the estimate is at its decaying phase and the integration window is too long (right), the predicted

effect of the spike is non-decaying, thus leading to a slight under-estimation. . . . . . . . . . . . . 29

4.1 Random temporal decoders. A. Tracking of a 5D signal in time by a 20-neuron SCN. Top:

Signal xm(t) dimensions and their estimates x̂m(t). Bottom: Spike trains s(t) for each neuron.

B. Decoder weights for each neuron (each color is a neuron) along each temporal dimension. C.

Decoder weights for 4 different neurons along each temporal dimension. Top: These time evolutions

of the decoding weights do not resemble alpha kernels. Bottom: These time evolutions of the

decoding weights resemble alpha kernels. D. The feature that time evolves forward constrains

the temporal domain the decoders can span. Thus, only fully positive of fully negative quadrants

are spanned. E. The temporal decoders could be approximated by alpha kernels with different

parameters. Top: ad = 1, ar = 10. Bottom: ad = 1, ar = 0.2. . . . . . . . . . . . . . . . . . . . . . 32

4.2 Temporal decoders as alpha kernels. A. Tracking of a 3D signal in time by a 4-neuron SCN.

Top: Signal xm(t) dimensions and their estimates x̂m(t). Bottom: Spike trains s(t) for each neuron.

B. Decoder weights for each neuron (each color is a neuron) along each temporal dimension. C.

Each neuron’s filtered spike train is multiplied by its decoding weight along each time dimension.

Every decoding weight for the present has the value of 0, that is, the first dimension. Thus, the

network fails to track the present (the curve x1(t) in A). D. Since the present is not tracked, the 3D

problem in time is actually a 2D problem in time, where x2(t) = x1(t+∆T ) and x3(t) = x1(t+2∆T )

are the dimensions tracked. D. Signal and readout trajectories in time. . . . . . . . . . . . . . . . 33

4.3 Temporal decoders provide insights about the predicted dynamics of the readout. A.

Tracking of a 5D signal in time by a 50-neuron SCN. Signal x(t) and its estimate x̂(t). B. Average

of the signal (x(t) ±σx) and the readout (x̂(t) ±σx̂) for each time step. C. Decoder weights for each

neuron (each color is a neuron) along each temporal dimension. D. Decoder weight of the spiking

neuron considered in E. E. What happens when the neuron with the decoder at C spikes? Left:

Signal dimensions and their estimates with a spike at t or without it, plotted across the simulation

time. Right: Signal x(t) and its estimate x̂(t) with and without a spike plotted across each dimension. 34

vii



4.4 A hSCN is an autoencoder with a predictive time windows. A. (i) A hSCN is a network

with a feedforward matrix AD⊤ and a recurrent matrix −AD⊤D that is able to readout an input

signal x, yielding an estimate x̂. (ii) Same as (i), but unfolded to show that the readout is decoded

from the network’s alpha-filtered spike trains, using the readout weights D. B. In order to make a

spiking decision, the neuron assumes that the evolution of the readout follows the signal’s dynamics.

Compare with figure 4.3E. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

4.5 Neuron bursting in hSCN. A. Tracking of a 2D signal by a 4-neuron hSCN. Top: Signal x(t)

its estimate x̂(t). Bottom: Spike trains s(t) for each neuron. Note the double spike. B. Error

bounding-box for two consecutive time steps. Lighter lines denote the bounding box before the

first spike. Stronger lines represent the bounding box after the first spike. Grey dot is the readout

before the first spike, x̂−. Black dot is the readout after the first spike x̂+. The rings signal the

input signal x shift in consecutive time steps. Note that despite the shift on the bounding box

and the readout after the first spike the last is still in the spiking region of the blue neuron. C. In

the absence of an instantaneous reset, the neuron’s voltage, V0(t), is above the threshold in two

consecutive time steps. D. Tracking of a 2D signal by a 4-neurons hSCN with a refractory period.

Top: Signal x(t) its estimate x̂(t). Bottom: Spike trains s(t) for each neuron. . . . . . . . . . . . . 36

4.6 Slower neurons shrink the error bounding box. A. Tracking of a 2D signal in time by a

10-neuron hSCN. Top: Signal xm(t) dimensions and their estimates x̂m(t). Bottom: Spike trains

s(t) for each neuron. Light blue spikes come from slow neurons, dark blue spikes come from fast

neurons. B. Error bounding-box in the first half of the simulation. C. Error bounding-box in the

second half of the simulation, after killing the slow neurons. D. Neurons’ alpha kernels. . . . . . . 37

4.7 Costly hSCNs. A. Normal dynamics. B. With L2 cost. B. With L1 cost. Top: Signal x(t)

and its estimate x̂(t).Middle: Spike trains s(t) for each neuron. Light blue spikes come from slow

neurons, dark blue spikes come from fast neurons. Bottom: Error bounding-box for two time points

in the simulation separated by a period T = 2π/ω. Simulations considering µ = ν = 1. . . . . . . . 39

4.8 hSCNs are robust to several cumulative perturbations. . . . . . . . . . . . . . . . . . . . . 39

4.9 hSCNs are robust to signal changes in time. A. 20-neuron hSCN tracking a constant

frequency oscillatory signal. Top: Signal x(t) and its estimate x̂(t).Middle: Spike trains s(t)

for each neuron. Light blue spikes come from slow neurons, dark blue spikes come from fast

neurons. Bottom: Error bounding-box for each simulated condition. B. 20-neurons hSCN tracking

a frequency modulated signal. Top: Signal x(t) and its estimate x̂(t).Middle: Spike trains s(t) for

each neuron. C. Neurons’ kernels used in B considering ∆t = 100 s. Note the differences between

the fast and the slow kernels. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

4.10 hSCNs metrics computed using a 2D sinusoidal signal with angular frequency w = 0.1 and

period T ≈ 62.83. Each color represents the set of the ai
r parameters used in the simulation. A.

The average of the coding error over the 2 components as a function of the integration window

∆t. B. The average of the N individual firing rates, FR, as a function of the integration window

∆t. C. The average of the N individual CV as a function of the integration window ∆t. D. The

relationship between the average of the individual FR and the average of the coding error. E. The

relationship between the average of the individual CV and the average of the coding error. F. The

relationship between the average of the individual FR and the average of the individual CV. . . . 41

viii



5.1 Convolutions of exponentials as Postsynaptic Currents (PSCs). A. Shapes of G1 to G5

kernels. B. Top: The filtered spike trains according to the respective kernel, i.e. oM = (GM ∗ s)(t).

Bottom: Spike train s(t). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

5.2 Neuron bursting in a slower hSCN. A. Tracking of a 2D signal by a 10-neuron hSCN with

G3 decoders. Top: Signal x(t) its estimate x̂(t). Bottom: Spike trains s(t) for each neuron. B.

Shaded area of A zoomed-in in order to see the multiple spikes. Top: Signal x(t) its estimate x̂(t).

Bottom: Spike trains s(t) for each neuron. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

5.3 A hSCN with two loops. A. (i) A hSCN with several loops is a network with a feedforward

vector βD⊤ and a decoder vector D that is able to readout an input signal x, yielding an estimate

x̂. (ii) Same as (i), but unfolded to show that the readout is a sum of the spike trains filtered

according to different kernels. B. Tracking of a 2D signal by a 10-neuron hSCN with spike trains

filtered by G3 and G2. Top: Signal x(t) its estimate x̂(t). Bottom: Spike trains s(t) for each neuron. 46

ix



Glossary

ANN Artificial Neural Network

SNN Spiking Neural Network

RNN Recurrent Neural Network

MNIST Modified National Institute of Standards and
Technology

GPU Graphics Processing Unit

BCI Brain-Computer Interface

LIF Leaky Integrate-and-Fire

PSC Postsynaptic Current

PSP Postsynaptic Potential

EPSC Excitatory Postsynaptic Current

IPSC Inhibitory Postsynaptic Current

EPSP Excitatory Postsynaptic Potential

IPSP Inhibitory Postsynaptic Potential

COBA Conductance-Based

CUBA Current-Based

FORCE First-Order Reduced and Controlled Error

SCN Spike Coding Network

CV Coefficient of Variation

ISI Interspike Interval

hSCN Heterogeneous Spike Coding Network

FR Firing Rate

PCA Principal Component Analysis

MT Middle Temporal

V1 Visual Area 1 (Primary Visual Cortex)

x



CHAPTER 1
Introduction

The arts and sciences are avatars of human creativity.

— Mae Jemison

1.1 Motivation

The human brain is one of the most complex systems in nature. Throughout the years, the

development of experimental techniques such as electrophysiology, multiphoton microscopy, and

optogenetics allowed scientists to collect data either in vitro or in vivo from several areas of the brain

and under diverse conditions. Interestingly, in 2011, Stevenson and Kording [1] analysed the advances

in neural recording techniques over the past 50 years and postulated the equivalent of Moore’s law for

neural recording techniques – that the number of simultaneously recorded neurons doubles every 7

years. They keep tracking the progress in electrophysiology here and as of today, the doubling time is

estimated to be 6.3 ± 0.2 years (figure 1.1).

Figure 1.1: Progress of electrophysiology. Taken from [2].

However, despite the large amounts of data now available from different animal brains, they are

not always meaningful enough to broader comprehension. For instance, for many years, anesthetized

animals were used by neuroscientists in their research, which under-covered crucial aspects of neural
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activity. It was only when technical advances made it possible to record from behaving animals in

movement that neuroscientists started to understand how different states of motion could modulate

sensory responses [3].

Currently, neuroscience is going through a shift in the paradigm that the brain might not be as

noisy as once thought, i.e., that the trial-to-trial variability observed in vivo is not meaningfulness [4].

Rather, the precise times of spikes, with their sparsity and variability, might be crucial for the efficient

processing of information. Thus, in order to go beyond the use of standard statistical models such

as correlation or regression in order to extract meaning from the data, theoretical neuroscience aims

at building brain-inspired models that are able to emulate the observed neural activity. In addition,

having mathematical descriptions of neural data allow us to make experimentally testable predictions,

thus helping us to guide experimental studies. In conclusion, neuroscience is a dynamic field where

theory can be probed in a reasonable time frame as new techniques come along.

1.2 Rate versus Spiking Neurons

The neuron is the fundamental processing unit of neural circuits in the brain. Notwithstanding the

heterogeneity of neurons in the cortex, a neuron can typically be described as having three functional

compartments: dendrites, soma, and axon. In essence, the dendrites integrate the input signals received

by the neuron, while the soma is the processing unit that performs non-linear computations and

outputs an action potential if the input exceeds a threshold. Finally, the axon transmits the action

potential to the connected neurons throughout a synapse [5]. These action potentials, also known as

"spikes", are stereotyped electrical impulses whose duration is in the order of milliseconds, a timescale

that contrasts with the timescales of the input perceptions or the output actions of the brain [4].

Although spikes are the mean of communication in neural circuits, there is a debate in neuroscience

about whether the precise time of spikes are really necessary to encode information or if a proxy for

the spiking frequency over a longer timescale is enough to reliably model a network of neurons. Given

that the frequency of spiking was earlier correlated with stimuli strength [6], the classical framework of

neural communication considers the firing rate, instead of the spike, as the unit of information in the

brain [7]. Being a continuous variable, the firing rate is easily described mathematically, but at what

functional cost? Note that it is always possible to compute firing rates having the spike times, but it is

not possible to compute the precise spike times from the firing rates, i.e., many spike trains yield the

same firing rate. Therefore, the key point of the debate "rate vs. spiking neurons" is whether firing

rates are sufficient or not for information processing. In other words, it is expectable that firing rates

correlate to information processing, but are they the functional unit of it? [7].

In vivo recordings have shown that the spike trains of a given neuron show a high spiking variability

over trials under the same stimuli presentation [8]–[11] (figure 1.2), boosting the idea that information

could not be readout from the precise time of spikes and reinforcing the need for a rate-based information

unit. In spiking models, the neurons respond deterministically to injected current, i.e., they produce

deterministic spike trains [12]. But when neurons are described by their firing rates r(t), it is possible

to generate a stochastic spike train given the deterministic rate. Then, spikes are interpreted as Poisson

events occurring at rate r(t) and the rate of a neuron depends on its presynaptic rates [7].

Despite this, rate-based neurons do not explain the cause of this observed variability. In fact, it

has also been shown that single neurons recorded in vitro are robust to noisy perturbations [13], [14].

Thus, the spiking variability observed in in vivo recordings might be due to effects of network activity,

attention, prior experience or other hidden variables not considered by the observer [15]. In other

words, spiking variability might not be a problem to be solved by the use of statistical tools, but rather
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Figure 1.2: Spiking variability from in vivo recordings. Adapted from [9] Copyright 1998 Society for Neuroscience.
A. Response variability of a Middle Temporal (MT) neuron. Top: Spike trains over different trials. Bottom:
Firing rate. B. Interspike Interval (ISI) histogram. C. Variance of the spike count against the mean number
of spikes. The dashed line is the expected line for a Poisson process.

a key feature of neural biophysics. If that is the case, rate-based models show a few limitations, given

that they disregard the precise time of spikes. Furthermore, these models are especially sensitive to

the synaptic weights of the network, with strong recurrent connections playing a dominant role in the

network’s activity [16].

While there are both experimental [17]–[19] and theoretical [4], [20] evidence that firing rates fail

to capture all the necessary information about the stimuli to decode the output as well as the precise

spike times, the rate-based neurons are still widely used due to their mathematical and computational

feasibility. In fact, when it comes down to simulating large networks it is easier to approximate

the average activity of a neural population by considering the average of its neurons’ firing rates.

Moreover, often scientists are interested in building networks that can learn some function and it is

mathematically easier to derive learning rules using continuous variables. For instance, in Artificial

Neural Networks (ANNs), the activation functions used are higher abstractions of a firing rate. Given

these activation functions are differentiable, learning rules based on gradient descent may be easily

derived, as backpropagation [21] in the case of a feedforward ANNs or backpropagation through time

[22] in the case of a rate Recurrent Neural Network (RNN). The discontinuous dynamics of spiking

neurons, along with the constraints of local Hebbian learning [23], hinder the derivation of biologically

plausible learning rules.

1.3 Neural Dynamics of Spiking Neurons

Being a biological cell, the neuron has a phospholipid bilayer packed with set of ionic channels that

keep a difference of charges between the intra and the extra-cellular medium. Thus, the membrane has

a capacitance Cm that relates the voltage across the membrane and the amount of excess charge as a

standard capacitor

Q = CmV. (1.1)

Although the electrical quantities measured in different sites of a neuron are not the same, the

simplest neural dynamics models consider the neuron a single processing unit described by a unique

membrane voltage V . That said, here, we focus on single-compartment models.

The synaptic input received by a neuron is translated into a current flowing through the ion

membrane channels. Then, it is possible to describe the neuron’s membrane by an electric circuit

where the ion channels are just components of it (figure 1.3A). For many channels, the driving force is

linearly proportional to the difference V − Ei, where Ei is the reversal potential for the ion. Moreover,

considering that the i-th channel has a specific conductance, gi, one can model the membrane current

due to that channel as gi(V − Ei). Finally, the membrane current Im due to all membrane channels is
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written as

Im =
∑

i

gi(V − Ei). (1.2)

Im is conventionally defined as positive-outwards. Extrinsic factors may also play a role, as the current

injected into a neuron by an electrode. To this currents we call Ie, which are conventionally defined as

positive-inwards [12]. Formally, we write the simplest neuronal dynamics as

Cm

dV

dt
=

dQ

dt
= −Im + Ie. (1.3)

The reader may already predict that while it may be straightforward to mathematically write the

external current injected into a neuron, Ie, it is not trivial to formally write the membrane current Im

due to the variety and complexity of the ionic channels in the cell’s membrane. In fact, there are many

ways of writing this current, depending on the assumptions one is willing to make. That said, next we

introduce how to mathematically write it.

1.3.1 Single-Neuron Models

There are two big groups of single neuron models: Leaky Integrate-and-Fire (LIF) models and

voltage-dependent conductances models. While the firsts describe the membrane current as a leaky

current, therefore portraying only the sub-threshold membrane potential, the seconds describe the

membrane voltage as the sum of several non-linear terms reflecting a voltage-dependence conductance

of the membrane ionic channels, thus being able to model the action potential (e.g. the Hodgkin and

Huxley model [24]).

Given that in this thesis we focus on networks of LIF neurons, next we introduce the general

dynamics of these models.

Leaky Integrate-and-Fire Models

In LIF models [25], the dynamics of the voltage during the action potential are not described

biophysically. Rather, it is assumed that the action potential occurs at time ti if the neuron reaches a

spiking threshold Vth [26]. Following this, the voltage is reset to a value Vreset such that Vreset < Vth.

Thus, only the sub-threshold membrane voltage is modeled and the crossing of the threshold defines

the spiking time ti

V (ti) = Vth and
dV (t)

dt

∣
∣
∣
∣
t=ti

> 0. (1.4)

The circuit for a LIF model is a capacitor Cm in parallel with a resistor Rm driven by a current

I(t) (figure 1.3B). Formally, we write

I(t) =
V (t)

Rm

+ Cm

dV

dt
. (1.5)

Multiplying both members by Rm and introducing the membrane time constant τm = RmCm, one

gets

τm

dV

dt
= −V (t) + RmI(t), (1.6)

which can be obtained from equation 1.3 considering that the membrane current is described by a

single passive leakage term, Im(t) = Ileak = gL(V (t) − EL), where EL = 0 is the resting potential,

Rm = 1/gL, and Ie = I.
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Figure 1.3: Electric circuits for the neuron’s membrane. A. Generic circuit, representing the membrane capaci-
tance in parallel with other components. Namely, the ion channels are represented by a resistor in series
with a battery and an electrode injecting a constant current. B. The RC circuit with a switch representing
the LIF model. When there is a spike the switch closes.

1.3.2 Network Models of LIF Neurons

Although the above equations are describing the dynamics of a single neuron, a network of LIF

neurons may be constructed. In order to do that, one must enforce the communication between neurons.

How do neurons communicate? Through synapses. A synapse is a chemical process in which the action

potential reaches the presynaptic terminal activating voltage-dependent Ca2+ channels. This yields

the release of vesicles of neurotransmitters into the synaptic cleft. These neurotransmitters then bind

to receptors in the postsynaptic membrane, which leads to the opening of ionic channels.

Formally, this amounts to adding a synaptic current, Isyn, to the model in equation 1.3. Then,

generally, we write

Cm

dV

dt
= −Ileak − Isyn + Ie. (1.7)

Synaptic Conductances

The opening of the ionic channels may be modeled by a physical quantity termed synaptic

conductance, gsyn(t). Given that the models for synaptic conductances depend on the concentration of

the neurotransmitter in the synaptic cleft, it is expected that the conductance has a rising and a decaying

phase, corresponding to the fast release of neurotransmitters and its consequent enzyme-mediated

degradation. How fast this rising and decaying is depends on the channel mediating the conductance.

For instance, AMPA channels mediate fast conductances (figure 1.4A), while GABAB mediate slow ones

(figure 1.4B). Moreover, depending on whether the synapse is excitatory or inhibitory, the Postsynaptic

Currents (PSCs) may be either Excitatory Postsynaptic Currents (EPSCs) or Inhibitory Postsynaptic

Currents (IPSCs).

Given the diversity of receptors able to mediate a synapse, different kernels may be used to describe

the time evolution of their synaptic conductances for the time after a presynaptic spike at ti [28]. Next,

we present three kernels widely used to model gsyn(t).

An instantaneous shift in the conductance may be modeled by a Dirac delta impulse, δ(t − ti),

(figure 1.5A). The exponential kernel may model a process with an instantaneous rise followed by a

slow decay (figure 1.5B) and a double exponential is a more realistic waveform given it takes rising

and decaying parameters (figure 1.5C).

Based on the nature of the synaptic models, we may divide them in Conductance-Based (COBA)

and Current-Based (CUBA) networks [29], [30]. When the synaptic model is voltage-dependent, i.e,

the synaptic current depends on the electric driving force, the network is COBA. On the other hand,
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Figure 1.4: Averaged recordings of EPSC. Adapted from [27]. A. Averaged recordings of EPSC mediated by
AMPA/kainate receptors in mossy-fiber synapses onto CA3 pyramidal neurons in hippocampal slices
(wiggly line). And respective theoretical fit (smooth line), considering a first-order kinetic model. B
Averaged recordings of EPSC mediated by GABAB receptors in dentate granule cells (wiggly line). And
respective theoretical fit (smooth line), considering a first-order kinetic model.

A B C

Figure 1.5: Synaptic conductances. A. Dirac delta impulse. B. Exponential kernel. C. Double exponential kernel.

when the synaptic model is voltage-independent, the network is CUBA. Mathematically, for the COBA

model we write

Isyn(t) = gsyn(t)(V (t) − Esyn), (1.8)

where gsyn(t) is the synaptic conductance and Esyn is the reversal potential of the synapse. On the

other hand, for the CUBA model we write

Isyn(t) = gsyn(t)(EL − Esyn). (1.9)

A B C D

Figure 1.6: Excitatory Postsynaptic Potentials (EPSPs) and Inhibitory Postsynaptic Potentials
(IPSPs).A. A EPSC depolarizing the membrane. B. A IPSC hyperpolarizing the membrane. C. A
IPSC depolarizing the membrane.D. Simple rule for setting excitatory and inhibitory synapses.

Then, in a CUBA model, the current is just the conductance multiplied by a constant driving force,

whereas in a COBA model this driving force depends on the current voltage of the membrane. While

a CUBA excitatory synapse approximates well a COBA excitatory synapse, this is not the case for

an inhibitory synapse [28]. In fact, the reversal potential of excitatory synapses are usually above

the spiking threshold, while the reversal potential of inhibitory synapses are below it (figure 1.6D)

[31]. This means that for an excitatory synapse the driving force is negative either in the COBA or

in the CUBA model (figure 1.6A). In what comes to an inhibitory synapse, first consider the case in
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which the reversal potential of an inhibitory synapse is between the resting potential and the spiking

threshold, i.e., EL < Einh
syn < Vth (figure 1.6C). Then, in the COBA model, if the current voltage of the

membrane V (t) is above the reversal potential Einh
syn, the driving force is positive. On the other hand,

if V (t) is below the reversal potential, the driving force is negative. Whereas in the CUBA model,

the sign of the driving force may only be negative. The only case an inhibitory COBA synapse will

always match the sign of an inhibitory CUBA synapse is if the reversal potential is below the resting

potential, i.e., Einh
syn < EL, yielding a positive driving force in either case (figure 1.6B).

Synaptic Connectivity

In the above section several models for a simple synapse between two neurons were presented. But

a neural network has many neurons, with many synapses of different strengths and directions. Thus,

another determinant of neural activity in a network is its connectivity. At the light of a hierarchical

cortical organization, there are three main types of connectivity patterns [12]:

• Feedforward connectivity, which consists of connecting a region in an earlier stage of the

processing pathway with a region in a later stage;

• Recurrent connectivity, which translates connections between neurons within the same hierar-

chical region;

• Top-down connectivity, which represents the connections between a region in a later stage of

the processing pathway back to a region in an earlier stage.

The networks studied in this thesis rely on both feedforward and recurrent connections.

1.4 Overview of Spiking Neural Networks

In the previous sections we provided the mathematical fundamentals to build a network of biologically

plausible spiking neurons. Next, we overview the generic features of spiking networks [32], ending with

their applications in neuroscience and neuromorphic systems.

The emergence of mathematical tools to train Spiking Neural Networks (SNNs), along with the fact

that increasing ANNs’ accuracy demands an unsustainable high computational processing power [33]

is pushing the research of SNNs further. In 2021, a meeting on "Spiking neural networks as universal

function approximators" summarized the key advantages of SNNs [34]:

• Precise spiking time efficiently encodes information [35];

• Neural heterogeneity in the time domain adds computational value [36]–[38];

• Learning with biologically plausible rules, such as First-Order Reduced and Controlled Error

(FORCE) training [39], gradients with respect to spike times [40], and surrogate gradients [41],

allows the network to perform more brain-like tasks.

Currently, a drawback of SNNs is that there are not good benchmark datasets for spike-based

inputs. Thus, when SNNs are trained in datasets often used as benchmarks for ANNs, like Modified

National Institute of Standards and Technology (MNIST) [42], the first underperforms the second [43],

[44].

However, the efficiency of ANNs relies on the von Neumann architecture, which implies a physical

separation between the processing unit and memory. This means that when the data stream is too

large, the communication between these two separated units turns into a bottleneck. Then, given this

physical limitation, neuromorphic devices, originally proposed by Mead [45], are surging as low-power

alternatives [46], [47]. The modus operandi of these devices rest on emulating SNNs in a physical

substrate that, as the brain, co-localizes processing and memory units. Furthermore, neuromorphic

devices are natively suited for parallelism, recurrence and stochastic computation [48]. Indeed, when
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implemented in these devices, recurrent SNNs have outperformed their feedforward rate counterparts

[49]. Moreover, the great feature of neuromorphic computation is that in these devices the simulation

time matches the real time, something not possible with Graphics Processing Units (GPUs) [50].

This is a huge advantage for the computational neuroscience field, since one could simulate cortical

microcircuits for hours and then compare the experimental activity with the simulated activity. Finally,

neuromorphic devices are paving the way for Brain-Computer Interfaces (BCIs) where silicon and

biological neurons interact [51].

1.5 Spike Coding Networks

The object of study of this thesis is a SNN called Spike Coding Network (SCN). The SCNs are

LIF recurrent networks that were originally proposed by Boerlin, Machens, and Denève [52]. They

provide an elegant framework for a network that is able to encode a high-dimensional input signal into

a set of spike trains with the optimal number of spikes from which the output may then be decoded.

These networks have been shown to be highly efficient and robust [53], while resembling experimentally

observed properties, as the Poisson-like variability in the spike trains and a tight excitatory-inhibitory

balance. Notwithstanding their biologically similarities, they rely on the instantaneous propagation

of spikes and constrain neurons to homogeneous Postsynaptic Potentials (PSPs). In this thesis,

we are going to study this biological implausibilities and try to handle them by creating a SCN

with heterogeneous PSPs whose neurons do not communicate instantaneously while being efficient.

To distinguish these networks from the classical SCNs we call them Heterogeneous Spike Coding

Networks (hSCNs).

1.6 Goals and Thesis Outline

1.6.1 Goals

The main goal of this thesis is to understand how recurrent neural networks with spiking neurons

can represent information reliably while fulfilling strong biological assumptions. Bellow are the specific

objectives:

1. To derive and understand both the analytical and the geometric frameworks behind SCNs;

2. To identify the biological resemblances and the biologically implausibilities of SCNs;

3. To develop a model of a functional SCNs that does not rely on instantaneous communication

and that introduces temporal heterogeneity;

4. To interpret the mechanisms of this new SCNs under the light of the geometric framework;

5. To provide experimentally testable predictions based on this new model.

1.6.2 Thesis Outline

The content of this thesis is organized into six chapters. The present chapter is a general introduction,

comprising the motivation for this thesis, the theoretical foundations for its comprehension and broader

applications of this work. Chapter 2 introduces both the analytical and geometric framework of SCNs.

Moreover, it states both the advantages and the limitations of SCNs, introducing the problems this

thesis aims to tackle, namely instantaneous propagation of spikes and temporal homogeneity. Chapter

3 provides insights about the new problems that arise in SCNs when using different postsynaptic

kernels, including the necessity of predicting the future. Here, we also present two predictive scenarios

to illustrate how differently the network behaves according to different assumptions. Chapter 4 frames

the problem in a different angle, providing intuitions for the final solution on how to build hSCNs and
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key aspects of their function. Specifically, we use a classical SCN in a discrete temporal domain to

get insights about a hSCN. Chapter 5 provides a generalization of the proposed hSCNs for further

heterogeneous networks in terms of postsynaptic potentials. Finally, chapter 6 presents an integrated

discussion under the light of others’ work, main conclusions, innovations, limitations and possible

future research.
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CHAPTER 2
Spike Coding Networks

The brain (...) is a prime example of a biological object too complex to be

understood without mathematics.
— Grace Lindsay

Spike Coding Networks (SCNs), originally proposed by Boerlin, Machens, and Denève [52], are

mathematical abstractions of neural dynamics derived from a single efficiency principle based on spikes

for signal transduction. As a consequence of such derivation, several properties resembling neural

biophysical features emerge. Namely, high spike variability, tight balance between excitation and

inhibition and robustness [35], [54], [55]. Despite the biological plausibility of these networks regarding

these features, they rely on the instantaneous propagation of spikes to fulfill their goal of tracking a

signal by a synaptic integration of spike trains, which is biologically implausible.

That said, in this chapter, we start by deriving the mathematical framework of SCNs followed by

the geometrical framework. Then, we present variations of these networks, either by adding spike costs

or by considering non-optimal architectures. Finally, we dissect the biologically plausible properties of

SCNs and their limitations.

2.1 Mathematical Principles of SCNs

A SCN (figure 2.1) is a recurrent network of Leaky Integrate-and-Fire (LIF) neurons whose function

is to encode a given time-dependent signal, x(t), into spike trains from which an estimate of the signal

may be decoded, x̂(t). It is possible to build such a network relying only on two assumptions. The

first assumption is that the estimate of the signal, x̂(t), is obtained by a synaptic integration of the

spike trains. That is, each neuron’s spike train is convolved with a given kernel, in an analogy with a

postsynaptic potential. Then the filtered spike trains are weighted and summed linearly, in an analogy

with the integration in a dendritic tree. Formally, for a network with N neurons, this is written as the

following linear summation

x̂(t) = Dr(t), (2.1)

where r(t) ∈ R
N×1 is a vector of N filtered spike trains, x̂(t) ∈ R

M×1 is a vector of M readouts for a

M -dimensional signal and D ∈ R
M×N is the decoding matrix where each column Di is the decoding

vector of the i-th neuron.
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In fact, equation 2.1 is the solution of the dynamical equation of the system (see Attachment A for

the derivation)

˙̂x(t) = −λdx̂(t) + Ds(t), (2.2)

where λd is the filtering time constant and s(t) ∈ R
N×1 are the network’s spike trains. These spike

trains are given by si(t) =
∑

k δ(t − tk
i ), where tk

i is the time of the k-th spike of the i-th neuron.

The second assumption is that a neuron only spikes when it minimizes the error between the signal

x and the readout x̂. That is, the network minimizes, at every time point, the following loss function

L(t) = ||x(t) − x̂(t)||22, (2.3)

where ||.||2 denotes the L2 norm. Then, the i-th neuron should fire a spike whenever this leads to a

decrease in L(t). This spiking rule for the i-th neuron is written as follows

L(t|i spikes) < L(t|i silent). (2.4)

A spike by the i-th neuron amounts to adding a delta function to its spike train. Then, the

integration of this delta function is equivalent to adding a postsynaptic potential, i.e., an exponential

kernel, to the readout at the time of the spike. Hence, if the i-th neuron spikes at time t, we have, for

the case of a decaying exponential kernel, the following update of the readout in the future time τ

x̂(τ)
︸︷︷︸

x̂ spike

→ x̂(τ)
︸︷︷︸

x̂ silent

+ Die
−λd(τ−t)H(τ − t)

︸ ︷︷ ︸

update

, (2.5)

where H(t) is the heaviside step function. The next step to take is a "greedy" minimization of the

loss at equation 2.3. This "greedy" approximation accounts only for the instantaneous change in the

readout, that is, it only looks to the effect of the spike at the spike time t and discards its effect into

the future. Then, at τ = t the spiking rule at 2.4 is written as (see Attachment A for the derivation)

D⊤
i [x(t) − x̂(t)] >

D⊤
i Di

2
. (2.6)

Since the i-th neuron spikes whenever its voltage Vi exceeds its threshold Ti, we can interpret the

left-hand-side as the neuron’s membrane potential

Vi(t) = D⊤
i [x(t) − x̂(t)], (2.7)

and the right-hand-side as its threshold

Ti =
D⊤

i Di

2
. (2.8)

By taking the derivative of Vi we get

V̇i(t) = D⊤
i [ẋ(t) − ˙̂x(t)], (2.9)

where ˙̂x is replaced by the dynamics equation 2.2, yielding

V̇i(t) = D⊤
i ẋ(t) − D⊤

i

[

−λdx̂(t) +
∑

k

Dksk(t)

]

(2.10)

V̇i(t) = D⊤
i ẋ(t) + λdD⊤

i x̂(t) −
∑

k

D⊤
i Dksk(t).
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Then, rewriting equation 2.7, we get D⊤
i x̂(t) = −Vi(t) + D⊤

i x(t). This term can then be replaced

in the equation above to get

V̇i(t) = −λdVi(t) + D⊤
i [ẋ(t) + λdx(t)] −

∑

k

D⊤
i Dksk(t), (2.11)

which is the equation of a network of current-based, leaky integrate-and-fire neurons. Here, the term

Ωik = −D⊤
i Dk can be interpreted as a lateral connection between neurons i and k in the network, also

known as recurrent connectivity. When the voltage Vi reaches the threshold Ti, the self-connection

Ωii = −D⊤
i Di leads to a reset of the voltage to Vreset = T + Ωii.

A
(i) (ii) (iii)

Figure 2.1: A SCN works like an autoencoder. (i) A SCN is a network with a feedforward matrix D⊤ and a
recurrent matrix −D⊤D that is able to readout an input signal x, yielding an estimate x̂. (ii) Same as
(i), but unfolded to show that the readout is decoded from the network’s spike trains, using the readout
weights D. (iii) Same as (ii), but further unfolded to show that the spike trains are first filtered with
a postsynaptic potential. Then, these are weighted by the corresponding decoding weight and summed
linearly to yield the signal’s estimate x̂.

If we add some noise to equation 2.11 and write it in a vector form we obtain

V̇(t) = −λdV(t)
︸ ︷︷ ︸

leak

+ D⊤c(t)
︸ ︷︷ ︸

input

− D⊤Ds(t)
︸ ︷︷ ︸

fast recurrent
connections

+ σvη(t)
︸ ︷︷ ︸

noise

, (2.12)

where c(t) = ẋ(t) + λdx(t) is the command input.

2.2 The Error Bounding Box

Besides the analytical framework derived above, there is also a geometric framework underlying

SCNs. Calaim, Dehmelt, Gonçalves, et al. [53] introduced a geometric perspective about how the error

between the signal x and the readout x̂ is bounded, i.e., the error bounding box. Moreover, Calaim,

Dehmelt, Gonçalves, et al. [53] also provided a geometric interpretation of the spikes, the voltage, the

thresholds and the perturbations that a SCN might undergo. Next we introduce some of the geometric

features of SCNs.

Firstly, equation 2.5 tells us that whenever the i-th neuron spikes, the readout vector x̂ jumps

along the direction of the decoding vector Di (figure 2.2A). Thus, one neuron can only code for the

readout along a single direction, predefined by its decoding vector Di, which may not be sufficient to

bring x̂ close enough to x. Adding another neuron may help on that (figure 2.2B). Also, note that

each neuron defines a boundary between a spike and a no-spike region in the signal space and that the

decoding vector Di is perpendicular to this boundary. Now, if the network has several neurons with

different decoding vectors, a larger set of directions may be encoded and the tracking improved (figure

2.2C and E). The bounding box is always centered in the signal x while the readout x̂ wanders within

it. When it hits a boundary there is a spike, an instantaneous jump of the readout vector and finally it

decays to 0, which amounts to the movement of the estimate towards the origin of the reference frame.
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Under this geometric framework, the neuron’s voltage, given by equation 2.7, is interpreted as the

projection of the readout error onto the neuron’s decoding vector (figure 2.2D). Then, each neuron

does not have access to the global error, but rather to a local projection of it.
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Figure 2.2: The error bounding-box. A. One neuron defines a spike/no-spike boundary. When the readout hits
this boundary it jumps along a perpendicular direction to it, according to the decoding vector. One neuron
is only able to correct the readout along one direction. B. Adding a second neuron with a different decoding
vector allows the readout to jump closer to the signal. C. Adding several neurons defines a box that bounds
the readout, allowing a correction along many directions. D. The neuron’s voltage is the projection of
the error vector along the neuron’s decoding vector. E. Tracking of a 2D signal by a ten-neuron network
with different decoding vectors. Top: Signal x(t) and its estimate x̂(t). Bottom: Spike trains s(t) for each
neuron.

Although the above figure shows the geometric interpretation for a SCN tracking a 2D signal, the

geometric framework may be generalized for higher-dimensional signals. In fact, if the M -dimensional

decoders span the M -dimensional space properly, a box that bounds both x and x̂ emerges. The

geometry of such bounding box is thus defined by both the dimensionality of the signal, M , and the

number of neurons in the network, N . Then, in a 2D signal, the bounding box is a polygon where

each neuron represents an edge, whereas in a 3D signal, the bounding box is a polyhedron where each

neuron represents a face (figure 2.3).

?

Figure 2.3: High-dimensional bounding boxes Taken from [53]. The dimensionality of the bounding box depends
on the dimensionality of the signal x.

2.3 Adding Spike Costs to SCNs

We started by postulating that SCNs greedily minimize the loss function at equation 2.3. However,

in order to force the network to track the signal with the fewest spikes possible a linear cost term may

be added. Furthermore, adding a quadratic cost term forces the network to distribute the spikes across

neurons. Then, we write the new loss function
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L(t) = ||x(t) − x̂(t)||22 + µ||r(t)||22 + ν||r(t)||1, (2.13)

where ||.||1 denotes the L1 norm and µ and ν are control parameters. Then, the spiking rule becomes

D⊤
i [x(t) − x̂(t)] − µri(t) >

1

2
(D⊤

i Di + µ + ν). (2.14)

Again, we identify the time-dependent terms on the left hand-side as the voltages

Vi(t) = D⊤
i [x(t) − x̂(t)] − µri(t), (2.15)

and the constant terms on the right hand-side as the thresholds

Ti =
1

2
(D⊤

i Di + µ + ν). (2.16)

An inspection of the voltage equation shows that when the i-th neuron has a high firing rate its voltage

is pushed down, preventing the neuron from further hitting the threshold. Moreover, the threshold

itself is higher due to the addition of µ and ν terms. Then, the cost terms enforce a sparse population

response with low individual firing rates.

2.4 SCNs are Optimal Realizations of LIF Networks

A LIF network with recurrent and feedforward connections may be broadly described by the

following dynamics [56]

V̇(t) = −λdV(t) + Fc(t) + Ωs(t), (2.17)

where F ∈ R
N×M is a matrix of feedforward weights and Ω ∈ R

N×N is a matrix of recurrent weights

(figure 2.4A). If these matrices are non-dependent on the decoding weights, then the architecture is

non-optimal and there is an encoding-decoding mismatch. Then, in such network the voltage of the

i-th neuron is given by

Vi(t) = F⊤
i x(t) + Ω⊤

i r(t). (2.18)

Enforcing an error-driven coding by the SCN allows the network to track the signal by creating a

bounding box. Mathematically, to enforce an error-drive coding means that the local reconstruction

error should be close to 0. Since the local reconstruction error is nothing less than the neuron’s voltage,

we write the error-driven coding condition as

Vi(t) = F⊤
i x(t) + Ω⊤

i r(t) = F⊤
i x(t) − F⊤

i x̂(t) ≈ 0, (2.19)

yielding the condition of Ω = −FD (figure 2.4B).

Although the above condition is necessary to bound the readout, it is not the optimal architecture

yet, since the feedforward vectors are not aligned with the decoding vectors (figure 2.4C). The optimal

architecture is obtained when the goal of the SCN is to minimize a loss function. If such loss function

is the one without costs, as written in equation 2.3, then we get that the optimal architecture follows
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CA B

Figure 2.4: A generic LIF network with feedforward and recurrent matrices tracking a signal. A. This
LIF network has a feedforward matrix F and a recurrent matrix Ω that gets an input signal x and outputs
a readout x̂. B. Unfolded network that follows an error-driven coding and thus has Ω = −FD. C. A
network with the recurrent matrix of B is non-optimal because the Fi vectors are not aligned with the Di

vectors. This leads to an encoding-decoding mismatch since the i-th neuron measures the error along Fi

but then spikes along Di.

F = D⊤, (2.20)

Ω = −D⊤D, (2.21)

yielding equation 2.12.

On the other hand, if the loss function to be minimized has costs, as the one in equation 2.13, the

optimal architecture becomes

F = D⊤, (2.22)

Ω = −D⊤D − µI. (2.23)

Thus, the optimal architecture of a SCN depends on the loss function it is minimizing.

2.5 Biological Plausibility of SCNs

2.5.1 Spiking Variability

In vivo cortical cells have shown irregular firing in response to a sensory stimulus [8]–[11]. That is,

trials recorded under the same conditions of the same stimulus presentation yield variable spike trains by

a single neuron. This irregularity, expressed both in the number of spikes and its temporal distribution,

can be described by a Poisson-like variability measured by the Coefficient of Variation (CV). The

CV of a single spike train is given by the ratio between the standard deviation of the Interspike

Intervals (ISIs) and their mean

CV =
σISI

µISI
. (2.24)

If the spikes are generated by a Poisson process, then CV = 1. If CV > 1, then the spike train is less

regular than a Poisson process, for a given firing, while if CV < 1 it is more regular [57]. That said,

neural spike trains have been shown to have CV ≈ 1 [8] (figure 2.5A).

Now, while it has been shown that balanced LIF networks may be chaotic and thus explain how

deterministic neurons may generate Poisson-like statistics, they usually do not aim at computing any

particular function [58], [59]. Interestingly, SCNs also yield spike trains with CV ≈ 1 [53] (figure 2.5)

while aiming at tracking a signal efficiently.
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Figure 2.5: Poisson-like variability in neural data and SCNs. A. Taken from [8] Copyright 1993 Society for
Neuroscience. The firing of almost all neurons in Visual Area 1 (Primary Visual Cortex) (V1) and Middle
Temporal (MT) was consistent with a Poisson process (CV ≈ 1). B. Taken from [53]. Left: Distribution of
CV for four different simulation conditions of redundancy (computed as N/M) and input dimensionality.
Right: Median of CV distributions. Colors of the distribution on the left match the dots in the right plot.
In SCNs, for low redundancies there are low CVs and for high redundancy we see CV ≈ 1.

2.5.2 E/I Tight Balance

In what comes the underling mechanisms of this neural variability, the hypothesis of balanced

excitatory and inhibitory currents (E/I balance) is a strong candidate to explain the Poisson statistics

[60]. This balance may be either loose or tight (figure 2.6A). In loosely balanced networks, excitation

and inhibition balance each other on a slower time scale, remaining uncorrelated on a faster one [58],

[61], [62]. In tight balanced networks, excitation and inhibition are coupled in time and inhibition

tracks excitation on a fast timescale [63], [64].

Although the loosely balanced regime outputs spike trains with Poisson statistics, it does not

explain other experimental observations, as the correlated synaptic inputs received by adjacent neurons

and the correlation of the membrane potentials of identically tuned neurons [60]. On the other hand,

under the tight balance hypothesis, each spike is a result of inhibition failing to track excitation rather

than a noisy consequence of random voltage fluctuations.

In SCNs, a spike is fired with the purpose of decreasing the representation error. Biophysically,

the depolarization of the neuron’s membrane that causes this spike reflects an increase of the error.

Since this is a depolarization, then it is mediated by excitatory currents. After a spike, the neuron

immediately resets its voltage through an inhibitory instantaneous current (figure 2.6B). Then, the

SCNs balance coding errors through a tight balance of excitation and inhibition [65].

e fLoose balance Tight balance
E –IA B

Figure 2.6: E/I balance. A. Either loose or tight balance produce highly variable spike trains. Taken from [60]. Left:
Loose balance. Right: Tight balance. B. Taken from [56]. (i) In the optimal SCN an inhibitory spike
balances perfectly the excitatory input and the signal is perfectly tracked. (ii) The input drive is not
perfectly balanced, yielding a spike too early. (iii) The inhibition is stronger than the excitation and the
spiking is delayed.
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2.5.3 Robustness

Robust systems are able to keep a functional response while being subject to some internal or

external perturbations. Many neural systems have been implied in robustness. For instance, the

stomatogastric system in crustaceans has been implied in the maintenance of normal activity patterns

despite large temperature changes [66]. And the hippocampus was robust against optogenetic silencing

of place cells, by enforcing an alternative map [67].

Calaim, Dehmelt, Gonçalves, et al. [53] showed that SCNs are able to deal with a set of perturbations

by adjusting the neuronal activity to fulfill its task (figure 2.7). In fact, SCNs are robust to either

structural perturbations, as neural death or neural birth, and biophysical perturbations, as voltage or

synaptic noise. These perturbations can be mapped onto the bounding box and while the bounding

box remains a closed hyper-surface, the tracking holds and the network’s performance is practically

unaffected.
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Figure 2.7: Robustness of SCNs. Taken from [53]. Top: Perturbations added along the simulation. Middle: Signal
x(t) and its estimate x̂(t). Bottom: Spike trains s(t) for each neuron.

Furthermore, robustness is a property observed ubiquitously in neural and, more broadly, biological

systems. Therefore, it is important to acknowledge the underling principles of it. That said, Kitano [68]

proposed four mechanisms that underline robustness: (1) system control, (2) alternative mechanisms,

(3) modularity and (4) decoupling. Calaim, Dehmelt, Gonçalves, et al. [53] also encountered these

mechanisms in SCNs [53]. In fact, lateral recurrent connectivity enforces negative feedback (1). When

the decoding vectors span the full space, it introduces both heterogeneity and redundancy in the

tracking (2). When N >> M there are alternative sets of neurons that may be recruited to track

the signal. Thus, SCNs are robust modules that adapt their neural codes in order to correct the

perturbations instead of passing them onto downstream systems (3). Furthermore, the mechanisms

underling the encoding (signal to spikes) are decoupled from the mechanisms underlying the decoding

(spikes to readout) (4).

Finally, Kitano [68] also postulated that systems robust against certain perturbations are fragile
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against others. That is, robustness comes along with some trade-offs. The SCNs are fragile against

perturbations that shrink the bounding box.

2.6 Limitations of SCNs

2.6.1 Instantaneous Propagation of Spikes

The instantaneous propagation of spikes is mathematically evident when we inspect the LIF

dynamics of the network in equation 2.12. Here, we see the postsynaptic currents coming from the

recurrent connections are modeled as delta Dirac impulses, which biophysically translates into the

instantaneous movement of ions through the ionic channels on the membrane of the postsynaptic

neuron. The integration of these type of delta Dirac impulses leads to decaying exponential excitatory

or inhibitory postsynaptic potentials.

Next, we describe a consequence of the instantaneous communication of spikes: the ping pong-effect.

The ping pong effect occurs when a spike of the i-th neuron at time t causes an instantaneous spike of

the j-th neuron, creating this bouncing of spikes that fails to track the signal efficiently.

To exemplify this effect, let us consider a two-neuron network tracking an 1D signal with oppositely

tuned neurons, i.e., D0 = −1 and D1 = +1 (figure 2.8A). Note that since the only difference between

the decoding weights is its sign, then, at every time point, V0(t) = −V1(t). In what comes to the

thresholds, although they may be defined by equation 2.8, one may also assign them other values or

make them noisy. Then, the choice of the threshold may affect the tracking. Next, we will see how the

instantaneous propagation of spikes leads to non-optimal spike trains when the thresholds are too low.
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Figure 2.8: Effects of the instantaneous propagation of spikes . A. Diagram of the synaptic interactions between
two neurons oppositely tuned (D0 = −1 and D1 = +1). B. Tracking of a 2D signal by two oppositely-tuned
neurons without ping-pong. Top: Signal x(t) and its estimate x̂(t). Middle: Evolution of the voltage
V (t) for each neuron. Bottom: Spike trains s(t) for each neuron. Note that the sign of the decoding
vector spiking matches the sign of the signal being tracked. Shaded areas of the voltage are zoomed-in. C.
Tracking of a 2D signal by two oppositely-tuned neurons with ping-pong. Top: Signal x(t) and its estimate
x̂(t). Middle: Evolution of the voltage V (t) for each neuron. Bottom: Spike trains s(t) for each neuron.
Shaded areas of the voltage are zoomed-in.

Firstly, mathematically, we write the instantaneous change in the neurons’ voltages caused by a

spike at t by the 0-th neuron as

V0(t+) → V0(t−) − D0D0, (2.25)

V1(t+) → V1(t−) − D0D1,

where t− = t+ = t, but we write it differently to note the difference of the value of the voltage V before

(t−) and after (t+) a spike.

Then, according to equation 2.11, a spike by the first neuron at time t injects a current of −D0D0δ(t)

into its own soma and a current of −D1D0δ(t) = D0D0δ(t) into the other neuron’s soma. This is
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to say that each neuron excites the other while having an inhibitory autapse. Now, depending on

the value of the threshold of the second neuron, the instantaneous excitation coming from the first

neuron’s spike may be sufficient for the second neuron to hit its threshold. If the threshold is high

enough, this does not happen and the tracking is optimal (figure 2.8B). However, if the threshold is

too small, the second neuron spikes and the ping-pong effect happens (figure 2.8C), i.e, both neurons

yield several unnecessary spikes.

2.6.2 Synaptic Delays in SCNs

In the last section we showed how the simulation of SCNs relies on the instantaneous propagation

of spikes and its consequences under certain conditions. Here, in an attempt to solve this issue, we

introduce the synaptic delay θ, which delays both the lateral excitation or inhibition and the readout.

The autapse of each neuron remains instantaneous in order to emulate the refractory period that

follows a spike. Thus, equation 2.7 becomes

Vi(t) = D⊤
i x(t) −

N∑

k=1

D⊤
i Dk(rk(t) · δik + rk(t − θ) · (1 − δik)), (2.26)

where δik is the Kronecker’s delta.
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Figure 2.9: Synaptic delays in SCNs. A. Tracking of an 1D signal by a two-neuron network with identically tuned
neurons. Top: Signal x(t) and its estimate x̂(t). Middle: Voltage V (t) for each neuron. The shaded area is
zoomed-in to illustrate that the delayed lateral inhibition allows the second neuron to spike. Bottom: Spike
trains s(t) for each neuron. B. In the geometric perspective, two identically tuned neurons are represented
as parallel boundaries. Top: The readout x̂ hits the first boundary. This leads the spiking neuron to
see a jump of the readout, but the rest of the network does not have access to this information yet. In
the network’s perspective, the readout did not jump and it is following its natural evolution. Bottom:
Eventually, the readout hits the other neuron’s boundary, yielding a spike. C. Tracking of a 2D signal by a
ten-neuron network with synaptic delays. Top: Signal x(t) and its estimate x̂(t). Bottom: Spike trains s(t)
for each neuron.

Considering now a two-neuron network with similarly tuned neurons tracking an 1D signal, the

result is that for identically tuned decoders, delays lead to uninformed spikes that increase the tracking

error (figure 2.9A). In this case, the lateral inhibition from the neuron that spikes first is delayed and

thus the second neuron is allowed to spike. In the bounding box interpretation, two identically tuned

neurons are represented as two parallel boundaries. When the readout x̂ hits the closest boundary

the neuron spikes, but the instantaneous update of the voltage only occurs for the spiking neuron

2.9B). Thus, from the network perspective, the readout is still around the same position and following

its natural evolution as if the first neuron had not spiked. This means that the readout may hit the

parallel boundary behind the boundary that originated the first spike, leading to a new spike from

another neuron. Comparing the tracking of a 2D signal by a SCN with (figure 2.9C) and without

(figure 2.2E) synaptic delays, one qualitatively sees that the tracking with delays becomes highly
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inefficient, since the SCN recruits more neurons, the neurons have higher firing rates and the tracking

is worse, there being a great mismatch between the readout and the signal.

2.6.3 SCNs are Homogeneous Networks in the Time Domain

Previously we showed that SCNs could introduce heterogeneity by having different decoding vectors

that correct the errors along different directions. However, when considering synaptic timescales, the

network is homogeneous. In fact, equation 2.2 shows that this system is determined by one decaying

constant, λd, that is shared by all neurons. This is to say that all synapses follow the same synaptic

timescale. However, as stated in chapter 1, the heterogeneity of timescales is a biological feature that

realistic Spiking Neural Networks (SNNs) should be able to implement.

2.6.4 Violation of Dale’s Law

Dale’s Law states that a neuron may either excite or inhibit all its post-synaptic neurons, but may

never excite some and inhibit others [69]. In a SCN, a neuron inhibits similarly tuned neurons while

exciting oppositely tuned neurons. Several solutions have been proposed to tackle this issue.

1. Boerlin, Machens, and Denève [52] proposed to create separate inhibitory and excitatory popula-

tions where the inhibitory population is tracking the readout of the excitatory population while

the excitatory population is tracking the signal, an approach that further contributes to the E/I

tight balance theory [65].

2. Mancoo, Keemink, and Machens [70] proposed to restrict the decoding weights D such that

D⊤
i Dj ≥ 0, ∀i,j , i.e., all the neurons are inhibitory neurons. This option limits the set of signals

a network is able to track.

2.6.5 A SCN is a Current-Based (CUBA) Model

As stated in chapter 1, Conductance-Based (COBA) models are more biologically realistic. However,

as evidenced by equation 2.11, SCNs are CUBA models.

2.7 Conclusion

In this chapter, we showed that by following only two assumptions it is possible to derive efficient

multidimensional LIF networks with biologically plausible emergent properties. Interestingly, these

networks have CV values resembling a random process, while each spike is non-random, i.e., every

spike has the efficient purpose of correcting an error. Furthermore, SCNs balance these coding errors

through E/I tight balance while being robust to several noisy perturbations. Notwithstanding these

strengths, SCNs also exhibit biologically unrealistic properties, as the instantaneous propagation of

spikes and, consequently, homogeneous postsynatic potentials. In the following chapters we provide

insights on how this instantaneous communication may be halted while keeping the networks functional

and without losing their biological resemblances.
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CHAPTER 3
Predicting the Future

I think neuroscience is obviously very esoteric, but I think there are aspects

of it that can absolutely be brought down to the level of an interested 11, 12,

13 year-old easily.

— Mayim Bialik

In the last chapter, we showed that Spike Coding Networks (SCNs) perform a greedy minimization

of a loss function. Specifically, the neuron corrects the present error by adding an exponential kernel

to its filtered spike train. Given the instantaneous rise in the exponential kernel, it follows that a spike

is instantaneously propagated through the network. Although this instantaneous communication of

spikes ensures that the coding is efficient for optimal thresholds, i.e., minimizes the number of spikes

needed for tracking the signal, it is biologically implausible.

Moreover, in chapter 1 we showed that there are several kernels able to model the postsynaptic

current and, consequently, the postsynaptic potential. The exponential postsynaptic potentials used

in SCNs represent the integration of delta Dirac postsynaptic currents, which are responsible for the

instantaneous communication. However, this is not the most accurate model for biologically observed

postsynaptic currents. Therefore, in this chapter we present an alternative framework based on the

idea of slower postsynaptic currents and, consequently, slower postsynaptic potentials.

3.1 Slow Decoders

Let us assume that the dynamic of the network estimate x̂ is now given by

˙̂x(t) = −adx̂(t) + adDo(t), (3.1)

where ad is the network’s decaying constant and o(t) ∈ R
N×1, where each element is the i-th neuron’s

fast filtered spike train oi(t).

Again, the solution to equation 3.1 yields the network’s readout as the linear summation of the

neurons’ filtered spike trains (see Attachment A for the derivation)

x̂(t) =

N∑

i=1

Diri, (3.2)

where ri(t) is the slow filtered spike train for the i-th neuron.
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In contrast with classical SCNs, in this framework each neuron has two dynamical variables, oi(t)

and ri(t), describing its effect on the readout Mathematically, we write

ȯi(t) = −ai
roi(t) + ai

rsi(t), (3.3)

ṙi(t) = −adri(t) + adoi(t). (3.4)

Being the solutions, respectively,

oi(t) = ai
re−ai

rt ∗ si(t), (3.5)

ri(t) = ai
rade−adt ∗ e−ai

rt ∗ si(t), (3.6)

where we identify the fast filter as ei(t) = ai
re−ai

rtH(t) and the slow filter as αi(t) = ai
rade−adt∗e−ai

rtH(t)

(figure 3.1). Solving this convolution of exponentials, we get αi(t) =
ai

rad

ad−ai
r
(e−ai

rt − e−adt)H(t), a

double exponential kernel. Being the kernels an analogy to postsynaptic potentials, then in this new

definition of readout’s dynamics we should get a more biologically plausible shape for the excitatory

and the inhibitory postsynaptic potentials.
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Figure 3.1: Fast and slow filters. A. The differences between an alpha and an exponential kernel. Top: Kernels
Bottom: Spike train s(t). B. Top: Fast o(t) and slow r(t) filtered spike trains. Bottom: Spike train s(t).

Hence, if the i-th neuron spikes at time t its alpha-shaped kernel αi is added onto the future of the

readout, scaling its decoding vector Di along time. Therefore, we have the following update in the

network’s estimate in the future time τ

x̂(τ)
︸︷︷︸

x̂ spike

→ x̂(τ)
︸︷︷︸

x̂ silent

+ Diαi(τ − t)H(τ − t)
︸ ︷︷ ︸

update

. (3.7)

Now, we see that at the time of spike τ = t there is no change in the estimate x̂ since αi(0) = 0.

Thus, the "greedy" instantaneous approximation is no longer an option and the i-th neuron is forced to

predict the future of its estimate. In order to do that, we will see that the neuron must hold a set of

assumptions about the network’s behavior in the future it is looking into.

Moreover, the loss function to be minimized at a spiking decision time, t, is now an average over

the prediction time window ∆t

L(t) =

∫ ∆t

0

||x′(t + τ) − x̂′(t + τ)||22dτ, (3.8)

which we call a predictive loss function. The quantities x′ and x̂′ are the predictions used by the neuron

for the (currently unknown) future signal and readout, respectively. What should these predictions be

is what we are going to investigate.
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Allora, under the second assumption of the SCNs, which states that the i-th neuron should only

spike when it minimizes the predictive loss, i.e., spike if L(t|i silent) > L(t|i spikes), the resulting

spiking rule now becomes

∫ ∆t

0

αi(τ)D⊤
i [x′(t + τ) − x̂′(t + τ)] dτ >

1

2
D⊤

i Di

∫ ∆t

0

α2
i (τ)dτ. (3.9)

Identifying the left hand-side of equation 3.9 as the i-th neuron’s voltage Vi and the right hand-side as

the i-th neuron’s threshold Ti, we get

Vi(t) =

∫ ∆t

0

αi(τ)D⊤
i [x′(t + τ) − x̂′(t + τ)] dτ (3.10)

Ti =
1

2
D⊤

i Di

∫ ∆t

0

α2
i (τ)dτ.

Note that while the neuron’s threshold depends only on the neuron’s features, that is, its decoding

weights and alpha kernel, the neuron’s voltage depends on the predictions of both the input signal and

the network’s estimate. Thus, depending on the prediction of x, x̂ and on the integration time window

∆t, different spiking decisions may yield, which lead to a better or worse tracking of the signal. In the

next sections, we will provide some insights about how these two constraints affect the tracking of the

signal.

3.2 Prediction Boundaries

The decision of whether to spike or not depends on the prediction of the future of the estimate

x̂ within a given time window starting at the decision time t. Here, we show that the prediction’s

domain is bounded by an upper and a lower limit, corresponding to two distinct biological scenarios

that underline a set of assumptions. One the one hand, in the lower limit, when assessing the effect of

a spike versus a no-spike, the i-th neuron makes two assumptions. First, it assumes that the readout

evolves according to the past spikes yielded by the network. Second, it assumes that no other spike

will occur, either by itself or other neuron in the network, within the integration time window.

On the other hand, the upper limit would correspond to the scenario in which there is a spike at

each time step, within the integration time window, and the neuron spiking would be the one able

to cause the biggest change on the estimate. The values attained are obviously dependent on the

simulation time step, which forces the neuron to an absolute refractory period of the same duration as

the discretization bin. Now, one can argue that the i-th neuron, that is the one making the prediction,

may not have access the dynamics of every other neuron in the network or even its decoding vector.

Thus, in order to fulfill the principle of Hebbian learning regarding local knowledge, we will assume

that the upper limit of the i-th neuron’s prediction is the scenario where the i-th neuron spikes at

every future time step. These limits create a funnel shaped region that contains all possible predictions

(figure 3.2).

It is worth mentioning that the predictive spiking rule presented at equation 3.9 is still a greedy

spiking rule in the sense that it will lead to a spiking decision if a spike at the current time minimizes

the loss in the future interval. However, it could be the case that delaying that spike leads to a further

minimization of the full interval. Since placing a spike into the past or into the future would not be an

online approach to this problem, the only way to ensure the neuron is doing the optimal tracking is

if it is making the best prediction. For instance, in figure 3.3A, we see that if the neuron, at time t,
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Figure 3.2: The neuron’s prediction field. A. At time t the i-th the prediction of the i-th neuron regarding the
future of the readout between the beginning (vertical line at t) and end (vertical line at t + ∆t) of the
integration window lies within the yellow region. B. Trajectories of the prediction boundaries for a 2D
input. Black arrows represent the evolution in time. When the neuron hits a decision time point (blue
arrow), it may predict the future according to the lower limit boundary, which keeps the estimate closer to
the original point, or according to the upper boundary, which assumes future spikes of the i-th neuron,
leading the estimate to a further point in space. The grey lines signal the difference between the spike
and no-spike scenario for each prediction, up until the end of the preview time window. If we would let
the signals evolve past this point, with no further spikes, they would decay to (0,0) (cross). In the 2D
input case, the direction of the decoding vector also plays a role. C. Zoom-in of B. Although the direction
of the decoding vector remains the same, the fact it has different starting points as the silent estimate
evolves leads to different points at the corresponding spike estimate. Thus, the greatest effect of the spike
is felt in another direction. The two dark orange arrows signal these directions of effect for each prediction
boundary. The prediction field of the neuron is then given by the angle between these two directions.

predicts the future of the estimate according to the lower boundary limit, i.e., no further spikes are

predicted within the integration window, the difference d between the voltage and the threshold is

above 0, leading to the decision of spiking. On the other hand, if the neuron, at time t, predicts that

there is a possibility of spiking at a future time t′ within the integration window, then d is below the

spiking threshold and the decision is not to fire at t, i.e., the spike is postponed.
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Figure 3.3: To postpone the spike is equivalent to predicting the future differently. A. At the time decision
t, the neuron’s voltage is above its threshold if the readout is being predicted according to x̂pred1 and
below it if the readout is being predicted according to x̂pred2 . x̂pred1 is the prediction corresponding to
the lower boundary limit, whereas x̂pred2 is the prediction corresponding to having a spike at t′. B. d
for a sequence of time points, considering the lower boundary limit prediction for every evaluation time.
At every point the neuron evaluates its spiking rule, which is approaching the threshold. When it gets
there, the neuron’s greedy decision would be to spike. But should it spike at the first instant it hits the
threshold? C. Evolution of L(t|i spikes) for the same time points as B, considering the lower boundary
limit prediction for every evaluation time. We see that the loss of spiking has a minimum (arrow), for a
given integration window ∆t, which corresponds to the optimal spike time to which the spike should be
postponed in order to get a more accurate tracking of the signal.

Following an energy efficiency reasoning, the network only spikes when that decision leads to a

minimization of the error. Then, although there are infinitely many predictions, the lower boundary is

the extreme case where the neuron sees itself as the network’s last resource. In other words, every

time the neuron uses the lower boundary as a prediction and the spiking rule yields a no-spike as the

best decision, this means that there is no error to correct from the last resource perspective. On the

other hand, if the spiking rule yields a spike as the best decision, this means that there is a error to

correct. However, instead of correcting it immediately in a greedy manner, the neuron should ask itself
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if it can rely on the network for a bit longer in order to improve the tracking (figures 3.3B and C).

3.3 Spike’s Effect into the Future

As stated in equation 3.7, the magnitude of the difference between the case of spiking or not is a

scaled Di where the scaling factor is time-dependent and its dynamics are ruled by an alpha kernel

(figure 3.4). This time dependence leads to the consequence that spikes coming from the same neuron

may have different global effects onto the readout depending on the dynamics of x̂(t) at the moment

of the spike. To understand this, consider the dynamics of an alpha function. The alpha function

monotonically increases up to a global maximum and then it monotonically decreases. To the time

the kernel takes to reach its global maximum we call the rising time h, such that α(h) = max {α(t)}
(figure 3.4B). That said, the difference between a spike and a no-spike increases during h units of time

and then it decreases until it vanishes due to the leaky effect to 0. Therefore, at the infinity we have

limt→∞ α(t) = 0 and the effect of spiking is barely felt by the network.

Now, if a spike occurs during the rising phase of the network’s readout, its effect will be amplified

by the past spikes (figure 3.4A), which have a slow cumulative effect due to the slow dynamics of the

alpha kernel. On the other hand, a spike occurring at the descending phase of the network’s estimate

will have an attenuated effect onto the readout (figure 3.4C). That is, if there is a spike at time t, the

value of the readout after the rising time, x̂(t + h), will be shifted from the local maximum (figure

3.4C). As the readout descends progressively, the local maximum approximates the time point where

the spike and the no-spike scenario differ the most, i.e., at t+h. When the readout reaches the baseline,

i.e., when x̂ = 0, then x̂(t + h) is again a local maximum.

This is a major difference from the SCNs’ framework, since the exponential kernel ensured that a

spike by the i-th neuron always caused a jump of magnitude of ||Di|| in the readout.
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Figure 3.4: The effect of a slow spike in the readout. A. The peak of a spike in the ascending phase of the
readout depends on the past spikes, which have a cumulative effect into the future. Here, the spike occurs
when x̂ = 1.6 (arrow) and its maximum future effect is felt at x̂ = 6 due to the cumulative effect of past
spikes. B. When the neuron’s kernel is at the baseline, the rising time h is the time it takes for the firing
rate to reach its peak. C. h is the time interval that it takes for the spike decision occurring at t1, t2, t3 or
t4 (unidirectional arrows) to diverge the most from the silent decision. This distance is given by the length
of Di. Here we illustrate the predictions at four decision time points. As the initial value of the readout
decreases, the time interval hd between the local maximum produced by the spike (dashed bidirectional
arrows) and the end of the preview window (full line bidirectional arrows) decreases, indicating that the
point of the maximum divergence of the spiking and no spiking hypothesis is approaching a local maximum
of the readout.

3.4 Different Predictions Yield Different Network Behaviours

Here, we show the results for two alternative scenarios on how to predict the future of the estimate

x̂ within a given time window starting at the decision time t.

Scenario I (figures 3.5 A and C) corresponds to the lower limit boundary described earlier. Then,

for this scenario, the predictions follow the signal’s and the estimate’s true evolutions, considering no
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further spikes. Accordingly, we write

x′(t + τ) = x(t + τ), (3.11)

x̂′(t + τ) = Dr′(t + τ), (3.12)

where the j-th element of r′(t + τ) is r′
j(t + τ) =

aj
rad

ad−a
j
r

∑

t
j

i
<t

e−aj
r(t−t

j

i
) − e−ad(t−t

j

i
). Substituting

these predictions in the predictive spiking rule in equation 3.9 we get that the i-th neuron’s voltage is

given by

Vi(t) =

∫ ∆t

0

αi(τ)D⊤
i

[
x(t + τ) − Dr′(t + τ)

]
dτ. (3.13)

Let us define new variables for each component of the voltage. Namely,

Xi(t) =

∫ ∆t

0

αi(τ)x(t + τ)dτ, (3.14)

X̂i(t) =

∫ ∆t

0

αi(τ)Dr′(t + τ)dτ,

where Xi(t) ∈ R
M×1 and X̂i(t) ∈ R

M×1. A simple interpretation of this is that the voltage is not the

direct projection of the coding error onto the i-th neuron’s decoding vector, but it is rather a projection

of a weighted transformation of the predicted coding error. That weight is the i-th neuron’s alpha

kernel αi. Given the dependence of these vectors on this kernel then, in a system with N neurons,

there are N of each of these vectors.

Therefore, we rewrite the voltage of the i-th neuron as Vi(t) = D⊤
i

[

Xi(t) − X̂i(t)
]

. Taking the

derivative of this expression, we get the following neuron’s dynamics (see Attachment B for the

derivation)

V̇i(t) = − adVi(t)
︸ ︷︷ ︸

leak

+ D⊤
i [Ẋi(t) + adXi(t)]

︸ ︷︷ ︸

input

− adβiD
⊤
i Ds

io(t)
︸ ︷︷ ︸

slow recurrent

− βiD
⊤
i Df

is(t)
︸ ︷︷ ︸

fast recurrent

, (3.15)

where Ds
i ∈ R

M×N and Df
i ∈ R

M×N . Again, given the dependence of these matrices on i, there is a

different matrix for each neuron. Each column vector in Ds
i is given by Ds

ij = Dj(γj − γij) and each

column vector in Df
i is given by Df

ij = Djβj(γj − γij + γi − γ). These scalar values are defined in

Attachment B.

In Scenario II (figures 3.5 B and D), the i-th neuron assumes that the estimate received at the

decision time t, x̂(t), is the new baseline for the network’s readout. That is, in the case of a spike,

the readout will decay to this new baseline instead of decaying to 0 whereas in the case of a no-spike

the estimate holds to its current value. This assumption expects the network to maintain the current

estimate during the integration time window. Mathematically, we write

x′(t + τ) = x(t + τ), (3.16)

x̂′(t + τ) = x̂(t). (3.17)

Again, substituting these predictions in the predictive spiking rule in equation 3.9 we get that the i-th

neuron’s voltage is given by

Vi(t) =

∫ ∆t

0

αi(τ)D⊤
i [x(t + τ) − x̂(t)] dτ. (3.18)
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Now, we define

Xi(t) =

∫ ∆t

0

αi(τ)x(t + τ)dτ, (3.19)

X̂i(t) = x̂(t)

∫ ∆t

0

αi(τ)dτ

and rewrite the voltage as Vi(t) = D⊤
i

[

Xi(t) − X̂i(t)
]

. Taking its derivative, we get the neuron’s

dynamics

V̇i(t) = − adVi(t)
︸ ︷︷ ︸

leak

+ D⊤
i [Ẋi(t) + adXi(t)]

︸ ︷︷ ︸

input

− adD⊤
i Do(t)

∫ ∆t

0

αi(τ)dτ

︸ ︷︷ ︸

slow recurrent

. (3.20)
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Figure 3.5: Diagram of the decaying of readout x̂ within an integration time window (grey area). In every time
step, the neuron has a decision to make: to spike or not to spike? Here, after some spikes had already been
fired in the past, which cannot be changed, the neuron hits the current decision time (arrow) and, according
to a defined spiking rule, makes its decision. A. 1D input signal considering scenario I. B. 1D input signal
considering scenario II. C. 2D input signal considering scenario I. D. 2D input signal considering scenario
II. (A and C) The neuron sees its future as if the spike at the given decision time is the only one within
the integration window, which leads to the readout decaying to 0 (cross), considering the effect of past
spikes. (B and D) The neuron is agnostic about the past and future spikes, only acknowledging the current
estimate value, thus assuming that the readout must only remain constant or, in the case of a spike at the
decision time, decay to the value of the readout at the time of the spike.

Next, we discuss the similarities and differences on tracking a signal by an one-neuron network

according to scenario I or scenario II.

Intuitively, it is expectable that as the integration time window gets longer, the earlier in time

the neuron sees the future changes in the signal and thus the earlier it can start coding for these

changes. In fact, given that either in equation 3.15 or 3.20 the input term is the same, then in both

cases the network "sees" the future of the signal in the same way. Therefore, this effect happens in

both scenarios and to it we call the predictive power of the network (figures 3.6A and 3.7A). This
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Figure 3.6: Tracking of a signal under scenario I A. Top: Estimate of an impulse signal by an one-neuron network
(alpha kernel parameters: ar = 1, ad = 0.1), considering a long (∆t = 2.56 ms) and a short (∆t = 0.64 ms)
integration time window. Note that the longer the integration window, the longer the predictive power of
the network. Middle: Voltage for the long and short integration time window. Note that when Vi hits Ti

it is reset to −Ti. Bottom: The neuron’s spike train s(t) for the long and short integration window. B.
Dependence of the spiking threshold Ti on the integration time window ∆t. C. Dependence of the average
maximum and minimum of the readout on the integration time window ∆t. D. Spike decisions that led to
an over-estimation of the signal. If the estimate is at its rising phase and the integration window is too
short, the neuron cannot see the further rise that a spike will cause, thus yielding the decision to spike. If
the estimate is at its decaying phase and the integration window is too long, the neuron predicts a long
decay on the network’s estimate if it remains silent, thus yielding the decision to spike.

earlier coding of the signal avoids a high-frequency burst at the onset of the signal that occurs when

the integration time window of the neuron is shorter. In fact, when the integration window is short,

the neuron cannot see the onset of the signal up until the time point when it is about to happen.

Moreover, the short integration window does not allow the neuron to see the great rise of the estimate

caused by previous spikes (left panels in figures 3.6D and 3.7D). Note that this high-frequency burst is

greater in a neuron predicting the future of the estimate according to scenario II. In this scenario, a

spiking prediction during the rising phase of the readout under-estimates its true value, due to the

new considered baseline, thus leading the neuron to consider it has to spike more than what it actually

needs to. In what comes to the accuracy of the tracking during the constant portion of the input signal,

we see that in scenario I, as the integration window increases, the signal is over-estimated (figure 3.6A),

and the neuron is not able to bound the signal between its maximum and minimum estimates (figure

3.6C). This effect is explained by the fact that scenario I is the neuron’s last resource. That is, since it

assumes no further spike will occur during the integration window, then it must spike greedily as soon

as it predicts a great mismatch between the effect of a spike versus a no-spike. Now, if the integration

window is long, the readout prediction will have a long decay, leading the neuron to fire to prevent

such an error (right panel in figure 3.6D). On the other hand, when predicting the future according to

scenario II, the estimate’s prediction is greater than the true estimate’s evolution (right panel in figure

3.7D), due to the effects explained in the previous section, which leads the neuron to spike later and

thus it slightly under-estimates the signal (figure 3.7C). It is also worth mentioning that while the

right hand-side of equation 3.9 is the same for both scenarios, thus leading to the same dependency

of the threshold Ti on the integration time window (figures 3.6B and 3.7B), this is not the case for

the left hand-side, i.e, the neuron’s voltage, as explicitly indicated in the dynamics equations 3.15

and 3.20. In fact, when looking into the evolution of the voltage during a steady signal, in scenario
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I, whenever the voltage hits the threshold Ti, it is reset to −Ti (middle panel in figure 3.6A). This

reflects the instantaneous reset mathematically defined by the fast recurrent term in equation 3.15.

Notwithstanding the fast recurrency, equation 3.15 also has a slow recurrent term that models the

dynamics of the voltage after an instantaneous change. This slow modulation is better seen when the

integration window is short (orange line in middle panel in figure 3.6A). On the other hand, in scenario

II, whenever the voltage hits the threshold it is reset in a slower way, according to the slow recurrent

term in equation 3.20. In this case, given that there is no fast recurrent term, there is no instantaneous

reset of the voltage (middle panel in figure 3.7A). A higher level interpretation for this is the following:

in scenario I, the neuron relies only on its present abilities only, thus it must correct the error as soon

as it "sees" it. This greedy correction is followed by an instantaneous reset, which is the neuron saying

"error corrected" (to the extent of the integration window). In scenario II, the neuron postpones the

spike the longest it can, trusting that its future self may handle the job of correcting the error. Then,

when it does spike, it does not reset itself instantaneously, which is actually a facilitating mechanism

for further spikes. That is, if the neuron postponed the spike too much at least it should be able to

burst in order to catch up with the signal when it realizes the mismatch is too great and a slow reset

of the voltage instead of an instantaneous one facilitates just that.

In conclusion, scenario I shows that although the use of alpha-shaped postsynpatic potentials yield

slow recurrencies, it is does not necessarily avoids fast recurrencies. Thus, depending on how the

network is predicting its readout, the voltage shows different dynamics and the network yields different

behaviours.
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Figure 3.7: Tracking of a signal under scenario II. Same kernel parameters and integration windows as in figure
3.6. A. Top: Estimate of an impulse signal by an one-neuron network. Middle: Voltage for the long and
short integration time window. Bottom: The neuron’s spike train s(t) for the long and short integration
window. B. Dependence of the spiking threshold Ti on the integration time window ∆t. C. Dependence of
the average maximum and minimum of the readout on the integration time window ∆t. D. Spike decisions
that led to an over-estimation or under-estimation of the signal. Note that in this scenario the prediction
in case of a spike (x̂′

spike
) is different from what actually happens if there is a spike (x̂spike), due to the

new considered baseline. Thus, if the estimate is at its rising phase and the integration window is too short
(left), the neuron not only cannot see the further rise that a predicted spike will cause, but it also does
not see the great rise on the estimate already happening due to the past spikes that will be amplified by
this new spike. If the estimate is at its decaying phase and the integration window is too long (right), the
predicted effect of the spike is non-decaying, thus leading to a slight under-estimation.
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3.5 Conclusion

The dynamic of slow decoders, namely the fact that at the time of the spike t, α(t) = 0, forces the

neuron to minimize a forward predictive loss function. Therefore, a network based on alpha kernels

needs to predict the future of both the signal and its estimate in order to produce a spiking rule. There

are infinitely many assumptions that a neuron may follow to predict these quantities, but some yield

a better tracking than others. In the two alternative scenarios presented, the assumptions for the

prediction of the signal were the same: the network assumes a perfect knowledge of the future, which

although unrealistic, provides the perfect prediction in what comes to the signal. While it is trivial to

identify the perfect prediction for the input signal, it is not so straightforward to identify the perfect

prediction for the readout, i.e., the prediction that yields the optimal and most accurate tracking in

the end. Thus, the question arises: how to choose the right assumptions to predict the future so that

the tracking is the best possible while being robust to parameter changes and noise injection? In the

following chapter we present a systematic approach to this question, hoping that it provides insights

about how to build robust and biologically plausible Heterogeneous Spike Coding Networks (hSCNs).
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CHAPTER 4
From Temporal Decoders to

Heterogeneous Spike Coding

Networks

I have always thought of theory in biology as disciplined dreaming. The

discipline comes from the challenge of creatively marrying the rules of

mathematics and physics with what is known of fundamental biological

principles.

— Eve Marder

In the previous chapter, we showed that by using alpha kernels it is possible to get alpha-like

postsynaptical potentials under the right assumptions on predicting the future of the network’s

estimate. In this chapter we develop a systematic approach to transform Spike Coding Networks (SCNs)

into Heterogeneous Spike Coding Networks (hSCNs) through a set of properties that emerge when

considering that a SCN is able to track a multidimensional signal in the discrete temporal domain.

Moreover, we explore the features of these newly derived hSCNs geometrically, considering their

advantage of allowing a heterogeneity of timescales.

4.1 Temporal Decoders in SCNs

Let us consider a M -dimensional signal where the dimensions represent discrete time. That is,

each component m of the input signal is a forward time-shifted version of the previous one, i.e.:

xm(t) = xm−1(t + ∆T ) or, non-recursively, xm(t) = x1(t + (m − 1)∆T ), where ∆T is the temporal

shift. Then, we must distinguish the dimensionality in time from the dimensionality in space. The

results in this chapter use an 1D input signal in space with M components in time.

A SCN tracks every temporal component at the same time (figure 4.1A), but the contribution of a

spike by the i-th neuron to each component depends on its decoding weight along the corresponding

component (figure 4.1B). In other words, if the dimensions represent time then a neuron may have a

different weight for the present, the short-term and the long-term future. One constraint employed

onto the decoders is that they may be either positive or negative along all time dimensions. That is,

a neuron tracking a positive/negative signal in the present shall track a positive/negative signal in
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the future (figures 4.1B and D). This is to avoid further violations of the Dale’s law and to prevent a

neuron from switching between being excitatory or inhibitory with time. Randomly generated decoding

vectors that fulfill this hard constrain are able to track both the present (dimension 1) and the future

(dimensions 2-5) of a 5D signal in time (figure 4.1A). However, when we inspect the decoder shapes

along the five time dimensions (figures 4.1B and C) we see that given their randomness, they do not

translate any specific dynamics. Thus, next we investigate if it is possible to track a signal in time

using alpha-shaped decoders (figure 4.1E). That is, we aim at using slower decoders that follow the

dynamics in equations 3.4, thus creating decoding vectors that code the future dynamically .
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Figure 4.1: Random temporal decoders. A. Tracking of a 5D signal in time by a 20-neuron SCN. Top: Signal
xm(t) dimensions and their estimates x̂m(t). Bottom: Spike trains s(t) for each neuron. B. Decoder
weights for each neuron (each color is a neuron) along each temporal dimension. C. Decoder weights for
4 different neurons along each temporal dimension. Top: These time evolutions of the decoding weights
do not resemble alpha kernels. Bottom: These time evolutions of the decoding weights resemble alpha
kernels. D. The feature that time evolves forward constrains the temporal domain the decoders can span.
Thus, only fully positive of fully negative quadrants are spanned. E. The temporal decoders could be
approximated by alpha kernels with different parameters. Top: ad = 1, ar = 10. Bottom: ad = 1, ar = 0.2.

Our results show that it is indeed possible to use a SCN with alpha-shaped decoding vectors to

track a signal in time (figure 4.2A), but this hard constraint also evinces an implicit feature of hSCNs:

They do not code for the present, i.e., contrary to the classical SCNs, these networks are not aiming at

correcting the instantaneous coding error at the time of the spike.

Recall that the key feature of the alpha kernels is that at the spike time t, α(t) = 0. This implies

that along the first dimension in time (the present), every neuron’s decoding weight is 0 (figure 4.2B).

Thus, when weighting the postsynaptic potential of every neuron along the first dimension, the result

yielded is 0 (figure 4.2C). Then, despite the fact that we have three time components, since one

is the present and thus is not being tracked, the problem resumes to a 2D problem in time where

x2(t) = x1(t + ∆T ) and x3(t) = x1(t + 2∆T ) are the dimensions tracked. Then, we may represent a

bounding box in the 2D time-space (figure 4.2D).

The second emergent property of this approach is that a heterogeneity of decoding temporal vectors

is required. That is, in order to close a box in the 2D time-space one needs a minimum of 3 neurons

that originates 3 differently orientated edges. Since the orientation of those edges depends on the

decoding vectors, then we need three different temporal decoding vectors. These different weights along

dimension 2 (short-term future) and dimension 3 (long-term future) correspond to faster or slower alpha

kernels. Furthermore, although 3 neurons, with a specific set of decoding vectors, may be sufficient to

create a bounding box, it might not be sufficient to effectively track a specific signal. Indeed, if our

signal is a sinusoid then a minimum of 4 neurons is required (figure 4.2A). With four neurons, a fast

and a slow positive and a fast and a slow negative, a diamond-shaped temporal bounding box (figure
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4.2D) is created. This bounding box then provides sufficient coding directions to track the ellipsoid

trajectory of the signal in the time space (figure 4.2E).
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Figure 4.2: Temporal decoders as alpha kernels. A. Tracking of a 3D signal in time by a 4-neuron SCN. Top:
Signal xm(t) dimensions and their estimates x̂m(t). Bottom: Spike trains s(t) for each neuron. B. Decoder
weights for each neuron (each color is a neuron) along each temporal dimension. C. Each neuron’s filtered
spike train is multiplied by its decoding weight along each time dimension. Every decoding weight for the
present has the value of 0, that is, the first dimension. Thus, the network fails to track the present (the
curve x1(t) in A). D. Since the present is not tracked, the 3D problem in time is actually a 2D problem
in time, where x2(t) = x1(t + ∆T ) and x3(t) = x1(t + 2∆T ) are the dimensions tracked. D. Signal and
readout trajectories in time.

The third emergent feature of this framework relates to the evolution of the readout in a spike or

in a no-spike scenario. To study this, let us consider again a 5D time signal (figure 4.3A) tracked by a

set of neurons with heterogeneous alpha-shaped decoding vectors (figure 4.3B).

Consider that while it is true that xm(t) = x1(t + (m − 1)∆T ), it is not true that x̂m(t) =

x̂1(t + (m − 1)∆T ). Rather, since every component is tracked simultaneously and independently of

each other, then each shifted component of the readout approximates, but is not equal to, the other

in the corresponding time step: x̂m(t) ≈ x̂1(t + (m − 1)∆T ). Then, one may retrieve an average

readout from all the four future components, in the matching time steps (figure 4.3B). Indeed, let us

inspect the effect of a spike by the neuron whose temporal decoder is showed in figure 4.3D onto each

component of the readout (figure 4.3E). Firstly, it is important to distinguish between the effect of a

spike along the simulation time from the effect of a spike along the temporal dimensions. In fact, when

the i-th neuron spikes, each component’s readout jumps according to the decoding weight along that

dimension, Dmi, and then decays as the simulation time goes by (left panel in figure 4.3E). However,

the picture is different when we focus on the evolution from the perspective of the temporal dimensions

(right panel in figure 4.3E). From this point of view, where we align chronologically the representation

of each component in the spike time t, we see that the readout in the absence of a spike follows the

dynamics of the signal x(t). Being the readout in the case of a spike related to the readout in the

absence of a spike via equation 2.5, then obviously the readout in the case of a spike also follows the

dynamics of the signal.

Now, in a hSCN, whose neurons decode the signal with slow decoders, the simulation time and the

temporal dimensions should be aligned. Therefore, the observation that the silent prediction should

follow the signal’s dynamics is key to further develop the predictive framework.
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Figure 4.3: Temporal decoders provide insights about the predicted dynamics of the readout. A. Tracking
of a 5D signal in time by a 50-neuron SCN. Signal x(t) and its estimate x̂(t). B. Average of the signal

(x(t) ± σx) and the readout (x̂(t) ± σx̂) for each time step. C. Decoder weights for each neuron (each color
is a neuron) along each temporal dimension. D. Decoder weight of the spiking neuron considered in E. E.
What happens when the neuron with the decoder at C spikes? Left: Signal dimensions and their estimates
with a spike at t or without it, plotted across the simulation time. Right: Signal x(t) and its estimate x̂(t)
with and without a spike plotted across each dimension.

4.2 Mathematical Principles of hSCNs

Here, we use the properties yielded by the use of temporal decoders in SCNs to build the framework

for hSCNs (figure 4.4A).

Recall that the loss of a M -dimensional signal is written as

L(t) = ||x(t) − x̂(t)||22 =
M∑

m=1

(xm(t) − x̂m(t))2. (4.1)

Since our input components are temporally entangled and the readout components approximate their

future others on average, we may approximate the above loss function by

L(t) =

M∑

m=1

(x1(t + (m − 1)∆T ) − x̂1(t + (m − 1)∆T ))2. (4.2)

Now, we want to transform the temporal dimensionality into the system’s time. Thus, being time a

continuous quantity, we start by transforming the above sum into an integral

L(t) =

∫ ∆t

0

(x′(t + τ) − x̂′(t + τ))2dτ, (4.3)

where x′ and x̂′ are the temporal component’s values in a SCN and the predictions in a hSCN. This

expression is then the 1D version of the predictive loss introduced in the previous chapter in equation

3.8.

Providing the insights about the temporal evolution of the signal’s estimate explained in the

previous section, the key to align the temporal dimensionality and the system’s time is to enforce that

the readout’s prediction follows the same dynamics as the signal’s, i.e, every time derivative of the

predictions x′ and x̂′ are equal to the corresponding time derivative of the true signal x (figure 4.4B).

That is, using the notation of equation 3.8, we write, for a generic signal, the predictions for the signal

and the readout using a Taylor expansion
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x′(t + τ) = x(t) + ẋ(t)τ + ... +
dnx(t)

dt

τn

n!
+ ... , (4.4)

x̂′(t + τ) = x̂(t) + ẋ(t)τ + ... +
dnx(t)

dt

τn

n!
+ ... . (4.5)

Substituting these predictions in the predictive spiking rule in equation 3.9 yields

D⊤
i [x(t) − x̂(t)]

∫ ∆t

0

αi(τ)dτ >
1

2
D⊤

i Di

∫ ∆t

0

α2
i (τ)dτ. (4.6)

That is, given that the network’s estimate is being predicted as an analog signal ruled by the same

differential equations as the input signal, the only difference between equation 4.4 and 4.5 is their

current value at the decision time t. In other words, the assumption is that the network, on average,

predicts its estimate as well as it predicts the input signal.

Therefore, the i-th neuron’s voltage Vi(t) and its spiking threshold Ti are

Vi(t) = D⊤
i [x(t) − x̂(t)]

∫ ∆t

0

αi(τ)dτ, (4.7)

Ti =
1

2
D⊤

i Di

∫ ∆t

0

α2
i (τ)dτ. (4.8)

Then, is this case, the i-th neuron’s voltage is still the projection of the coding error onto its decoding

vector, but now scaled by a factor that is a proxy for the weight of the spike’s effect into the future.

Furthermore, a straightforward conclusion of this dynamics is that having different kernels translates

into having different thresholds. Again, to merge the spiking rule with the network’s dynamics we take

the derivative of the voltage

V̇i(t) = −adVi(t) + D⊤
i [ẋ(t) + adx(t)]

∫ ∆t

0

αi(τ)dτ − adD⊤
i Do(t)

∫ ∆t

0

αi(τ)dτ. (4.9)

We, therefore, can write the hSCNs dynamics in vector form as

V̇(t) = − adV(t)
︸ ︷︷ ︸

leak

+ AD⊤c(t)
︸ ︷︷ ︸

input

− adAD⊤Do(t)
︸ ︷︷ ︸

slow recurrent

, (4.10)

where c(t) = ẋ(t) + adx(t) is the input command and A ∈ R
N×N is a diagonal matrix with elements

Aii =
∫ ∆t

0
αi(t)dt.

Again, inspecting equation 4.10, one recognizes the Leaky Integrate-and-Fire (LIF) model. Therefore,

hSCNs are also LIF networks, but now with slow recurrent dynamics.
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Figure 4.4: A hSCN is an autoencoder with a predictive time windows. A. (i) A hSCN is a network with
a feedforward matrix AD⊤ and a recurrent matrix −AD⊤D that is able to readout an input signal x,
yielding an estimate x̂. (ii) Same as (i), but unfolded to show that the readout is decoded from the
network’s alpha-filtered spike trains, using the readout weights D. B. In order to make a spiking decision,
the neuron assumes that the evolution of the readout follows the signal’s dynamics. Compare with figure
4.3E.
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4.3 The hSCN Bounding Box

4.3.1 Slow Dynamics Shrink the Bounding Box

The integration of slow postsynaptic potentials, i.e., with longer timescales, implies that the neurons’

voltages now have a slower dynamics as well. If the neuron’s kernel is too slow it may happen that a

single spike is not enough to push the readout beyond the spiking boundary. In order to understand

this effect, recall that the slower the neuron’s kernel, the more spread in time its effect and smaller its

amplitude, a consequence of the filter’s normalization, i.e.,
∫ +∞

0
αi(τ)dτ = 1. Therefore, the effect

of the spike in the near future is small (figure 3.1). That said, in the settings of a very slow neuron,

when then neuron hits its threshold, it bursts, i.e., it spikes multiple times in consecutive time steps,

yielding sets of double, triple or more consecutive spikes (figure 4.5A). Neural bursting is a process

that has been observed in several areas of the brain, namely in the cortex [71], [72], hippocampus [73],

thalamus [74] and cerebellum [75].
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Figure 4.5: Neuron bursting in hSCN. A. Tracking of a 2D signal by a 4-neuron hSCN. Top: Signal x(t) its
estimate x̂(t). Bottom: Spike trains s(t) for each neuron. Note the double spike. B. Error bounding-box
for two consecutive time steps. Lighter lines denote the bounding box before the first spike. Stronger lines
represent the bounding box after the first spike. Grey dot is the readout before the first spike, x̂−. Black
dot is the readout after the first spike x̂+. The rings signal the input signal x shift in consecutive time
steps. Note that despite the shift on the bounding box and the readout after the first spike the last is still
in the spiking region of the blue neuron. C. In the absence of an instantaneous reset, the neuron’s voltage,
V0(t), is above the threshold in two consecutive time steps. D. Tracking of a 2D signal by a 4-neurons
hSCN with a refractory period. Top: Signal x(t) its estimate x̂(t). Bottom: Spike trains s(t) for each
neuron.

In the geometric perspective, we see that in consecutive time steps, the readout is in the spiking

area (figure 4.5B), which means that the voltage is above the threshold (figure 4.5C).

This bursting may be halted by employing an absolute refractory period to the hSCN (figure 4.5D).

Other solutions used in LIF models usually involve forcing spiking-adaptation frequency dynamics or

adding spike costs, as we will do in the forthcoming section.

In order to show the shrinking effect of the bounding box by the addition of slow neurons, we

constructed a hSCN with pairs of slow and fast neurons having the exact same decoding vector (figure

4.6). Furthermore, in order to study the effect of the kernel parameters independently of any other

confounding factors, we used ∆t → +∞ for every neuron. Given that our kernels are normalized,

then
∫ +∞

0
αi(τ)dτ = 1 for any neuron. In order words, every neuron has access to 100% of its time

evolution.

The boundaries of a 2D bounding box of a hSCN are built considering the equality, for each neuron

i at each time step t, Vi(t) = Ti:
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D⊤
i [x(t) − x̂(t)] =

1

2
D⊤

i Di

∫ +∞

0

α2
i (τ)dτ (4.11)

x̂2(t) =

[

D⊤
i x(t) − D1,ix̂1(t) − 1

2
D⊤

i Di

∫ +∞

0

α2
i (τ)dτ

]

/D2,i.

Then, according to equation above, having the same decoding vectors, the two neurons within a pair

form two parallel boundaries. The distance between these two boundaries depends on how different

the kernels are, i.e., depends on the third term of the right hand-side of equation 4.12. This integral

increases as the ar parameter increases.
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Figure 4.6: Slower neurons shrink the error bounding box. A. Tracking of a 2D signal in time by a 10-neuron
hSCN. Top: Signal xm(t) dimensions and their estimates x̂m(t). Bottom: Spike trains s(t) for each neuron.
Light blue spikes come from slow neurons, dark blue spikes come from fast neurons. B. Error bounding-box
in the first half of the simulation. C. Error bounding-box in the second half of the simulation, after killing
the slow neurons. D. Neurons’ alpha kernels.

In other words, the threshold increases as the kernel gets faster. Calaim, Dehmelt, Gonçalves, et

al. [53] studied the effect of perturbing the thresholds in SCNs, noting that increasing the threshold

of a neuron amounts to pushing its boundary outwards of the bounding box, whereas decreasing it

amounts to pushing the corresponding boundary inwards. Then, if the decoding vectors are normalized,

faster kernels make the bounding box wider while slower kernels shrink it (figure 4.6B). That said, in a

hSCN with pairs of slow and fast kernels with full access to their futures and no refractory periods,

the slow kernels take over the tracking unless they are killed (figure 4.6A and C). Interestingly, the

shrank bounding box created by the slow neurons now counter-balance the ping-pong effect - an

intrinsic feature of shrank bounding boxes - with slow spiking dynamics. In other words, slow neurons

structurally favour ping-pong, but dynamically avoid it.

4.4 Adding Spike Costs to hSCNs

Analogously to what was previously done in the SCNs, one may add costs to the act of spiking in

hSCNs. The use of a slower decoder provides two dynamical variables for each neuron, both reflecting

its firing activity, in a faster or slower scale. Since the derivation using one variable or the other

are similar, here we show the dynamics of a hSCN subject to spike costs onto the most downstream

variable, o(t).

Then, the costly version of the predictive loss function is written as

L(t) =

∫ ∆t

0

||x′(t + τ) − x̂′(t + τ)||22dτ + µ

∫ ∆t

0

||o′(t + τ)||22dτ + ν

∫ ∆t

0

||o′(t + τ)||1dτ. (4.12)
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We already know how to write the signal’s and the readout’s predictions, but now we have to decide

how to predict the evolution of the neuron’s dynamical variable. This decision may be heuristically

justified by considering the objective of the cost terms: to make the code sparse and the firing rates

low. Then, the cost should penalize neurons which have high firing rates. This is to say that the future

of the dynamical variables used in the loss function matters little in what comes to making a spiking

decision. What really matters is their past. That is, if a neuron has fired a lot in the recent past, then

it should have a higher cost to spike in the future. Since these dynamical variables are as high as the

neural activity of the neuron they are describing, then their current value holds information about the

recent firing activity. Then we make the assumption that o′(t + τ) = o(t).

Under that assumption, the predictive spiking rule becomes

D⊤
i [x(t) − x̂(t)]

∫ ∆t

0

αi(τ)dτ − µoi(t)

∫ ∆t

0

ei(τ)dτ >

1

2

[

D⊤
i Di

∫ ∆t

0

α2
i (τ)dτ + µ

∫ ∆t

0

e2
i (τ)dτ + ν

∫ ∆t

0

ei(τ)dτ

]

, (4.13)

where ei(t) = ai
re−ai

rt is the filtering exponential kernel for the i-th neuron.

And the voltage’s dynamics is given by

V̇i(t) = − adVi(t) + D⊤
i [ẋ(t) + adx(t)]

∫ ∆t

0

αi(τ)dτ − adD⊤
i Do(t)

∫ ∆t

0

αi(τ)dτ

− µai
r

∫ ∆t

0

ei(τ)dτ (oi(t) − si(t)) . (4.14)

Again, considering ∆t → +∞ and that the neurons came in pairs of fast and slow neurons with

the same decoding vectors, we show the effects of each added norm term independently in the hSCN

behaviour (figure 4.7).

The addition of only the L2 norm term rewrites equation 4.13 in the following spiking rule, Vi(t) > Ti

D⊤
i [x(t) − x̂(t)] − µoi(t) >

1

2

[

D⊤
i Di

∫ +∞

0

α2
i (τ)dτ + µ

∫ +∞

0

e2
i (τ)dτ

]

. (4.15)

The main consequence of adding a L2 cost is to make the coding sparser throughout the neural

population. Indeed, that is what happens in figure 4.7B, where the fast neurons become active. Given

that now the i-th neuron’s voltage depends on the current value of its variable oi, which reflects the

recent past spiking, the position of the boundaries in the bounding box change from one instant to

another (bottom panel in figure 4.7B). Note that in the settings of normal dynamics (bottom panel in

figure 4.7A), given that this is a periodic signal of period T , the bounding box is the same in two time

points separated by T .

On the other hand, the addition of the L1 norm term rewrites equation 4.13 in the following spiking

rule, Vi(t) > Ti

D⊤
i [x(t) − x̂(t)] >

1

2

[

D⊤
i Di

∫ +∞

0

α2
i (τ)dτ + ν

]

. (4.16)

Then, the main purpose of adding a L1 cost is to lower the individual firing rates, by increasing the

threshold. We see this effect in figure 4.7C. Here, as in the normal dynamics, only the slow neurons

are recruited, but their individual bursting is limited. Consequently, the tracking is harmed. From a

geometric perspective, since there are no dependence of the neuron’s voltages on their previous activity,

the bounding box is the same in two time points separated by T (bottom panel in figure 4.7C). The

effect of the cost increasing the threshold is seen by the fact that the bounding box is widened.
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Figure 4.7: Costly hSCNs. A. Normal dynamics. B. With L2 cost. B. With L1 cost. Top: Signal x(t) and its
estimate x̂(t).Middle: Spike trains s(t) for each neuron. Light blue spikes come from slow neurons, dark
blue spikes come from fast neurons. Bottom: Error bounding-box for two time points in the simulation
separated by a period T = 2π/ω. Simulations considering µ = ν = 1.

4.5 Robustness

As stated in chapter 2, robustness is a strength of SCNs. Given that hSCNs maintain the mechanisms

responsible for robustness, namely, negative feedback, heterogeneity both in space and temporal domain,

modularity and decoupling, then it is expected that these networks remain robust to noise. Indeed,

hSCNs were shown to be robust against neural death, voltage noise and synaptic perturbations (figure

4.8).
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Figure 4.8: hSCNs are robust to several cumulative perturbations.

4.5.1 Temporal Heterogeneity in hSCNs

But robustness against noise is not the only robust feature of hSCNs. These networks are

heterogeneous in the temporal domain and that is an advantage for tracking frequency modulated

signals (figure 4.9).

Firstly, given that there is an ar parameter per neuron, which allows us to build hSCNs with faster

or slower dynamics, we have a structurally heterogeneous network in what comes to synaptic timescales,

39



as explored in the previous sections. But the ar parameter is not the only source of heterogeneity. In

fact, the use of finite integration windows enriches the behaviour of a hSCN.

In the previous sections we considered ∆t → +∞, which implies, due to the normalization, that

the temporal effect of the kernel is felt only through the i-th neuron’s threshold Ti. If we consider a

finite integration windows, then, according to the voltage equation in 4.8 even if the neuron’s share the

same decoding vectors, the way they percept the local error depends on the temporal scaling factor of

the i-th neuron
∫ ∆t

0
αi(τ)dτ .
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Figure 4.9: hSCNs are robust to signal changes in time. A. 20-neuron hSCN tracking a constant frequency
oscillatory signal. Top: Signal x(t) and its estimate x̂(t).Middle: Spike trains s(t) for each neuron. Light
blue spikes come from slow neurons, dark blue spikes come from fast neurons. Bottom: Error bounding-box
for each simulated condition. B. 20-neurons hSCN tracking a frequency modulated signal. Top: Signal x(t)
and its estimate x̂(t).Middle: Spike trains s(t) for each neuron. C. Neurons’ kernels used in B considering
∆t = 100 s. Note the differences between the fast and the slow kernels.

Consider the example again of pairs of slow and fast neurons with the same decoding vectors. But

now, the slow neurons are really slow and the fast ones are really fast. That is, for the same finite

integration windows ∆t, the fast kernel has had its full effect, i.e.,
∫ ∆t

0
αf (τ)dτ ≈ 1 whereas the slow

kernel is not even close to attaining its full effect, i.e.,
∫ ∆t

0
αs(τ)dτ < 1 (figure 4.9C). In other words,

the fast neurons have access to 100% of its future evolution while the slow neurons have access to less

than 100% of its future evolution. The result is a looser tracking of the signal while recruiting both

fast and slow neurons (figure 4.9 A). In this case, the slow neurons are so slow that their bursting

is not enough to accurately track the signal, i.e., the pushing of the readout into the bounding box

that follows a spike is too slow. Then, the network is forced to recruit the fast neurons. In fact, when

we kill the fast neurons, the tracking fails. On the other hand, the killing of the slow neurons barely

affects the tracking. This means that this set of fast neurons have synaptic timescales that fit the

tracking signal better. However, the addition of the slow neurons helps to tune the tracking. In the

geometric perspective, we still have two bounding boxes, the fast and the slow one. Given that the slow

bounding box is too shrank and the signal moves faster than this bounding box, the readout is almost

always outside of it. The fast bounding box, however, is able to follow the signal’s and the readout’s

dynamics, i.e, this bounding box moves faster. Then, the fast bounding box tracks the generality of

the signal, leaving small corrections to the slowest neurons. Killing either set of slow or fast neurons

amounts to deleting one of the bounding boxes.
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This effect is especially useful in the scenario of a frequency modulated signal. In a SCN the

frequency of the signal constrains the decaying constant λd. If the signal changes its frequency, given

that SCNs are homogeneous networks in the temporal domain, the neurons sharing the same λd may

not be able to keep tracking the signal due to saturation effects (depending on the simulation time

step). However, in the settings of a hSCN redundant in space and heterogeneous in time, the tracking

of a frequency modulated signal is successful (figure 4.9B). Furthermore, while the signal is too fast for

the slow bounding box to track, the fast neurons are recruited, but as the signal gets slower and the

slow bounding box is able to follow it, the slow neurons take over.

4.6 Benchmarking and Other Metrics

As stated in chapters 1 and 2, one of the strong features of SCNs is their spiking variability and

low firing rates. In the last sections, the reader may have acquired the qualitative view that hSCNs

share these features. In this section, we provide a quantitative view on this. In order to do so, we focus

on the following measures: Coefficient of Variation (CV), as introduced in equation 2.24; the Firing

Rate (FR), measured as the number of spikes divided by the total duration of the trial; and the coding

error, measured, for each signal component, as em(t) = (xm(t) − x̂m(t))2. The proxy for the network

performance is the global coding error, calculated as the average of all component’s errors. Given the

temporal of heterogeneity of hSCNs, we compute these metrics for four sets of the neuron-specific

kernel parameter, i.e., the ai
r parameter in equation 3.6. The lower the parameter, the slower the

kernel. Furthermore, we compute the evolution of these quantities as a function of the integration

window ∆t (figure 4.10). These networks have no noise added.
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Figure 4.10: hSCNs metrics computed using a 2D sinusoidal signal with angular frequency w = 0.1 and period
T ≈ 62.83. Each color represents the set of the ai

r parameters used in the simulation. A. The average of
the coding error over the 2 components as a function of the integration window ∆t. B. The average of
the N individual firing rates, FR, as a function of the integration window ∆t. C. The average of the
N individual CV as a function of the integration window ∆t. D. The relationship between the average
of the individual FR and the average of the coding error. E. The relationship between the average of
the individual CV and the average of the coding error. F. The relationship between the average of the
individual FR and the average of the individual CV.

In a network with functionally fit kernels, i.e., kernels able to track the signal accurately, (figure

4.10A), the error tends to decrease for a network with slower neurons, which is explained by the shrank
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bounding box formed by these neurons. Obviously, if the neurons get too slow, eventually the bounding

box shrinks too much and the tracking is impaired, as explained previously. Moreover, the average

FR of the network increases as the neurons get faster (figure 4.10B and D). Furthermore, the spiking

variability is confirmed by the CV > 1, there being a tendency for this average value to increase as

the kernels get slower (figure 4.10C, E and F). Finally, as the integration window increases, i.e., as

∆t → +∞, these quantities converge.

4.7 Conclusion

In this chapter, we set the fundamental properties of a hSCN: no coding for the present; heterogeneity

in the temporal domain; prediction of the readout according to the dynamics of the input signal. Then,

by merging these three properties with the assumptions used to derive the classical SCNs it was possible

to derive heterogeneous spike coding networks that do not rely on the instantaneous communication of

spikes while keeping their function and biological realistic features, such as robustness and Poisson-like

variability.
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CHAPTER 5
Generalizing Heterogeneous Spike

Coding Networks

At the theoretical level, we are somewhere between an Aristotelian and a

Newtonian age, moving from description to quantification of intuitive views

of how the brain works.

— Anna Kia Nobre

In the previous chapter we have shown how Spike Coding Networks (SCNs) are able to readout

signals using slow decoders. To these networks we called Heterogeneous Spike Coding Network (hSCN).

Here, we show that it is possible to generalize these networks using other kernels, being each kernel a

realistic model for a Postsynaptic Current (PSC).

5.1 Postsynaptic Potentials as Convolutions

In chapter 1 we presented 3 alternative models for postsynaptic conductances. One such model, the

instantaneous conductance modeled by Dirac impulses, is implausible. However, the heterogeneity of

voltage-gated channels that mediate the transmission of spikes, require employing higher mathematical

abstractions, which can result in slower or faster decoders. Here we show how one can generalize

hSCNs to use other shapes for the postsynaptic potentials. For that, we generalize the use of multiple

exponential filtering processes. Using this technique, we find in figure 5.1 that its main effect is a

slower rise of the decoders.

Considering that GM (t) is the convolution of M exponential filters gj(t) = aje−ajt, such that

GM (t) = (g1 ∗ g2 ∗ ... ∗ gM )(t), then

GM (t) =

M∑

i=1

ai...aM
∏M

j=1,j 6=i(aj − ai)
e−ait. (5.1)

The alpha kernel used in the previous chapter is thus equivalent to G2(t) = (g1 ∗ g2)(t).

In this model, whenever a neuron adds a spike this is equivalent to adding a GM kernel to the

filtered spike trains. Then, we have the following dynamical equation for the network’s readout

˙̂x(t) = −aM x̂(t) + aM Do(t), (5.2)
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where o(t) ∈ R
N×1, being each element the i-th neuron’s filtered spike oi(t) = (GM−1 ∗ si)(t).

Similarly to the previous derivations, the solution to equation 5.2 yields the network’s readout as

the linear summation of the neurons’ filtered spike trains

x̂(t) =

N∑

i=1

Diri, (5.3)

where ri(t) = (GM ∗ si)(t).
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Figure 5.1: Convolutions of exponentials as PSCs. A. Shapes of G1 to G5 kernels. B. Top: The filtered spike
trains according to the respective kernel, i.e. oM = (GM ∗ s)(t). Bottom: Spike train s(t).

Then, whenever the i-th neuron spikes, we have the following change in the readout’s future

x̂(τ)
︸︷︷︸

x̂ spike

→ x̂(τ)
︸︷︷︸

x̂ silent

+ DiG
M
i (τ − t)H(τ − t)

︸ ︷︷ ︸

update

. (5.4)

Generalizing the predictive loss function and the predictive spiking rule of equations 3.8 and 3.9,

respectively, and following all the mathematical steps used to derive the mathematical principles of

hSCNs in chapter 4, we get the following voltage and threshold for the i-th neuron

Vi(t) = D⊤
i [x(t) − x̂(t)]

∫ ∆t

0

GM
i (τ)dτ, (5.5)

Ti =
1

2
D⊤

i Di

∫ ∆t

0

(GM
i )2(τ)dτ. (5.6)

Consequently, the dynamics follows

V̇i(t) = − aM Vi(t)
︸ ︷︷ ︸

leak

+ D⊤
i [ẋ(t) + aM x(t)]

∫ ∆t

0

GM
i (τ)dτ

︸ ︷︷ ︸

input

− aM D⊤
i Do(t)

∫ ∆t

0

GM
i (τ)dτ

︸ ︷︷ ︸

slow recurrent

. (5.7)

Using slower kernels implies delaying even more the effect of the spike, which has the effect of making

the consecutive spikes even more frequent (figure 5.2).
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Figure 5.2: Neuron bursting in a slower hSCN. A. Tracking of a 2D signal by a 10-neuron hSCN with G3

decoders. Top: Signal x(t) its estimate x̂(t). Bottom: Spike trains s(t) for each neuron. B. Shaded area of
A zoomed-in in order to see the multiple spikes. Top: Signal x(t) its estimate x̂(t). Bottom: Spike trains
s(t) for each neuron.

5.2 Postsynaptic Potentials as the Sum of Convolutions

While the dynamics in equation 5.7 provides the generalization for any decoder, it still constrains

the reccurrency to only one type of postsynaptic currents, shaped by the GM−1 kernel. as given by

the slow recurrent term in that equation. In this section we show that is possible to build hSCNs with

several types of postsynaptic currents.

For that, we consider that the network’s readout is a sum of dynamically different readouts.

Biologically, these sub-readouts would correspond to the synaptic integration of the postsynaptic

current along dynamically different tree branches, i.e., dendritic branches with different voltage-

dependent channels. Mathematically, we write

x̂(t) = x̂2(t) + x̂3(t) + ... + x̂M(t) =
∑

i

Di(G
2 ∗ si)(t) +

∑

i

Di(G
3 ∗ si)(t) + ... +

∑

i

Di(G
M ∗ si)(t).

(5.8)

And the readout’s dynamics follows the derivative of equation 5.8

˙̂x(t) = ˙̂x2(t) + ˙̂x3(t) + ... + ˙̂xM(t). (5.9)

Then, whenever there is a spike by the i-th neuron, the network’s readout is updated according to the

sum of the i-th neuron’s kernel

x̂(τ)
︸︷︷︸

x̂ spike

→ x̂(τ)
︸︷︷︸

x̂ silent

+ Di

(
G2(τ − t) + G3(τ − t) + ... + GM (τ − t)

)
H(τ − t)

︸ ︷︷ ︸

update

. (5.10)

Again, generalizing both the predictive loss function and the predictive spiking rule we get that the

voltage and the threshold of the i-th neuron are given by

Vi(t) = D⊤
i [x(t) − x̂(t)]

∫ ∆t

0

G2(τ) + G3(τ) + ... + GM (τ)dτ, (5.11)

Ti =
1

2
D⊤

i Di

∫ ∆t

0

(G2(τ) + G3(τ) + ... + GM (τ))2dτ. (5.12)
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Taking the derivative of the voltage, we get

V̇i(t) = − aM Vi(t)
︸ ︷︷ ︸

leak

+ βD⊤
i [ẋ(t) + aM x(t)]

︸ ︷︷ ︸

input

− a2βD⊤
i D(G1 ∗ s)(t)

︸ ︷︷ ︸

slow recurrent

(5.13)

+ (a2 − a3 − aM )βD⊤
i D(G2 ∗ s)(t)

︸ ︷︷ ︸

even slower recurrent

+... + (am−1 − am − aM )βD⊤
i D(Gm−1 ∗ s)(t)

︸ ︷︷ ︸

getting slower

+...+

+ (aM−1 − aM − aM )βD⊤
i D(GM−1 ∗ s)(t)

︸ ︷︷ ︸

slowest recurrent

,

where β =
∫ ∆t

0
G2(τ) + G3(τ) + ... + GM (τ)dτ .

A network built like this is an autoencoder with M −1 loops, where each loop represents a recurrent

connection (figure 5.3).
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Figure 5.3: A hSCN with two loops. A. (i) A hSCN with several loops is a network with a feedforward vector
βD⊤ and a decoder vector D that is able to readout an input signal x, yielding an estimate x̂. (ii) Same
as (i), but unfolded to show that the readout is a sum of the spike trains filtered according to different
kernels. B. Tracking of a 2D signal by a 10-neuron hSCN with spike trains filtered by G3 and G2. Top:
Signal x(t) its estimate x̂(t). Bottom: Spike trains s(t) for each neuron.

5.3 Conclusion

A single neuron may have several voltage-gated channels that mediate the communication of

the action potential. Our generalization shows that it is possible to incorporate several recurrent

connections in hSCNs, each one modelling different dynamics, while keeping an accurate tracking of

the signal.
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CHAPTER 6
General Discussion

There are so many unanswered questions for generations of neuroscientists to

answer—a wonderful but also sobering thought.

— Carla J. Shatz

Most of Leaky Integrate-and-Fire (LIF) networks model the Postsynaptic Currents (PSCs) homoge-

neously, i.e, they do not consider the different dynamics of the brain’s PSCs given by the heterogeneity

of voltage-dependent channels mediating neural synapses. However, the heterogeneity of neural bio-

physics has been shown to play an important role in the robustness of neural coding [76], [77] and in

the encoding [78] and decoding [79] properties of neurons.

In this work, we used the LIF homogeneous networks proposed by Boerlin, Machens, and Denève [52],

the Spike Coding Networks (SCNs), to derive a family of Heterogeneous Spike Coding Networks (hSCNs)

that do not rely on the instantaneous communication of spikes and thus mimic the realistic delays

encountered in PSCs. In order to do so, we used the same energy-efficiency reasoning behind the

derivation of classical SCNs while enforcing three key properties that emerged while we were studying

the behaviour of a SCN tracking a multi-dimensional signal in the discrete temporal domain: no coding

for the present time; heterogeneous decoders; prediction of the network’s estimate according to the

dynamics of the input signal.

Then, we studied the properties of hSCNs using the geometrical framework provided by Calaim,

Dehmelt, Gonçalves, et al. [53] for the standard SCNs. We found that neurons with longer timescales

have lower spiking thresholds, which leads to neural bursting of the slower neurons. This may be

overcome by adding a mathematical penalty to the act of spike, which shuffles the boundaries of the

error bounding box, forcing the network to recruit other neurons. Furthermore, we showed that the

heterogeneity of timescales merged with different integration time windows enables the network to

recruit different subpopulations of neurons in a frequency-modulated signal. Moreover, likewise SCNs,

hSCNs are robust to both structural and biophysical perturbations, while keeping low firing rates and

high Coefficient of Variations (CVs). In addition, we observed that networks of neurons with faster

alpha filters show higher firing rates and lower CVs than networks of neurons with longer alpha filters.

Finally, we showed that hSCNs can be further generalized to emulate other dynamics of the PSCs,

allowing one to build networks with heterogeneous recurrent connections.

47



6.1 hSCNs and Other Published Work

Since Boerlin, Machens, and Denève [52] first proposed this spike coding framework, other scientists

tried to tackle the problem of instantaneous propagation of spikes. During the development of this

thesis we identified two public available solutions for this complex problem, which undoubtedly provided

insights to this work.

Schwemmer, Fairhall, Denève, et al. [80] also started by assuming that the dynamics of the readout

should instead be ruled by slower dynamics. As in this work, they employ alpha-shaped postsynaptic

potentials, getting a predictive spiking rule. However, the way they deal with the problem of having to

predict the future is solved by numerical approximations relying on the assumption of a very short

integration window, which provides a heuristical solution rather than a systematic one. Questions

about how short the integration window should be and the mechanism behind choosing it were left

unanswered. However, this work provides valuable insights about how to include ionic conductances in

the current-based model.

Zeldenrust, Gutkin, and Denève [81] aimed at building heterogeneous networks. Then, considering

general filtering kernels, they reached a predictive spiking rule similar to our lower limit boundary

scenario. And, like us, they acknowledged the problem that, under that scenario, to predict the future

over a long integration window may lead to the over-estimation of the signal. Therefore, in order

to deal with that, they constrained the integration window length to the filter size, which is also a

heuristical approach to the predictive problem. Despite this, this work provided sharp insights about

the performance of heterogeneous networks, namely that these networks are more robust against

correlated noise. Moreover, this work suggested several predictions. Specifically, they predict that

neurons sharing similar filters should have positive signal correlations and negative noise correlations

and that neurons using bimodal filters couple stronger to the network activity.

6.2 Model Predictions

The big advantage of biologically plausible mathematical descriptions of neural activity is that they

allow us to make predictions about experimentally recorded activity. SCNs already provide some key

predictions. Next, we enumerate them.

1. The decoding error should decrease with an increasing number of recorded neurons

and it should be faster than predicted by a Poisson model.

Boerlin, Machens, and Denève [52] showed that as the number of neurons increases, the

coding error decreases as 1
√

N , as in a Poisson rate model. However, after a given threshold, the

coding error scales as 1/N . This could be tested using large multi-electrode arrays.

2. Spiking statistics may correlate with signal dimensionality.

Calaim, Dehmelt, Gonçalves, et al. [53] showed that SCNs tracking higher dimensional signals

show lower median firing rates. Thus, they propose that measuring firing statistics may inform

the experimenter about the network’s function.

3. Partial inhibition should not affect the network’s function.

By studying the robustness of SCNs, Calaim, Dehmelt, Gonçalves, et al. [53] showed that

due to the redundancy of the decoding vectors and the neuron’s recurrent connectivity, when a

population of neurons is silenced, similar tuned neurons are recruited instantaneously to ensure

the tracking. In fact, Trouche, Perestenko, Van De Ven, et al. [67] were able to specifically inhibit

place cells in the hippocampus and, as a response, a population of neurons previously silent

became active.
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4. Total inhibition should affect the network’s function.

The study of Calaim, Dehmelt, Gonçalves, et al. [53] also showed that the inhibition of all

similarly tuned neurons would result in a bias in the tracking of signals aligned with the decoding

vectors of the inhibited neurons. Thus, functional impairment is expected if there is inhibition of

all the redundant neurons required to perform some part of a given task.

In this work, the results of our model added a few more testable predictions. Namely,

1. To look for experimental correlations between firing statistics and PSCs timescales.

In chapter 4 we showed that slower neurons in hSCNs seem to exhibit higher CVs and lower

firing rates. Thus, a possible experimental follow-up is to look for this correlation in experimental

data.

2. To study the impact of slower and faster neurons in function.

In chapter 4 we showed that different populations of neurons are recruited according to the

phase of the frequency-modulated signal being tracked. Thus, to look for the functional impact

of neurons having slower and faster Excitatory Postsynaptic Potentials (EPSPs) or Inhibitory

Postsynaptic Potentials (IPSPs) could be a line of research to follow. For instance, [82] showed

that spastic motoneurons in patients who have had strokes have more prolonged EPSPs than the

contralateral intact motoneurons.

6.3 Limitations of hSCNs

Although hSCNs emulate the Poisson-like variability observed in neural data while communicating

spikes in a non-instantaneous manner, they still differ from neural circuits in some ways.

1. Violation of Dale’s Law

Like the standard framework of SCNs, hSCNs also violate Dale’s law as a single neuron may

simultaneously excite and inhibit other neurons according to their decoding vectors. One of the

solutions proposed by Boerlin, Machens, and Denève [52] is to create separated excitatory and

inhibitory populations, where the second is tracking the first. This is something that could be

applied to hSCNs with the advantage that now one may specify different timescales for each

population.

2. A hSCN is a Current-Based (CUBA) Model

As stated in chapter 1, Conductance-Based (COBA) models are more biologically realistic.

However, either SCNs or hSCNs are CUBA models.

6.4 General Comments and Future Work

The main challenge of this work was to frame the problem in order to get a systematic way to

predict the network’s estimate. The required properties to do that emerged when analysing a SCN in

a high temporal domain. The fact that the classical SCN could be re-interpreted to further build a

more biologically plausible model is an example of how such an elegant framework can under-cover a

lot of insights.

In addition to the experimental suggestions made above, there are other theoretical works that

could deepen the understanding of this model. Next, we enumerate them.

1. To test the hSCNs’ behaviour against correlated noise.
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2. Brendel, Bourdoukan, Vertechi, et al. [56] derived the learning conditions for a SCN to learn both

the feedforward and recurrent connections. Given that hSCNs are inspired by a SCN tracking

a multi-dimensional signal in the discrete time domain, it could be interesting to apply those

learning rules to the same problem and see which insights it could provide to derive a learning

framework for the kernel’s timescales.

3. To use hSCNs to model specific experimental neural circuits, by identifying the signals they may

be estimating, in order to compare the simulated activity with the neural data.

4. To apply dimensionality reduction techniques, such as Principal Component Analysis (PCA), to

the model results to gain insights about how the population encodes information.
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