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1. Introduction

We start this section introducing the definition of k-circulant matrix with
k ∈ C and some of the state of the art related with this important concept
that motivated us to introduce one of its generalizations.

Definition 1. [5] Let k ∈ C. A k-circulant matrix is a matrix of the form:

A(k) =


a0 a1 a2 · · · am−1

kam−1 a0 a1 · · · am−2
kam−2 kam−1 a0 · · · am−3

...
...

...
...

ka1 ka2 ka3 · · · a0

 . (1)

The matrix in (1) is completely determined by k and its first row. Therefore,
we simply denote this matrices as A(k) = k − circ(a0, a1, . . . , am−1). This
matrix is also called weighted circulant matrix. Note that, for k = 1 and
k = −1 a circulant matrix and skew-circulant matrix are obtained, respec-
tively. In the case of circulant matrices we just write circ(a0, a1, . . . , am−1).
These matrices (especially, circulant and skew circulant matrices) are very
useful in many areas for instance in probability, statistic, coding theory, sig-
nal and image processing, numerical analysis, etc. In fact, they have been
widely studied. See for instance, [5], where the authors present necessary
and sufficient conditions for a matrix A ∈ Cm to be a matrix in the form
(1) presenting the structure of the multiplicative group of matrices in Cm,
the multiplicative semigroup of all m ×m complex matrices, that commute
with a given matrix having distinct eigenvalues. In [7] the authors construct
circulant-like matrices, that were designated by generalized weighted circu-
lant and are matrices that are generated by generalized permutation matrices
(that is, square matrices having in each row and column only one nonzero el-
ement) corresponding to a subgroup of some permutation group. Therefore,
it was defined that a generalized weighted circulant matrix is an element in
the algebra generated by some generalized permutation matrix. The eigen-
values for these class of matrices were obtained. In [6] it is shown how A(k)q

can be obtained where q is a positive integer greater than 1, by using the
basis expression of k-circulant matrices in matrix spaces and the Multinomial
Theorem.
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Some authors focus on these matrices considering its entries as different
types of number sequences. For instance, circulant matrices with geometric
sequences were studied in [3]. It has been a tradition to use number sequences
as entries for right circulant matrices C (matrices where each row is a right
shift of the row above it) where C is determined by its first row (c0, . . . , cm)
and ck = ci−j whenever i− j ≡ k(mod m). Therefore papers on these special
matrices normally would concentrate on the investigation of their eigenval-
ues, determinants, Euclidean norms, spectral norms and inverses. In [4] the
author studied these properties for matrices of this type whose first row is
(F0

g
, F1

gq
, F2

gq2
, . . . , Fm−1

gqm−1 ) where Fj is the j -th Fibonacci number, and g 6= 0 and

q 6= 0, 1. Bahsi and Solak in [1] used arithmetic sequence as entries. They
also provided explicit formulas for the determinant, eigenvalues, Euclidean
and spectral norms, and inverses of the right circulant matrices. Moreover,
circulant and skew circulant matrices with binomial coefficients were con-
sidered in [16]. The paper [17] is devoted to circulant and skew circulant
matrices whose entries are binomial coefficients combined with either Fi-
bonacci numbers or Lucas numbers. B. Radičić in [8] studied the eigenvalues
of k-circulant matrices whose first row is (J1, . . . , Jm) where Ji is the i-th
Jacobsthal number, i = 1, . . . ,m. The author also studied k-circulant ma-
trices whose first row is (J−11 , . . . , J−1m ). Moreover, B. Radičić in [9] studied
the eigenvalues of k-circulant matrices whose first row is (P1, . . . , Pm) where
Pm is the m-th Pell number. In [13]-[15], the case with Horadam numbers is
analysed.
Throghout the text, the identity matrix of order m is denoted by Im and
diag{a11, . . . , amm} represent the diagonal matrix with diagonal elements
a11, . . . , amm.
The paper is written as follows: motivated by all of previous results, at Sec-
tion 2 a new type of matrix that generalizes the definition of k-circulant ma-
trix, designated by (k, n)-circulant like matrix, is introduced ((k, n)−circlike
matrix for short). This matrix is denoted by (k, n) − circlike(a0, . . . , am−1)
where (a0, . . . , am−1) is its first row. We study its properties, its eigenvalues
and its inverse and some other properties, namely, it is shown that the prod-
uct of two (k, n)− circlike matrices its also (k, n)− circlike matrix and the
inverse of a (k, n)− circlike matrix is also a (k, n)− circlike matrix and its
first row is the unique solution of a certain system of linear equations. Addi-
tionally, for a (k, n)− circlike(g, qg, q2g, . . . , qm−1g) we determine its inverse
and write it as function of another (k, n)-circulant like matrix. At Section
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3, for certain circulant like matrices whose entries are written as function of
Horadam, Fibonacci, Jacobsthal and Pell numbers, we study its eigenvalues
and write it as function of those numbers. Moreover, the same study is done
if the entries are arithmetic sequences. At Section 4 the solution from poly-
nomial equations through the information of the eigenvalues of (k, n)-circlike
matrices are studied.

2. Circulant-like matrices and some properties

Throughout the text K denotes an algebraic closed field with characteris-
tic zero and k ∈ K. In this section some important properties for k-circulant
matrices are recalled. Moreover, the concept of (k, n)−circulant like matrix,
denoting it by A(k, n) = (k, n)− circlike(a0, . . . , am−1) is introduced. Some
of its properties are studied in particular, we prove that if A commutes with
Q = Q(k, n) = (k, n) − circlike(0, 1, 0, . . . , 0) then A is a (k, n) − circlike
matrix and A =

∑m−1
r=0 arQr, with ar ∈ K. Moreover, the list of eigenvalues

is written in an explicit way. It is also proved that the product and inverse
of (k, n)− circlike matrices is also a (k, n)− circlike matrix. The first row
of the A−1(k, n) is the solution of a certain system of linear equations. Addi-
tionally, for a (k, n)− circlike(g, qg, q2g, . . . , qm−1g) we determine its inverse
and write it as function of another (k, n)-circulant like matrix.

The following known properties of k-circulant matrices that can be found in
[5]. Let Rm×m be the set of all m ×m real matrices and Q ∈ Rm×m be the
following matrix

Q :=


0 1 0 . . . 0
0 0 1 . . . 0
...

. . . . . . 1
k 0 0 · · · 0

 . (2)

We recall that Q has distinct eigenvalues, precisely, the m distinct m-th roots
of k. The followings results are easily verified.

Lemma 2. [5] Let k ∈ K\{0}. An m×m matrix A is a k-circulant matrix
if only if AQ = QA. In this case A can be expressed as

A =
m−1∑
i=0

aiQ
i,

where (a0, a1, . . . , am−1) is the first row of A, and Q is a matrix as in (2).
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Let F = (fij) be the discrete Fourier matrix, with fij = 1√
m
ωij, 0 ≤ i, j ≤

m− 1, where ω is any primitive m-th root of the unity,

ω = cos
2π

m
+ i sin

2π

m
. (3)

It is very well know that a matrix C is a circulant matrix if only if

F ∗CF = diag{µ0, µ1, . . . , µm−1},
where the numbers µi, i = 0, 1, . . . ,m− 1 are the eigenvalues of C.
Let k ∈ K\{0}, and λ be any m-th root of k. Define G(λ) = (gij(λ)) as
follows:

gij(λ) = λifij, 0 ≤ i, j ≤ m− 1.

Lemma 3. [5] Let k ∈ K\{0}. Then a matrix A is a k-circulant matrix if
only if

G(λ)−1AG(λ) = diag{µ0, µ1, . . . , µm−1},
where µi are the eigenvalues of A.

Lemma 4. [5] Let k ∈ K\{0} and A(k) be a k-circulant matrix with first
row (a0, a1, . . . , am−1) and suppose that λ is an m-th root of k. Then

µj =
m−1∑
i=0

ai(λω
j)i, j = 0, 1, . . . ,m− 1

are the eigenvalues of A(k). Moreover, in this case

ai =
1

m

m−1∑
j=0

µj(λω
j)−i, i = 0, 1, . . . ,m− 1.

In what follows, a new type of matrix that generalizes the definition of k-
circulant matrix is introduced and called (k, n)-circulant like matrix.

Definition 5. Let k, n ∈ K. A (k, n)-circulant like matrix is a matrix in the
form:

A(k, n) =


a0 na1 na2 · · · nam−1

kam−1 a0 a1
. . .

...

kam−2 knam−1 a0
. . . a2

...
. . . . . . . . . a1

ka1 · · · knam−2 knam−1 a0

 . (4)

Then A(k, n) is simply written as A(k, n) = (k, n)−circlike(a0, . . . , am−1).
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Remark 6. If A(k, n) = (ai`) is or order m, then a11 = a0, and

ai` =


na`−1, if i = 1, ` ≥ 2
a`−i, if i > 1, ` ≥ i
nkam−i+` if i > `, ` ≥ 2
kam−i+` if i ≥ 2, ` = 1.

Note that if n = 1 then the matrix A(k, 1) = A(k) for every k ∈ K. Addi-

tionally, if (A`)
m−1
`=0 is a family of (k, n)− circlike(a`0, a`1, . . . , a`m−1) matrices

and α` ∈ K, ` = 0, 1, . . . ,m− 1, then, it is easy to check that

m−1∑
`=0

A` = (k, n)− circlike(
m−1∑
`=0

α`a
`
0,
m−1∑
`=0

α`a
`
1, . . . ,

m−1∑
`=0

α`a
`
m−1).

Consider now Q = Q(k, n) = (k, n)− circlike(0, 1, 0, . . . , 0) matrix:

Q(k, n) =


0 n 0 · · · 0

0 0 1
. . .

...

0 0 0
. . . 0

...
. . . . . . . . . 1

k · · · 0 0 0

 .

It is easy to verify that Qj(k, n) = (k, n)−circlike(0, . . . , 0, 1, 0, . . . , 0), where
the element 1 is at the (j + 1)-position, with j = 1, . . . ,m.

Lemma 7. Let A be an m ×m matrix. If AQ(k, n) = Q(k, n)A, then A is
(k, n)-circulant.

Proof. Let A = (aij), i, j = 1, . . . ,m. Consider

AQ(k, n)−Q(k, n)A = [R1, R2, · · · , Rm] = 0m,

where Ri denotes the row i = 1, . . . ,m of the matrix and

R1 =
[
na21 − ka1m na22 − na11 na23 − a12 · · · na2m − a1,m−1

]
,

Rp =
[
ap+1,1 − kapm ap+1,2 − nap1 ap+1,3 − ap,2 · · · ap+1,m − ap,m−1

]
,

Rm =
[
ka11 − kam,m ka12 − nam1 ka13 − nam2 · · · ka1m − am,m−1

]
,
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for p = 2, . . . ,m− 1. Then, from Ri = 0, i = 1, . . . ,m we have:

R1 = 0⇒



a21 = k
n
a1m

a22 = a11
a23 = 1

n
a12

...
a2m = 1

n
a1,(m−1)

Rm = 0⇒



am1 = ka(m−1),m = k
n
a1,1

am2 = na(m−1),1 = ka13
am3 = a(m−1),2 = ka14
...
amm = a(m−1),(m−1) = a1,1

and, for p = 2, . . . ,m− 1 the following recursive formulas can be written:

Rp = 0⇒


a(p+1),1 = kapm
a(p+1),2 = nap1
a(p+1),` = ap,(`−1); ` = 3, 4, . . . ,m

Therefore, we can conclude thatA = ( k
n
, n)−circlike( 1

n
a11,

1
n
a12, . . . ,

1
n
a1m).

In the next lemma we get a similar decomposition for the matrices A(k, n)
as in [5, Lemma 2].

Lemma 8. An m×m matrix A is (k, n)-circulant like if and only if AQ(k, n) =
Q(k, n)A. Moreover, if A = A(k, n) then it can be expressed as

A(k, n) =
m−1∑
i=0

aiQi(k, n),

where ai, i = 0, . . . ,m− 1 are the elements of the first row of A(k, n).

Proof. If AQ(k, n) = Q(k, n)A then A is a (k, n) − circlike matrix by
Lemma 7.

Let A(k, n) = (ai`), and Q(k, n) = (q`j), then A(k, n)Q(k, n) = (cij),
where ci,j =

∑m
l=1 ai`q`j with i, j 1 ≤ i, j ≤ m. Note that q`j ∈ {0, 1, k, n},

then

ci1 = kaim, ci2 = nai1, ∀i = 1, . . . ,m

cij = ai,(j−1), j = 3, . . . ,m.

Now considering Q(k, n)A(k, n) = (di,j), with di,j =
∑m

l=1 qi`a`j with i, j
1 ≤ i, j ≤ m. Then

di1 =


na21 if i = 1;
a(i+1),1 if i = 2, . . . ,m− 1;
ka11 if i = m.
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But ma21 = m(kam−1) = k(mam−1) = ka1m. For i = 2, . . . ,m − 1, ai+1,1 =
kam−i = kaim and ka11 = ka0 = kamm. Therefore

di1 =

{
ka1m if i = 1kaim if i = 2, . . . ,m− 1;
kamm if i = m.

In consequence,

ci1 = kaim = di1,∀i = 1, . . . ,m.

In analogous way, we can prove that

ci2 = di2,∀i = 1, . . . ,m.

Let i = 2, . . . ,m and j = 3, . . . ,m. Then

dij =


na2j if i = 1, j = 3, . . . ,m;
a(i+1)(j) if i = 2, . . . ,m− 1, j = 3, . . . ,m;
ka1j if i = m, j = 3, . . . ,m.

Note that ai(j−1) = a(i+1)(j) for all i = 2, . . . ,m and j = 3, . . . ,m. Therefore
ci,j = dij for all i = 2, . . . ,m − 1 and j = 3, . . . ,m. Moreover as a1(j−1) =
naj−2 = na2j for all j = 3, . . . ,m then c1j = d1j for all j = 3, . . . ,m. Now,
as am(j−1) = knaj−1 = ka1j then cmj = dmj for all j = 3, . . . ,m. Therefore
cij = dij for all i, j = 1, . . . ,m.
Attending that if A,B are (k, n)− circlike matrices then A+B is a (k, n)−
circlike matrix, it is clear that,

A(k, n) = a0Q0(k, n) + a1Q(k, n) + · · ·+ am−1Qm−1(k, n),

Let λ be any m-th root of (kn) and define the following diagonal matrix

Λ(k, n) =


n 0 0 · · · 0

0 λ 0
. . .

...

0 0 λ2
. . . 0

...
. . . . . . . . . 0

0 · · · 0 0 λm−1

 .

Moreover, let ω be any primitive m-th root of unity, that is, ω is as in (3),
and let F be the discrete Fourier matrix.
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Then considering T (k, n) = Λ(k, n)F the j-th column of T (k, n) is given by

t(j) =


t1j
t2j
t3j
...
tmj

 =
1√
m


n

λωj−1

(λωj−1)2

...
(λωj−1)m−1

 .

Moreover

Q(k, n)t(j) =


nt2j
t3j
t4j
...

kt1j

 =
1√
m


n(λωj−1)
(λωj−1)2

(λωj−1)3

...
kn



= λωj−1


t1j
t2j
t3j
...
tmj

 = λωj−1t(j), 1 ≤ j ≤ m.

Therefore
Q(k, n)t(j) = λωj−1t(j), ∀1 ≤ j ≤ m.

And this implies that T−1(k, n)Q(k, n)T (k, n) = diag{λ, λω, . . . , λωm−1},
where λ = (kn)1/m. Denote by P(Dλ,ω) =

∑m−1
i=0 aiDiλ,ω, where Dλ,ω =

diag{λ, λω, . . . , λωm−1}.

Lemma 9. Let A(k, n) be a (k, n)-circulant like matrix as in (4). Then

A(k, n) = TP(Dλ,ω)T−1,

where T = Λ(k, n)M .

Proof. By Lemma 8, A(k, n) = a0Q0(k, n)+a1Q(k, n)+· · ·+an−1Qn−1(k, n).
Let T = T (k, n) and Q = Q(k, n). From previous observations, Q =
TDλ,ωT−1. Therefore Qj = TDjλ,ωT−1 for all j = 1, . . . ,m− 1.
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Then

A(k, n) = a0Im + a1T
−1Dλ,ωT + · · ·+ an−1TDm−1λ,ω T−1

= T (
m−1∑
i=0

aiDiλ,ω)T−1 = TP(Dλ,ω)T−1.

Lemma 10. Let A(k, n) be a (k, n)-circlike(a0, a1, . . . , am−1), and suppose
that λ is an m-th root of kn Then

µj =
m−1∑
i=0

ai(λω
j)i, j = 0, 1, . . . ,m− 1 (5)

are the eigenvalues of A(k, n) where λ = m
√
kn.

Proof. Denote by µj the eigenvalues of A(k, n) for j = 0, . . . ,m − 1. By
Lemma 9, the eigenvalues of A(k, n) are the same eigenvalues of P(Dλ,ω).
Moreover

P(Dλ,ω) =
m−1∑
i=0

aiDiλ,ω

= diag
{m−1∑

i=0

aiλ
i,
m−1∑
i=0

ai(λω)i,
m−1∑
i=0

ai(λω
2)i, . . . ,

m−1∑
i=0

ai(λω
m−1)i

}
.

Therefore µ0 =
∑m−1

i=0 aiλ
i, µ1 =

∑m−1
i=0 ai(λω)i, µ2 =

∑m−1
i=0 ai(λω

2)i, . . . , µm−1 =∑m−1
i=0 ai(λω

m−1)i, and the proof follows.

Remark 11. In [7] it was defined that if a k-circulant matrix C is an el-
ement in the algebra generated by U where U is a generalized permutation
matrix, that is C =

∑m−1
r=0 crU

r for some m ∈ N where cr ∈ C, for all
r = 0, . . . ,m − 1 then it is designated by generalized weighted circulant ma-
trices. The eigenvalues of C were studied and a closed formula for its ex-
pression was obtained. From Lemma 8, and attending to [7, Definition 1]
the matrix A(k, n) is also a generalized weighted circulant matrix. That is
A(k, n) =

∑m−1
r=0 arQ(k, n)r. Then the spectrum of the matrices A(k, n) can

also be shown as in [7, Theorem 1.17] however, we used at Lemma 10 a differ-
ent approach that allowed us to study interesting properties of these matrices.
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Lemma 12. A matrix A is a (k, n)-circulant like matrix if and only if

T−1AT = diag{µ0, µ1, . . . , µm−1}

where T = Λ(k, n)M and µ0, . . . , µm−1 are the eigenvalues of A.

Proof. Firstly suppose that A is a (k, n)-circulant like matrix. Then, by
Lemma 9 the necessary condition follows.
Reciprocally, suppose that T−1AT = diag{µ0, . . . , µm−1}, with T = Λ(k, n)M.
Let us denote byDµ = diag{µ0, . . . , µm−1} andDλ,ω = diag{λ, λω, . . . , λωm−1}.
Then, A = TDµT

−1 and Q(k, n) = TDλ,ωT
−1. Moreover

AQ(k, n) = (TDµT
−1)(TDλ,ωT

−1)

= TDµDλ,ωT
−1 = TDλ,ωDµT

−1

and

Q(k, n)A = (TDλ,ωT
−1)(TDµT

−1) = TDλ,ωDµT
−1

Therefore, A comutes with Q(k, n), by Lemma 8 we conclude that A is a
(k, n)− circlike matrix.

Lemma 13. Let λ be any m-th root of kn. Then a matrix A is (k, n) −
circlike matrix if and only if A = Λ(k, n)CΛ(k, n)−1 for some circulant
matrix C.

Proof. By Lemma 12, a matrix A is (k, n)− circlike matrix if and only if

T−1AT = diag{µ0, µ1, . . . , µm−1},

where T = Λ(k, n)M and µ0, . . . , µm−1 are the eigenvalues of A. Therefore
the matrix A is (k, n)− circlike if and only if

A = Λ(k, n)Mdiag{µ0, . . . , µm−1}M∗Λ(k, n)−1.

Taking the circulant matrix C = Mdiag{µ0, . . . , µm−1}M∗ we get

A = Λ(k, n)CΛ(k, n)−1,

and the proof follows.
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Lemma 14. If A(k, n),B(k, n) are (k, n)−circlike matrices then A(k, n)B(k, n)
is also a (k, n)− circlike matrix.

Proof. Suppose that A(k, n) and B(k, n) are (k, n) − circlike matrices.
From Lemma 13, A(k, n) = Λ(k, n)CΛ(k, n)−1 and B(k, n) = Λ(k, n)ĈΛ(k, n)−1

where C and Ĉ are some circulant matrices. Then

A(k, n)B(k, n) = (Λ(k, n)CΛ(k, n)−1)(Λ(k, n)ĈΛ(k, n)−1)

= Λ(k, n)CĈΛ(k, n)−1

As C and Ĉ are circulant matrices, then CĈ also is circulant matrix. There-
fore by Lemma 13 we conclude that A(k, n)B(k, n) is a (k, n) − circlike
matrix.

Lemma 15. If A(k, n) is a (k, n) − circlike matrix then its inverse is also
a (k, n)− circlike matrix.

Proof. Suppose that A(k, n) is an invertible (k, n)− circlike matrix. From
Lemma 13 we have

A(k, n) = Λ(k, n)CΛ(k, n)−1

for some C circulant matrix. Therefore A(k, n)−1 = Λ(k, n)C−1Λ(k, n)−1.
Note that A invertible if only if, none of its eigenvalues are zero, and in this
case, C also is invertible. It follows from [5] that the inverse of a nonsingular
circulant matrix is also a circulant matrix. Therefore by Lemma 13, A(k, n)−1

is a (k, n)− circlike and the proof follow.

Lemma 16. If kn 6= γm then

(Q(k, n)−γIm)−1 =
1

kn− γm
(
γm−1Im+γm−2Q(k, n)+γm−3Q2(k, n)+· · ·+Qm−1(k, n)

)
.

Proof. As Qm(k, n) = knIm, if

U =
1

kn− γm
(
γm−1Im + γm−2Q(k, n) + γm−3Q2(k, n) + · · ·+ Qm−1(k, n)

)
.

It is easy to verify that

U(Q(k, n)− γIm) = Im and (Q(k, n)− γIm)U = Im,

then U = (Q(k, n)− γIm)−1
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Lemma 17. Let A(k, n) be an invertible (k, n)−circlike(a0, a1, a2, . . . , am−1)
matrix as in (4). Then A−1(k, n) is a (k, n) − circlike(a′0, a′1, a′2, . . . , am−1)
matrix where (a′0, a

′
1, a
′
2, . . . , a

′
m−1) is the unique solution of the following sys-

tem of linear equations:

A(k, n)


x0

kxm−1
...
kx1

 =


1
0
...
0

 . (6)

Proof. Let A(k, n) = (k, n) − circlike(a0, a1, . . . , am−1) be an invertible
matrix. From Lemma 15 the matrix A−1(k, n) is also a (k, n) − circlike
matrix. Consider A−1(k, n) = (k, n) − circlike(a′0, a′1, . . . , a′m−1). Therefore,
the identity A(k, n)A−1(k, n) = Im is equivalent to

a0 na1 · · · nam−2 nam−1

kam−1 a0 · · · am−3 am−2

...
...

. . .
...

...
ka2 kna3 · · · a0 a1
ka1 kna2 · · · knam−1 a0




a′0 na′1 · · · na′m−2 na′m−1
ka′m−1 a′0 · · · a′m−3 a′m−2

...
...

. . .
...

...
ka′2 kna′3 · · · a′0 a′1
ka′1 kna′2 kna′m−1 a′0

 = Im.

Thus, it is straightforward to conclude that (a′0, a
′
1, a
′
2, . . . , a

′
m−1) is the solu-

tion of the system (6).
Moreover, since the matrix A−1(k, n) is unique, it follows that (a′0, a

′
1, a
′
2, . . . , a

′
m−1)

is the unique solution of the system (6).

Remark 18. From above we also can say that (a′0, a
′
1, a
′
2, . . . , a

′
m−1) is the

solution of m linear systems as

A(k, n)


nxm−1
xm−2

...
x0

 =


0
0
...
1

 .

Additionally, in this case this system does not depend on k.

Theorem 19. Let m be a natural number greater than 1 and W(k, n) =
(k, n)− circlike(1, q, q2, . . . , qm−1), where q ∈ R. Then, if knqm − 1 6= 0,

W−1(k, n) =
1

nkqm − 1
W?(k, n),

where W?(k, n) = (k, n)− circlike(−1, q, 0, . . . , 0).
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Proof. Consider the following system

W(k, n)


x0

kxm−1
...
kx1

 =


1
0
...
0

 . (7)

In the system (7) let us consider yi = kxi for i = 1, . . . ,m − 1. Then, the
system (7) can be rewritten as:

W(k, n)


x0
ym−1

...
y1

 =


1
0
...
0

 . (8)

Let e1 be the first canonical vector and W(k, n) = (W(k, n)|e1), be the aug-
mented matrix of (8). Applying elementary row operations in W(k, n) we
get W(k, n) ∼ Ŵ(k, n) where

Ŵ(k, n) =


1 nq nq2 · · · nqm−2 nqm−1 1
0 1− nkqm q(1− nkqm) · · · qm−3(1− nkqm) qm−2(1− nkqm) −kqm−1

0 0 1− nkqm · · · qm−4(1− nkqm) qm−3(1− nkqm) −kqm−2

...
...

...
. . .

...
...

...
0 0 0 · · · 1− nkqm q(1− nkqm) −kq2
0 0 0 · · · 0 1− nkqm −kq

 .

Therefore, from W(k, n) = (W(k, n)|e1), the system of linear equations (8)
is equivalent to the following system:

x0 + nqm−1y1 = 1;
yi = 0 for i = 2, . . . ,m− 1
(1− knqm)y1 = −kq.

Then, the solution of the previous system is
x0 = − 1

knqm−1 ;

y1 = kq
knqm−1 ;

yi = 0, i = 2, . . . ,m− 1.

As yi = kxi for i = 1, . . .m− 1 the solution of the system (7) is given by
x0 = − 1

knqm−1 ;

x1 = q
knqm−1 ;

xi = 0, for i = 2, . . . ,m− 1.
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Then, we proved that for e1, the system of linear equations W (k, n)x = e1
is consistent which implies that the matrix W (k, n) is invertible. Moreover,
from above the matrix W−1(k, n) is a (k, n)− cirlike(c0, c1, c2, . . . , cm−1) ma-
trix and

W−1(k, n) =
1

knqm − 1
W?(k, n)

where W?(k, n) = (k, n)−circlike(−1, q, 0, . . . , 0), and the theorem is proved.

Corollary 20. Let m be a natural number greater than 1 and suppost that
G(k, n) = (k, n)− circlike(g, qg, q2g, . . . , qm−1g) where g ∈ C with g 6= 0 and
q ∈ R. If knqm − 1 6= 0, then

G−1(k, n) =
1

g(knqm − 1)
G?(k, n),

where G?(k, n) = (k, n)− circlike(−1, q, 0, . . . , 0).

Proof. Since G(k, n) = gW(k, n) then, by Theorem 19 we obtain

G−1(k, n) =
1

g
W−1(k, n) =

1

g(knqm − 1)
W?(k, n),

where W?(k, n) = (k, n)−circlike(−1, q, 0, . . . , 0) and the proof follows.

Remark 21. If k = 1, then we get the result of Aldous Cesar F. Bueno (see
[3, Theorem 3.8]). If n = 1 we get the result of Radičić (see [12, Corollary
2.1]).

Example 22. Let A(−2, 3) = (−2, 3)-circlike(a0, a1, . . . , a5) given by

1
4

(
1−
√
3i
)
− 3

4

(
1−
√
3i
)

3
4

(
1−
√
3i
)

− 3
4

(
1−
√
3i
)

3
4

(
1−
√
3i
)
− 3

4

(
1−
√
3i
)

1
2

(
1−
√
3i
)

1
4

(
1−
√
3i
)

1
4

(√
3i− 1

)
1
4

(
1−
√
3i
)

1
4

(√
3i− 1

)
1
4

(
1−
√
3i
)

1
2

(√
3i− 1

)
3
2

(
1−
√
3i
)

1
4

(
1−
√
3i
)

1
4

(√
3i− 1

)
1
4

(
1−
√
3i
)

1
4

(√
3i− 1

)
1
2

(
1−
√
3i
)
− 3

2

(
1−
√
3i
)

3
2

(
1−
√
3i
)

1
4

(
1−
√
3i
)

1
4

(√
3i− 1

)
1
4

(
1−
√
3i
)

1
2

(√
3i− 1

)
3
2

(
1−
√
3i
)

− 3
2

(
1−
√
3i
)

3
2

(
1−
√
3i
)

1
4

(
1−
√
3i
)

1
4

(√
3i− 1

)
1
2

(
1−
√
3i
)
− 3

2

(
1−
√
3i
)

3
2

(
1−
√
3i
)

− 3
2

(
1−
√
3i
)

3
2

(
1−
√
3i
)

1
4

(
1−
√
3i
)

 ,
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where a0 = 1
4

(
1−
√

3i
)
, a1 = −1

4

(
1−
√

3i
)
, a2 = 1

4

(
1−
√

3i
)
, a3 = −1

4

(
1−
√

3i
)
,

a4 = 1
4

(
1−
√

3i
)

and a5 = −1
4

(
1−
√

3i
)
. Then A−1(−2, 3) is given by

1
7

(√
3i+ 1

)
3
7

(√
3i+ 1

)
0 0 0 0

0 1
7

(√
3i+ 1

)
1
7

(√
3i+ 1

)
0 0 0

0 0 1
7

(√
3i+ 1

)
1
7

(√
3i+ 1

)
0 0

0 0 0 1
7

(√
3i+ 1

)
1
7

(√
3i+ 1

)
0

0 0 0 0 1
7

(√
3i+ 1

)
1
7

(√
3i+ 1

)
− 2

7

(√
3i+ 1

)
0 0 0 0 1

7

(√
3i+ 1

)

 .

Therefore, if A(−2, 3) = (−2, 3)−circlike(1−
√
3i

4
,
√
3i−1
4

, 1−
√
3i

4
,
√
3i−1
4

, 1−
√
3i

4
,
√
3i−1
4

),
then

A−1(−2, 3) = (−2, 3)− circlike(1 +
√

3i

7
,
1 +
√

3i

7
, 0, 0, 0, 0)

=

(
1 +
√

3i

7

)
((−2, 3)− circlike(1, 1, 0, 0, 0, 0))

=

(
1

1−
√
3i

4
(−7)

)
((−2, 3)− circlike(−1,−1, 0, 0, 0, 0)) .

3. Spectra of circulant like matrices whose entries sequence num-
bers are: Horadam, Fibonacci, Jacobsthal and Pell numbers

In this section we study the eigenvalues of circulant like matrices whose
entries are as function of Horadam, Fibonacci, Jacobsthal and Pell numbers
and arithmetic sequences.

3.1. Spectra of circulant like matrices whose entries are Horadam numbers

In [15] the generalized p-Horadam sequence {Hp,m}m∈N was defined as:

Hp,m+2 = f(p)Hp,m+1 + g(p)Hp,m (9)

with Hp,0 = a and Hp,1 = b, a, b ∈ K, m ∈ N, p ∈ R+ and f 2(p) + 4g(p) > 0.
If f(p) = g(p) = 1 and a = 0 and b = 1, the well known Fibonacci sequence
is obtained. Moreover the Binet formula allows us to express the generalized
p-Horadam number as function of the roots α and β of the characteristic
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equation x2 − f(p)x − g(p) = 0. The Binet formula related to the sequence
{Hp,m}m∈N has the form

Hp,m =
Xαm − Y βm

α− β

where X = b − aβ and Y = b − aα. Consider the following matrix (k, n) −
circlike matrix whose entries as written as function of Horadam numbers.

H(k, n) =


Hp,0 nHp,1 nHp,2 · · · nHp,m−1

kHp,m−1 Hp,0 Hp,1 · · · Hp,m−2
kHp,m−2 knam−1 a0 · · · Hp,m−3

...
...

...
...

kHp,1 knHp,2 knHp,3 · · · Hp,0

 . (10)

Then, we can write H(k, n) = (k, n) − cirklike(Hp,0, . . . , Hp,m−1). If n = 1
then the matrix (10) is analysed in [15]. When n = 1 we denote H(k, 1) =
H(k).
Consider a quadratic equation Ax2 + Bx + C = 0 and let x1 and x2 be its
roots, that is, x1 + x2 = −B

A
, and x1x2 = C

A
. Then as α and β are the roots

of the characteristic equation x2− f(p)x− g(p) = 0 we get α+β = f(p) and
αβ = −g(p). The following result includes the case analyzed in [15].

Lemma 23. Let H(k, n) = (k, n)−circlike(Hp,0, . . . , Hp,m−1) where Hp,i, i =
0, . . . ,m− 1 are the numbers as in (9). Then the eigenvalues of H(k, n) are
given by:

µj =
knHp,m +

(
nkg(p)Hp,m−1 − b+ af(p)

)
m
√
knωj −Hp,0

g(p)( m
√
knωj)2 + f(p) m

√
knωj − 1

, ∀j = 0, 1, . . . ,m−1

where ω = e
2πi
m ,
√
−1 = i.

Proof. Let H(k, n) = (k, n) − circlike(Hp,0, . . . , Hp,m−1). By Lemma 10,
the eigenvalues of H(k, n) are given by

µj =
m−1∑
i=0

Hp,i(λω
j)i, j = 0, 1, . . . ,m− 1, with λ =

m
√
kn.
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Let v = (kn)1/mωj. Then using similar techniques as in [14] we have:

µj =
m−1∑
i=0

Hp,i(λω
j)i =

1

α− β

(
X

m−1∑
i=0

(αv)i − Y
m−1∑
i=0

(βv)i
)

=
1

α− β

(
X

(αv)m − 1

αv − 1
− Y (βv)m − 1

βv − 1

)
=

1

α− β

(−vm(Xαm − Y βm) + αβvm+1(Xαm−1 − Y βm−1)− (βX − αY )v + (X − Y )

αβv2 − (α+ β)v + 1

)
=

1

α− β

(−vm(Xαm − Y βm)− g(p)vm(Xαm−1 − Y βm−1)v − (βX − αY )v + (X − Y )

−g(p)v2 − f(p)v + 1

)
=

knHp,m +
(
nkg(p)Hp,m−1 − b+ af(p)

)
m
√
knωj −Hp,0

g(p)( m
√
knωj)2 + f(p) m

√
knωj − 1

, ∀j = 0, 1, . . . ,m− 1.

3.2. Spectra of circulant like matrices whose entries are Fibonacci numbers:

We analyze here the spectra of circulant like matrices whose entries are Fi-
bonacci numbers. We obtain a result on the eigenvalues for circulant like
matrices A(k, n) which improves the result for the case when the matrices
are k- circulant matrices whose elements are Fibonacci numbers [10].
The Fibonacci numbers Fj satisfy the following recursive relation:

Fj = Fj−2 + Fj−1,∀j ≥ 2

with initial conditions F0 = 0 and F1 = 1. Let α = 1+
√
5

2
and β = 1−

√
5

2
. Note

that αβ = −1, α + β = 1 and α− β =
√

5. Moreover, the Binet formula for
the Fibonacci numbers is:

Fj =
αj − βj

α− β
, ∀j ≥ 2. (11)

The following result contains [10, Theorem 4].

Lemma 24. Let F(k, n) = (k, n)−cirklike(F1, . . . , Fm), where Fi, i = 1, . . . ,m
are the numbers as in (11). Then the eigenvalues of F(k, n) are given by the
following formulae:

• If m
√
knωj = 1

α
, then µj = 1√

5

(
mα + 1−(−1)mβ2m

√
5

)
.
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• If m
√
knωj = 1

β
, then µj = 1√

5

(
1−(−1)mα2m

√
5

−mβ
)
.

• If m
√
knωj 6= 1

α
and m

√
knωj 6= 1

β
, then µj = knFm+1+(nkFm−1) m

√
knωj

(
m√
knωj)2+

m√
knωj−1 .

Proof. Let F(k, n) = (k, n)− cirklike(F1, . . . , Fm), where Fi are the num-
bers as in (11). By Lemma 10, the eigenvalues of F (k, n) is given by

µj =
m−1∑
i=0

Fi+1(λω
j)i, j = 0, 1, . . . ,m− 1

where λ = m
√
nk. We divide the proof in two parts.

• If λωj = 1
α

or λωj = 1
β
, then the proof follows as in [10].

• If m
√
knωj 6= 1

α
and m

√
knωj 6= 1

β
. Then the proof follows from Lemma

23 taking a = 0, b = 1 and f(p) = g(p) = 1 and we get

µj =
knFm+1 + (knFm − 1) m

√
knωj

( m
√
knωj)2 + m

√
knωj − 1

, ∀j = 0, 1, . . . ,m− 1.

3.3. Spectra of circulant like matrices whose entries are Jacobsthal numbers

In this subsection we analyze the spectra of circulant like matrices whose
entries are Jacobsthal numbers. Let us recall that the Jacobsthal numbers
{Jm} satisfy the following recurrence relation:

Jm = Jm−1 + 2Jm−2,∀m ≥ 2, (12)

with initial conditions J0 = 0 and J1 = 1. Let α and β be the roots of
the equation x2 − x − 2 = 0, that is α = 2 and β = −1. Therefore, αβ =
−2, α+β = 1, andα−β = 3. Moreover, the Binet formula for the Jacobsthal
numbers is the following expression:

Jm =
αm − βm

α− β
=

1

3

(
2m − (−1)m

)
.

Lemma 25. Let J(k, n) = (k, n)−cirklike(J1, . . . , Jm), where Ji, i = 1, . . . ,m
are the numbers as in (12). Then the eigenvalues of J(k, n) are given by:

19



• If m
√
knωj = 1

2
, then µj = 2

9

(
3m− (−1)m 1

2m
+ 1
)
, j = 0, . . . ,m− 1.

• If m
√
knωj = −1, then µj = 1

9

(
3m+(−1)m+12m+1 +2

)
, j = 0, . . . ,m−

1.

• If m
√
knωj 6= 1

2
and m

√
knωj 6= −1, then µj = knJm+1+(2knJm−1) m

√
knωj

2(
m√
knωj)2+

m√
knωj−1 , j =

0, . . . ,m− 1.

Proof. Again, the proof is divided in two parts.

• if m
√
knωj = 1

2
or m
√
knωj = −1, the proof follows as in [8].

• if m
√
knωj 6= 1

2
and m

√
knωj 6= −1, then the proof follows from Lemma

23 taking a = 0, b = 1, f(p) = 1 and g(p) = 2 and we get

µj =
knJm+1 + (2knJm − 1) m

√
knωj

2( m
√
knωj)2 + m

√
knωj − 1

, j = 0, . . . ,m− 1.

3.4. Spectra of circulant like matrices whose entries are Pell numbers

In this subsection we will focus on the eigenvalues of circulant like matrices
whose entries are Pell numbers. Before we present our main results, let us
recall that the Pell numbers {Pn} satisfy the following recursive relation:

Pn = 2Pn+1 + Pn−2, ∀n ≥ 2, (13)

with initial conditions P0 = 0 and P1 = 1. Let α and β be the roots of the
equation x2 − 2x − 1 = 0. Then α = 1 +

√
2 and β = 1 −

√
2. Therefore,

αβ = −1, α + β = 2 and α − β = 2
√

2. Moreover the Binet formula for the
Pell numbers is given by

Pn =
αn − βn

α− β
=

1

2
√

2

(
(1 +

√
2)n − (1−

√
2)n
)
.

Lemma 26. Let P(k, n) = (k, n) − cirklike(P1, . . . , Pm), where Pi are the
numbers as in (13). Then the eigenvalues of P(k, n) are given by:

• If m
√
knωj = 1

α
, then µj = 1

2
√
2

(
mα + 1−(−1)mβ2m

2
√
2

)
.

• If m
√
knωj = 1

β
, then µj = 1

2
√
2

(
1−(−1)mα2m

2
√
2

−mβ
)
.
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• If m
√
knωj 6= 1

α
and m

√
knωj 6= 1

β
, then µj = knPm+1+(nkPm−1) m

√
knωj

(
m√
knωj)2+2

m√
knωj−1 .

Proof. Let P(k, n) = (k, n) − circlike(P1, . . . , Pm). By Lemma 10, the
eigenvalues of P(k, n) is given by µj =

∑m−1
i=0 Fi+1(λω

j)i, j = 0, 1, . . . ,m −
1,where λ = m

√
kn. As before, we divide the proof in two parts.

• if m
√
knωj = 1

α
or m
√
knωj = 1

β
, then the proof follows from [9].

• if m
√
knωj 6= 1

α
and m

√
knωj 6= 1

β
, the proof follows from Lemma 23

taking a = 0, b = 1, f(p) = 2 and g(p) = 1 and we get

µj =
knPm+1 + (nkPm − 1) m

√
knωj

( m
√
knωj)2 + 2 m

√
knωj − 1

.

3.5. Spectra of circulant like matrices whose entries are arithmetic sequences

In this section we study the spectra of circulant like matrices whose entries
are arithmetic sequences. In fact, the next result includes the result in [11,
Theorem 2.1].

Lemma 27. Let A(k, n) = (k, n)−circlike(a, a+d, . . . , a+(m−1)d). Then

• If m
√
knωj = 1, then µj = n

2
(2a+ (n− 1)d).

• If m
√
knωj 6= 1, then µj = a kn−1

m√
knωj−1 + d

m√
knωj(1+mnk−nk)−mnk

(1− m√
knωj)2

.

Proof. First we Suppose that m
√
knωj = 1. By Lemma 10, the eigenvalues

of A(k, n) are given by µj =
∑m−1

i=0 ai(λω
j)i, j = 0, 1 . . . ,m − 1 where λ =

m
√
kn. Then µj =

∑m−1
i=0 ai(λω

j)i =
∑m−1

i=0 ai(1) = m
2

(2a+ (m− 1)d).

Consider now m
√
knωj 6= 1 and let x = m

√
knωj. Using Lemma 10 we get

µj =
m−1∑
i=0

ai(λω
j)i =

m−1∑
i=0

(a+ id)xi = a

m−1∑
i=0

xi + d

m−1∑
i=0

ixi

= a
xm − 1

x− 1
+ dx(1 + 2x+ 3x2 + · · ·+ (m− 1)xm−2)

= a
kn− 1

x− 1
+ dx

(x− xm
1− x

)′
= a

kn− 1

x− 1
+ d

x(1 +mnk − nk)−mnk
(1− x)2

= a
kn− 1

m
√
knωj − 1

+ d
m
√
knωj(1 +mnk − nk)−mnk

(1− m
√
knωj)2

,

and the proof follows.
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Remark 28. We note that the results at Lemmas 24, 25, 26 and 27 can also
be obtained using generalized permutation matrices. Additionally, we suspect
that the properties proved at Lemmas 8, 14 and 15 can also be proven using
generalized permutation matrices however, the proofs seem to the authors
harder to obtain.

4. Some examples and theoretical applications

In [7] the authors studied the solution from polynomial equations through
the information of the eigenvalues of k-circulant matrices. Using same argu-
ments, and using (k, n)-circulant matrices we perform a similar study using
other polynomials equations.

Example 29. For any numbers a 6= 0, the following polynomial

P5(x) =
a5

3125
+
a4x

125
+

2a3x2

25
+

2a2x3

5
+ ax4 + x5. (14)

has to x0 = −a
5

as root of multiplicity five. Indeed,
The polynomial P5 can be written as:

P5(x) =
(a

5

)5
+ 5
(a

5

)4
x+ 10

(a
5

)3
x2 + 10

(a
5

)2
x3 + 5

a

5
x4 + x5.

Let A(k, n) = (k, n)−circlike(a0, a1, a3, a4). By Lemma 10, its eigenvalues
are given as in (5) with m = 4. Taking a1 = a2 = a3 = a4 = 0 then
A(k, n) = a0I5. The characteristic polynomial of A(k, n) is given by

PA(k,n)(x) = a50 − 5a40x+ 10a30x
2 − 10a20x

3 + 5a0x
4 − x5

Moreover, as the eigenvalues of A(k, n) are µ0 = a0 with multiplicity five,
comparing PA(k,n)(x) and P5(x) we get a0 = −a

5
and so x0 = −a

5
is a root of

P5(x) of multiplicity five.

Example 30. For any non-zero real numbers a and b, the quintic equation

−b+
a5

3125
+
a4x

125
+

2a3x2

25
+

2a2x3

5
+ ax4 + x5 = 0 (15)

is solvable and its roots are xm = −a
5

+ 5
√
bωm, m = 0, 1, 2, 3, 4. In fact,

let us consider A(k, n) = (k, n) − circlike(a0, a1, a3, a4). By Lemma 10, its
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eigenvalues are given as before as in (5) with m = 4. Taking a2 = a3 = a4 = 0
we have A(k, n) = a0I5+a1Q(k,m). The characteristic polynomial of A(k, n)
is given by PA(k,n)(x) = nka51 +a50−5a40x+ 10a30x

2−10a20x
3 + 5a0x

4−x5, and

the eigenvalues are µj = a0 + a1
5
√
nkωj = a0 + 5

√
a51nkω

j, j = 0, 1, 2, 3, 4. As
in Example 29 we get (

x+
a

5

)5
− b = 0.

Therefore the solutions are given by xm = −a
5

+ 5
√
bωm, m = 0, 1, 2, 3, 4.
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