
❯♥✐✈❡rs✐❞❛❞❡ ❞❡ ❆✈❡✐r♦ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ▼❛t❡♠át✐❝❛✱
✷✵✶✾

❇❡r♥❛r❞♦ ❳❛✈✐❡r

◆♦❣✉❡✐r❛ ❉✉❛rt❡

P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡✿ ❡st✉❞♦ ❞❛s s✉❛s

♣r♦♣r✐❡❞❛❞❡s ❡ ❛❧❣✉♠❛s ❛♣❧✐❝❛çõ❡s





❯♥✐✈❡rs✐❞❛❞❡ ❞❡ ❆✈❡✐r♦ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ▼❛t❡♠át✐❝❛✱
✷✵✶✾

❇❡r♥❛r❞♦ ❳❛✈✐❡r

◆♦❣✉❡✐r❛ ❉✉❛rt❡

P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡✿ ❡st✉❞♦ ❞❛s s✉❛s

♣r♦♣r✐❡❞❛❞❡s ❡ ❛❧❣✉♠❛s ❛♣❧✐❝❛çõ❡s

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ à ❯♥✐✈❡rs✐❞❛❞❡ ❞❡ ❆✈❡✐r♦ ♣❛r❛ ❝✉♠♣r✐♠❡♥t♦ ❞♦s r❡✲
q✉✐s✐t♦s ♥❡❝❡ssár✐♦s à ♦❜t❡♥çã♦ ❞♦ ❣r❛✉ ❞❡ ▼❡str❡ ❡♠ ▼❛t❡♠át✐❝❛ ❡ ❆♣❧✐❝❛✲
çõ❡s✱ r❡❛❧✐③❛❞❛ s♦❜ ♦r✐❡♥t❛çã♦ ❝✐❡♥tí✜❝❛ ❞❡ ▼❛r✐❛ ▼❛♥✉❡❧❛ ❋❡r♥❛♥❞❡s ❘♦❞r✐✲
❣✉❡s✱ Pr♦❢❡ss♦r❛ ❆✉①✐❧✐❛r ❞♦ ❉❡♣❛rt❛♠❡♥t♦ ❞❡ ▼❛t❡♠át✐❝❛ ❞❛ ❯♥✐✈❡rs✐❞❛❞❡
❞❡ ❆✈❡✐r♦✱ ❡ ❝♦✲♦r✐❡♥t❛çã♦ ❞♦ ■♥✈❡st✐❣❛❞♦r ❆✉①✐❧✐❛r ◆❡❧s♦♥ ❋❡❧✐♣❡ ▲♦✉r❡✐r♦
❱✐❡✐r❛✳





❖ ❥úr✐ ✴ ❚❤❡ ❥✉r②

Pr❡s✐❞❡♥t❡ ✴ Pr❡s✐❞❡♥t Pr♦❢✳ ❉♦✉t♦r ❊✉❣é♥✐♦ ❆❧❡①❛♥❞r❡ ▼✐❣✉❡❧ ❘♦❝❤❛
Pr♦❢❡ss♦r ❆✉①✐❧✐❛r ❞❛ ❯♥✐✈❡rs✐❞❛❞❡ ❞❡ ❆✈❡✐r♦

❱♦❣❛✐s ✴ ❈♦♠♠✐tt❡❡ Pr♦❢✳ ❉♦✉t♦r ▼✐❧t♦♥ ❞♦s ❙❛♥t♦s ❋❡rr❡✐r❛
Pr♦❢❡ss♦r ❆❞❥✉♥t♦ ❞♦ ■♥st✐t✉t♦ P♦❧✐té❝♥✐❝♦ ❞❡ ▲❡✐r✐❛

Pr♦❢✳ ❉♦✉t♦r❛ ▼❛r✐❛ ▼❛♥✉❡❧❛ ❋❡r♥❛♥❞❡s ❘♦❞r✐❣✉❡s
Pr♦❢❡ss♦r❛ ❆✉①✐❧✐❛r ❞❛ ❯♥✐✈❡rs✐❞❛❞❡ ❞❡ ❆✈❡✐r♦ ✭♦r✐❡♥t❛❞♦r❛✮





❆❣r❛❞❡❝✐♠❡♥t♦s ✴
❆❝❦♥♦✇❧❡❞❣❡♠❡♥ts

❊♠ ♣r✐♠❡✐r♦ ❧✉❣❛r✱ q✉❡r♦ ❛❣r❛❞❡❝❡r à ♠✐♥❤❛ ❢❛♠í❧✐❛ ♣♦r t❡r s✐❞♦ ✉♠ ❣r❛♥❞❡
s✉♣♦rt❡ ❡ ❛♣♦✐♦ ❡♠ t♦❞❛ ❛ ♠✐♥❤❛ ✈✐❞❛✱ ❡♠ ❡s♣❡❝✐❛❧ ❢♦❝♦ ♥♦s ú❧t✐♠♦s ✺ ❛♥♦s✳
❉❡r❛♠✲♠❡ s❡♠♣r❡ t♦❞❛s ❛s ❝♦♥❞✐çõ❡s ♣❛r❛ t❡r ❛ ♠❡❧❤♦r ❡❞✉❝❛çã♦ ❡ ❧✐❜❡r❞❛❞❡
♣❛r❛ ❢❛③❡r ♦ ♣❡r❝✉rs♦ q✉❡ q✉❡r✐❛✳

❊♠ s❡❣✉♥❞♦ ❧✉❣❛r✱ q✉❡r♦ ❛❣r❛❞❡❝❡r à ♣r♦❢❡ss♦r❛ ▼❛r✐❛ ▼❛♥✉❡❧❛ ❘♦❞r✐❣✉❡s
❡ ❛♦ ♣r♦❢❡ss♦r ◆❡❧s♦♥ ❱✐❡✐r❛ ♣❡❧❛s ♦♣♦rt✉♥✐❞❛❞❡s q✉❡ ♠❡ ❞❡r❛♠✱ ♣❡❧♦ ❛♣♦✐♦✱
♣❡❧❛ ❛t❡♥çã♦ ❡ ♣❡❧❛ ❞✐s♣♦♥✐❜✐❧✐❞❛❞❡ ❝♦♥st❛♥t❡✳

◗✉❡r♦ ❛❣♦r❛ ❛❣r❛❞❡❝❡r ❛♦s ❝♦♠♣❛♥❤❡✐r♦s q✉❡ ❝r❡s❝❡r❛♠ ❝♦♠✐❣♦ ❡✱ s❡♠
s❛❜❡r❡♠✱ ❞❡r❛♠✲♠❡ ❛ ♠ã♦ q✉❛♥❞♦ ♠❛✐s ♣r❡❝✐s❡✐✱ ♠✉✐t♦ ❛♥t❡s ❞❛ ♠✐♥❤❛
❡♥tr❛❞❛ ♥❛ ✉♥✐✈❡rs✐❞❛❞❡ ❡ t❛♠❜é♠ ❞✉r❛♥t❡ ❡st❛ ❝❛♠✐♥❤❛❞❛ ✉♥✐✈❡rs✐tár✐❛✳
❈♦♠ ❡❧❡s ❛♣r❡♥❞✐✱ ❡♥tr❡ ♠✉✐t❛s ❝♦✐s❛s✱ q✉❡ ❛ ❞✐stâ♥❝✐❛ ♥ã♦ é ♥❛❞❛ ♥♦ q✉❡
t♦❝❛ ❛ ❛♠✐③❛❞❡✳ ❆❣r❛❞❡ç♦ ❛✐♥❞❛ ❛ t♦❞♦s ♦s ♦✉tr♦s q✉❡ s❡ ❝r✉③❛r❛♠ ❝♦♠✐❣♦
♥❡st❛ ❡t❛♣❛ ✉♥✐✈❡rs✐tár✐❛✳ ❋♦r❛♠ ♠✉✐t♦s ❡ t♦❞♦s ❞❡✐①❛r❛♠ ❛ s✉❛ ♠❛r❝❛ ♥♦
♠❡✉ ♣❡r❝✉rs♦ ❡ ✜③❡r❛♠ ❞❡ ♠✐♠ ❛q✉✐❧♦ q✉❡ s♦✉ ❤♦❥❡✳

◗✉❡r♦ ❛❣r❛❞❡❝❡r t❛♠❜é♠ à ♠✐♥❤❛ ❢❛♠í❧✐❛ ❞❡ ♣r❛①❡ ♣♦r t❡r s✐❞♦ ✉♠ ❣r❛♥❞❡
♣✐❧❛r ❡ ♣❡❧♦ ✈♦t♦ ❞❡ ❝♦♥✜❛♥ç❛ q✉❡ ❞❡♣♦s✐t❛r❛♠ ❡♠ ♠✐♠ ❡♠ t♦❞❛s ❛s ♦❝❛s✐õ❡s✳
▼❛r❝❛r❛♠ ❡ ♠❛r❝❛rã♦ s❡♠♣r❡ ♦ ♠❡✉ ♣❡r❝✉rs♦ ❛❝❛❞é♠✐❝♦ ❡ ❛ ♠✐♥❤❛ ✈✐❞❛✳

❉♦s ❆ç♦r❡s ❝❤❡❣♦✉ ❤á ✉♥s ❛♥♦s ✉♠❛ ♣❡ss♦❛ q✉❡ ♠❡ ♠✉❞❛r✐❛ ♣❛r❛ s❡♠♣r❡✳
❋♦✐ ✉♠ ❞♦s ❣r❛♥❞❡s ❛♣♦✐♦s q✉❡ t✐✈❡ ❡♠ ♠✉✐t♦s ♠♦♠❡♥t♦s ❡ ❡❧❡ s❛❜❡ s❛❜❡
q✉❡ ❡st❛ ❛♠✐③❛❞❡ s❡rá ♣❛r❛ s❡♠♣r❡✳ ❯♠ ❣r❛♥❞❡ ♦❜r✐❣❛❞♦ ❛ ✉♠ ✐r♠ã♦✱ ❏♦ã♦
▼❡♥❞♦♥ç❛✳

➚ ❇❡❛tr✐③✱ à ▲✉ís❛ ❡ à ▼❛❢❛❧❞❛✱ ♦❜r✐❣❛❞♦ ♣♦r ♠❡ ♠♦str❛r❡♠ q✉❡ ♥ã♦
♣♦❞❡♠♦s ❞❛r ♥❛❞❛ ❝♦♠♦ ❝❡rt♦✳ ❙❡ ❤á ✉♥s ♠❡s❡s ♥ã♦ ♣❛ssá✈❛♠♦s ❞❡ ♠❡r♦s
❝♦❧❡❣❛s✱ ❛❣♦r❛ sã♦ ✉♠ ❣r❛♥❞❡ ♣✐❧❛r ❡ ❡st❛r❡✐ ❡t❡r♥❛♠❡♥t❡ ❣r❛t♦ ♣♦r t✉❞♦ ♦
q✉❡ ✜③❡r❛♠ ♣♦r ♠✐♠✳ ❈r❡s❝❡♠♦s ❥✉♥t♦s ❡ ❛✐♥❞❛ ❝r❡s❝❡r❡♠♦s ♠✉✐t♦ ♠❛✐s✳

◆❡st❡ ♠❡✉ ♣❡r❝✉rs♦ ❤♦✉✈❡ ❛❧❣✉é♠ ♠✉✐t♦ ❡s♣❡❝✐❛❧ q✉❡ ♠❡ ♠❛r❝♦✉✳ ❊❧❡ ❢♦✐
✉♠ ❝♦❧❡❣❛ ❞❡ q✉❛rt♦✱ ✉♠ ✐r♠ã♦✱ ✉♠ ♣❛✐✱ ✉♠ ♣s✐❝ó❧♦❣♦✱ ✉♠ ❛♠✐❣♦ ❡ t♦❞❛s ❛s
♦✉tr❛s ♣❛❧❛✈r❛s ❜♦♥✐t❛s ❡ ✈❡r❞❛❞❡✐r❛s q✉❡ ❡①✐st❡♠✳ ❆♦ P❛♣❛✱ ❞❡✈♦✲❧❤❡ t✉❞♦
❛q✉✐❧♦ q✉❡ s♦✉ ❡ s❡✐ q✉❡ s❡rá ♣❛r❛ s❡♠♣r❡ ✉♠ ❣r❛♥❞❡ ❛♠✐❣♦✳

◆ã♦ ♣♦❞✐❛ ❞❡ ❞❡✐①❛r ❞❡ ❛❣r❛❞❡❝❡r ❛ ✉♠❛ ❝❛s❛ q✉❡ ♠❡ ❢♦✐ ♠✉✐t♦ ❡s♣❡❝✐❛❧✿
❛ ♠✐♥❤❛ r❡s✐❞ê♥❝✐❛✳ ❊st❛r ❛ ✷✵✵❦♠ ❞❛ ♠✐♥❤❛ t❡rr❛✱ ♠❛s ❡♥❝♦♥tr❛r ♥✉♠
♥♦✈♦ ❡s♣❛ç♦✱ ✉♠❛ ♥♦✈❛ ❝❛s❛✱ ✉♠❛ ♥♦✈❛ ❢❛♠í❧✐❛ é ❛❧❣♦ q✉❡ ♥ã♦ s❡ t❡♠ ❝♦♠♦
❛❣r❛❞❡❝❡r✳ ◆❡st❡ sít✐♦ ✜③ ❛s ❛♠✐③❛❞❡s ♠❛✐s ❜♦♥✐t❛s ❡ ✈❡r❞❛❞❡✐r❛s q✉❡ ❛❧❣✉♠❛
✈❡③ t❡r❡✐✳ ❈r❡s❝✐ ♠✉✐t♦✱ ❛♣r❡♥❞✐ ♠✉✐t♦✳ ◆❡st❡ ♠♦♠❡♥t♦ s♦✉ ❛q✉✐❧♦ q✉❡ s♦✉
❣r❛ç❛s àq✉✐❧♦ q✉❡ ✈✐✈✐ ❡ ❝♦♥❤❡❝✐ ❞❡♥tr♦ ❞❛q✉❡❧❛s ♣❛r❡❞❡s✳ ❆ t♦❞♦s ❛q✉❡❧❡s
q✉❡ ♣❡rt❡♥❝❡♠ ❛ ❡st❛ ❡♥♦r♠❡ ❢❛♠í❧✐❛ q✉❡ é ❛ r❡s✐❞ê♥❝✐❛✱ ♦ ♠❡✉ ❡♥♦r♠❡ ❡
❡t❡r♥♦ ♦❜r✐❣❛❞♦✳





P❛❧❛✈r❛s✲❝❤❛✈❡ P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡✱ ♦rt♦❣♦♥❛❧✐❞❛❞❡✱ ♠♦❞❡❧♦s ót✐❝♦s✱ ❛❜❡rr❛çõ❡s ✈✐s✉❛✐s✱
r❡♣r❡s❡♥t❛çõ❡s ❝✐r❝✉❧❛r❡s✱ ❢✉♥çõ❡s ❝✐r❝✉❧❛r❡s ❞❡ ❇❡ss❡❧✱ ♠♦❞❡❧♦s ót✐♠♦s✱ r❡✲
❣r❡ssã♦✳

❘❡s✉♠♦ ❖ s❡r ❤✉♠❛♥♦ é ❞❡♣❡♥❞❡♥t❡ ❞❡ ✈ár✐♦s s❡♥t✐❞♦s✱ s❡♥❞♦ ✉♠ ❞♦s ♠❛✐s ✐♠✲
♣♦rt❛♥t❡s ❛ ✈✐sã♦✳ P♦ré♠✱ t❛♠❜é♠ é ✉♠ ❞♦s s❡♥t✐❞♦s ♥♦ q✉❛❧ s❡ ❞❡t❡t❛♠
❞✐✈❡rs❛s ❛❜❡rr❛çõ❡s✳ ◆❡st❡ s❡♥t✐❞♦✱ ❢♦✐ ♥❡❝❡ssár✐♦ ❡✈♦❧✉✐r ❛ t❡❝♥♦❧♦❣✐❛ ♠é✲
❞✐❝❛ ❞❡ ❢♦r♠❛ ❛ ❞❡t❡t❛r ❡ ❝♦rr✐❣✐r ❡st❛s ♠❡s♠❛s ❛❜❡rr❛çõ❡s✳ ❖s ♣♦❧✐♥ó♠✐♦s
❞❡ ❩❡r♥✐❦❡ s✉r❣❡♠ ❡♥tã♦ ❝♦♠♦ ✉♠❛ ❞❛s s♦❧✉çõ❡s ♠❛✐s ❡✜❝❛③❡s ♥❡st❡ ♣❛ss♦
❞❡ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❛ ♠❡❞✐❝✐♥❛✳ ❈♦♠ ✉♠ ❡①❝❡❧❡♥t❡ ❞❡s❡♠♣❡♥❤♦ ♣❛r❛ r❡✲
♣r❡s❡♥t❛r s✉♣❡r❢í❝✐❡s ❝✐r❝✉❧❛r❡s✱ ♦s ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ❝♦♠❡ç❛r❛♠ ❛ s❡r
✉s❛❞♦s ♣❛r❛ r❡♣r❡s❡♥t❛r ♠♦❞❡❧♦s ❞♦ ♦❧❤♦ ❡ ❛s ❛❜❡rr❛çõ❡s ❞♦ ♠❡s♠♦✳ ◆❡st❛
❞✐ss❡rt❛çã♦ ♣r❡t❡♥❞❡✲s❡ ❢❛③❡r ✉♠ ❡st✉❞♦ ❞❡st❡s ♣♦❧✐♥ó♠✐♦s✱ ❜❡♠ ❝♦♠♦ ❛s
s✉❛s ♣r♦♣r✐❡❞❛❞❡s ❡ ❛❧❣✉♠❛s ❛♣❧✐❝❛çõ❡s✳ ❊①✐st❡ ❛✐♥❞❛ ♦ ♦❜❥❡t✐✈♦ ❞❡ ❝♦❧♦❝❛r
❡♠ ❝♦♥❢r♦♥t♦ ♦s P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ❝♦♠ ♦✉tr♦ t✐♣♦ ❞❡ ❢✉♥çõ❡s ♦rt♦❣♦✲
♥❛✐s✱ ❛s ❋✉♥çõ❡s ❈✐r❝✉❧❛r❡s ❞❡ ❇❡ss❡❧✱ ❛✈❛❧✐❛♥❞♦ ❛ ♣❡r❢♦r♠❛♥❝❡ ❞❡ ❛♠❜♦s
❡♠ ❞✐✈❡rs❛s r❡♣r❡s❡♥t❛çõ❡s ❡ ❛❥✉st❡s ❡ ❝♦♥❝❧✉✐r ❛✐♥❞❛ q✉❛❧ s❡rá ♦ ♠❡❧❤♦r ❡♠
❝❛❞❛ r❡♣r❡s❡♥t❛çã♦✳ P♦r ✜♠✱ ♣r❡t❡♥❞❡✲s❡ t❛♠❜é♠ ❡♥❝♦♥tr❛r ✉♠❛ ❢♦r♠❛ ❞❡
❛✈❛❧✐❛r ♠♦❞❡❧♦s ót✐♠♦s ❞❡ ♣♦♥t♦s ❞✐s❝r❡t♦s ♣❛r❛ ♠♦❞❡❧♦s ❞❡ r❡❣r❡ssã♦ q✉❡
s❡rã♦ ✉t✐❧✐③❛❞♦s ♣❛r❛ ❞❡t❡r♠✐♥❛r ♦ ❡rr♦ q✉❛❞rát✐❝♦ ♠í♥✐♠♦ ❡♥tr❡ ♦s ❞❛❞♦s
r❡❛✐s ❡ ♦ ♠♦❞❡❧♦ ❛♣r♦①✐♠❛❞♦ ❞❡ ✉♠❛ ❡①♣❛♥sã♦ tr✉♥❝❛❞❛ ❞♦s ♣♦❧✐♥ó♠✐♦s ❞❡
❩❡r♥✐❦❡✳ ❋♦✐ ❛✐♥❞❛ ❞❡s❡♥✈♦❧✈✐❞♦ ❛❧❣✉♠ ❝ó❞✐❣♦ ♥♦ s♦❢t✇❛r❡ ▼❆❚▲❆❇✱ q✉❡ s❡
❡♥❝♦♥tr❛ ❡♠ ❛♥❡①♦ ♥♦ ✜♥❛❧ ❞❛ ❞✐ss❡rt❛çã♦✳





❑❡②✇♦r❞s ❩❡r♥✐❦❡ ♣♦❧②♥♦♠✐❛❧s✱ ♦rt❤♦❣♦♥❛❧✐t②✱ ♦♣t✐❝❛❧ ♠♦❞❡❧s✱ ♦♣t✐❝❛❧ ❛❜❡rr❛t✐♦♥s✱ ❝✐r✲
❝✉❧❛r r❡♣r❡s❡♥t❛t✐♦♥s✱ ❇❡ss❡❧ ❝✐r❝✉❧❛r ❢✉♥❝t✐♦♥s✱ ♦♣t✐♠✉♠ ❞❡s✐❣♥s✱ r❡❣r❡ss✐♦♥✳

❆❜str❛❝t ❚❤❡ ❤✉♠❛♥ ❜❡✐♥❣ ✐s ❞❡♣❡♥❞❡♥t ♦♥ ♠❛♥② ♦❢ ✐ts s❡♥s❡s✱ t❤❡ ❡②❡s✐❣❤t ❜❡✐♥❣
♦♥❡ ♦❢ t❤❡ ♠♦st ✐♠♣♦rt❛♥t✳ ❍♦✇❡✈❡r✱ ✐t ✐s ❛❧s♦ ♦♥❡ ♦❢ t❤❡ s❡♥s❡s ✐♥ ✇❤✐❝❤
s❡✈❡r❛❧ ❛❜❡rr❛t✐♦♥s ❛r❡ ❞❡t❡❝t❡❞✳ ■♥ t❤✐s r❡❣❛r❞✱ ✐t ✇❛s ♥❡❝❡ss❛r② t♦ ❡✈♦❧✈❡
♠❡❞✐❝❛❧ t❡❝❤♥♦❧♦❣② ✐♥ ♦r❞❡r t♦ ❞❡t❡❝t ❛♥❞ ❝♦rr❡❝t t❤♦s❡ s❛♠❡ ❛❜❡rr❛t✐♦♥s✳
❩❡r♥✐❦❡ ♣♦❧②♥♦♠✐❛❧s ❡♠❡r❣❡ ❛s ♦♥❡ ♦❢ t❤❡ ♠♦st ❡✛❡❝t✐✈❡ s♦❧✉t✐♦♥s ✐♥ t❤✐s st❡♣
♦❢ ♠❡❞✐❝❛❧ ❞❡✈❡❧♦♣♠❡♥t✳ ❲✐t❤ ❡①❝❡❧❧❡♥t ♣❡r❢♦r♠❛♥❝❡ t♦ r❡♣r❡s❡♥t ❝✐r❝✉❧❛r
s✉r❢❛❝❡s✱ ❩❡r♥✐❦❡ ♣♦❧②♥♦♠✐❛❧s ❜❡❣❛♥ t♦ ❜❡ ✉s❡❞ t♦ r❡♣r❡s❡♥t ❡②❡ ♠♦❞❡❧s ❛♥❞
✐ts ❛❜❡rr❛t✐♦♥s✳ ❚❤✐s ❞✐ss❡rt❛t✐♦♥ ✐♥t❡♥❞s t♦ st✉❞② t❤♦s❡ ♣♦❧②♥♦♠✐❛❧s ❛s ✇❡❧❧
❛s t❤❡✐r ♣r♦♣❡rt✐❡s ❛♥❞ s♦♠❡ ❛♣♣❧✐❝❛t✐♦♥s✳ ❚❤❡r❡ ✐s ❛❧s♦ t❤❡ ❣♦❛❧ ♦❢ ❝♦♠✲
♣❛r✐♥❣ t❤❡ ❩❡r♥✐❦❡ P♦❧②♥♦♠✐❛❧s ✇✐t❤ ❛♥♦t❤❡r t②♣❡ ♦❢ ♦rt❤♦❣♦♥❛❧ ❢✉♥❝t✐♦♥s✱
t❤❡ ❇❡ss❡❧ ❈✐r❝✉❧❛r ❋✉♥❝t✐♦♥s✱ ❡✈❛❧✉❛t✐♥❣ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ❜♦t❤ ✐♥ ✈❛r✐♦✉s
r❡♣r❡s❡♥t❛t✐♦♥s ❛♥❞ ❛❞❥✉st♠❡♥ts ❛♥❞ ❝♦♥❝❧✉❞❡ ✇❤✐❝❤ ✇✐❧❧ ❜❡ t❤❡ ❜❡st ✐♥ ❡❛❝❤
r❡♣r❡s❡♥t❛t✐♦♥✳ ❋✐♥❛❧❧②✱ ✐t ✐s ❛❧s♦ ✐♥t❡♥❞❡❞ t♦ ✜♥❞ ❛ ✇❛② t♦ ❡✈❛❧✉❛t❡ ♦♣t✐♠❛❧
❞✐s❝r❡t❡ ♣♦✐♥t ♠♦❞❡❧s ❢♦r r❡❣r❡ss✐♦♥ ♠♦❞❡❧s t❤❛t ✇✐❧❧ ❜❡ ✉s❡❞ t♦ ❞❡t❡r♠✐♥❡
t❤❡ ♠✐♥✐♠✉♠ sq✉❛r❡❞ ❡rr♦r ❜❡t✇❡❡♥ t❤❡ ❛❝t✉❛❧ ❞❛t❛ ❛♥❞ t❤❡ ❛♣♣r♦①✐♠❛t❡
♠♦❞❡❧ ♦❢ ❛ tr✉♥❝❛t❡❞ ❡①♣❛♥s✐♦♥ ♦❢ ❩❡r♥✐❦❡ ♣♦❧②♥♦♠✐❛❧s✳ ▼❆❚▲❆❇ ❝♦❞❡ ✇❛s
❞❡✈❡❧♦♣❡❞ ❛♥❞ ✐t ✐s ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❆♥♥❡①❡ t♦ t❤✐s ❞✐ss❡rt❛t✐♦♥✳
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✸ P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ✈s ❋✉♥çõ❡s ❞❡ ❇❡ss❡❧ ✷✶

✸✳✶ ■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶
✸✳✷ ❘❡♣r❡s❡♥t❛çã♦ ▼♦❞❛❧ ❞❡ ❙✉♣❡r❢í❝✐❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸
✸✳✸ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ s✉♣❡r❢í❝✐❡s ❝♦♠ ♠♦❞❡❧♦s ✜♥✐t♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽
✸✳✹ ❙✉♣❡r❢í❝✐❡s ❝♦♠ ❛♥é✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵
✸✳✺ ▼♦❞❡❧♦ ❞❡ ♦❧❤♦ ❝♦♠♣❧❡t♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸
✸✳✻ ❉✐s❝✉ssã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺
✸✳✼ ❈♦♥❝❧✉sã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻

✹ ▼♦❞❡❧♦s ót✐♠♦s ♣❛r❛ ❛♥á❧✐s❡ ❡st❛tíst✐❝❛ ❝♦♠ P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ✸✼

✹✳✶ ■♥tr♦❞✉çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼
✹✳✷ P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼
✹✳✸ ❈r✐tér✐♦ ❞❡ Φ✲♦t✐♠❛❧✐❞❛❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✐



✹✳✹ ▼♦♠❡♥t♦s ❞❡ ❩❡r♥✐❦❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵
✹✳✺ ▼♦❞❡❧♦s ót✐♠♦s ♣❛r❛ ❛ ❡st✐♠❛çã♦ ❞♦s ♠í♥✐♠♦s q✉❛❞r❛❞♦s ♥♦ ♠♦❞❡❧♦ ❞❡ r❡❣r❡s✲

sã♦ ❞❡ ❩❡r♥✐❦❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷
✹✳✻ ▼♦❞❡❧♦s D✲ót✐♠♦s ♣❛r❛ ❡st✐♠❛çã♦ ❞♦s ♠í♥✐♠♦s q✉❛❞r❛❞♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷
✹✳✼ ▼♦❞❡❧♦s E✲ót✐♠♦s ♣❛r❛ ❡st✐♠❛çã♦ ❞♦s ♠í♥✐♠♦s q✉❛❞r❛❞♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✺
✹✳✽ ❈♦♥❝❧✉sã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻

❆ ❆♥❡①♦s ✺✼

❆✳✶ ❈ó❞✐❣♦ ♣❛r❛ ♦❜t❡r ♦s ✈❛❧♦r❡s ❞♦s ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼
❆✳✷ ❈ó❞✐❣♦ ♣❛r❛ r❡♣r❡s❡♥t❛r ❛ ♣✐râ♠✐❞❡ ❞♦s ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ❡♠ R

3 ✳ ✳ ✳ ✳ ✳ ✻✶
❆✳✸ ❈ó❞✐❣♦ ♣❛r❛ r❡♣r❡s❡♥t❛r ✉♠ ♣♦❧✐♥ó♠✐♦ ❞❡ ❩❡r♥✐❦❡ ❡♠ R

3 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✶
❆✳✹ ❈ó❞✐❣♦ ♣❛r❛ r❡♣r❡s❡♥t❛r ❛ ♣✐râ♠✐❞❡ ❞♦s ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ❡♠ R

2 ✳ ✳ ✳ ✳ ✳ ✻✷
❆✳✺ ❈ó❞✐❣♦ ♣❛r❛ r❡♣r❡s❡♥t❛r ✉♠ ♣♦❧✐♥ó♠✐♦ ❞❡ ❩❡r♥✐❦❡ ❡♠ R

2 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷
❆✳✻ ❈ó❞✐❣♦ ♣❛r❛ r❡♣r❡s❡♥t❛r ✉♠❛ ❧✐♥❤❛ ❞❛ ♣✐râ♠✐❞❡ ❞❡ ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ✳ ✳ ✳ ✻✸

✐✐



▲✐st❛ ❞❡ ❚❛❜❡❧❛s

✷✳✶ ❈♦♥✈❡rsã♦ ❞❡ ❞✉♣❧♦ í♥❞✐❝❡ ♣❛r❛ í♥❞✐❝❡ ú♥✐❝♦ ❛té n = 4 ❡ ♦ ♣♦❧✐♥ó♠✐♦ ❝♦rr❡♣♦♥✲
❞❡♥t❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺

✐✐✐



✐✈



▲✐st❛ ❞❡ ❋✐❣✉r❛s

✷✳✶ ❙✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❝❛rt❡s✐❛♥♦ ❡ ♣♦❧❛r ❛♣❧✐❝❛❞♦ ❛♦ ♦❧❤♦ ❤✉♠❛♥♦✳ ✳ ✳ ✳ ✳ ✳ ✻

✷✳✷ ❘❡♣r❡s❡♥t❛çã♦ ❞♦ ♣♦❧✐♥ó♠✐♦ Z−2

2
(ρ, θ)✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼

✷✳✸ ❘❡♣r❡s❡♥t❛çã♦ ❡♠ ♣✐râ♠✐❞❡ ❞♦s ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ❛té n = 3✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼

✷✳✹ ❘❡♣r❡s❡♥t❛çã♦ ❞♦ ♣♦❧✐♥ó♠✐♦ Z−2

2
(ρ, θ)✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✷✳✺ P✐râ♠✐❞❡ ❞❡ ❩❡r♥✐❦❡ ❛té n = 5✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✷✳✻ ❘❡♣r❡s❡♥t❛çã♦ ❞♦s ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ❞❡ ♦r❞❡♠ n = 0✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✷✳✼ ❘❡♣r❡s❡♥t❛çã♦ ❞♦s ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ❞❡ ♦r❞❡♠ n = 1✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✷✳✽ ❘❡♣r❡s❡♥t❛çã♦ ❞♦s ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ❞❡ ♦r❞❡♠ n = 2✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✷✳✾ ❘❡♣r❡s❡♥t❛çã♦ ❞♦s ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ❞❡ ♦r❞❡♠ n = 3✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵

✷✳✶✵ ❘❡♣r❡s❡♥t❛çã♦ ❞♦s ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ❞❡ ♦r❞❡♠ n = 4✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵

✸✳✶ ❘❡♣r❡s❡♥t❛çã♦ ❞❛ ❡str✉t✉r❛ ❞♦ ♦❧❤♦ ❡ ❞❛ s✉❛ ❝♦♠♣♦s✐çã♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷

✸✳✷ ❘❡♣r❡s❡♥t❛çã♦ ❞♦ ❡♥✈❡❧♦♣❡ s✉♣❡r✐♦r ❡ ✐♥❢❡r✐♦r ❞❡ ✉♠❛ ♦♥❞❛ ❞❡ s❡♥♦ ♠♦❞✉❧❛❞♦ ✷✺

✸✳✸ ❘❡♣r❡s❡♥t❛çã♦ ❞❛ ❢✉♥çã♦ r❛❞✐❛❧ ❞♦s P❈❩ ♣❛r❛ m = 0✱ n = 0, 2, 4, 6✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺

✸✳✹ ❘❡♣r❡s❡♥t❛çã♦ ❞❛ ❢✉♥çã♦ ❞❡ ❇❡ss❡❧ ❞❡ ♣r✐♠❡✐r❛ ❡s♣é❝✐❡ ♣❛r❛ m = 0✱ k = 1, 2, 3, 4✳ ✷✻

✸✳✺ ❘❡♣r❡s❡♥t❛çã♦ ❞❛ ❢✉♥çã♦ r❛❞✐❛❧ ❞♦s P❈❩ ♣❛r❛ m = 1✱ n = 1, 3, 5, 7✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻

✸✳✻ ❘❡♣r❡s❡♥t❛çã♦ ❞❛ ❢✉♥çã♦ ❞❡ ❇❡ss❡❧ ❞❡ ♣r✐♠❡✐r❛ ❡s♣é❝✐❡ ♣❛r❛ m = 1✱ k = 1, 2, 3, 4✳ ✷✼

✸✳✼ ❉✐s♣♦s✐t✐✈♦ ❞❡ ❞✐s❝♦s ❞❡ P❧á❝✐❞♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽

✸✳✽ ❘❡♣r❡s❡♥t❛çã♦ ❣rá✜❝❛ ❞❛s ❋❈❇✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✾

✸✳✾ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ ✉♠❛ ●❛✉ss✐❛♥❛ ❝♦♠ w2 = 0.1✳ ❊♠ ✭❛✮ ❡♥❝♦♥tr❛✲s❡ ❛ r❡♣r❡✲
s❡♥t❛çã♦ ❣rá✜❝❛ ❞❡st❛ ❢✉♥çã♦✱ ❡♥q✉❛♥t♦ q✉❡ ❡♠ ✭❜✮ ❡stá r❡♣r❡s❡♥t❛❞♦ ♦ ❣rá✜❝♦
❞♦ ❡rr♦ ✭❘▼❙✮ ❞❡ ❛♣r♦①✐♠❛çã♦ ❞❛s ❋❈❇ ❡ ❞♦s P❈❩ ❛♦ ❧♦♥❣♦ ❞♦ ❞✐s❝♦✳ ✳ ✳ ✳ ✳ ✸✵

✸✳✶✵ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ ✉♠❛ ●❛✉ss✐❛♥❛ ❝♦♠ w2 = 0.5✳ ❊♠ ✭❛✮ ❡♥❝♦♥tr❛✲s❡ ❛ r❡♣r❡✲
s❡♥t❛çã♦ ❣rá✜❝❛ ❞❡st❛ ❢✉♥çã♦✱ ❡♥q✉❛♥t♦ q✉❡ ❡♠ ✭❜✮ ❡stá r❡♣r❡s❡♥t❛❞♦ ♦ ❣rá✜❝♦
❞♦ ❡rr♦ ✭❘▼❙✮ ❞❡ ❛♣r♦①✐♠❛çã♦ ❞❛s ❋❈❇ ❡ ❞♦s P❈❩ ❛♦ ❧♦♥❣♦ ❞♦ ❞✐s❝♦✳ ✳ ✳ ✳ ✳ ✸✶

✸✳✶✶ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ ✉♠❛ ●❛✉ss✐❛♥❛ ❝♦♠ w2 = 15✳ ❊♠ ✭❛✮ ❡♥❝♦♥tr❛✲s❡ ❛ r❡♣r❡✲
s❡♥t❛çã♦ ❣rá✜❝❛ ❞❡st❛ ❢✉♥çã♦✱ ❡♥q✉❛♥t♦ q✉❡ ❡♠ ✭❜✮ ❡stá r❡♣r❡s❡♥t❛❞♦ ♦ ❣rá✜❝♦
❞♦ ❡rr♦ ✭❘▼❙✮ ❞❡ ❛♣r♦①✐♠❛çã♦ ❞❛s ❋❈❇ ❡ ❞♦s P❈❩ ❛♦ ❧♦♥❣♦ ❞♦ ❞✐s❝♦✳ ✳ ✳ ✳ ✳ ✸✶

✸✳✶✷ ❘❡♣r❡s❡♥t❛çã♦ ❣rá✜❝❛ ❞❡ ✉♠ ❛♥❡❧ ❝♦♠♣❧❡t♦ ✭❛✮✳ ❊♠ ✭❜✮ ❡stá r❡♣r❡s❡♥t❛❞♦ ♦
❣rá✜❝♦ ❞♦ ❡rr♦ ✭❘▼❙✮ ❞❡ ❛♣r♦①✐♠❛çã♦ ❞❛s ❋❈❇ ❡ ❞♦s P❈❩ ❛♦ ❧♦♥❣♦ ❞♦ ❞✐s❝♦
♥❛ s✉♣❡r❢í❝✐❡ ❞❡ ✉♠ ❛♥❡❧ ❝♦♠♣❧❡t♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷

✸✳✶✸ ❘❡♣r❡s❡♥t❛çã♦ ❣rá✜❝❛ ❞❡ ✉♠ ❛♥❡❧ ✐♥❝♦♠♣❧❡t♦ ✭❛✮✳ ❊♠ ✭❜✮ ❡stá r❡♣r❡s❡♥t❛❞♦ ♦
❣rá✜❝♦ ❞♦ ❡rr♦ ✭❘▼❙✮ ❞❡ ❛♣r♦①✐♠❛çã♦ ❞❛s ❋❈❇ ❡ ❞♦s P❈❩ ❛♦ ❧♦♥❣♦ ❞♦ ❞✐s❝♦
♥❛ s✉♣❡r❢í❝✐❡ ❞❡ ✉♠ ❛♥❡❧ ✐♥❝♦♠♣❧❡t♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✸✳✶✹ ❘❡♣r❡s❡♥t❛çã♦ ❞❛ ❡str✉t✉r❛ ❞♦ ♦❧❤♦ ❡ ❞❛ s✉❛ ❝♦♠♣♦s✐çã♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹

✈



✸✳✶✺ ❘❡♣r❡s❡♥t❛çã♦ ❣rá✜❝❛ ❞❡ ✉♠ ♠♦❞❡❧♦ ❞♦ ♦❧❤♦ ❝♦♠♣❧❡t♦ ❝♦♠ ❛ ❝♦♥❥✉❣❛çã♦ ❞❡
❞✉❛s s✉♣❡r❢í❝✐❡s ✭❛✮✳ ❘❡♣r❡s❡♥t❛çã♦ ❡♠ ♣❡r✜❧ ❞❡ ✉♠ ❝♦rt❡ ❞❛ r❡♣r❡s❡♥t❛çã♦
❛♥t❡r✐♦r ♦♥❞❡ s❡ ✈ê ❞❡ ❢♦r♠❛ ❝❧❛r❛ ❛ s♦❜r❡♣♦s✐çã♦ ❞❛s ❞✉❛s s✉♣❡r❢í❝✐❡s ✭❜✮✳ ❊♠
✭❝✮✱ ✭❞✮ ❡ ✭❡✮ ❡stá r❡♣r❡s❡♥t❛❞♦ ♦ ❣rá✜❝♦ ❞♦ ❡rr♦ ✭❘▼❙✮ ❞❡ ❛♣r♦①✐♠❛çã♦ ❞❛s
❋❈❇ ❡ ❞♦s P❈❩ ❛♦ ❧♦♥❣♦ ❞♦ ❞✐s❝♦ ♥❛ s✉♣❡r❢í❝✐❡ ❞❡ ✉♠ ♠♦❞❡❧♦ ❞❡ ♦❧❤♦ ❝♦♠♣❧❡t♦✱
❝♦♥t❡♠♣❧❛♥❞♦ ✹✱ ✺ ❡ ✻ ♠♦❞♦s✱ r❡s♣❡t✐✈❛♠❡♥t❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺

✹✳✶ ▼♦❞❡❧♦ ❝♦♠ ♣❛❞rã♦ ❡s♣✐r❛❧✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽
✹✳✷ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ ♠♦❞❡❧♦s ❝♦♠ ❞✐str✐❜✉✐çã♦ ✉♥✐❢♦r♠❡✱ ❝♦♠ d í♠♣❛r ❡♠ ✭❛✮ ❡ d

♣❛r ❡♠ ✭❜✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷

✈✐



❈❛♣ít✉❧♦ ✶

■♥tr♦❞✉çã♦

◆✉♠❛ é♣♦❝❛ ❡♠ q✉❡✱ ♠❛✐s ❞♦ q✉❡ ♥✉♥❝❛✱ ❛s s❡♥s❛çõ❡s r❡✈❡❧❛♠ t❡r ✉♠❛ ✐♠♣♦rtâ♥❝✐❛ ❡♥♦r♠❡
♥♦ ❞✐❛✲❛✲❞✐❛ ❞❡ ❝❛❞❛ ✉♠✱ t♦r♥❛✲s❡ ♣r✐♦r✐tár✐♦ ♣♦t❡♥❝✐❛r ❡ss❛s s❡♥s❛çõ❡s ❡ ❝♦rr✐❣✐r ✐♠♣❡r❢❡✐çõ❡s
q✉❡ ❧❤❡s ❡st❡❥❛♠ ❛ss♦❝✐❛❞❛s✳ ❉❡♥tr♦ ❞❡st❡ ❧❡q✉❡ ❞❡ s❡♥s❛çõ❡s✱ ❤á ✉♠❛ q✉❡ s♦❜r❡ss❛✐ ❡ q✉❡
r❡✈❡❧❛ t❡r ✉♠❛ ✐♠♣♦rtâ♥❝✐❛ ❛❝r❡s❝✐❞❛✿ ❛ ✈✐sã♦✳

❈♦♠ ♦ ❛✈❛♥ç♦ ❞❛ t❡❝♥♦❧♦❣✐❛ ❡ ❞❛ ♠❡❞✐❝✐♥❛ s✉r❣✐✉ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ❝r✐❛r ❢♦r♠❛s ❞❡ ❞❡t❡t❛r ❡
❝♦rr✐❣✐r ❛❜❡rr❛çõ❡s ót✐❝❛s✳ ◆❡st❡ s❡♥t✐❞♦✱ s✉r❣✐r❛♠ ♦s ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡✱ q✉❡ sã♦ ✉♠ t✐♣♦
❞❡ ♣♦❧✐♥ó♠✐♦s ❡s♣❡❝✐❛✐s ❝♦♠ ♣r♦♣r✐❡❞❛❞❡s q✉❡ ♣❡r♠✐t❡♠ ❢❛③❡r r❡♣r❡s❡♥t❛çõ❡s ❞❡ s✉♣❡r❢í❝✐❡s
❝✐r❝✉❧❛r❡s ❝♦♠ ♦ ❡rr♦ ♠✉✐t♦ ❜❛✐①♦✳ ❚♦r♥❛r❛♠✲s❡ ❡♥tã♦ ♠✉✐t♦ ✐♠♣♦rt❛♥t❡s ♣❛r❛ ❢❛③❡r r❡♣r❡s❡♥✲
t❛çõ❡s ❞♦ ♦❧❤♦ ❡ ❞❛s ❛❜❡rr❛çõ❡s ❛ss♦❝✐❛❞❛s ❛♦ ♠❡s♠♦✳ ◆❡st❛ ❞✐ss❡rt❛çã♦ ♣r❡t❡♥❞❡✲s❡ ❡st✉❞❛r
❡st❛ ❢❛♠í❧✐❛ ❞❡ ♣♦❧✐♥ó♠✐♦s✱ ♣❡r❝❡❜❡♥❞♦ ❛s s✉❛s ♣r✐♥❝✐♣❛✐s ♣r♦♣r✐❡❞❛❞❡s ❡ ❛ ✐♠♣♦rtâ♥❝✐❛ q✉❡
tê♠ ♥❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s ♦❢tá❧♠✐❝♦s✳

◆♦ ❈❛♣ít✉❧♦ 2✱ ❛♣r❡s❡♥t❛r✲s❡✲ã♦ ♦s ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡✱ ❡st✉❞❛♥❞♦ ❛❧❣✉♠❛s ❞❛s s✉❛s
♣r♦♣r✐❡❞❛❞❡s ❡ ✈❡♥❞♦ ❡♠ q✉❡ ♠❡❞✐❞❛ ❡st❡s ♣♦❧✐♥ó♠✐♦s ♣❡r♠✐t❡♠ ❞❡t❡t❛r ❛s ❛❜❡rr❛çõ❡s ❞♦ ♦❧❤♦✳
❱❡r✲s❡✲ã♦ ❛✐♥❞❛ r❡♣r❡s❡♥t❛çõ❡s ❞❡ ❛❧❣✉♥s ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ q✉❡ ❢♦r❛♠ ❞❡s❡♥✈♦❧✈✐❞❛s ❡♠
▼❆❚▲❆❇✳ ◆♦ ❡st✉❞♦ ❢❡✐t♦ ♥❡st❡ ❝❛♣ít✉❧♦✱ ♦ ❛rt✐❣♦ ❬✹✸❪ r❡✈❡❧♦✉ s❡r ✉♠❛ ❜♦❛ ❢♦♥t❡ q✉❡ s❡r✈✐✉
❞❡ ❜❛s❡ ♥❛ ❡s❝r✐t❛ ❞♦ ♠❡s♠♦✳

❆♣❡s❛r ❞❛ ❣r❛♥❞❡ ✐♠♣♦rtâ♥❝✐❛ ❞♦s ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡✱ ❡①✐st❡♠ ♦✉tr❛s té❝♥✐❝❛s ♣❛r❛
s♦❧✉❝✐♦♥❛r ♦ ♣r♦❜❧❡♠❛ ❞❡ ❞❡t❡t❛r ❡ ❝♦rr✐❣✐r ❛❜❡rr❛çõ❡s ót✐❝❛s✳ ❆s ❋✉♥çõ❡s ❈✐r❝✉❧❛r❡s ❞❡
❇❡ss❡❧ t❛♠❜é♠ ♣❡rt❡♥❝❡♠ à ❢❛♠í❧✐❛ ❞❡ ❢✉♥çõ❡s q✉❡ sã♦ ♦rt♦❣♦♥❛✐s ♥♦ ❞✐s❝♦ ✉♥✐tár✐♦ ❡ sã♦
✉♠ ❜♦♠ ❡①❡♠♣❧♦ ❞❡ ❢✉♥çõ❡s ✉s❛❞❛s ♥❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ s✉♣❡r❢í❝✐❡s ❝✐r❝✉❧❛r❡s✳ ◆❡st❡ s❡♥t✐❞♦✱
♥♦ ❈❛♣ít✉❧♦ 3 ❛✈❛❧✐♦✉✲s❡ ❛ ♣❡r❢♦r♠❛♥❝❡ ❞♦s ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ✈s ❛s ❋✉♥çõ❡s ❈✐r❝✉❧❛r❡s
❞❡ ❇❡ss❡❧ ❞❡ ❢♦r♠❛ ❛ ♣❡r❝❡❜❡r ❡♠ q✉❡ s✐t✉❛çõ❡s s❡r✐❛ ♠❛✐s ✈❛♥t❛❥♦s♦ ✉s❛r ❝❛❞❛ ✉♠ ❡✱ ❞❡
✉♠❛ ❢♦r♠❛ ❣❡r❛❧✱ q✉❛❧ ❛♣r❡s❡♥t❛ ✉♠ ♠❡❧❤♦r ❝♦♠♣♦rt❛♠❡♥t♦✳ ❆s ✐❞❡✐❛s ❡ r❡s✉❧t❛❞♦s ❞❡ ❬✹✼❪
❢♦r❛♠ ♠✉✐t♦ ✐♠♣♦rt❛♥t❡s✱ ♣❡r♠✐t✐♥❞♦ ✐♥t❡r♣r❡t❛r ❡ss❡s ♠❡s♠♦s r❡s✉❧t❛❞♦s ❡ t✐r❛r ❛s ❞❡✈✐❞❛s
❝♦♥❝❧✉sõ❡s✳

◆♦ ❈❛♣ít✉❧♦ 4✱ ♣r❡t❡♥❞❡✲s❡ ❡♥❝♦♥tr❛r ♠♦❞❡❧♦s ót✐♠♦s q✉❡ s❡rã♦ ✉s❛❞♦s ♣❛r❛ ♦s ♠♦❞❡❧♦s
❞❡ r❡❣r❡ssã♦ ♣❡❧♦ ♠ét♦❞♦ ❞♦s ♠í♥✐♠♦s q✉❛❞r❛❞♦s✳ ▼♦❞❡❧♦s ót✐♠♦s ❞❡ ♣♦♥t♦s ❡①♣❡r✐♠❡♥t❛✐s
♣❡r♠✐t✐rã♦ ✉♠ ♠❡❧❤♦r ❛❥✉st❡ ❞❛ ❡①♣❛♥sã♦ ❞❡ ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ❛♦s ❞❛❞♦s✱ ♣❡❧♦ q✉❡ ♥❡st❡
❝❛♣ít✉❧♦ s❡ ♣r❡t❡♥❞❡ ❡♥❝♦♥tr❛r ♠♦❞❡❧♦s Φp✲ót✐♠♦s✱ t❡♥❞♦ ♣♦r ❜❛s❡ ♦s ❝r✐tér✐♦s ❞❡ ♦t✐♠❛❧✐❞❛❞❡
✐♥tr♦❞✉③✐❞♦s ♣♦r ❑✐❡❢❡r✳ ❊st❡ ❝❛♣ít✉❧♦ t❡✈❡ ♣♦r ❜❛s❡ ♦ ❡st✉❞♦ r❡❛❧✐③❛❞♦ ❡♠ ❬✶✵❪✳

✶



✷ ✶✳■♥tr♦❞✉çã♦

P♦r ✜♠✱ ♥♦s ❆♥❡①♦s A✱ ❢♦r❛♠ ❛♣r❡s❡♥t❛❞♦s ♦s ❝ó❞✐❣♦s ❞❡s❡♥✈♦❧✈✐❞♦s ❡♠ ▼❆❚▲❆❇ ♣❛r❛
r❡♣r❡s❡♥t❛r ♦s ✈ár✐♦s ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡✱ ❜❡♠ ❝♦♠♦ ❛s ♣✐râ♠✐❞❡s ❞♦s ♠❡s♠♦s✳

❇❡r♥❛r❞♦ ❳❛✈✐❡r ◆♦❣✉❡✐r❛ ❉✉❛rt❡ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦



❈❛♣ít✉❧♦ ✷

P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡✿ ❞❡✜♥✐çõ❡s ❡

♣r♦♣r✐❡❞❛❞❡s

✷✳✶ ■♥tr♦❞✉çã♦

◆❡st❡ ❝❛♣ít✉❧♦✱ ❢❛③❡r✲s❡✲á ✉♠❛ ✐♥tr♦❞✉çã♦ ❞❛q✉✐❧♦ q✉❡ é ❛ ❜❛s❡ ❞♦ t❡♠❛ ❞❛ t❡s❡✱ ♥♦♠❡✲
❛❞❛♠❡♥t❡ ♦s ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡✳ ◆❡st❛ ✐♥tr♦❞✉çã♦ s❡rá ❢❡✐t❛ ✐♥✐❝✐❛❧♠❡♥t❡ ✉♠❛ ♣❡q✉❡♥❛
♥♦t❛ ❜✐♦❣rá✜❝❛ s♦❜r❡ ❋r✐ts ❩❡r♥✐❦❡✱ s❡♥❞♦ q✉❡✱ ♣♦st❡r✐♦r♠❡♥t❡✱ s❡ ❞❡✜♥✐rã♦ ❡st❡s ♠❡s♠♦s ♣♦✲
❧✐♥ó♠✐♦s✳ ❉❡ s❡❣✉✐❞❛✱ ❡st✉❞❛r✲s❡✲ã♦ ❛❧❣✉♠❛s ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡st❡s ♣♦❧✐♥ó♠✐♦s✱ s❡♥❞♦ ❡st❡
❡st✉❞♦ ✉♠❛ ❞❛s ♣❛rt❡s ❢✉❧❝r❛✐s ❞❛ ❞✐ss❡rt❛çã♦✳ ❙❡rã♦ ❛♣r❡s❡♥t❛❞♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s
✈✐❛ ▼❆❚▲❆❇ ❡ ❛✐♥❞❛ ✉♠❛ ❞❛s ❛♣❧✐❝❛çõ❡s ❞❡st❡s ♣♦❧✐♥ó♠✐♦s✳ ❆s ✐❞❡✐❛s✱ té❝♥✐❝❛s ❡ ❣rá✜❝♦s
♦❜t✐❞♦s t✐✈❡r❛♠ ♣♦r ❜❛s❡ ♦ tr❛❜❛❧❤♦ ❞❡s❡♥✈♦❧✈✐❞♦ ❡♠ ❬✹✸❪✳

❋r✐ts ❩❡r♥✐❦❡ ❢♦✐ ✉♠ ❢ís✐❝♦ ❤♦❧❛♥❞ês ❡ ✈❡♥❝❡❞♦r ❞♦ ◆♦❜❡❧ ❞❛ ❋ís✐❝❛ ❡♠ ✶✾✺✸✳ ◆❛s❝✐❞♦ ❡♠
❆♠❡st❡r❞ã♦✱ ❛ ✶✻ ❞❡ ❏✉❧❤♦ ❞❡ ✶✽✽✽✱ ❛❝❛❜♦✉ ♣♦r ❡st✉❞❛r q✉í♠✐❝❛✱ ♠❛t❡♠át✐❝❛ ❡ ❢ís✐❝❛ ♥❛
❯♥✐✈❡rs✐❞❛❞❡ ❞❡ ❆♠❡st❡r❞ã♦✳ ❆ ♣❛✐①ã♦ ♣♦r ❡st❛s ár❡❛s ✈❡✐♦ ❞♦s ♣❛✐s✱ ❛♠❜♦s ♣r♦❢❡ss♦r❡s ❞❡
♠❛t❡♠át✐❝❛✱ ♠❛s ❝♦♠ ❡st✉❞♦s ❡♠ ❢ís✐❝❛✳

●❛♥❤♦✉ ❞✐✈❡rs♦s ♣ré♠✐♦s ♣❡❧♦s s❡✉s ✐♥ú♠❡r♦s ♣r♦❥❡t♦s✱ ♥♦♠❡❛❞❛♠❡♥t❡✱ ❛ ♦♣❛❧❡s❝ê♥❝✐❛ ❡♠
❣❛s❡s✱ ❧✐♥❤❛s ❡s♣❡❝tr❛✐s ❡ ❡st✉❞♦s ❡♠ q✉❡ ❞❡s❝r❡✈❡ ❞❡ ❢♦r♠❛ ❡✜❝✐❡♥t❡ ❞❡❢❡✐t♦s ♦✉ ❛❜❡rr❛çõ❡s ❞❡
s✐st❡♠❛s ót✐❝♦s✱ ❜❡♠ ❝♦♠♦ ❛ r❡♣r❡s❡♥t❛çã♦ ❣rá✜❝❛ ❞❡st❛s ♠❡s♠❛s ❛❜❡rr❛çõ❡s✳ ❋♦✐ r❡s♣♦♥sá✈❡❧
♣❡❧♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ♣♦❧✐♥ó♠✐♦s ♦rt♦❣♦♥❛✐s ♥♦ ❝ír❝✉❧♦ ✉♥✐tár✐♦✳ ❊st❛ ❢❛♠í✲
❧✐❛ ❞❡ ♣♦❧✐♥ó♠✐♦s ❛❝❛❜♦✉ ♣♦r s❡r ❛ s♦❧✉çã♦ ❞❡ ✉♠ ♣r♦❜❧❡♠❛ ❡①✐st❡♥t❡ à ❞❛t❛ s♦❜r❡ ♦ ❡q✉✐❧í❜r✐♦
ót✐♠♦ ❞❛s ✈ár✐❛s ❛❜❡rr❛çõ❡s ❞❡ ✉♠ ✐♥str✉♠❡♥t♦ ót✐❝♦✳ ❉❡s❞❡ ♦s ❛♥♦s ✻✵ q✉❡ ❡st❡s ♣♦❧✐♥ó✲
♠✐♦s sã♦ ♠✉✐t♦ ✉t✐❧✐③❛❞♦s ❡♠ ♠♦❞❡❧♦s ót✐❝♦s✱ ♠❡tr♦❧♦❣✐❛ ót✐❝❛ ❡ ❛♥á❧✐s❡ ❞❡ ✐♠❛❣❡♥s✳ ❊st❡s
♣♦❧✐♥ó♠✐♦s ✜❝❛r❛♠ ❝♦♥❤❡❝✐❞♦s ❝♦♠♦ ♦s P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ❡ sã♦ ❛ ❜❛s❡ ❞❡st❛ ❞✐ss❡rt❛çã♦✳
❊♠ ✶✾✺✸ ❣❛♥❤♦✉ ♦ ◆♦❜❡❧ ❞❛ ❋ís✐❝❛ ♣❡❧❛ ✐♥✈❡♥çã♦ ❞♦ ♠✐❝r♦s❝ó♣✐♦ ❞❡ ❝♦♥tr❛st❡ ❞❡ ❢❛s❡✳ ❊st❡
✐♥str✉♠❡♥t♦ ♣❡r♠✐t❡ ❢❛③❡r ♦ ❡st✉❞♦ ❞❛ ❡str✉t✉r❛ ❝❡❧✉❧❛r ✐♥t❡r♥❛ s❡♠ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ♠❛t❛r
❛s ❝é❧✉❧❛s✳

❋r✐ts ❩❡r♥✐❦❡ ❛❝❛❜♦✉ ♣♦r ❢❛❧❡❝❡r✱ ❡♠ ✶✾✻✻✱ ♥♦ ❍♦s♣✐t❛❧ ❞❡ ❆♠❡rs❢♦♦t✱ ♥❛ ❍♦❧❛♥❞❛✱ ❞❡♣♦✐s
❞❡ s♦❢r❡r ❞❡ ✉♠❛ ❞♦❡♥ç❛ ♣r♦❧♦♥❣❛❞❛ ♥♦s ú❧t✐♠♦s ❛♥♦s ❞❛ s✉❛ ✈✐❞❛✳

✸



✹ ✷✳P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡✿ ❞❡✜♥✐çõ❡s ❡ ♣r♦♣r✐❡❞❛❞❡s

✷✳✷ P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡✿ ❛❧❣✉♠❛s ♥♦çõ❡s ❜ás✐❝❛s

❖s ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ sã♦✱ ♥♦r♠❛❧♠❡♥t❡✱ ❞❡✜♥✐❞♦s ❡♠ ❝♦♦r❞❡♥❛❞❛s ♣♦❧❛r❡s✱ ✭ρ, θ✮✱ ❡
❞❡♣❡♥❞❡♠ ❞❡ 3 ❝♦♠♣♦♥❡♥t❡s✿

❼ ❢❛❝t♦r ❞❡ ♥♦r♠❛❧✐③❛çã♦❀

❼ ❝♦♠♣♦♥❡♥t❡ r❛❞✐❛❧❀

❼ ❝♦♠♣♦♥❡♥t❡ ❛♥❣✉❧❛r✳

❆ ❝♦♠♣♦♥❡♥t❡ r❛❞✐❛❧ é ♣♦❧✐♥♦♠✐❛❧✱ ❡♥q✉❛♥t♦ q✉❡ ❛ ❝♦♠♣♦♥❡♥t❡ ❛♥❣✉❧❛r é s✐♥✉s♦✐❞❛❧✳

➱ út✐❧ ✉s❛r ✉♠ ❞✉♣❧♦ í♥❞✐❝❡ ♣❛r❛ ❞❡s❝r❡✈❡r ❡st❛s ❢✉♥çõ❡s✱ ❝♦♠ ✉♠ í♥❞✐❝❡ n✱ q✉❡ ❞❡s❝r❡✈❡
❛ ♠❛✐♦r ♣♦tê♥❝✐❛✱ ♦✉ ❛ ♦r❞❡♠ ❞♦ ♣♦❧✐♥ó♠✐♦ r❛❞✐❛❧✱ ❡ ✉♠ í♥❞✐❝❡ m✱ q✉❡ ❞❡s❝r❡✈❡ ❛ ❢r❡q✉ê♥❝✐❛
❛♥❣✉❧❛r ❞❛ ❝♦♠♣♦♥❡♥t❡ ❛♥❣✉❧❛r✳ ❊♠ ❣❡r❛❧✱ ♦s ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ sã♦ ❞❡s❝r✐t♦s ♥❛ ❢♦r♠❛✿

Zm
n (ρ, θ) =







Nm
n R

|m|
n (ρ) cos(mθ), ♣❛r❛ m ≥ 0

−Nm
n R

|m|
n (ρ) sin(mθ), ♣❛r❛ m < 0

✭✷✳✶✮

♦♥❞❡ Nm
n é ♦ ❢❛❝t♦r ❞❡ ♥♦r♠❛❧✐③❛çã♦ ❡ R|m|

n (ρ) é ❞❛❞♦ ♣♦r✿

R|m|
n =

n−|m|
2∑

s=0

(−1)s(n− s)!

s!
[
n+|m|

2 − s
]

!
[
n−|m|

2 − s
]

!
ρn−2s. ✭✷✳✷✮

❖s ✈❛❧♦r❡s ❞❡ n ❡ m sã♦ ✐♥t❡✐r♦s ❝♦♠ n ∈ N0 ❡ n − |m| é ♣❛r ❡ ♥ã♦ ♥❡❣❛t✐✈♦✳ ❆ss✐♠✱ ♣❛r❛
✉♠ ❞❛❞♦ n,m t♦♠❛ ❛♣❡♥❛s ♦s ✈❛❧♦r❡s −n,−n+ 2,−n+ 4, · · · , n✳ ❙❡ n− |m| é í♠♣❛r✱ ❡♥tã♦
Rm

n é ✐❞❡♥t✐❝❛♠❡♥t❡ ✐❣✉❛❧ ❛ ③❡r♦✳

❖s ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ sã♦ ♦rt♦❣♦♥❛✐s ❛♣❡♥❛s ♥♦ ❝ír❝✉❧♦ ✉♥✐tár✐♦✱ ♣❡❧♦ q✉❡ s❡ r❡✈❡❧❛ út✐❧
✉s❛r ❝♦♦r❞❡♥❛❞❛s ♥♦r♠❛❧✐③❛❞❛s q✉❡ s❡rã♦ ❞❡s❝r✐t❛s ♥❛ ❙❡❝çã♦ 2.4. ◆♦ ❝❛s♦ ❞❡st❛ ❢❛♠í❧✐❛ ❞❡
♣♦❧✐♥ó♠✐♦s ♦ ❢❛t♦r ❞❡ ♥♦r♠❛❧✐③❛çã♦ é ❞❛❞♦ ♣♦r✿

Nm
n =

√

2(n+ 1)

1 + δm0
✭✷✳✸✮

♦♥❞❡ δm0 é ♦ ❞❡❧t❛ ❞❡ ❑r♦♥❡❝❦❡r✱ ✐st♦ é✿

δm0 =

{

1, m = 0

0, m 6= 0
.

✷✳✸ ❊sq✉❡♠❛ ❞❡ í♥❞✐❝❡ ú♥✐❝♦

❉❡✜♥✐çã♦ ✷✳✸✳✶ ➱ ❢r❡q✉❡♥t❡ ❞❛r✲s❡ ✉s♦ àq✉✐❧♦ q✉❡ s❡ ❞❡♥♦♠✐♥❛ ♣♦r ❡①♣❛♥sã♦ ❞❡ ❩❡r♥✐❦❡✳
❊st❛ ❡①♣❛♥sã♦ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠❛ ❢✉♥çã♦ f ❞❡s❝r✐t❛ ♥❛ ❢♦r♠❛

f(ρ, θ) =
∞∑

n=0

n∑

m=−n
n−|m| ♣❛r

β(n,m)Z
m
n (ρ, θ), ρ ∈ [0, 1], θ ∈ [0, 2π[, ✭✷✳✹✮

t❛❧ q✉❡ β(n,m) ❝♦rr❡s♣♦♥❞❡ ❛♦ ❝♦❡✜❝✐❡♥t❡ ❛ss♦❝✐❛❞♦ ❛♦ ♣♦❧✐♥ó♠✐♦ Zm
n ✳

❇❡r♥❛r❞♦ ❳❛✈✐❡r ◆♦❣✉❡✐r❛ ❉✉❛rt❡ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦



✷✳P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡✿ ❞❡✜♥✐çõ❡s ❡ ♣r♦♣r✐❡❞❛❞❡s ✺

P♦r ✈❡③❡s✱ é út✐❧ ✉s❛r ✉♠ ❡sq✉❡♠❛ ❞❡ í♥❞✐❝❡ ú♥✐❝♦ ♣❛r❛ ❞❡s❝r❡✈❡r ♦s ❝♦❡✜❝✐❡♥t❡s ❞❛ ❡①♣❛♥sã♦
❞❡ ❩❡r♥✐❦❡✳ ❊st❡ ❡sq✉❡♠❛ ❞❡ í♥❞✐❝❡ ú♥✐❝♦ ❢♦✐ ✐♥tr♦❞✉③✐❞♦ ♣♦r ❘♦❜❡rt ◆♦❧❧✱ q✉❡ ♦ ❞❡s❝r❡✈❡✉
♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③ ♥♦ ❛rt✐❣♦ ❬✸✼❪ ❞❡ ✶✾✼✻✳

❈♦♠♦ ♦s ♣♦❧✐♥ó♥♠✐♦s ❞❡♣❡♥❞❡♠✱ ♥❛ ✈❡r❞❛❞❡✱ ❞❡ ❞♦✐s ♣❛râ♠❡tr♦s✱ n ❡ m✱ ❛ ♦r❞❡♥❛çã♦
♣❡❧♦ ❡sq✉❡♠❛ ❞❡ í♥❞✐❝❡ ú♥✐❝♦ ♣♦❞❡ ❢❛③❡r✲s❡ ❞❡ ❢♦r♠❛ ❛r❜✐trár✐❛✳ ❊st❛ ❛r❜✐tr❛r✐❡❞❛❞❡ ❧❡✈❛ à
♥❡❝❡ss✐❞❛❞❡ ❞❡ s❡ ❝♦♥s✐❞❡r❛r ✉♠ ❡sq✉❡♠❛ ❞❡ í♥❞✐❝❡ ú♥✐❝♦ st❛♥❞❛r❞✳ P❛r❛ ♦❜t❡r ❡st❡ í♥❞✐❝❡
ú♥✐❝♦✱ ❞✐❣❛✲s❡ j✱ é ❝♦♥✈❡♥✐❡♥t❡ ❡sq✉❡♠❛t✐③❛r ♦s ♣♦❧✐♥ó♠✐♦s ❡♠ ♣✐râ♠✐❞❡✳

❆ss✐♠✱ ♦ í♥❞✐❝❡ ú♥✐❝♦✱ j✱ ❝♦♠❡ç❛ ♥♦ t♦♣♦ ❞❛ ♣✐râ♠✐❞❡ ❡ ✈❛✐ ✧❛♥❞❛♥❞♦✧ ♣❛r❛ ❜❛✐①♦✱ ❞❛
❡sq✉❡r❞❛ ♣❛r❛ ❛ ❞✐r❡✐t❛✳ P❛r❛ ❝♦♥✈❡rt❡r ♦ í♥❞✐❝❡ ú♥✐❝♦ j ♣❛r❛ ♦ í♥❞✐❝❡ ❞✉♣❧♦ n ❡ m ❡ ✈✐❝❡✲
✈❡rs❛✱ ♣♦❞❡✲s❡ ✉s❛r ❛ s❡❣✉✐♥t❡ r❡❧❛çã♦

j =
n(n+ 1)

2
+
n+m

2
✭✷✳✺✮

❡

n =

⌈−3 +
√
9 + 8j

2

⌉

, ✭✷✳✻✮

m = 2j − n(n+ 2), ✭✷✳✼✮

♦♥❞❡ ⌈ . ⌉ ❞á ♦ ❛rr❡❞♦♥❞❛♠❡♥t♦ s✉♣❡r✐♦r ❞♦ ❛r❣✉♠❡♥t♦✳

❉❡ s❡❣✉✐❞❛ ❛♣r❡s❡♥t❛✲s❡ ✉♠❛ t❛❜❡❧❛ ❝♦♠ ❛ ❝♦♥✈❡rsã♦ ❞♦s í♥❞✐❝❡s n ❡ m ♣❛r❛ ♦ r❡s♣❡t✐✈♦
í♥❞✐❝❡ j✱ ❜❡♠ ❝♦♠♦ ♦ ♣♦❧✐♥ó♠✐♦ q✉❡ ❧❤❡ ❡stá ❛ss♦❝✐❛❞♦✳

Zm
n n m j Zj

Z0
0 ✵ ✵ ✵ ✶

Z−1
1 ✶ ✲✶ ✶ 2ρ sin θ

Z1
1 ✶ ✶ ✷ 2ρ cos θ

Z−2
2 ✷ ✲✷ ✸

√
6ρ2 sin 2θ

Z0
2 ✷ ✵ ✹

√
3(2ρ2 − 1)

Z2
2 ✷ ✷ ✺

√
6ρ2 cos 2θ

Z−3
3 ✸ ✲✸ ✻

√
8ρ3 sin 3θ

Z−1
3 ✸ ✲✶ ✼

√
8(3ρ3 − 2ρ) sin θ

Z1
3 ✸ ✶ ✽

√
8(3ρ3 − 2ρ) cos θ

Z3
3 ✸ ✸ ✾

√
8ρ3 cos 3θ

Z−4
4 ✹ ✲✹ ✶✵

√
10ρ4 sin 4θ

Z−2
4 ✹ ✲✷ ✶✶

√
10(4ρ4 − 3ρ2) sin 2θ

Z0
4 ✹ ✵ ✶✷

√
5(6ρ4 − 6ρ2 + 1)

Z2
4 ✹ ✷ ✶✸

√
10(4ρ4 − 3ρ2) cos 2θ

Z4
4 ✹ ✹ ✶✹

√
10ρ4 cos 4θ

❚❛❜❡❧❛ ✷✳✶✿ ❈♦♥✈❡rsã♦ ❞❡ ❞✉♣❧♦ í♥❞✐❝❡ ♣❛r❛ í♥❞✐❝❡ ú♥✐❝♦ ❛té n = 4 ❡ ♦ ♣♦❧✐♥ó♠✐♦ ❝♦rr❡♣♦♥✲
❞❡♥t❡✳

❇❡r♥❛r❞♦ ❳❛✈✐❡r ◆♦❣✉❡✐r❛ ❉✉❛rt❡ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦



✻ ✷✳P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡✿ ❞❡✜♥✐çõ❡s ❡ ♣r♦♣r✐❡❞❛❞❡s

✷✳✹ ❙✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s

❊♠ ❛♣❧✐❝❛çõ❡s ❝✐❡♥tí✜❝❛s✱ é ❝♦♠✉♠ ❞❛r✲s❡ ✉s♦ ❛♦ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❝♦♥✈❡♥❝✐♦♥❛❧✱ ♦
❝❤❛♠❛❞♦ r✐❣❤t ❤❛♥❞❡❞ ❝♦♦r❞✐♥❛t❡ s②st❡♠ ♦✉ ❡♠ ♣♦rt✉❣✉ês ✧r❡❣r❛ ❞❡ ❋❧❡♠✐♥❣✧✳ ◆❡st❡ tr❛❜❛❧❤♦
s❡rá ✉s❛❞♦ ❡st❡ s✐st❡♠❛✳ ❆ss✐♠✱ ❡ ❛t❡♥❞❡♥❞♦ ❛♦ ❝♦♥t❡①t♦✱ ♦ ❡✐①♦ ❞♦s zz é ♦❜t✐❞♦ ❛♣♦♥t❛♥❞♦
❞♦ ♦❧❤♦ ♣❛r❛ ❢♦r❛✱ ❡♥q✉❛♥t♦ q✉❡ ♦ ❡✐①♦ ❞♦s yy é ♦❜t✐❞♦ ♣❡❧❛ ♦r✐❡♥t❛çã♦ ✈❡rt✐❝❛❧ ❡ ♦ ❡✐①♦ ❞♦s
xx ♣❡❧❛ ♦r✐❡♥t❛çã♦ ❤♦r✐③♦♥t❛❧✱ t❛❧ ❝♦♠♦ ♠♦str❛ ❛ s❡❣✉✐♥t❡ ✜❣✉r❛✳

❋✐❣✉r❛ ✷✳✶✿ ❙✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❝❛rt❡s✐❛♥♦ ❡ ♣♦❧❛r ❛♣❧✐❝❛❞♦ ❛♦ ♦❧❤♦ ❤✉♠❛♥♦✳

❋♦♥t❡✿ ❉❡s❝r✐♣t✐♦♥ ♦❢ ❩❡r♥✐❦❡ P♦❧②♥♦♠✐❛❧s✱ ❬✹✸❪✳

◆❛ ✜❣✉r❛✱ ♣♦❞❡✲s❡ ❛✐♥❞❛ ♦❜s❡r✈❛r ❞✉❛s ✐♥❝ó❣♥✐t❛s q✉❡ r❡♣r❡s❡♥t❛♠ ❛s ❝♦♠♣♦♥❡♥t❡s r❛❞✐❛❧
❡ ❛♥❣✉❧❛r✱ r ❡ θ✱ r❡s♣❡t✐✈❛♠❡♥t❡✳ P❡❧❛ ❞❡✜♥✐çã♦ ❞❛s ❝♦♦r❞❡♥❛❞❛s ♣♦❧❛r❡s✱ t❡♠✲s❡ q✉❡ r =
√

x2 + y2 ❡ θ = arctan( yx)✳ ❊st❛ ❞❡✜♥✐çã♦ ❞á✲♥♦s✱ t❛♠❜é♠✱ q✉❡ x = r cos(θ) ❡ y = r sin(θ)✱
s❡♥❞♦ q✉❡ θ s❡❣✉❡ ♦ s❡♥t✐❞♦ ❛♥t✐✲❤♦rár✐♦ ❛ ♣❛rt✐r ❞♦ ❡✐①♦ ❞❛s ❛❜❝✐ss❛s✳

❈♦♠♦ ❢♦✐ ♠❡♥❝✐♦♥❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ♦s ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ sã♦ ♦rt♦❣♦♥❛✐s ❛♣❡♥❛s ♥♦ ❝ír✲
❝✉❧♦ ✉♥✐tár✐♦✱ ♣❡❧♦ q✉❡ s❡ r❡✈❡❧❛ út✐❧ ✉s❛r ❝♦♦r❞❡♥❛❞❛s ♥♦r♠❛❧✐③❛❞❛s ♣❛r❛ r❡♣r❡s❡♥t❛r ❢✉♥çõ❡s
♦✉ s✉♣❡r❢í❝✐❡s✳ ❆s ❝♦♦r❞❡♥❛❞❛s ♣♦❧❛r❡s ♥♦r♠❛❧✐③❛❞❛s (ρ, θ) ❡stã♦ r❡❧❛❝✐♦♥❛❞❛s ❝♦♠ ❝♦♦r❞❡♥❛✲
❞❛s ♣♦❧❛r❡s (r, θ) ❛tr❛✈és ❞❡

ρ =
r

rmax
, ✭✷✳✽✮

♦♥❞❡ 0 ≤ r ≤ rmax ❡ rmax é ❛ ❡①t❡♥sã♦ r❛❞✐❛❧ ♠á①✐♠❛ ❞❛ ❢✉♥çã♦ ♦✉ ❞❛ s✉♣❡r❢í❝✐❡✳ ◆♦t❡✲s❡ q✉❡
❛♣❡♥❛s ❛ ❝♦♠♣♦♥❡♥t❡ r❛❞✐❛❧ é ❛❢❡t❛❞❛ ♣❡❧❛ ♥♦r♠❛❧✐③❛çã♦✳ ❚❛♠❜é♠ é ♥❡❝❡ssár✐❛ ♣❛r❛ ❛❧❣✉♠❛s
s✐t✉❛çõ❡s ❛ ❞❡s❝r✐çã♦ ❞♦s ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ❡♠ ❝♦♦r❞❡♥❛❞❛s ❝❛rt❡s✐❛♥❛s✱ ❞❡ ♣r❡❢❡rê♥❝✐❛
♥♦r♠❛❧✐③❛❞❛s ♣❛r❛ q✉❡ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ♦rt♦❣♦♥❛❧✐❞❛❞❡ s❡❥❛♠ ✉s✉❢r✉✐❞❛s✳ ❆s ❝♦♦r❞❡♥❛❞❛s
❝❛rt❡s✐❛♥❛s ♥♦r♠❛❧✐③❛❞❛s (X,Y ) ❡stã♦ r❡❧❛❝✐♦♥❛❞❛s ❝♦♠ ❛s ❝♦♦r❞❡♥❛❞❛s ❝❛rt❡s✐❛♥❛s r❡❣✉❧❛r❡s
(x, y) ❛tr❛✈és ❞❡

X =
x

rmax
❡ Y =

y

rmax
✭✷✳✾✮

♦♥❞❡✱ ♠❛✐s ✉♠❛ ✈❡③✱ rmax ❝♦rr❡s♣♦♥❞❡ à ❡①t❡♥sã♦ r❛❞✐❛❧ ♠á①✐♠❛ ❞❛ ❢✉♥çã♦ ♦✉ ❞❛ s✉♣❡r❢í❝✐❡✳

❇❡r♥❛r❞♦ ❳❛✈✐❡r ◆♦❣✉❡✐r❛ ❉✉❛rt❡ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦



✷✳P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡✿ ❞❡✜♥✐çõ❡s ❡ ♣r♦♣r✐❡❞❛❞❡s ✼

✷✳✺ ❈♦♥✈❡rsã♦ ❞❡ ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ❞❡ ❝♦♦r❞❡♥❛❞❛s ♣♦❧❛r❡s

♣❛r❛ ❝♦♦r❞❡♥❛❞❛s ❝❛rt❡s✐❛♥❛s

❈♦♠♦ ♦s ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ❞❡♣❡♥❞❡♠ ❞❡ cos(mθ) ❡ sin(mθ)✱ ✈❡r✐✜❝❛✲s❡ ❛ s❡❣✉✐♥t❡ r❡❧❛çã♦
❡♠ C✳

ei|m|θ = cos(|m|θ) + i× sin(|m|θ)

=
[

eiθ
]|m|

= [cos θ + i× sin θ]|m| . ✭✷✳✶✵✮

❙❛❜❡♥❞♦ q✉❡ ρ = r/rmax✱ ✈❡♠ ❡♥tã♦ q✉❡

X =
x

rmax

=
r cos(θ)

rmax

=
r

rmax
× cos(θ)

= ρ cos(θ)

✐st♦ é✱

cos(θ) =
X

ρ
. ✭✷✳✶✶✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ✈❡♠ t❛♠❜é♠

Y =
y

rmax

=
r sin(θ)

rmax

=
r

rmax
× sin(θ)

= ρ sin(θ)

✐st♦ é✱

sin(θ) =
Y

ρ
. ✭✷✳✶✷✮

❚❡♥❞♦ ❡♠ ❝♦♥t❛ ✭✷✳✶✶✮ ❡ ✭✷✳✶✷✮✱ ❛ ❡①♣r❡ssã♦ ✭✷✳✶✵✮ ♣♦❞❡ s❡r r❡❡s❝r✐t❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

[cos θ + i× sin θ]|m| =

[
X

ρ
+ i× Y

ρ

]|m|

.

❇❡r♥❛r❞♦ ❳❛✈✐❡r ◆♦❣✉❡✐r❛ ❉✉❛rt❡ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦



✽ ✷✳P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡✿ ❞❡✜♥✐çõ❡s ❡ ♣r♦♣r✐❡❞❛❞❡s

❚❡♥❞♦ ❡♠ ❝♦♥t❛ ❛ s❡❣✉✐♥t❡ ❡①♣❛♥sã♦ ❜✐♥♦♠✐❛❧

[
X

ρ
+ i

Y

ρ

]|m|

=

|m|
∑

k=0

(|m|
k

)[
iY

ρ

]k [X

ρ

]|m|−k

=

|m|
∑

k=0

ρ−kρ−|m|+k

(|m|
k

)

ikX |m|−kY k,

❡ ❝♦♠♦ cos(|m|θ) ❝♦rr❡s♣♦♥❞❡ à ♣❛rt❡ r❡❛❧ ❞❛ ❡①♣r❡ssã♦ ❛♥t❡r✐♦r ❡ sin(|m|θ) à ♣❛rt❡ ✐♠❛❣✐♥ár✐❛
❞❛ ♠❡s♠❛✱ ♦❜té♠✲s❡

cos(|m|θ) =

|m|
∑

k=0
k ♣❛r

(−1)k/2
(|m|
k

)

ρ−|m|X |m|−kY k ✭✷✳✶✸✮

sin(|m|θ) =

|m|
∑

k=1
k í♠♣❛r

(−1)(k−1)/2

(|m|
k

)

ρ−|m|X |m|−kY k. ✭✷✳✶✹✮

❋❛③❡♥❞♦ ♦ r❡❛rr❛♥❥♦ ❞♦ í♥❞✐❝❡ ❞❡ s✉♠❛çã♦ ♦❜té♠✲s❡

cos(|m|θ) =

|m|/2
∑

k=0

(−1)k
(|m|
2k

)

ρ−|m|X |m|−2kY 2k ✭✷✳✶✺✮

❡

sin(|m|θ) =

(|m|−1)/2
∑

k=0

(−1)k
( |m|
2k + 1

)

ρ−|m|X |m|−(2k+1)Y 2k+1. ✭✷✳✶✻✮

❚✐r❛♥❞♦ ♣❛rt✐❞♦ ❞❛s ❡q✉❛çõ❡s (2.1) − (2.3)✱ (2.13) − (2.16) ❡ s❛❜❡♥❞♦ q✉❡ ρ2 = X2 + Y 2✱
t❡♠✲s❡ q✉❡

P❛r❛ m > 0

Zm
n (X,Y )

= Nm
n R

|m|
n (ρ) cos(mθ)

=
√

2(n+ 1)

n−|m|
2∑

s=0

(−1)s(n− s)!

s!
[
n+|m|

2 − s
]

!
[
n−|m|

2 − s
]

!
ρn−2s ×

|m|
2∑

k=0

(−1)k
(
m

2k

)

ρ−|m|X |m|−2kY 2k

=
√

2(n+ 1)

n−|m|
2∑

s=0

|m|
2∑

k=0

(−1)s(−1)k(n− s)!

s!
[
n+|m|

2 − s
]

!
[
n−|m|

2 − s
]

!
ρn−2s

(
m

2k

)

ρ−|m|X |m|−2kY 2k

=
√

2(n+ 1)

n−|m|
2∑

s=0

|m|
2∑

k=0

(−1)s+k(n− s)!

s!
[
n+|m|

2 − s
]

!
[
n−|m|

2 − s
]

!
ρn−2s−|m|

(
m

2k

)

X |m|−2kY 2k

❇❡r♥❛r❞♦ ❳❛✈✐❡r ◆♦❣✉❡✐r❛ ❉✉❛rt❡ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦



✷✳P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡✿ ❞❡✜♥✐çõ❡s ❡ ♣r♦♣r✐❡❞❛❞❡s ✾

=
√

2(n+ 1)

n−|m|
2∑

s=0

|m|
2∑

k=0

(−1)s+k(n− s)!

s!
[
n+|m|

2 − s
]

!
[
n−|m|

2 − s
]

!

(
m

2k

)

X |m|−2kY 2k

×
n−|m|

2
−s

∑

j=0

(n−|m|
2 − s

j

)

Xn−|m|−2s−2jY 2j

=
√

2(n+ 1)

n−|m|
2∑

s=0

n−|m|
2

−s
∑

j=0

|m|
2∑

k=0

(−1)s+k(n− s)!

s!
[
n+|m|

2 − s
]

!
[
n−|m|

2 − s
]

!

(n−|m|
2 − s

j

)(
m

2k

)

×Xn−|m|−2s−2j+|m|−2kY 2j+2k

=
√

2(n+ 1)

n−|m|
2∑

s=0

n−|m|
2

−s
∑

j=0

|m|
2∑

k=0

(−1)s+k(n− s)!

s!
[
n+|m|

2 − s
]

!
[
n−|m|

2 − s
]

!

(n−m
2 − s

j

)(
m

2k

)

×Xn−2(s+j+k)Y 2(j+k). ✭✷✳✶✼✮

P❛r❛ m < 0

P❛r❛ m < 0✱ ❝♦♠♦ sin(mθ) = sin(−|m|θ) = − sin(|mθ|)✱ ❡♥tã♦✱ ✉t✐❧✐③❛♥❞♦ (2.16)✱ t❡♠✲s❡
q✉❡

Zm
n (X,Y )

= −Nm
n R

|m|
n (ρ) sin(mθ)

=
√

2(n+ 1)

n−|m|
2∑

s=0

(−1)s(n− s)!

s!
[
n+|m|

2 − s
]

!
[
n−|m|

2 − s
]

!
ρn−2s

×
|m|−1

2∑

k=0

(−1)k
(

m

2k + 1

)

ρ−|m|X |m|−2k−1Y 2k+1

=
√

2(n+ 1)

n−|m|
2∑

s=0

|m|−1

2∑

k=0

(−1)s(−1)k(n− s)!

s!
[
n+|m|

2 − s
]

!
[
n−|m|

2 − s
]

!
ρn−2s

(
m

2k + 1

)

× ρ−|m|X |m|−2k−1Y 2k+1

=
√

2(n+ 1)

n−|m|
2∑

s=0

|m|−1

2∑

k=0

(−1)s+k(n− s)!

s!
[
n+|m|

2 − s
]

!
[
n−|m|

2 − s
]

!
ρn−2s−|m|

(
m

2k + 1

)

×X |m|−2k−1Y 2k+1

❇❡r♥❛r❞♦ ❳❛✈✐❡r ◆♦❣✉❡✐r❛ ❉✉❛rt❡ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦



✶✵ ✷✳P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡✿ ❞❡✜♥✐çõ❡s ❡ ♣r♦♣r✐❡❞❛❞❡s

=
√

2(n+ 1)

n−|m|
2∑

s=0

|m|−1

2∑

k=0

(−1)s+k(n− s)!

s!
[
n+|m|

2 − s
]

!
[
n−|m|

2 − s
]

!

(
m

2k + 1

)

X |m|−2k−1Y 2k+1

×
n−|m|

2
−s

∑

j=0

(n−|m|
2 − s

j

)

Xn−|m|−2s−2jY 2j

=
√

2(n+ 1)

n−|m|
2∑

s=0

n−|m|
2

−s
∑

j=0

|m|−1

2∑

k=0

(−1)s+k(n− s)!

s!
[
n+|m|

2 − s
]

!
[
n−|m|

2 − s
]

!

(n−|m|
2 − s

j

)(
m

2k + 1

)

×Xn−|m|−2s−2j+|m|−2k−1Y 2j+2k+1

=
√

2(n+ 1)×
n−|m|

2∑

s=0

n−|m|
2

−s
∑

j=0

|m|−1

2∑

k=0

(−1)s+k(n− s)!

s!
[
n+|m|

2 − s
]

!
[
n−|m|

2 − s
]

!

(n−|m|
2 − s

j

)(
m

2k + 1

)

×Xn−2(s+j+k)−1Y 2(j+k)+1. ✭✷✳✶✽✮

P❛r❛ m = 0

Z0
n(X,Y )

= −N0
nR

|0|
n (ρ) cos(0θ)

=
√
n+ 1

√

2(n+ 1)

1 + 1

n−|0|
2∑

s=0

(−1)s(n− s)!

s!
[
n+|0|

2 − s
]

!
[
n−|0|

2 − s
]

!
ρn−2s × 1

=
√
n+ 1

n
2∑

s=0

(−1)s(n− s)!

s!
[
n
2 − s

]
!
[
n
2 − s

]
!
ρn−2s

=
√
n+ 1

n
2∑

s=0

(−1)s(n− s)!

s!
[
n
2 − s

]
!
[
n
2 − s

]
!

n
2
−s
∑

j=0

(n
2 − s

j

)

Xn−2s−2jY 2j

=
√
n+ 1

n
2∑

s=0

n
2
−s
∑

j=0

(−1)s(n− s)!

s!
[
n
2 − s

]
!
[
n
2 − s

]
!

(n
2 − s

j

)

Xn−2s−2jY 2j

=
√
n+ 1

n
2∑

s=0

n
2
−s
∑

j=0

(−1)s(n− s)!

s!
[
n
2 − s

]
!
[
n
2 − s

]
!

(n
2 − s

j

)

Xn−2(s+j)Y 2j . ✭✷✳✶✾✮
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✷✳P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡✿ ❞❡✜♥✐çõ❡s ❡ ♣r♦♣r✐❡❞❛❞❡s ✶✶

✷✳✻ ❉❡r✐✈❛❞❛s ❞♦s ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡

✷✳✻✳✶ ❉❡r✐✈❛❞❛ ♣❛r❝✐❛❧ ❡♠ ♦r❞❡♠ ❛ ρ

❆ ♣❛rt✐r ❞❛s ❡q✉❛çõ❡s (2.1) ❡ (2.2)✱ ❢❛❝✐❧♠❡♥t❡ s❡ ❞❡❞✉③ q✉❡

∂(Zm
n (ρ, θ))

∂ρ
=







∂(Nm
n (R

|m|
n (ρ)) cos(mθ))

∂ρ
, ♣❛r❛ m ≥ 0

∂(−Nm
n (R

|m|
n (ρ)) sin(mθ))

∂ρ
, ♣❛r❛ m < 0

=







Nm
n

∂(R
|m|
n (ρ))

∂ρ
cos(mθ) , ♣❛r❛ m ≥ 0

−Nm
n

∂(R
|m|
n (ρ))

∂ρ
sin(mθ) , ♣❛r❛ m < 0

✭✷✳✷✵✮

❡
∂
(

R
|m|
n (ρ)

)

∂ρ
=

n−|m|
2∑

s=0

(−1)s(n− s)!

s!
[
n+|m|

2 − s
]

!
[
n−|m|

2 − s
]

!
(n− 2s)ρn−2s−1. ✭✷✳✷✶✮

✷✳✻✳✷ ❉❡r✐✈❛❞❛ ♣❛r❝✐❛❧ ❡♠ ♦r❞❡♠ ❛ r

P❛r❛ ❝❛❧❝✉❧❛r ❛ ❞❡r✐✈❛❞❛ ❡♠ ♦r❞❡♠ ❛ r✱ r❡❝♦rr❡✲s❡ à r❡❣r❛ ❞❛ ❝❛❞❡✐❛✱ ✐st♦ é✱

∂(Zm
n (r, θ))

∂r
=
∂(Zm

n (ρ, θ))

∂ρ

∂ρ

∂r
. ✭✷✳✷✷✮

❯♠❛ ✈❡③ q✉❡ ρ =
r

rmax
✱ ❝♦♥❝❧✉✐✲s❡ q✉❡

∂ρ

∂r
=

1

rmax
✱ ♣❡❧♦ q✉❡ (2.22) é ❡q✉✐✈❛❧❡♥t❡ ❛

∂(Zm
n (r, θ))

∂r
=

1

rmax

∂(Zm
n (ρ, θ))

∂ρ
. ✭✷✳✷✸✮

✷✳✻✳✸ ❉❡r✐✈❛❞❛ ♣❛r❝✐❛❧ ❡♠ ♦r❞❡♠ ❛ θ

P❛rt✐♥❞♦ ❞❡ (2.1) ❛♣❧✐❝❛✲s❡ ❛ ❞❡r✐✈❛❞❛ ♣❛r❝✐❛❧ ❡♠ ♦r❞❡♠ ❛ θ✱ ♦❜t❡♥❞♦✲s❡

∂(Zm
n (ρ, θ))

∂θ
=







∂(Nm
n R

|m|
n (ρ) cos(mθ))

∂θ
, m ≥ 0

∂(−Nm
n R

|m|
n (ρ) sin(mθ))

∂θ
, m < 0

=







Nm
n R

|m|
n (ρ)

(∂ cos(mθ))

∂θ
, m ≥ 0

−Nm
n R

|m|
n (ρ)

(∂ sin(mθ))

∂θ
, m < 0

=







−mNm
n R

|m|
n (ρ) sin(mθ) , m ≥ 0

−mNm
n R

|m|
n (ρ) cos(mθ) , m < 0

. ✭✷✳✷✹✮
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✶✷ ✷✳P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡✿ ❞❡✜♥✐çõ❡s ❡ ♣r♦♣r✐❡❞❛❞❡s

✷✳✻✳✹ ❉❡r✐✈❛❞❛ ♣❛r❝✐❛❧ ❡♠ ♦r❞❡♠ ❛ X

❆ ♣❛rt✐r ❞❡ (2.17), (2.18) ❡ (2.19)✱ r❡s✉❧t❛ q✉❡

P❛r❛ m > 0

∂Zm
n (X,Y )

∂X

=
√

2(n+ 1)

n−|m|
2∑

s=0

n−|m|
2

−s
∑

j=0

|m|
2∑

k=0

(−1)s+k(n− s)!

s!
[
n+|m|

2 − s
]

!
[
n−|m|

2 − s
]

!

(n−|m|
2 − s

j

)(
m

2k

)

× (n− 2(s+ j + k))Xn−2(s+j+k)−1Y 2(j+k). ✭✷✳✷✺✮

P❛r❛ m < 0

∂Zm
n (X,Y )

∂X

=
√

2(n+ 1)

n−|m|
2∑

s=0

n−|m|
2

−s
∑

j=0

|m|−1

2∑

k=0

(−1)s+k(n− s)!

s!
[
n+|m|

2 − s
]

!
[
n−|m|

2 − s
]

!

(n−|m|
2 − s

j

)(
m

2k + 1

)

× (n− 2(s+ j + k)− 1)Xn−2(s+j+k)−2Y 2(j+k)+1. ✭✷✳✷✻✮

P❛r❛ m = 0

∂Z0
n(X,Y )

∂X

=
√
n+ 1

n
2∑

s=0

n
2
−s
∑

j=0

(−1)s(n− s)!

s!
[
n
2 − s

]
!
[
n
2 − s

]
!

(n
2 − s

j

)

(n− 2(s+ j))Xn−2(s+j)−1Y 2j . ✭✷✳✷✼✮

✷✳✻✳✺ ❉❡r✐✈❛❞❛ ♣❛r❝✐❛❧ ❡♠ ♦r❞❡♠ ❛ Y

❆ ♣❛rt✐r ❞❡ (2.17), (2.18) ❡ (2.19)✱ ♦❜té♠✲s❡

P❛r❛ m > 0

∂Zm
n (X,Y )

∂Y

=
√

2(n+ 1)

n−|m|
2∑

s=0

n−|m|
2

−s
∑

j=0

|m|
2∑

k=0

(−1)s+k(n− s)!

s!
[
n+|m|

2 − s
]

!
[
n−|m|

2 − s
]

!

(n−|m|
2 − s

j

)(
m

2k

)

× (2(j + k))Xn−2(s+j+k)Y 2(j+k)−1. ✭✷✳✷✽✮
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✷✳P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡✿ ❞❡✜♥✐çõ❡s ❡ ♣r♦♣r✐❡❞❛❞❡s ✶✸

P❛r❛ m < 0

∂Zm
n (X,Y )

∂Y

=
√

2(n+ 1)

n−|m|
2∑

s=0

n−|m|
2

−s
∑

j=0

|m|−1

2∑

k=0

(−1)s+k(n− s)!

s!
[
n+|m|

2 − s
]

!
[
n−|m|

2 − s
]

!

(n−|m|
2 − s

j

)(
m

2k + 1

)

× (2(j + k) + 1)Xn−2(s+j+k)−1Y 2(j+k). ✭✷✳✷✾✮

P❛r❛ m = 0

∂Z0
n(X,Y )

∂Y

=
√
n+ 1

n
2∑

s=0

n
2
−s
∑

j=0

(−1)s(n− s)!

s!
[
n
2 − s

]
!
[
n
2 − s

]
!

(n
2 − s

j

)

2jXn−2(s+j)Y 2j−1. ✭✷✳✸✵✮

✷✳✻✳✻ ❘❡❧❛çã♦ ❡♥tr❡ ❛s ❞❡r✐✈❛❞❛s ♣❛r❝✐❛✐s ❡♠ ♦r❞❡♠ ❛ X ❡ ❛ x

❘❡❝♦rr❡♥❞♦ à r❡❣r❛ ❞❛ ❝❛❞❡✐❛ ♣❛r❛ ❝❛❧❝✉❧❛r ❛ ❞❡r✐✈❛❞❛ ♣❛r❝✐❛❧ ❞❡ Zm
n (x, y) ❡♠ ♦r❞❡♠ ❛ x✱

r❡s✉❧t❛
∂(Zm

n (x, y))

∂x
=
∂(Zm

n (X,Y ))

∂X

∂X

∂x
. ✭✷✳✸✶✮

❈♦♠♦ X =
x

rmax
❡♥tã♦

∂X

∂x
=

1

rmax
✳ ❆ss✐♠✱

∂(Zm
n (x, y))

∂x
=

1

rmax

∂(Zm
n (X,Y ))

∂X
. ✭✷✳✸✷✮

✷✳✻✳✼ ❘❡❧❛çã♦ ❡♥tr❡ ❛s ❞❡r✐✈❛❞❛s ♣❛r❝✐❛✐s ❡♠ ♦r❞❡♠ ❛ Y ❡ ❛ y

❋❛③❡♥❞♦ ✉s♦ ❞❛ r❡❣r❛ ❞❛ ❝❛❞❡✐❛✱ ♦❜té♠✲s❡

∂(Zm
n (x, y))

∂y
=
∂(Zm

n (X,Y ))

∂Y

∂Y

∂y
. ✭✷✳✸✸✮

❈♦♠♦ Y =
y

rmax
❡♥tã♦

∂Y

∂y
=

1

rmax
✳ ❉❡st❛ ❢♦r♠❛ ❝♦♥❝❧✉✐✲s❡ q✉❡

∂(Zm
n (x, y))

∂y
=

1

rmax

∂(Zm
n (X,Y ))

∂Y
. ✭✷✳✸✹✮

✷✳✻✳✽ ❉❡r✐✈❛❞❛s ♣❛r❝✐❛✐s ❡♠ ♦r❞❡♠ ❛ X ❡ Y ❡①♣r❡ss❛s ❝♦♠♦ ♣♦❧✐♥ó♠✐♦s

❩❡r♥✐❦❡

❆s ❡q✉❛çõ❡s s❡❣✉✐♥t❡s ❞ã♦✲♥♦s ❛s r❡❧❛çõ❡s ❡♥tr❡ ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ❡ ❛s s✉❛s ♣r✐♠❡✐r❛s
❞❡r✐✈❛❞❛s✳ ❊st❛s ❡①♣r❡ssõ❡s sã♦ ♠♦❞✐✜❝❛çõ❡s ❞❛s ❡①♣r❡ssõ❡s ❞❡ ❈❤❛r❧✐❡ ❈❛♠♣❜❡❧❧ ♣❛r❛ ♦ ❝❛s♦

❇❡r♥❛r❞♦ ❳❛✈✐❡r ◆♦❣✉❡✐r❛ ❉✉❛rt❡ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦



✶✹ ✷✳P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡✿ ❞❡✜♥✐çõ❡s ❡ ♣r♦♣r✐❡❞❛❞❡s

♥ã♦✲♥♦r♠❛❧✐③❛❞♦ ✭✈❡r ❬✽❪✮✳

∂Zm
n (X,Y )

∂X

=
√

(1 + δm0)(n+ 1)





n−1∑

n′=|m|+1

√

(n′ + 1)Z
m
|m|

(|m|+1)

n′ (X,Y ) + (1− δm0)(1− δm,−1)

×
√

(1 + δm1)

n−1∑

n′=|m|−1

√

(n′ + 1)Z
m
|m|

(|m|−1)

n′ (X,Y )



 ✭✷✳✸✺✮

∂Zm
n (X,Y )

∂Y

=
√

(1 + δm0)(n+ 1)
m

|m|





n−1∑

n′=|m|+1

√

(n′ + 1)Z
− m

|m|
(|m|+1)

n′ (X,Y ) − (1− δm0)(1− δm1)

×
√

(1 + δm,−1)
n−1∑

n′=|m|−1

√

(n′ + 1)Z
− m

|m|
(|m|−1)

n′ (X,Y )



 . ✭✷✳✸✻✮

❉❡ ♥♦t❛r✱ ♠❛✐s ✉♠❛ ✈❡③✱ q✉❡

δab =

{

1, s❡ a = b

0, s❡ a 6= b
.

✷✳✼ ❘❡✢❡①õ❡s ❡ r♦t❛çõ❡s ❞❡ ❩❡r♥✐❦❡

✷✳✼✳✶ ❘❡✢❡①ã♦ ❡ ✐♠❛❣❡♠ ❞❡ ✉♠ ❛❥✉st❡ ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡

❉❡✜♥✐çã♦ ✷✳✼✳✶ ❉❡♥♦♠✐♥❛♠✲s❡ ♣♦r ♣❛❞rõ❡s ❞❡ ❩❡r♥✐❦❡ às r❡♣r❡s❡♥t❛çõ❡s ❣rá✜❝❛s ❞❡ ❝❛❞❛
✉♠ ❞♦s ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡✳

❈♦♠ ♦ ♦❜❥❡❝t✐✈♦ ❞❡ r♦❞❛r ♦s ♣❛❞rõ❡s ❞❡ ❩❡r♥✐❦❡ s♦❜r❡ ♦ ❡✐①♦ ❞♦s Y ✬s✱ ♦s ✈❛❧♦r❡s ❞❡ X ♥❛s
❡q✉❛çõ❡s (2.17), (2.18) ❡ (2.19) ♣❛ss❛♠ ❛ (−X)✳ ❊st❛ r❡✢❡①ã♦ r❡✈❡❧❛✲s❡ út✐❧ ♣❛r❛ ❝♦♠♣❛r❛r
❢r❡♥t❡s ❞❡ ♦♥❞❛ ❞♦ ♦❧❤♦ ❞✐r❡✐t♦ ❡ ❡sq✉❡r❞♦✳

P❛r❛ ♦s ❝❛s♦s ❡♠ q✉❡ m ≥ 0✱ s❡ X ♣❛ss❛ ❛ (−X)✱ ❛♣❛r❡❝❡ ♦ ❢❛t♦r (−1)n−2(s+j+k)✱ ♦✉ s❡❥❛

(−X)n−2(s+j+k) = (−1)n−2(s+j+k)Xn−2(s+j+k).

❆ss✐♠✱ s❡ n ❢♦r ♣❛r ❡ s❡♥❞♦ ♦ ❡①♣♦❡♥t❡ ❞♦ ❢❛t♦r ♠❡♥❝✐♦♥❛❞♦ h✱ ❡♥tã♦ h é ♣❛r ❡✱ ♣♦rt❛♥t♦✱ ✈❡♠
q✉❡

(−1)n−2(s+j+k)Xn−2(s+j+k) = (−1)hXn−2(s+j+k) = Xn−2(s+j+k)

♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ Zm
n (−X,Y ) = Zm

n (X,Y )✳

❇❡r♥❛r❞♦ ❳❛✈✐❡r ◆♦❣✉❡✐r❛ ❉✉❛rt❡ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦



✷✳P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡✿ ❞❡✜♥✐çõ❡s ❡ ♣r♦♣r✐❡❞❛❞❡s ✶✺

❙❡✱ ♣♦r ♦✉tr♦ ❧❛❞♦✱ n é í♠♣❛r✱ ❡♥tã♦ h é í♠♣❛r✱ ♦❜t❡♥❞♦✲s❡ ❛ss✐♠

(−1)n−2(s+j+k)Xn−2(s+j+k) = (−1)hXn−2(s+j+k) = −Xn−2(s+j+k)

♣❡❧♦ q✉❡ Zm
n (−X,Y ) = −Zm

n (X,Y )✳

P❛r❛ ♦s ❝❛s♦s ❡♠ q✉❡ m < 0✱ s❡ X ♣❛ss❛ ❛ (−X)✱ ❛♣❛r❡❝❡ ♦ ❢❛t♦r (−1)n−2(s+j+k)−1✱ ♦✉
s❡❥❛✱

(−X)n−2(s+j+k)−1 = (−1)n−2(s+j+k)−1Xn−2(s+j+k).

❙❡ n ❢♦r ♣❛r ❡ s❡♥❞♦ ♦ ❡①♣♦❡♥t❡ ❞♦ ❢❛t♦r ♠❡♥❝✐♦♥❛❞♦ h✱ ❡♥tã♦ h é í♠♣❛r ❡✱ ♣♦rt❛♥t♦✱ ✈❡♠
q✉❡

(−1)n−2(s+j+k)−1Xn−2(s+j+k) = (−1)hXn−2(s+j+k)−1 = −Xn−2(s+j+k)−1

♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ Zm
n (−X,Y ) = −Zm

n (X,Y )✳

❙❡✱ ♣♦r ♦✉tr♦ ❧❛❞♦✱ n é í♠♣❛r✱ ❡♥tã♦ h é ♣❛r✱ ♦❜t❡♥❞♦✲s❡ ❛ss✐♠

(−1)n−2(s+j+k)−1Xn−2(s+j+k)−1 = (−1)hXn−2(s+j+k)−1 = Xn−2(s+j+k)−1

♣❡❧♦ q✉❡ Zm
n (−X,Y ) = Zm

n (X,Y )✳

❆ss✐♠✱ ❝♦♥❝❧✉✐✲s❡ q✉❡

Zm
n (−X,Y ) =







Zm
n (X,Y ) , s❡ m ≥ 0 ❡ n ♣❛r ♦✉ m < 0 ❡ n í♠♣❛r

−Zm
n (X,Y ) , s❡ m ≥ 0 ❡ n í♠♣❛r ♦✉ m < 0 ❡ n ♣❛r

. ✭✷✳✸✼✮

✷✳✼✳✷ ❘♦t❛çã♦ ❞❛s ❢✉♥çõ❡s ❞❡ ❩❡r♥✐❦❡

❈♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ s❡ ❢❛③❡r ✉♠❛ r♦t❛çã♦ ❞♦s ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡✱ ❛tr❛✈és ❞❡ ✉♠ â♥❣✉❧♦
θ0✱ s✉❜st✐t✉✐✲s❡ θ ♣♦r θ − θ0 ♥❛ ❡q✉❛çã♦ (2.1)✱ ♦❜t❡♥❞♦✲s❡

Zm
n (ρ, θ − θ0) =







Nm
n R

|m|
n (ρ) cos(m(θ − θ0)), ♣❛r❛ m ≥ 0

−Nm
n R

|m|
n (ρ) sin(m(θ − θ0)), ♣❛r❛ m < 0

. ✭✷✳✸✽✮

❖ r❡s✉❧t❛❞♦ ❞❡ ✉♠❛ r♦t❛çã♦ ❞❡ ♣❛r❡s ❞❡ ♣♦❧✐♥ó♠✐♦s ❝♦♠ n ✐❣✉❛❧✱ ♠❡s♠❛ ❢r❡q✉ê♥❝✐❛ ❛♥❣✉❧❛r✱
θ✱ ❡ ♠❡s♠❛ ♠❛❣♥✐t✉❞❡ ❡ s✐♥❛✐s ♦♣♦st♦s✱ m✱ ♣♦❞❡ s❡r ❡s❝r✐t♦ s♦❜ ❛ ❢♦r♠❛ ❞❡ ✉♠❛ ❡①♣❛♥sã♦
❧✐♥❡❛r✱ t❡♥❞♦ ❛ss✐♠ q✉❡

an,|m|Z
|m|
n (ρ, θ − θ0) + an,−|m|Z

−|m|
n (ρ, θ − θ0)

= an,|m|N
m
n R

|m|
n (ρ) cos(|m|(θ − θ0))− an,−|m|N

m
n R

|m|
n (ρ) sin(|m|(θ − θ0))

= an,|m|N
m
n R

|m|
n (ρ) cos(|m|θ − |m|θ0)− an,−|m|N

m
n R

|m|
n (ρ) sin(|m|θ − |m|θ0)

= an,|m|N
m
n R

|m|
n (ρ) [cos(|m|θ) cos(|m|θ0) + sin(|m|θ) sin(|m|θ0)]

− an,−|m|N
m
n R

|m|
n (ρ) [sin(|m|θ) cos(|m|θ0)− sin(|m|θ0) cos(|m|θ)]

❇❡r♥❛r❞♦ ❳❛✈✐❡r ◆♦❣✉❡✐r❛ ❉✉❛rt❡ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦



✶✻ ✷✳P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡✿ ❞❡✜♥✐çõ❡s ❡ ♣r♦♣r✐❡❞❛❞❡s

= an,|m|N
m
n R

|m|
n (ρ) cos(|m|θ) cos(|m|θ0) + an,|m|N

m
n R

|m|
n (ρ) sin(|m|θ) sin(|m|θ0)

− an,−|m|N
m
n R

|m|
n (ρ) sin(|m|θ) cos(|m|θ0) + an,−|m|N

m
n R

|m|
n (ρ) sin(|m|θ) cos(|m|θ0)

=
[
an,|m| cos(|m|θ0) + an,−|m| sin(|m|θ0)

]
Nm

n R
|m|
n (ρ) cos(|m|θ)

+
[
an,|m| sin(|m|θ0)− an,−|m| cos(|m|θ0)

]
Nm

n R
|m|
n (ρ) sin(|m|θ). ✭✷✳✸✾✮

❆ss✐♠✱ ♦s ♣♦❧✐♥ó♠✐♦s ♣♦❞❡♠ s♦❢r❡r ✉♠❛ r♦t❛çã♦ ♠♦❞✐✜❝❛♥❞♦ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ t❛❧ ❢♦r♠❛
q✉❡

bn,|m| =
[
an,|m| cos(|m|θ0) + an,−|m| sin(|m|θ0)

]

bn,−|m| =
[
an,|m| sin(|m|θ0)− an,−|m| cos(|m|θ0)

]
✭✷✳✹✵✮

♦♥❞❡ ♦s b✬s sã♦ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❛ ❡①♣❛♥sã♦ ♣❛r❛ ♦s ♣♦❧✐♥ó♠✐♦s q✉❡ s♦❢r❡r❛♠ r♦t❛çã♦✳

❆ss✐♠✱ ♦s ♣♦❧✐♥ó♠✐♦s q✉❡ s♦❢r❡♠ ✉♠❛ r♦t❛çã♦ ♣♦❞❡♠ s❡r ❞❡s❝r✐t♦s ♥❛ ❢♦r♠❛

an,|m|Z
|m|
n (ρ, θ − θ0) + an,−|m|Z

−|m|
n (ρ, θ − θ0) = bn,|m|Z

m
n (ρ, θ) + bn,−|m|Z

−|m|
n (ρ, θ) ✭✷✳✹✶✮

s❡♥❞♦ q✉❡ ♦s b✬s ❥á ❢♦r❛♠ ❞❛❞♦s ♣♦r(2.40)✳

✷✳✽ ❘❡♣r❡s❡♥t❛çã♦ ❞♦s ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡

❖s ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ sã♦ ♣♦❧✐♥ó♠✐♦s ♦rt♦❣♦♥❛✐s ♥♦ ❝ír❝✉❧♦ ✉♥✐tár✐♦✳ ❚❡♥❞♦ ✐ss♦ ❡♠ ❝♦♥t❛
❡ s❛❜❡♥❞♦ q✉❡ ❡st❡s ♣♦❧✐♥ó♠✐♦s t❛♠❜é♠ sã♦ ❝♦♥❤❡❝✐❞♦s ♣❡❧❛ s✉❛ r❡♣r❡s❡♥t❛çã♦ ❡♠ ❢♦r♠❛ ❞❡
♣✐râ♠✐❞❡✱ ❞❡❝✐❞✐✉✲s❡ ❢❛③❡r ❡st❛ ♠❡s♠❛ r❡♣r❡s❡♥t❛çã♦✱ t❛♥t♦ ❡♠ R

2 ❝♦♠♦ ❡♠ R
3✳ ❆ss✐♠✱ ♥❡st❡

❝❛♣ít✉❧♦ sã♦ ❡①♣❧✐❝❛❞♦s ❛❧❣✉♥s ❞♦s ♣❛ss♦s ❡ ❢✉♥çõ❡s ✉t✐❧✐③❛❞❛s ♥♦ ❝ó❞✐❣♦ ❞❡s❡♥✈♦❧✈✐❞♦✳ ❊st❛s
r❡♣r❡s❡♥t❛çõ❡s ❢♦r❛♠ ❢❡✐t❛s ❝♦♠ r❡❝✉rs♦ ❛♦ s♦❢t✇❛r❡ ▼❆❚▲❆❇✳ ◆❡st❛ ❢❛s❡✱ ❥á s❡ ♣♦❞❡ ✈❡r
r❡♣r❡s❡♥t❛❞♦ ♦ q✉❡ ❢♦✐ ✈✐st♦ ♥♦ s✉❜❝❛♣ít✉❧♦ 2.3✳ ❖ ❝ó❞✐❣♦ ✉t✐❧✐③❛❞♦ ❡stá ❡♠ ❛♥❡①♦✳

✷✳✽✳✶ ❘❡♣r❡s❡♥t❛çõ❡s ❡♠ R
3

❈♦♠❡ç❛✲s❡ ♣♦r r❡❧❡♠❜r❛r q✉❡ ♦s ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ sã♦ ❢✉♥çõ❡s r❡❛✐s ❞❡ ✈❛r✐á✈❡✐s r❡❛✐s
q✉❡ ♣♦❞❡♠ s❡r r❡♣r❡s❡♥t❛❞♦s ❡♠ R

3✱ ♣❡❧♦ q✉❡ ♣r✐♠❡✐r❛♠❡♥t❡ ✈ã♦ s❡r r❡♣r❡s❡♥t❛❞♦s ❛❧❣✉♥s
♣♦❧✐♥ó♠✐♦s ❡♠ R

3✳

◆✉♠❛ ♣r✐♠❡✐r❛ ❢❛s❡✱ ❢❡③✲s❡✱ ❛ tít✉❧♦ ❞❡ ❡①❡♠♣❧♦✱ ❛ r❡♣r❡s❡♥t❛çã♦ ❞♦ ♣♦❧✐♥ó♠✐♦ ❝♦rr❡s♣♦♥✲
❞❡♥t❡ ❛ Z−2

2 (ρ, θ)✳ P❛r❛ ❢❛③❡r ❡st❛ r❡♣r❡s❡♥t❛çã♦✱ ❝♦♠❡ç♦✉✲s❡ ♣♦r ❝r✐❛r ✉♠❛ ❣r❡❧❤❛ ❞❡ 10000
♣♦♥t♦s✱ ❢r✉t♦ ❞❛ ❝♦♠❜✐♥❛çã♦ ❞❡ ✶✵✵ r❛✐♦s ❡ ✶✵✵ â♥❣✉❧♦s ❞✐❢❡r❡♥t❡s✳ ❊st❡s ♣♦♥t♦s ❡stã♦ ❝♦♥t✐❞♦s
♥♦ ♣❧❛♥♦ xOy✳ ❉❡ s❡❣✉✐❞❛✱ ✉t✐❧✐③♦✉✲s❡ ✉♠❛ ❢✉♥çã♦ ✭✈❡r ❛♥❡①♦ (A.1)✮ q✉❡✱ ❛ ♣❛rt✐r ❞❡ ✉♠ ❞❛❞♦
n✱ ❞❡ ✉♠ ❞❛❞♦ m ❡ ❞❛ ❣r❡❧❤❛ ❞❡ â♥❣✉❧♦s ❡ r❛✐♦s ❛♥t❡r✐♦r✱ r❡t♦r♥❛ ✉♠❛ ❣r❡❧❤❛ ❝♦♠ ♦s ✈❛❧♦r❡s
❝♦rr❡s♣♦♥❞❡♥t❡s ♥♦ ♣♦❧✐♥ó♠✐♦ ❞❡ ❩❡r♥✐❦❡✳ ◆♦ ✜♥❛❧✱ ❢❛③✲s❡ ❛ r❡♣r❡s❡♥t❛çã♦ ❞❛ s✉♣❡r❢í❝✐❡✱ t❡♥❞♦
❡♠ ❝♦♥t❛ ♦s ♣♦♥t♦s ❞❛ ❣r❡❧❤❛ ✐♥✐❝✐❛❧ ❡ ♦s ✈❛❧♦r❡s ❝♦rr❡s♣♦♥❞❡♥t❡s ❝❛❧❝✉❧❛❞♦s ❞❛ ❣r❡❧❤❛ ❛♥t❡r✐♦r✳
❖❜t❡✈❡✲s❡ ❡♥tã♦ ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳

❇❡r♥❛r❞♦ ❳❛✈✐❡r ◆♦❣✉❡✐r❛ ❉✉❛rt❡ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦



✷✳P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡✿ ❞❡✜♥✐çõ❡s ❡ ♣r♦♣r✐❡❞❛❞❡s ✶✼

❋✐❣✉r❛ ✷✳✷✿ ❘❡♣r❡s❡♥t❛çã♦ ❞♦ ♣♦❧✐♥ó♠✐♦ Z−2
2 (ρ, θ)✳

◆✉♠❛ s❡❣✉♥❞❛ ❢❛s❡✱ ❢❡③✲s❡ ❛ r❡♣r❡s❡♥t❛çã♦ ❞❛ ♣✐râ♠✐❞❡ ❞♦s ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ❡♠ R
3

❛té n = 3✳ ❆ ú♥✐❝❛ ❞✐❢❡r❡♥ç❛ ♣❛r❛ ♦ ❝ó❞✐❣♦ ❛♥t❡r✐♦r é q✉❡ s❡ t❡✈❡ ❞❡ ❡♥❝♦♥tr❛r ✉♠❛ ❢♦r♠❛ ❞❡
r❡♣r❡s❡♥t❛r ❡♠ ❣r❡❧❤❛ ❝❛❞❛ ✉♠ ❞♦s ♣♦❧✐♥ó♠✐♦s ❡♠ R

3✳ ❖❜t❡✈❡✲s❡ t❛♠❜é♠ ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳

❋✐❣✉r❛ ✷✳✸✿ ❘❡♣r❡s❡♥t❛çã♦ ❡♠ ♣✐râ♠✐❞❡ ❞♦s ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ❛té n = 3✳

✷✳✽✳✷ ❘❡♣r❡s❡♥t❛çõ❡s ❡♠ R
2

◆❡st❡ s✉❜❝❛♣ít✉❧♦✱ ♠♦str❛r✲s❡✲ã♦ ♦s ♠❡s♠♦s r❡s✉❧t❛❞♦s ❞♦ s✉❜❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✱ ♣♦ré♠
♥✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❡♠ R

2✱ ❛tr❛✈és ❞❛ ♣r♦❥❡çã♦ ♥♦ ♣❧❛♥♦ xOy ❞♦s ♣♦♥t♦s q✉❡ sã♦ ❝❛❧❝✉✲
❧❛❞♦s ♥❛ ú❧t✐♠❛ ❣r❡❧❤❛✳ ◆❡st❡ s❡♥t✐❞♦✱ ♦ ❝ó❞✐❣♦ é ♠✉✐t♦ s❡♠❡❧❤❛♥t❡✱ ❞✐❢❡r✐♥❞♦ ❛♣❡♥❛s ♥❛ ♣❛rt❡
✜♥❛❧✱ ❡♠ q✉❡ ♥ã♦ s❡ r❡♣r❡s❡♥t❛♠ ♦s ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ❡♠ R

3✱ ♠❛s s✐♠ ❛ s✉❛ ♣r♦❥❡çã♦✱
❛tr❛✈és ❞♦ ❝♦♠❛♥❞♦ ♣❝♦❧♦r✭❳✱❨✱❩✮✳

❇❡r♥❛r❞♦ ❳❛✈✐❡r ◆♦❣✉❡✐r❛ ❉✉❛rt❡ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦



✶✽ ✷✳P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡✿ ❞❡✜♥✐çõ❡s ❡ ♣r♦♣r✐❡❞❛❞❡s

❊♠ ♣r✐♠❡✐r♦ ❧✉❣❛r✱ ❡ t❛❧ ❝♦♠♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ❢❛r✲s❡✲á ❛ r❡♣r❡s❡♥t❛çã♦ ❛♣❡♥❛s ❞♦ ♣♦❧✐♥ó♠✐♦
❝♦rr❡s♣♦♥❞❡♥t❡ ❛ Z−2

2 (ρ, θ)✳ ❖❜t❡✈❡✲s❡ ❡♥tã♦ ♦ r❡s✉❧t❛❞♦✳

❋✐❣✉r❛ ✷✳✹✿ ❘❡♣r❡s❡♥t❛çã♦ ❞♦ ♣♦❧✐♥ó♠✐♦ Z−2
2 (ρ, θ)✳

❉❡ s❡❣✉✐❞❛✱ ❢❡③✲s❡ ❡♥tã♦ ❛ r❡♣r❡s❡♥t❛çã♦ ❞❛ ♣✐râ♠✐❞❡ ❞♦s ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡✱ ❞❡st❛ ✈❡③
❛té n = 5✳

❋✐❣✉r❛ ✷✳✺✿ P✐râ♠✐❞❡ ❞❡ ❩❡r♥✐❦❡ ❛té n = 5✳

✷✳✾ P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ❡ ❛❧❣✉♠❛s ❛❜❡rr❛çõ❡s

❉❡✜♥✐çã♦ ✷✳✾✳✶ ❉❡♥♦♠✐♥❛✲s❡ ♣♦r ♠♦❞♦ ❞❡ ❩❡r♥✐❦❡ ✉♠ ♣♦❧✐♥ó♠✐♦ ❞❡ ❩❡r♥✐❦❡✳ ❯♠ ❣r✉♣♦ ❞❡
♠♦❞♦s ❞❡ ❩❡r♥✐❦❡ é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡✳

❇❡r♥❛r❞♦ ❳❛✈✐❡r ◆♦❣✉❡✐r❛ ❉✉❛rt❡ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦



✷✳P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡✿ ❞❡✜♥✐çõ❡s ❡ ♣r♦♣r✐❡❞❛❞❡s ✶✾

❖s ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡✱ ♣♦r s❡r❡♠ r❡♣r❡s❡♥t❛❞♦s ♥♦ ❝ír❝✉❧♦ ✉♥✐tár✐♦✱ tê♠ ✉♠❛ ❢♦rt❡ ❛♣❧✐✲
❝❛çã♦ ♥♦ q✉❡ ❞✐③ r❡s♣❡✐t♦ à r❡♣r❡s❡♥t❛çã♦ ❞♦ ♦❧❤♦✱ ❞❡ ♣❛rt❡s ❞♦ ♦❧❤♦ ❡ ❞❛s ❛❜❡rr❛çõ❡s ❞♦
♠❡s♠♦✳ ◆❡st❡ s❡♥t✐❞♦✱ ✈ár✐♦s ❡s♣❡❝✐❛❧✐st❛s ❡st✉❞❛r❛♠ ❡st❡s ♣♦❧✐♥ó♠✐♦s ❡ ❛s ❞✐✈❡rs❛s ❛❜❡rr❛✲
çõ❡s✱ ♣❡❧♦ q✉❡ s❡ ❝❤❡❣♦✉ à ❝♦♥❝❧✉sã♦ q✉❡ ❝❛❞❛ ♠♦❞♦ ♦✉ ❣r✉♣♦ ❞❡ ♠♦❞♦s ❞❡ ❩❡r♥✐❦❡ ❡st❛✈❛
❛ss♦❝✐❛❞♦ ❛ ✉♠❛ ❛❜❡rr❛çã♦ ❞✐❢❡r❡♥t❡✳ ❆ss✐♠✱ ♦s ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ sã♦ t❛♠❜é♠ ♠✉✐t♦
✉t✐❧✐③❛❞♦s ♣❛r❛ ❝♦rr✐❣✐r ❡st❡s ♣r♦❜❧❡♠❛s✱ ❛tr❛✈és ❞❡ ❧❡♥t❡s ❞❡ ❝♦♥t❛❝t♦✱ ó❝✉❧♦s ♦✉ ♠ét♦❞♦s ❝✐✲
rúr❣✐❝♦s✳ ❉❡ s❡❣✉✐❞❛✱ ❡①♣❧✐❝❛✲s❡ ❡♥tã♦ q✉❛❧ é ❛ ❛❜❡rr❛çã♦ ❛ss♦❝✐❛❞❛ ❛ ❝❛❞❛ ♠♦❞♦ ❛té à ♦r❞❡♠
n = 4✳ ❖ ❝ó❞✐❣♦ ✉t✐❧✐③❛❞♦ ♣♦❞❡ s❡r ❝♦♥s✉❧t❛❞♦ ♥♦ ❛♥❡①♦ (A.6)✳

❋✐❣✉r❛ ✷✳✻✿ ❘❡♣r❡s❡♥t❛çã♦ ❞♦s ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ❞❡ ♦r❞❡♠ n = 0✳

❊st❡ t❡r♠♦✱ Z0
0 , é ❞❡♥♦♠✐♥❛❞♦ ❝♦♠♦ P✐stã♦ ❡ é ♥♦r♠❛❧♠❡♠t❡ ✐❣♥♦r❛❞♦✱ ♣❡❧♦ ❢❛❝t♦ ❞❡ ❛ s✉❛

s✉♣❡r❢í❝✐❡ s❡r ❝♦♥st❛♥t❡ ❡♠ t♦❞♦ ♦ ❝ír❝✉❧♦✱ ♣❡❧♦ q✉❡ ♥ã♦ ❛♣r❡s❡♥t❛ q✉❛❧q✉❡r ✈❛r✐â♥❝✐❛✳

❋✐❣✉r❛ ✷✳✼✿ ❘❡♣r❡s❡♥t❛çã♦ ❞♦s ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ❞❡ ♦r❞❡♠ n = 1✳

❊st❡s t❡r♠♦s✱ Z−1
1 ❡ Z1

1 r❡♣r❡s❡♥t❛♠ ✉♠❛ ✐♥❝❧✐♥✐çã♦✱ ♣❡❧♦ q✉❡ ❛ ❛❜❡rr❛çã♦ ❛ss♦❝✐❛❞❛ ❛♦s
♠❡s♠♦s s❡ ❞❡♥♦♠✐♥❛ ❞❡ ❚✐❧t✳

❋✐❣✉r❛ ✷✳✽✿ ❘❡♣r❡s❡♥t❛çã♦ ❞♦s ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ❞❡ ♦r❞❡♠ n = 2✳

❇❡r♥❛r❞♦ ❳❛✈✐❡r ◆♦❣✉❡✐r❛ ❉✉❛rt❡ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦



✷✵ ✷✳P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡✿ ❞❡✜♥✐çõ❡s ❡ ♣r♦♣r✐❡❞❛❞❡s

❊st❛ ♦r❞❡♠ ❞❡ ♣♦❧✐♥ó♠✐♦s ❞✐✈✐❞❡✲s❡ ❡♠ ❞♦✐s ❣r✉♣♦s✳ ❖ ♣r✐♠❡✐r♦ ❣r✉♣♦ é ❝♦♠♣♦st♦ ❛♣❡♥❛s
♣❡❧♦ t❡r♠♦ Z0

2 ✱ s❡♥❞♦ ❛ s✉❛ ❛❜❡rr❛çã♦ ❝❤❛♠❛❞❛ ❞❡ ❉❡❢♦❝✉s✳ ♦ s❡❣✉♥❞♦ ❣r✉♣♦ ❡stá ❛ss♦❝✐❛❞♦
❛♦s t❡r♠♦s Z−2

2 ❡ Z2
2 ✱ ❞❡♥♦♠✐♥❛❞♦s ❞❡ ❆st✐❣♠❛t✐s♠♦ ❞❡ ✸➟ ♦r❞❡♠✳ ❆ ❝♦♠❜✐♥❛çã♦ ❞❡st❡s ✸

t❡r♠♦s ❢♦r♥❡❝❡ q✉❛❧q✉❡r ❡rr♦ ❞❡ r❡❢r❛❝çã♦ ❡s❢❡r✐❝♦❝✐❧✐♥❞rí❝♦✳

❋✐❣✉r❛ ✷✳✾✿ ❘❡♣r❡s❡♥t❛çã♦ ❞♦s ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ❞❡ ♦r❞❡♠ n = 3✳

❊st❛ ♦r❞❡♠ é ❝♦♠♣♦st❛ t❛♠❜é♠ ♣♦r ❞♦✐s ❣r✉♣♦s✳ ❖ ♣r✐♠❡✐r♦✱ ❝♦♠♣♦st♦ ♣♦r Z−1
3 ❡ Z1

3 ✱
❡stá ❛ss♦❝✐❛❞♦ ❛♦ ❈♦♠❛ ♣r✐♠ár✐♦ ❞❡ ✸➟ ♦r❞❡♠✳ ❖ s❡❣✉♥❞♦ ❣r✉♣♦✱ ❝♦♠♣♦st♦ ♣♦r Z−3

3 ❡ Z3
3 ✱

❛ss♦❝✐❛✲s❡ ❈♦♠❛ tr✐❛♥❣✉❧❛r ❞❡ ✸➟ ♦r❞❡♠✳ ❊st❡s t❡r♠♦s r❡♣r❡s❡♥t❛♠ ❛❜❡rr❛çõ❡s ❛ss✐♠étr✐❝❛s✱
q✉❡ ♥ã♦ ♣♦❞❡♠ s❡r ❝♦rr✐❣✐❞❛s ❛tr❛✈és ❞♦s ó❝✉❧♦s ♦✉ ❧❡♥t❡s ❞❡ ❝♦♥t❛❝t♦ ❝♦♥✈❡♥❝✐♦♥❛✐s✳

❋✐❣✉r❛ ✷✳✶✵✿ ❘❡♣r❡s❡♥t❛çã♦ ❞♦s ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ❞❡ ♦r❞❡♠ n = 4✳

❆ ú❧t✐♠❛ ♦r❞❡♠ ❡stá ❛ss♦❝✐❛❞❛ ❛ ✸ ❛❜❡rr❛çõ❡s ❞✐st✐♥t❛s✳ ❆ ♣r✐♠❡✐r❛✱ ❝✉❥♦ ♠♦❞♦ ❛ss♦❝✐❛❞♦ é
Z0
4 ✱ ❝♦rr❡s♣♦♥❞❡ à ❛❜❡rr❛çã♦ ❡s❢ér✐❝❛✳ ❊st❛s ❛❜❡rr❛çõ❡s ❡s❢ér✐❝❛s ♣♦❞❡♠ s❡r ❝♦rr✐❣✐❞❛s ❛tr❛✈és

❞❡ ❧❡♥t❡s ❛s❢ér✐❝❛s ✭❧❡♥t❡s ❝♦♠ ✉♠❛ s✉♣❡r❢í❝✐❡ ♠❛✐s ♣❧❛♥❛✮✳ ❆ s❡❣✉♥❞❛✱ ❝♦♠♣♦st❛ ♣♦r Z−2
4 ❡

Z2
4 ✱ ❛ss♦❝✐❛✲s❡ ❛♦ ❆st✐❣♠❛t✐s♠♦ ❞❡ ✹➟ ♦r❞❡♠✳ ❆ t❡r❝❡✐r❛ ❡ ú❧t✐♠❛ ❛❜❡rr❛çã♦ ❞❡♥♦♠✐♥❛✲s❡ ♣♦r

◗✉❛❞r♦✐❧ ❡ ❡stá ❛ss♦❝✐❛❞❛ ❛♦s ♠♦❞♦s Z−4
4 ❡ Z4

4 ✳ ❖s t❡r♠♦s ❞❡st❛ ♦r❞❡♠ r❡♣r❡s❡♥t❛♠ ❢r❡♥t❡s
❞❡ ♦♥❞❛ ❝♦♠ ❢♦r♠❛s ♠❛✐s ❝♦♠♣❧❡①❛s✳

❖ ❝ó❞✐❣♦ ✉t✐❧✐③❛❞♦ ♣❛r❛ ❞❡s❡♥✈♦❧✈❡r ❛s ❧✐♥❤❛s ❞❛ ♣✐râ♠✐❞❡ q✉❡ ❡stã♦ r❡♣r❡s❡♥t❛❞❛s ♥❡st❡
s✉❜❝❛♣ít✉❧♦ ❡stã♦ ❡♠ ❛♥❡①♦ ❡ ❢♦✐ ❞❡s❡♥✈♦❧✈✐❞♦ ♥♦ s♦❢t✇❛r❡ ▼❆❚▲❆❇✱ t❛❧ ❝♦♠♦ r❡❢❡r✐❞♦ ❛♥t❡✲
r✐♦r♠❡♥t❡ ✭✈❡r ❛♥❡①♦ (A.6)✮✳

❇❡r♥❛r❞♦ ❳❛✈✐❡r ◆♦❣✉❡✐r❛ ❉✉❛rt❡ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦



❈❛♣ít✉❧♦ ✸

P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ✈s ❋✉♥çõ❡s ❞❡

❇❡ss❡❧

✸✳✶ ■♥tr♦❞✉çã♦

◆♦ ❝❛♠♣♦ ❞❛ ✈✐sã♦ ❡ ❞❛ ót✐❝❛ ✈✐s✉❛❧ ❡①✐st❡ ✉♠ ♥ú♠❡r♦ ❞❡ s✉♣❡r❢í❝✐❡s q✉❡ s❡ r❡❧❛❝✐♦♥❛♠
t❛♥t♦ ❝♦♠ ❛ ❛♥❛t♦♠✐❛ ❡ ✜s✐♦❧♦❣✐❛ ❞♦ ♦❧❤♦ ❝♦♠♦ ❝♦♠ ♦s ✐♥str✉♠❡♥t♦s ót✐❝♦s ❞❡s✐❣♥❛❞♦s ♣❛r❛
♠❡❞✐r ❡ ❝♦rr✐❣✐r ❛❜❡rr❛çõ❡s✳

❆ ❧✉③ ♣r♦♣❛❣❛✲s❡ ✉♥✐❢♦r♠❡♠❡♥t❡ ❛♣❛rt✐r ❞❡ ✉♠ ♣♦♥t♦ ❧✉♠✐♥♦s♦ ❡♠ t♦❞❛s ❛s ❞✐r❡çõ❡s ❛
✉♠❛ ✈❡❧♦❝✐❞❛❞❡ ❝♦♥st❛♥t❡✳ ➚ ♠❡❞✐❞❛ q✉❡ s❡ ♣r♦♣❛❣❛✱ ❛s ♦♥❞❛s ❢♦r♠❛♠ s✉♣❡r❢í❝✐❡s ❡s❢ér✐❝❛s
✐♠❛❣✐♥ár✐❛s q✉❡ sã♦ ❝♦♥st✐t✉í❞❛s ♣❡❧♦ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ❡♠ q✉❡ ❛ ❧✉③ s❡ ❡stá ❛ ♣r♦♣❛❣❛r ❡♠
❝❛❞❛ ♠♦♠❡♥t♦✳ ❆ ❡st❛s s✉♣❡r❢í❝✐❡s ❞á✲s❡ ♦ ♥♦♠❡ ❞❡ ❢r❡♥t❡s ❞❡ ♦♥❞❛✳ ❊st❛s ❢r❡♥t❡s ❞❡ ♦♥❞❛
♣♦❞❡♠ s❡r ♠♦❞❡❧❛❞❛s ♠❛t❡♠❛t✐❝❛♠❡♥t❡✱ ♣♦r ❡①❡♠♣❧♦✱ ♣❡❧♦s ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡✳ P♦r ♦✉tr♦
❧❛❞♦✱ é ♣♦ssí✈❡❧ t❛♠❜é♠ ❝♦♠♣❛r❛r ❛ ♣♦s✐çã♦ ❛t✉❛❧ ❞❡st❛s ❢r❡♥t❡s ❞❡ ♦♥❞❛ ❝♦♠ ❛ ♣♦s✐çã♦ ✐❞❡❛❧✱
s❡♥❞♦ ❛ss✐♠ ♣♦ssí✈❡❧ ❡♥❝♦♥tr❛r ❡ r❡♣r❡s❡♥t❛r ✐rr❡❣✉❧❛r✐❞❛❞❡s ❝♦r♥❡❛♥❛s✳ ❆ ✐st♦ ❞á✲s❡ ♦ ♥♦♠❡
❞❡ ❛❜❡rr❛çõ❡s ❞❡ ❢r❡♥t❡s ❞❡ ♦♥❞❛ ✭✈❡r ❬✷✶❪✮✳

❆❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ s✉♣❡r❢í❝✐❡s r❡❛✐s sã♦ ♦ ✜❧♠❡ ❧❛❝r✐♠❛❧ ❡ ❛s s✉♣❡r❢í❝✐❡s ❝♦r♥❡❛♥❛s ❛♥t❡✲
r✐♦r❡s✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❡①✐st❡♠ s✉♣❡r❢í❝✐❡s ❞❡ ❢❛s❡ ❝♦♠♦ ❛s ❢r❡♥t❡s ❞❡ ♦♥❞❛ ❡ ❛❜❡rr❛çõ❡s ❞❡
❢r❡♥t❡s ❞❡ ♦♥❞❛✱ ❝♦♠♦✱ ♣♦r ❡①❡♠♣❧♦✱ ❢✉♥çõ❡s ❞❡ ✐♥✢✉ê♥❝✐❛ ❡♠ ❡s♣❡❧❤♦s ❞❡❢♦r♠á✈❡✐s✳ ❚❛❧ ❝♦♠♦
❥á ❢♦✐ r❡❢❡r✐❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ♦s P♦❧✐♥ó♠✐♦s ❈✐r❝✉❧❛r❡s ❞❡ ❩❡r♥✐❦❡ ✭P❈❩✮ tê♠ ✈✐♥❞♦ ❛ s❡r ❜❛s✲
t❛♥t❡ ✉t✐❧✐③❛❞♦s ♣❛r❛ r❡♣r❡s❡♥t❛r t♦❞❛s ❡st❛s s✉♣❡r❢í❝✐❡s✱ ✐♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ❞❛ s✉❛ ♥❛t✉r❡③❛
✭s✉♣❡r❢í❝✐❡s r❡❛✐s ♦✉ ❢✉♥çõ❡s ❞❡ ❢❛s❡✱ q✉❡ sã♦ ❢✉♥çõ❡s q✉❡ ❞❡s❝r❡✈❡♠ ❛ ❞✐str✐❜✉✐çã♦ ❛♥❣✉❧❛r
❞❛ ❧✉③ r❡✢❡t✐❞❛ ♥✉♠ ❞❛❞♦ ❝♦r♣♦ q✉❛♥❞♦ ✐❧✉♠✐♥❛❞♦ ♥✉♠❛ ❞✐r❡çã♦ ❡s♣❡❝í✜❝❛✮ ✭✈❡r ❬✹✾❪✮✳ ▼❛✐s
❛✐♥❞❛ sã♦ ❝♦♥s✐❞❡r❛❞♦s ❝♦♠♦ ❛s ❢✉♥çõ❡s st❛♥❞❛r❞ ♣❛r❛ ❞❡s❝r❡✈❡r ❛s ❛❜❡rr❛çõ❡s ❞❡ ❢r❡♥t❡ ❞❡
♦♥❞❛ ❞♦ ♦❧❤♦ ❤✉♠❛♥♦ ❡ t❛♠❜é♠ ♣❛r❛ ♠♦❞❡❧❛r ❛s s✉♣❡r❢í❝✐❡s ❞❛ ❝ór♥❡❛✳ ❆♣❡s❛r ❞❛ r❡♣r❡s❡♥✲
t❛çã♦ ❞♦s P❈❩ t❡r✲s❡ ♠♦str❛❞♦ út✐❧ ♣❛r❛ ❛ ♠❛✐♦r✐❛ ❞❛s s✐t✉❛çõ❡s✱ ❡①✐st❡♠ ❛❧❣✉♥s ❝❛s♦s q✉❡
♠♦str❛♠ ❛❧❣✉♠❛s ❧✐♠✐t❛çõ❡s✱ ♥♦♠❡❛❞❛♠❡♥t❡ q✉❛♥❞♦ ❛♣❧✐❝❛❞❛s ❛ s✉♣❡r❢í❝✐❡s ót✐❝❛s ❝♦♠♣❧❡①❛s
❝♦♠ ❡❧❡✈❛❞❛ ❢r❡q✉ê♥❝✐❛ ❡s♣❛❝✐❛❧ ♦✉ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡s r❡s✉❧t❛♥t❡s ❞❡ ✐♥t❡r✈❡♥çõ❡s ❝✐rúr❣✐❝❛s✳

P❛r❛ ✉♠❛ ♠❡❧❤♦r ❝♦♠♣r❡❡♥sã♦ ❞♦ q✉❡ sã♦ ❡st❛s s✉♣❡r❢í❝❡s ót✐❝❛s✱ ❜❡♠ ❝♦♠♦ ❛ ❞❡♥♦♠✐♥❛çã♦
❞❡ ❝❛❞❛ ✉♠❛ ❞❡❧❛s✱ ❛♣r❡s❡♥t❛✲s❡ ❞❡ s❡❣✉✐❞❛ ✉♠❛ ✜❣✉r❛ ❝♦♠ ♦ ♦❧❤♦ ❡ ❛ ❧❡❣❡♥❞❛ ❞❛ ❝♦♠♣♦s✐çã♦
❞♦ ♠❡s♠♦✱ ♥♦♠❡❛❞❛♠❡♥t❡ ❛s ❞✐✈❡rs❛s ③♦♥❛s q✉❡ ♦ ❝♦♠♣õ❡♠✳

✷✶



✷✷ ✸✳P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ✈s ❋✉♥çõ❡s ❞❡ ❇❡ss❡❧

❋✐❣✉r❛ ✸✳✶✿ ❘❡♣r❡s❡♥t❛çã♦ ❞❛ ❡str✉t✉r❛ ❞♦ ♦❧❤♦ ❡ ❞❛ s✉❛ ❝♦♠♣♦s✐çã♦✳

❋♦♥t❡✿ ❤tt♣✿✴✴✇✇✇✳♦t✐❝❛s❣✉❛r♥✐❡r✐✳❝♦♠✳❜r✴✈✐s❛♦❴♦❧❤♦✳❤t♠❧✳

❋♦r❛♠ ♣r♦♣♦st❛s ♠✉✐t❛s r❡♣r❡s❡♥t❛çõ❡s ❢✉♥❝✐♦♥❛✐s ❛❧t❡r♥❛t✐✈❛s ♣❛r❛ ❞❡s❝r❡✈❡r s✉♣❡r❢í❝✐❡s
ót✐❝❛s✱ ✈❛r✐❛♥❞♦ ❞❡ ❢✉♥çõ❡s ❝ó♥✐❝❛s ❣❡♥❡r❛❧✐③❛❞❛s ♣❛r❛ r❡♣r❡s❡♥t❛çõ❡s ♠❛✐s ❝♦♠♣❧❡①❛s✱ ❝♦♠♦
♦s ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ❢r❛❝✐♦♥ár✐♦s ✭✉♠ ♥♦✈♦ t✐♣♦ ❞❡ ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡✮ ❡ ❤❛r♠ó♥✐❝♦s
❡s❢ér✐❝♦s ✭❢✉♥çõ❡s ❤❛r♠ó♥✐❝❛s q✉❡ r❡♣r❡s❡♥t❛♠ ❛ ✈❛r✐❛çã♦ ❡s♣❛❝✐❛❧ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ♦rt♦❣♦♥❛❧
❞❡ s♦❧✉çõ❡s ❞❛ ❡q✉❛çã♦ ❞❡ ▲❛♣❧❛❝❡✱ q✉❛♥❞♦ ❛ s♦❧✉çã♦ é ❡①♣r❡ss❛ ❡♠ ❝♦♦r❞❡♥❛❞❛s ❡s❢ér✐❝❛s✮
✭✈❡r ❬✶✾❀ ✷✸❀ ✹✷❪✮✱ s❡♥❞♦ q✉❡ ❡①✐st❡♠ ❛✐♥❞❛ ♦✉tr❛s té❝♥✐❝❛s q✉❡ ✐♥❝❧✉❡♠ ❝♦♠❜✐♥❛çõ❡s ❞❡ ❛♣r♦①✐✲
♠❛çõ❡s ♠♦❞❛✐s à ③♦♥❛✱ ❝♦♠♦ ♦s ♣♦❧✐♥ó♠✐♦s Qm

n (u2)✱ ♣♦❧✐♥ó♠✐♦s ❞❡ ❈❤❡❜②s❤❡✈ ❡ ♣♦❧✐♥ó♠✐♦s ❞❡
▲❡❣❡♥❞r❡✱ ❡♥tr❡ ♦✉tr❛s ✭✈❡r ❬✶✶❀ ✸✹❪✮✳ ❈❛❞❛ ✉♠❛ ❞❡st❛s ❛♣r♦①✐♠❛çõ❡s ❛♣r❡s❡♥t❛ ❛❧❣✉♠❛s ✈❛♥✲
t❛❣❡♥s ❡ ❞❡s✈❛♥t❛❣❡♥s r❡❧❛t✐✈❛♠❡♥t❡ à r❡♣r❡s❡♥t❛çã♦ st❛♥❞❛r❞ ❞♦s P❈❩✳ ◆♦ ❡♥t❛♥t♦✱ t❛❧ ❝♦♠♦
♥♦ ❝❛s♦ ❞❡st❡s ♣♦❧✐♥ó♠✐♦s✱ ♥❡♥❤✉♠❛ ❞❡❧❛s é ❝❛♣❛③ ❞❡ ❡①♣❧✐❝❛r ❛❞❡q✉❛❞❛♠❡♥t❡ ✉♠❛ ♣♦ssí✈❡❧
❢r❡q✉ê♥❝✐❛ ❡s♣❛❝✐❛❧ ❡❧❡✈❛❞❛ ♥✉♠❛ s✉♣❡r❢í❝✐❡ ót✐❝❛✱ ❝♦♠♦ ♦❝♦rr❡✱ ♣♦r ❡①❡♠♣❧♦✱ ♥❛ s✉♣❡r❢í❝✐❡
t♦t❛❧ ❛♥t❡r✐♦r ❞♦ ♦❧❤♦✱ ✐♥❝❧✉✐♥❞♦ ❛ ❝ór♥❡❛✱ ❧✐♠❜✉s ❡ ❡s❝❧❡r❛✱ ♦✉ ❡♠ ❛❜❡rr❛çõ❡s ♦❝✉❧❛r❡s ♠❛✐s
❡❧❡✈❛❞❛s ♥❛s ③♦♥❛s ❞❡ tr❛♥s✐çã♦ ❞❡ ✉♠❛ ❧❡♥t❡ ❝♦rr❡t✐✈❛ ♣r♦❣r❡ss✐✈❛✳ ➱ ♣♦ssí✈❡❧ ✈❡r✐✜❝❛r q✉❡ ♦
❛✉♠❡♥t♦ ♥❛ ♦r❞❡♠ ❞♦ ♠♦❞❡❧♦ ❞❛s ❞❡❝♦♠♣♦s✐çõ❡s ♣♦❧✐♥♦♠✐❛✐s ✭✐st♦ é✱ s♦❜r❡✲♣❛r❛♠❡tr✐③❛çã♦✮
♥ã♦ ♠❡❧❤♦r❛ ❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ss❛s s✉♣❡r❢í❝✐❡s ✭✈❡r ❬✸❪✮✳

❆ ♦r✐❣❡♠ ❞♦s P❈❩ ❡stá r❡❧❛❝✐♦♥❛❞❛ ❝♦♠ ✉♠❛ t❡♦r✐❛ ❞❡ ❢ís✐❝❛✲♠❛t❡♠át✐❝❛ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦
❚❡♦r✐❛ ❞❡ ❙t✉r♠✲▲✐♦✉✈✐❧❧❡ ✭❚❡♦r✐❛ ❞❡ ❙✲▲✮✳ ◆♦ â♠❜✐t♦ ❞❡st❛ t❡♦r✐❛✱ ♦ ❝♦♥❥✉♥t♦ P❈❩ é ❛♣❡♥❛s
✉♠ ♠❡♠❜r♦ ❞❡ ✉♠❛ ❝❧❛ss❡ ❞❡ ❢❛♠í❧✐❛s ❞❡ ❢✉♥çõ❡s q✉❡ sã♦ ♦rt♦❣♦♥❛✐s ♥♦ ❞✐s❝♦ ✉♥✐tár✐♦✱ ♦
q✉❡ s✐❣♥✐✜❝❛ q✉❡ ✉♠❛ s♦♠❛ ❞❛s ♠❡s♠❛s ♣♦❞❡ s❡r ✉s❛❞❛ ♣❛r❛ ❛♣r♦①✐♠❛r q✉❛❧q✉❡r s✉♣❡r❢í❝✐❡
❞❡✜♥✐❞❛ ♥❡ss❡ ❞♦♠í♥✐♦✱ ♦♥❞❡ s❡ ❞❡st❛❝❛♠✱ ❛❧é♠ ❞♦s P♦❧✐♥ó♠✐♦s ❈✐r❝✉❧❛r❡s ❞❡ ❩❡r♥✐❦❡✱ ❛s
❋✉♥çõ❡s ❈✐r❝✉❧❛r❡s ❞❡ ❇❡ss❡❧✳ ❊st❡ ❝❛♣ít✉❧♦ ❝❡♥tr❛r✲s❡✲á ♥❡st❡s ❞♦✐s t✐♣♦s ❞❡ ❢✉♥çõ❡s✱ s❡♥❞♦
q✉❡ s❡ ✐rã♦ ❡st✉❞❛r ❛s ✈❛♥t❛❣❡♥s ❡ ❞❡s✈❛♥t❛❣❡♥s ❞❡ ✉♠ ❢❛❝❡ ❛♦ ♦✉tr♦✳

❆s ❋✉♥çõ❡s ❈✐r❝✉❧❛r❡s ❞❡ ❇❡ss❡❧ ✭❋❈❇✮✱ q✉❡ s✉r❣❡♠ ♥❛t✉r❛❧♠❡♥t❡ ❡♠ ♠✉✐t♦s ♣r♦❜❧❡♠❛s
❜✐❞✐♠❡♥s✐♦♥❛✐s ❝♦♠ s✐♠❡tr✐❛ ❝✐❧í♥❞r✐❝❛✱ sã♦ ♦✉tr♦ ❡①❡♠♣❧♦ ❞❛ ❝❧❛ss❡ ❛❝✐♠❛ ♠❡♥❝✐♦♥❛❞❛✳ ❊st❡
❝♦♥❥✉♥t♦ ❞❡ ❢✉♥çõ❡s t❡♠ ✈✐♥❞♦ ❛ s❡r ❛♣❧✐❝❛❞♦ ❡♠ ❞✐✈❡rs♦s ❝❛♠♣♦s✱ q✉❡ ✈❛r✐❛♠ ❞❡s❞❡ ♦ ♣r♦✲

❇❡r♥❛r❞♦ ❳❛✈✐❡r ◆♦❣✉❡✐r❛ ❉✉❛rt❡ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦

http://www.oticasguarnieri.com.br/visao_olho.html


✸✳P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ✈s ❋✉♥çõ❡s ❞❡ ❇❡ss❡❧ ✷✸

❝❡ss❛♠❡♥t♦ ❞❡ s✐♥❛✐s ❛té ❛♦ ❡st✉❞♦ ❞❛ ❞✐♥â♠✐❝❛ ❞❡ ❝♦r♣♦s ✢✉t✉❛♥t❡s✳ ❆s ❋❈❇✱ ❞❡✈✐❞♦ ❛♦ s❡✉
❝♦♠♣♦rt❛♠❡♥t♦ ♠❛✐s ✉♥✐❢♦r♠❡ ❡ r❛❞✐❛❧ q✉❛s✐✲♣❡r✐ó❞✐❝♦✱ tê♠ ✈❛♥t❛❣❡♥s s♦❜r❡ ♦s P❈❩ ♥♦ q✉❡
❞✐③ r❡s♣❡✐t♦ à ❛♣r♦①✐♠❛çã♦ ❞❡ s✉♣❡r❢í❝✐❡s ❝♦♠ ❡❧❡✈❛❞❛ ❢r❡q✉ê♥❝✐❛ ❡s♣❛❝✐❛❧✳

❚❛❧ ❝♦♠♦ ❥á ❢♦✐ ♠❡♥❝✐♦♥❛❞♦✱ ♥❡st❡ ❝❛♣ít✉❧♦✱ ♦ ♦❜❥❡❝t✐✈♦ é ✐♥✈❡st✐❣❛r ❛ ❛♣❧✐❝❛❜✐❧✐❞❛❞❡ ❞❛s ❋❈❇
♥❛ ♠♦❞❡❧❛çã♦ ❞❡ s✉♣❡r❢í❝✐❡s ót✐❝❛s✱ ❛♣❧✐❝❛♥❞♦ ✉♠❛ ❛♥á❧✐s❡ r✐❣♦r♦s❛ ❡ s✐st❡♠át✐❝❛ ❡ ❛✈❛❧✐❛♥❞♦
❛s ✈❛♥t❛❣❡♥s ❡ ❞❡s✈❛♥t❛❣❡♥s ❞❡ r❡♣r❡s❡♥t❛çã♦ ❞❛s ❋❈❇ ❡♠ r❡❧❛çã♦ às r❡♣r❡s❡♥t❛çõ❡s ❞♦s P❈❩✳

✸✳✷ ❘❡♣r❡s❡♥t❛çã♦ ▼♦❞❛❧ ❞❡ ❙✉♣❡r❢í❝✐❡s

❉❡✜♥✐çã♦ ✸✳✷✳✶ ❯♠❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ♣❛r❝✐❛❧ ♦✉ ❡q✉❛çã♦ ❞❡ ❞❡r✐✈❛❞❛s ♣❛r❝✐❛✐s ✭❊❉P✮
é ✉♠❛ ❡q✉❛çã♦ ❡♥✈♦❧✈❡♥❞♦ ✉♠❛ ❢✉♥çã♦ ❞❡ ✈ár✐❛s ✈❛r✐á✈❡✐s ✐♥❞❡♣❡♥❞❡♥t❡s ❡ s✉❛s r❡♣❡t✐✈❛s
❞❡r✐✈❛❞❛s ♣❛r❝✐❛✐s✳

❉❡✜♥✐çã♦ ✸✳✷✳✷ ❯♠❛ ❢✉♥çã♦ ❞❡✜♥✐❞❛ s♦❜r❡ ✉♠ ❞❛❞♦ ❡s♣❛ç♦ ❞✐③✲s❡ r♦t❛❝✐♦♥❛❧♠❡♥t❡ ✐♥✈❛r✐✲
❛♥t❡ s❡ ♦ s❡✉ ✈❛❧♦r ♥ã♦ s❡ ❛❧t❡r❛ q✉❛♥❞♦ s❡ ❛♣❧✐❝❛♠ r♦t❛çõ❡s ❛r❜✐trár✐❛s s♦❜r❡ ♦ s❡✉ ❛r❣✉♠❡♥t♦✳

❊①❡♠♣❧♦ ✸✳✷✳✸ ❆ ❢✉♥çã♦ f ❞❡✜♥✐❞❛ ❝♦♠♦

f(x, y) = x2 + y2 ✭✸✳✶✮

é ✐♥✈❛r✐❛♥t❡ ❛ r♦t❛çõ❡s ♥♦ ♣❧❛♥♦ ❡♠ t♦r♥♦ ❞❛ ♦r✐❣❡♠✱ ✈✐st♦ q✉❡ ♣❛r❛ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❝♦♦r❞❡♥❛❞❛s
r♦t❛❝✐♦♥❛✐s

x′ = x cos θ − y sin θ

y′ = x cos θ + y sin θ

✈❡r✐✜❝❛✲s❡ q✉❡ f(x′, y′) = f(x, y)✱ ♣❛r❛ t♦❞♦ ♦ θ ∈ R✳

❖s P❈❩ ❢♦r❛♠ ❡st✉❞❛❞♦s ♣♦r ◆✐❥❜♦❡r ❬✸✻❪ ♣♦r ❛♣❧✐❝❛çã♦ ❞❛ ❚❡♦r✐❛ ❞❡ ❙✲▲ ✭✈❡r ❬✾❀ ✶✽❪✮✳ ❊♠
❣❡r❛❧✱ ❡st❛ t❡♦r✐❛ ♣❡r♠✐t❡ ❝♦♥str✉✐r ❝♦♥❥✉♥t♦s ❝♦♠♣❧❡t♦s ❡ ♦rt♦❣♦♥❛✐s ❞❡ ❢✉♥çõ❡s ♦✉ ♠♦❞♦s✳ ❖s
P❈❩ ❡ ❛s ❋❈❇ sã♦ ❛♠❜♦s ♦❜t✐❞♦s ♣♦r ❛♣❧✐❝❛çã♦ ❞❛ ❚❡♦r✐❛ ❞❡ ❙✲▲ ❛ ✉♠❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧
♣❛r❝✐❛❧ r♦t❛❝✐♦♥❛❧♠❡♥t❡ ✐♥✈❛r✐❛♥t❡ ✭❊❉P❘■✮ ❞❡ ❞✉❛s ✈❛r✐á✈❡✐s✱ ❝♦♠ ✉♠❛ ❡s❝♦❧❤❛ ❞✐❢❡r❡♥t❡ ❞❡
♣❛râ♠❡tr♦s ❡ ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛✳ ❆s s♦❧✉çõ❡s ❝♦rr❡s♣♦♥❞❡♥t❡s✱ P❈❩ ❡ ❋❈❇✱ sã♦ ♦❜t✐❞❛s
❝♦♠♦ ✉♠ ♣r♦❞✉t♦ ❞❡ ✉♠❛ ❢✉♥çã♦ r❛❞✐❛❧ ❡ ❛♥❣✉❧❛r✳ P❛r❛ ❛♠❜♦s ♦s ❝♦♥❥✉♥t♦s ❞❡ ❢✉♥çõ❡s✱ ♦
❢❛t♦r ❛♥❣✉❧❛r é ❞❛❞♦ ♣♦r

φm = sin(mϕ), ♣❛r❛ m ≥ 0

φm = cos(mϕ), ♣❛r❛ m < 0.
✭✸✳✷✮

❊st❛ r❡♣r❡s❡♥t❛çã♦ ❞♦s ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ♣♦ss✉✐ ✐♠♣♦rt❛♥t❡s ✐♥t❡r♣r❡t❛çõ❡s ❢ís✐❝❛s✱
❝♦♠♦ r❡♣r❡s❡♥t❛çõ❡s ❝♦♠♣❧❡①❛s ❞❛s ♣✉♣✐❧❛s ✭✈❡r ❬✸✺❪✮✱ ❛ ❛♥á❧✐s❡ ❡①t❡♥❞✐❞❛ ❞❡ ◆✐❥❜♦❡r✲❩❡r♥✐❦❡
✭✈❡r ❬✼❪✮ ❡ ♦ ♠♦❞♦ ❞❡ ♣r♦♣❛❣❛çã♦ ❞❡ ❢❡✐①❡s ❞❡ ▲❛❣✉❡rr❡✲●❛✉ss✐❛♥ ✭✈❡r ❬✹✻❪✮✳

◆♦ q✉❡ ❞✐③ r❡s♣❡✐t♦ à ♣❛rt❡ r❛❞✐❛❧✱ ♥♦ ❝❛s♦ ❞♦s P❈❩✱ ❡ t❛❧ ❝♦♠♦ ❢♦✐ ✈✐st♦ ♥♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✱
❡st❛ é ❞❛❞❛ ♣♦r

R|m|
n (r) =

n−|m|
2∑

s=0

(−1)s(n− s)!

s!
(
n+|m|

2 − s
)

!
(
n−|m|

2 − s
)

!
rn−2s, ✭✸✳✸✮

♦♥❞❡ n ≥ |m|✱ ❝♦♠ n− |m| ♣❛r✳

❇❡r♥❛r❞♦ ❳❛✈✐❡r ◆♦❣✉❡✐r❛ ❉✉❛rt❡ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦



✷✹ ✸✳P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ✈s ❋✉♥çõ❡s ❞❡ ❇❡ss❡❧

❏✉♥t❛♥❞♦ (3.2) ❡ (3.3)✱ ♦s P❈❩ sã♦ ❡♥tã♦ ❞❛❞♦s ♥❛ s✉❛ ❢♦r♠❛ ♥♦r♠❛❧✐③❛❞❛ ♣♦r✿

Zm
n (r, ϕ) =







√

2(n+ 1)

1 + δm,0
R|m|

n (r) cos(mϕ), ♣❛r❛ m ≥ 0

−
√

2(n+ 1)

1 + δm,0
R|m|

n (r) sin(mϕ), ♣❛r❛ m < 0

, ✭✸✳✹✮

♦♥❞❡ ♦ ❢❛t♦r ♥♦r♠❛❧✐③❛❞♦r é ❡♥tã♦ ❞❛❞♦ ♣♦r

Nm
n =

√

2(n+ 1)

1 + δm0

❡ ♦♥❞❡ δm0 ❞❡♥♦t❛ ♦ ❞❡❧t❛ ❞❡ ❑r♦♥❡❝❦❡r✱ ♦✉ s❡❥❛✱

δm0 =

{

1, m = 0

0, m 6= 0
.

❆s ♣r♦♣r✐❡❞❛❞❡s ♠❛t❡♠át✐❝❛s ❞♦s P❈❩ tê♠ ✈✐♥❞♦ ❛ s❡r ❡st✉❞❛❞❛s ❞❡ ❢♦r♠❛ ❡①t❡♥s✐✈❛ ✭✈❡r
❬✹❀ ✸✸❪ ❡ ❛s r❡❢❡rê♥❝✐❛s ✐♥❞✐❝❛❞❛s ♥♦s ♠❡s♠♦s✮✳ ❈❛❞❛ ♠♦❞♦ ❞❡ ❩❡r♥✐❦❡ ❡stá ❛ss♦❝✐❛❞♦ ❛ ✉♠
♥ú♠❡r♦✱ q✉❡ s❡ ❞❡♥♦♠✐♥❛ ♣♦r ✈❛❧♦r ♣ró♣r✐♦ ❡ é r❡♣r❡s❡♥t❛❞♦ ♣♦r γ✱ s❡♥❞♦ ❡st❡ ❞❛❞♦ ♣♦r
γ = n(n + 2) q✉❡ ❛♣❛r❡❝❡ ♥❛s ❊❉P❘■ ♠❡♥❝✐♦♥❛❞❛s ❛♥t❡r✐♦r♠❡♥t❡✳ ❊st❡s ✈❛❧♦r❡s ♣ró♣r✐♦s
r❡s✉❧t❛♠ ❞❛ t❡♦r✐❛ ❙✲▲ ❡ sã♦ ✉s❛❞♦s ♣❛r❛ ❞❡t❡r♠✐♥❛r ❛ ♦r❞❡♠ ❞♦ ❡sq✉❡♠❛ ❞❛ ♣✐râ♠✐❞❡ ❞❡
❩❡r♥✐❦❡ ❞❡s❝r✐t❛ ♣♦r ▼❛❤❛❥❛♥ ✭✈❡r ❬✸✷❪✮✳

❆♦ ❡s❝♦❧❤❡r ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣❛râ♠❡tr♦s ❡ ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ ❞✐❢❡r❡♥t❡s ♥❛ ❊❉P❘■ ✭✈❡r
❬✾❀ ✶✽❪✮✱ ❛ s♦❧✉çã♦ r❛❞✐❛❧ ❞❡✐①❛ ❞❡ s❡r ♦s ♣♦❧✐♥ó♠✐♦s r❛❞✐❛✐s ❞❡ ❩❡r♥✐❦❡ ❡ ♣❛ss❛ ❛ s❡r ❛s ❢✉♥çõ❡s
❞❡ ❇❡ss❡❧ ❞❡ ♣r✐♠❡✐r❛ ❡s♣é❝✐❡ ✭✈❡r ❬✹✼❪✮✱ q✉❡ sã♦ ❞❛❞❛s ♣♦r

Jm(cmkr) =
∞∑

s=0

(−1)s

s!(m− s)!

(cmkr

2

)m+2s
, ✭✸✳✺✮

❝♦♠ m ∈ Z✳ ❉❡ ♥♦t❛r q✉❡ ❛s ❢✉♥çõ❡s ❞❡ ❇❡ss❡❧ ❞❡ ♣r✐♠❡✐r❛ ❡s♣é❝✐❡ sã♦ sér✐❡s ❞❡ ♣♦tê♥❝✐❛s ❝♦♠
✐♥✜♥✐t♦s t❡r♠♦s✱ ❡♠ ♦♣♦s✐çã♦ ❛♦ ♥ú♠❡r♦ ❞❡ t❡r♠♦s ✜♥✐t♦ ❞❛ ♣❛rt❡ r❛❞✐❛❧ ❞♦s ♣♦❧✐♥ó♠✐♦s ❞❡
❩❡r♥✐❦❡✳ ❚ê♠ ✉♠❛ ♦s❝✐❧❛çã♦ q✉❛s❡✲♣❡r✐ó❞✐❝❛ ❡ ♦ s❡✉ ❡♥✈❡❧♦♣❡ ❞❡❝❛✐ ❛ ✉♠❛ t❛①❛ ❞❡ 1/(cr)1/2

à ♠❡❞✐❞❛ q✉❡ ♦ ❛r❣✉♠❡♥t♦ cr ❝r❡s❝❡ ✭✈❡r ❬✺❪✮✳ ◆♦s ❝❛♠♣♦s ❞❛ ❢ís✐❝❛ ❡ ❞❛ ❡♥❣❡♥❤❛r✐❛✱ ❡♥t❡♥❞❡✲
s❡ ♣♦r ❡♥✈❡❧♦♣❡ à ❝✉r✈❛ q✉❡ ❞❡❧✐♠✐t❛ ♦s ❡①tr❡♠♦s ❞❡ ✉♠ s✐♥❛❧ ♦s❝✐❧❛tór✐♦✱ ✐st♦ é✱ ♦ ❡♥✈❡❧♦♣❡
❣❡♥❡r❛❧✐③❛ ♦ ❝♦♥❝❡✐t♦ ❞❡ ✉♠❛ ❢r❡q✉ê♥❝✐❛ ❝♦♥st❛♥t❡✳ ◆❛ ✜❣✉r❛ s❡❣✉✐♥t❡✱ ✐❧✉str❛✲s❡ ❡st❡ ❝♦♥❝❡✐t♦
❞❡ ❡♥✈❡❧♦♣❡ ❞❡ ✉♠❛ ♦♥❞❛ s❡♥♦ ♠♦❞✉❧❛❞♦✱ ✈❛r✐❛♥❞♦ ❡♥tr❡ ❛ ♣❛rt❡ s✉♣❡r✐♦r ❡ ❛ ♣❛rt❡ ✐♥❢❡r✐♦r✳
❊st❛ ❢✉♥çã♦ ♣♦❞❡ ❝♦rr❡s♣♦♥❞❡r ❛ ✉♠❛ ❢✉♥çã♦ ❞❡ ❡s♣❛ç♦✱ â♥❣✉❧♦✱ t❡♠♣♦ ♦✉ ❞❡ q✉❛❧q✉❡r ♦✉tr❛
✈❛r✐á✈❡❧✳

❇❡r♥❛r❞♦ ❳❛✈✐❡r ◆♦❣✉❡✐r❛ ❉✉❛rt❡ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦



✸✳P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ✈s ❋✉♥çõ❡s ❞❡ ❇❡ss❡❧ ✷✺

❋✐❣✉r❛ ✸✳✷✿ ❘❡♣r❡s❡♥t❛çã♦ ❞♦ ❡♥✈❡❧♦♣❡ s✉♣❡r✐♦r ❡ ✐♥❢❡r✐♦r ❞❡ ✉♠❛ ♦♥❞❛ ❞❡ s❡♥♦ ♠♦❞✉❧❛❞♦

❋♦♥t❡✿ ❆♣❧✐❝❛çã♦ ❞❛ ❡q✉❛çã♦ ❞❡ ❇❡ss❡❧ ❢r❛❝✐♦♥ár✐❛ ♥❛ ❞❡s❝r✐çã♦ ❞❛ t♦♣♦❣r❛✜❛ ❞❛ ❝ór♥❡❛✱ ❬✹✵❪✳

P❛r❛ ❡st❡ ❝❛s♦✱ ♦s ❞♦✐s ♠♦❞♦s ❞✐♠❡♥s✐♦♥❛✐s✱ ✐st♦ é✱ ♣❛rt❡ r❛❞✐❛❧ ❡ ❛♥❣✉❧❛r✱ sã♦ ❋❈❇ ❝✉❥❛
❡①♣r❡ssã♦ ♥♦r♠❛❧✐③❛❞❛ é ❞❛❞❛ ♣♦r

Bk
m(r, ϕ) =







√

2

1 + δm,0

1

Jm+1(cmk)
Jm(cmkr) cos(mϕ), ♣❛r❛ m ≥ 0

√

2

1 + δm,0

1

Jm+1(cmk)
Jm(cmkr) sin(mϕ), ♣❛r❛ m < 0

. ✭✸✳✻✮

❉❡ s❡❣✉✐❞❛✱ t❡♠✲s❡ ❛ r❡♣r❡s❡♥t❛çã♦ ❞♦s ❞♦✐s ❝❛s♦s ♠❡♥❝✐♦♥❛❞♦s ❛♥t❡r✐♦r♠❡♥t❡✳

❋✐❣✉r❛ ✸✳✸✿ ❘❡♣r❡s❡♥t❛çã♦ ❞❛ ❢✉♥çã♦ r❛❞✐❛❧ ❞♦s P❈❩ ♣❛r❛ m = 0✱ n = 0, 2, 4, 6✳

❋♦♥t❡✿ ❩❡r♥✐❦❡ ✈s✳ ❇❡ss❡❧ ❝✐r❝✉❧❛r ❢✉♥❝t✐♦♥s ✐♥ ✈✐s✉❛❧ ♦♣t✐❝s✱ ❬✹✼❪✳

❇❡r♥❛r❞♦ ❳❛✈✐❡r ◆♦❣✉❡✐r❛ ❉✉❛rt❡ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦



✷✻ ✸✳P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ✈s ❋✉♥çõ❡s ❞❡ ❇❡ss❡❧

❋✐❣✉r❛ ✸✳✹✿ ❘❡♣r❡s❡♥t❛çã♦ ❞❛ ❢✉♥çã♦ ❞❡ ❇❡ss❡❧ ❞❡ ♣r✐♠❡✐r❛ ❡s♣é❝✐❡ ♣❛r❛ m = 0✱ k = 1, 2, 3, 4✳

❋♦♥t❡✿ ❩❡r♥✐❦❡ ✈s✳ ❇❡ss❡❧ ❝✐r❝✉❧❛r ❢✉♥❝t✐♦♥s ✐♥ ✈✐s✉❛❧ ♦♣t✐❝s✱ ❬✹✼❪✳

❋✐❣✉r❛ ✸✳✺✿ ❘❡♣r❡s❡♥t❛çã♦ ❞❛ ❢✉♥çã♦ r❛❞✐❛❧ ❞♦s P❈❩ ♣❛r❛ m = 1✱ n = 1, 3, 5, 7✳

❋♦♥t❡✿ ❩❡r♥✐❦❡ ✈s✳ ❇❡ss❡❧ ❝✐r❝✉❧❛r ❢✉♥❝t✐♦♥s ✐♥ ✈✐s✉❛❧ ♦♣t✐❝s✱ ❬✹✼❪✳

❇❡r♥❛r❞♦ ❳❛✈✐❡r ◆♦❣✉❡✐r❛ ❉✉❛rt❡ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦



✸✳P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ✈s ❋✉♥çõ❡s ❞❡ ❇❡ss❡❧ ✷✼

❋✐❣✉r❛ ✸✳✻✿ ❘❡♣r❡s❡♥t❛çã♦ ❞❛ ❢✉♥çã♦ ❞❡ ❇❡ss❡❧ ❞❡ ♣r✐♠❡✐r❛ ❡s♣é❝✐❡ ♣❛r❛ m = 1✱ k = 1, 2, 3, 4✳

❋♦♥t❡✿ ❩❡r♥✐❦❡ ✈s✳ ❇❡ss❡❧ ❝✐r❝✉❧❛r ❢✉♥❝t✐♦♥s ✐♥ ✈✐s✉❛❧ ♦♣t✐❝s✱ ❬✹✼❪✳

◆✉♠❛ ♣r✐♠❡✐r❛ ❢❛s❡✱ é ✐♠♣♦rt❛♥t❡ ♥♦t❛r q✉❡ ❛♣❡♥❛s s❡ ✈ã♦ t❡r ❡♠ ❝♦♥t❛ ♦s r❛✐♦s ♣❡rt❡♥❝❡♥t❡s
❛♦ ✐♥t❡r✈❛❧♦ [0, 1]✳ ■st♦ ❛♣❧✐❝❛✲s❡ ❛♦s ✹ ❣rá✜❝♦s ❛♣r❡s❡♥t❛❞♦s ❛♥t❡r✐♦r♠❡♥t❡✳ P♦r ♦✉tr♦ ❧❛❞♦✱ é
✐♠♣♦rt❛♥t❡ r❡❛❧ç❛r ❛ ✉t✐❧✐③❛çã♦ ❡ ❝♦♠♣❛r❛çã♦ ❞♦s ♣r✐♠❡✐r♦s q✉❛tr♦ ♠♦❞♦s ❞♦s P❈❩ ❡ ❞❛s ❋❈❇✱
t❡♥❞♦ ❡♠ ❝♦♥t❛ ❞✉❛s r❡str✐çõ❡s✿ ♥♦s ♣r✐♠❡✐r♦s ❞♦✐s ❣rá✜❝♦s✱ r❡str✐♥❣✐✉✲s❡ m = 0✱ ❡♥q✉❛♥t♦
q✉❡✱ ♥♦s ú❧t✐♠♦s ❞♦✐s✱ ❛ r❡str✐çã♦ ❝♦❧♦❝❛❞❛ ❢♦✐ ❛ ❞❡ m = 1✳ ❉❛ ❛♥á❧✐s❡ ❞♦s ❣rá✜❝♦s ✈❡r✐✜❝❛✲s❡
q✉❡✱ ❛♣❡s❛r ❞❡ ❛ ♦r❞❡♠ r❛❞✐❛❧ ❞❛s ❢✉♥çõ❡s ❞❡ ❇❡ss❡❧ s❡r ♠❡♥♦r✱ ♦ ♥ú♠❡r♦ ❞❡ ✐♥t❡rs❡❝çõ❡s ❝♦♠
♦ ❡✐①♦ ❤♦r✐③♦♥t❛❧ é ♠❛✐♦r ♥❛s ❋❈❇ r❡❧❛t✐✈❛♠❡♥t❡ ❛♦s P❈❩✱ ❝♦♠♣❛r❛♥❞♦ ♦ ♣r✐♠❡✐r♦✱ ♦ s❡❣✉♥❞♦✱
♦ t❡r❝❡✐r♦ ❡ ♦ q✉❛rt♦ ♠♦❞♦ ❞❡ ✉♠ ❝♦♠ ♦ ❞♦ ♦✉tr♦✳ ■st♦ q✉❡r ❞✐③❡r q✉❡✱ ♣❛r❛ ♦s ♠❡s♠♦s ♠♦❞♦s✱
❛s ❋❈❇ ❛♣r❡s❡♥t❛♠ ✉♠ ♠❛✐♦r ♥ú♠❡r♦ ❞❡ ③❡r♦s ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ✉♠ ♠❛✐♦r ♥ú♠❡r♦ ❞❡
♦s❝✐❧❛çõ❡s ❡♠ ❝♦♠♣❛r❛çã♦ ❝♦♠ ♦s P❈❩✱ ♦ q✉❡ ✈❛✐ s❡r ✉♠ ❢❛t♦r ✐♠♣♦rt❛♥t❡ ♠❛✐s à ❢r❡♥t❡✳

❆ t❡♦r✐❛ ❞❡ ❙✲▲ ❡st❛❜❡❧❡❝❡ q✉❡ ✉♠❛ ❢✉♥çã♦ ❛r❜✐trár✐❛ ♣♦❞❡ s❡r ❡①♣❛♥❞✐❞❛ ❝♦♠♦ ✉♠❛ ❝♦♠✲
❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ♠♦❞♦s ♦rt♦❣♦♥❛✐s✿

S(ρ, ϕ) =
∞∑

n,m

amn ψ
m
n (ρ, ϕ) ✭✸✳✼✮

♦♥❞❡ ψm
n (ρ, ϕ) ♣♦❞❡ s❡r t❛♥t♦ ❋❈❇ ❝♦♠♦ P❈❩✱ q✉❡ sã♦ ❞❡✜♥✐❞♦s ♥♦ ♠❡s♠♦ ❞♦♠í♥✐♦ q✉❡ ❛

❢✉♥çã♦ S✳ ❖s ❝♦❡✜❝✐❡♥t❡s amn sã♦ ❢❛❝t♦r❡s q✉❡ ❞❡t❡r♠✐♥❛♠ ♦ ♣❡s♦ ❞❡ ❝❛❞❛ ♠♦❞♦ ❝♦rr❡s♣♦♥❞❡♥t❡
♥❛ ❡①♣❛♥sã♦✳ ❊st❡s ❝♦❡✜❝✐❡♥t❡s sã♦ ❡♥tã♦ ♦❜t✐❞♦s ❛ ♣❛rt✐r ❞♦ s❡❣✉✐♥t❡ ✐♥t❡❣r❛❧ ❞❡ s♦❜r❡♣♦s✐çã♦

amn =
1

π

∫ 1

0

∫ 2π

0
S(ρ, ϕ)ψm

n (ρ, ϕ)ρ dϕdρ. ✭✸✳✽✮

❉❡✜♥✐çã♦ ✸✳✷✳✹ ❯♠ ❝♦♥❥✉♥t♦ ❞❡ ❢✉♥çõ❡s hi(x) ❞✐③✲s❡ ❝♦♥❥✉♥t♦ ❝♦♠♣❧❡t♦ s❡✱ ♣❛r❛ q✉❛❧q✉❡r
❢✉♥çã♦ f(x)✱ ❡①✐st✐r ✉♠ ❝♦♥❥✉♥t♦ A = {a1, a2, . . . , an, . . . }✱

❇❡r♥❛r❞♦ ❳❛✈✐❡r ◆♦❣✉❡✐r❛ ❉✉❛rt❡ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦



✷✽ ✸✳P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ✈s ❋✉♥çõ❡s ❞❡ ❇❡ss❡❧

t❛❧ q✉❡
f(x) =

∑

i

aihi(x), ✭✸✳✾✮
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∫ x2
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(
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aihi(x)
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dx = 0. ✭✸✳✶✵✮

❖s P❈❩ ❡ ❋❈❇ sã♦ ❝♦♥❥✉♥t♦s ♦rt♦❣♦♥❛✐s ❝♦♠♣❧❡t♦s✳ ❆ ♦rt♦❣♦♥❛❧✐❞❛❞❡ ❞❡ ♠♦❞♦s s✐❣♥✐✜❝❛ q✉❡
♥❛ ❡①♣❛♥sã♦ ♠♦❞❛❧ ❞❛ ❢✉♥çã♦ S(ρ, φ) ❝❛❞❛ ♠♦❞♦ s✉♣♦rt❛ ✉♠❛ ❝❡rt❛ q✉❛♥t✐❞❛❞❡ ❞❡ ✐♥❢♦r♠❛çã♦
s♦❜r❡ S q✉❡ ♥ã♦ s♦❜r❡♣õ❡ ❛ ✐♥❢♦r♠❛çã♦ s✉♣♦rt❛❞❛ ♣♦r q✉❛❧q✉❡r ♦✉tr♦ ♠♦❞♦✳ ❈♦♠♣❧❡t✉❞❡✱ ♣♦r
♦✉tr♦ ❧❛❞♦✱ s✐❣♥✐✜❝❛ q✉❡ ✉♠❛ ❢✉♥çã♦ ❛r❜✐trár✐❛ ❝♦♠♦ S(ρ, φ) ♥ã♦ s✉♣♦rt❛ ♠❛✐s ✐♥❢♦r♠❛çã♦ ❞♦
q✉❡ t♦❞♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ ♠♦❞♦s✱ t❛❧ q✉❡ ♦ ❝♦♥❥✉♥t♦ ❝♦♠♣❧❡t♦ ❞♦s ♠♦❞♦s é ❝❛♣❛③ ❞❡ r❡♣r❡s❡♥t❛r
❛ s✉♣❡r❢í❝✐❡✳ ❊st❛s ❞✉❛s ♣r♦♣r✐❡❞❛❞❡s ❣❛r❛♥t❡♠ q✉❡ q✉❛❧q✉❡r ❢✉♥çã♦ ❛r❜✐trár✐❛ ♣♦❞❡ s❡r
❛♣r♦①✐♠❛❞❛ t❛♥t♦ q✉❛♥t♦ ♥❡❝❡ssár✐♦ ♣❡❧❛ s✉❛ ❡①♣❛♥sã♦ ♠♦❞❛❧ ✐♥✜♥✐t❛ t❛❧ ❝♦♠♦ ❡stá ❡①♣r❡ss♦
❡♠ (3.7) ❡ s❡rá ✐❣✉❛❧ s❡ s❛t✐s✜③❡r ❛s ♠❡s♠❛s ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛✳

✸✳✸ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ s✉♣❡r❢í❝✐❡s ❝♦♠ ♠♦❞❡❧♦s ✜♥✐t♦s

❈♦♠♦ ❢♦✐ ♠❡♥❝✐♦♥❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ♣❛r❛ ♦❜❥❡t✐✈♦s ❝♦♠♣✉t❛❝✐♦♥❛✐s✱ é s❡♠♣r❡ ♥❡❝❡ssár✐♦
✉♠ ♠♦❞❡❧♦ ✜♥✐t♦ ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡✱ ♦ q✉❡ s✐❣♥✐✜❝❛ q✉❡ ❛ s✉♣❡r❢í❝✐❡ ❞❡ ✐♥t❡r❡ss❡ t❡rá ❛♠♦str❛s
s♦❜r❡ ♦ ❞♦♠í♥✐♦✳ ■st♦ é ♥♦tá✈❡❧✱ ♣♦r ❡①❡♠♣❧♦✱ ♥♦s ❞✐s♣♦s✐t✐✈♦s ❞❡ ❞✐s❝♦s ❞❡ P❧á❝✐❞♦✱ q✉❡ é
✉♠ ❞✐s♣♦s✐t✐✈♦ ❝♦♠ ❞✐s❝♦s ❝♦♥❝ê♥tr✐❝♦s ❛❧t❡r♥❛❞❛♠❡♥t❡ ❜r❛♥❝♦s ❡ ♣r❡t♦s ❝♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡
❞❡t❡t❛r ❞❡❢♦r♠❛çõ❡s ♥❛ ❝ór♥❡❛ ✭✈❡r ❛ ✜❣✉r❛ s❡❣✉✐♥t❡✮✱ ♦♥❞❡ ♦s ❞❛❞♦s ❞❛ ❛❧t✉r❛ ❞❛ ❝ór♥❡❛ sã♦
r❡♣r❡s❡♥t❛❞♦s ♣♦r ✉♠❛ ♥✉✈❡♠ ❞❡ ♣♦♥t♦s ❞✐s❝r❡t♦s✳

❋✐❣✉r❛ ✸✳✼✿ ❉✐s♣♦s✐t✐✈♦ ❞❡ ❞✐s❝♦s ❞❡ P❧á❝✐❞♦✳

❋♦♥t❡✿ ❤tt♣✿✴✴♣❤✐s✐❝❦✳❝♦♠✴✐t❡♠✴♣❧❛❝✐❞♦s✲❞✐s❦✲❢♦r✲❛st✐❣♠❛t✐s♠✴✳

❖ ♥ú♠❡r♦ ❞❡ ❢✉♥çõ❡s ♣❛r❛ ❛ ❡①♣❛♥sã♦ ♠♦❞❛❧ ❞❛ s✉♣❡r❢í❝✐❡ t❡♠ ❞❡ s❡r t❛♠❜é♠ ✜♥✐t♦✳ ❆ss✐♠✱
❛ s♦♠❛ ✐♥✜♥✐t❛ (3.7) é tr✉♥❝❛❞❛ ♣♦r ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ t❡r♠♦s✳ ❊st❛ s♦♠❛ tr✉♥❝❛❞❛ ❞❡
♠♦❞♦s ❞❡✐①❛ ❞❡ s❡r ✐❣✉❛❧ à ❢✉♥çã♦ S✱ ♣❡❧♦ q✉❡ s✉r❣❡ ✉♠ ❡rr♦ ❞❡ ❛♣r♦①✐♠❛çã♦ ♦✉ ❡rr♦ ❞❡ ❛❥✉st❡
q✉❡ t❡♠ ❞❡ s❡r t❛♠❜é♠ t✐❞♦ ❡♠ ❝♦♥t❛ ❡ q✉❡ ♣❡r♠✐t❡✱ ❞❡st❡ ♠♦❞♦✱ ❛✈❛❧✐❛r ❛ q✉❛❧✐❞❛❞❡ ❞❡st❡
♠❡s♠♦ ❛❥✉st❡✳ ❯s❛♥❞♦ ✉♠ s✉❜❝♦♥❥✉♥t♦ ✜♥✐t♦ ❞❡ ❢✉♥çõ❡s P❈❩ ♦✉ ❋❈❇ ♦rt♦❣♦♥❛✐s ❞✐s❝r❡t❛s
✭❛♠♦str❛s✮✱ ❝❤❡❣❛✲s❡ ❡♥tã♦ ❛♦ s❡❣✉✐♥t❡ ♠♦❞❡❧♦ ❧✐♥❡❛r

S(ρd, φd) =
P∑

p=1

apψp(ρd, φd) + ǫp(ρd, φd). ✭✸✳✶✶✮

❇❡r♥❛r❞♦ ❳❛✈✐❡r ◆♦❣✉❡✐r❛ ❉✉❛rt❡ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦

http://phisick.com/item/placidos-disk-for-astigmatism/


✸✳P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ✈s ❋✉♥çõ❡s ❞❡ ❇❡ss❡❧ ✷✾

❖ s✉❜í♥❞✐❝❡ d r❡❢❡r❡✲s❡ ❛♦ ♣♦♥t♦ ❞❛ ❛♠♦str❛✳ ◆❡st❡ ❝❛♣ít✉❧♦✱ D ❝♦rr❡s♣♦♥❞❡ ❛♦ ♥ú♠❡r♦
t♦t❛❧ ❞❡ ❛♠♦str❛s✳ ❖ í♥❞✐❝❡ ú♥✐❝♦ p ❞❡s❝r❡✈❡ ♦s í♥❞✐❝❡s n ❡ m ✉s❛❞♦s ❛♥t❡r✐♦r♠❡♥t❡✳

❆ ❡①♣r❡ssã♦ (3.11) ♣♦❞❡ s❡r r❡❡s❝r✐t❛ s♦❜ ❛ ❢♦r♠❛ ❞❡ ✈❡t♦r ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

S = ψa+ ǫ, ✭✸✳✶✷✮

♦♥❞❡ S é ✉♠ ✈❡t♦r ❝♦❧✉♥❛ ❝♦♠D ❡❧❡♠❡♥t♦s q✉❡ r❡♣r❡s❡♥t❛ ✉♠❛ s✉♣❡r❢í❝✐❡ ❛♠♦str❛❧ ❝♦♠ ♣♦♥t♦s
❞✐s❝r❡t♦s (ρd, φd)✱ ❝♦♠ d = 1, 2, ..., D✳ ψ é ✉♠❛ ♠❛tr✐③ (D × P ) ❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦s ♠♦❞♦s
♦rt♦❣♦♥❛✐s t❛♠❜é♠ ❛♠♦str❛❞♦s ♣♦r ♣♦♥t♦s ❞✐s❝r❡t♦s✱ ψp(ρd, φd)✳ ❖ ✈❡t♦r a é ✉♠ ❡❧❡♠❡♥t♦
P ✱ ✐st♦ é✱ ✉♠ ✈❡t♦r ❝♦❧✉♥❛ ❝♦♠ P ❡♥tr❛❞❛s ❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦s P ❝♦❡✜❝✐❡♥t❡s ❞❛ ❡①♣r❡ssã♦✳
◗✉❛♥t♦ ❛ ǫ✱ é ✉♠ ✈❡t♦r ❝♦❧✉♥❛ ❞❡ D ❡❧❡♠❡♥t♦s q✉❡ r❡♣r❡s❡♥t❛ ❛ ♠❡❞✐❞❛ ❡ ❛ ♠♦❞❡❧❛çã♦ ❞♦ ❡rr♦
♥♦s ♣♦♥t♦s ❞❛ ❛♠♦str❛✳ ❯♠ ❞♦s ♦❜❥❡t✐✈♦s é ❡♥❝♦♥tr❛r ♦ ✈❡t♦r â ❞♦s ❝♦❡✜❝✐❡♥t❡s q✉❡ ♠✐♥✐♠✐③❛♠
♦ q✉❛❞r❛❞♦ ❞♦ ❡rr♦✱ q✉❡ é ❞❡t❡r♠✐♥❛❞♦ ❛tr❛✈és ❞♦ ♠ét♦❞♦ ❞♦s ♠í♥✐♠♦s q✉❛❞r❛❞♦s✱ ✐st♦ é

â = (ψTψ)−1ψTS, ✭✸✳✶✸✮

♦♥❞❡ ♦ s♦❜r❡í♥❞✐❝❡ T r❡♣r❡s❡♥t❛ tr❛♥s♣♦s✐çã♦ ❞❡ ✉♠❛ ♠❛tr✐③✳ ❊st❡ ♠ét♦❞♦ é ✉t✐❧✐③❛❞♦ ❝♦♠
♦ ♦❜❥❡t✐✈♦ ❞❡ ❡st✉❞❛r ❞❡ q✉❡ ❢♦r♠❛ é q✉❡ ❛s ❋❈❇ s❡ ❝♦♠♣♦rt❛♠ ❝♦♠♣❛r❛t✐✈❛♠❡♥t❡ ❛♦s P❈❩
st❛♥❞❛r❞ ♥❛ ♠♦❞❡❧❛çã♦ ❞❡ s✉♣❡r❢í❝✐❡s ót✐❝❛s✳

❉❡ s❡❣✉✐❞❛✱ é ♥❡❝❡ssár✐♦ ❞❡❝✐❞✐r ♦ s✉❜❝♦♥❥✉♥t♦ ✜♥✐t♦ ❞❡ ❋❈❇ ❡ P❈❩ q✉❡ s❡ ✈❛✐ ❝♦♠♣❛r❛r✳
❯♠ ❞♦s r❡q✉✐s✐t♦s é q✉❡ s❡ ✉s❡ ♦ ♠❡s♠♦ ♥ú♠❡r♦ ❞❡ ♠♦❞♦s ❡♠ ❝❛❞❛ ❝♦♥❥✉♥t♦✳ ❙❡ s❡ ❞❡❝✐✲
❞✐r ♦r❣❛♥✐③❛r ♦s ♠♦❞♦s ❞❡ ❇❡ss❡❧ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦s s❡✉s ✈❛❧♦r❡s ♣ró♣r✐♦s✱ ♦s r❡s✉❧t❛❞♦s sã♦
❛♣r❡s❡♥t❛❞♦s ♥✉♠❛ ♣✐râ♠✐❞❡ ✐♥✈❡rt✐❞❛✱ t❛❧ ❝♦♠♦ s❡ ♣♦❞❡ ♦❜s❡r✈❛r ♥❛ ✜❣✉r❛ s❡❣✉✐♥t❡✳

❋✐❣✉r❛ ✸✳✽✿ ❘❡♣r❡s❡♥t❛çã♦ ❣rá✜❝❛ ❞❛s ❋❈❇✳

❆ss✐♠✱ ✜①❛♥❞♦ ♦ í♥❞✐❝❡ r❛❞✐❛❧ ♣❛r❛ ❛♠❜♦s ♦s ❝♦♥❥✉♥t♦s✱ r❡s✉❧t❛rá ♥❛ ✐♥❝❧✉sã♦ ❞❡ ♠♦❞♦s ❝♦♠
❞✐❢❡r❡♥t❡ ♦r❞❡♠ ❛♥❣✉❧❛r ❡ ✈✐❝❡✲✈❡rs❛✳ ❈♦♥t✉❞♦✱ t❡r✲s❡✲á q✉❛s❡ ❛ ♠❡s♠❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♠♦❞♦s
❡♠ ❝❛❞❛ ❜❛s❡✳ ❖s ✈❛❧♦r❡s ♣ró♣r✐♦s ❞♦s ❋❈❇ ♣♦❞❡♠ s❡r ❢❛❝✐❧♠❡♥t❡ ♦❜t✐❞♦s ♥✉♠❡r✐❝❛♠❡♥t❡ ❞❡✲
✈✐❞♦ ❛♦ ❝♦♠♣♦rt❛♠❡♥t♦ q✉❛s❡✲♣❡r✐ó❞✐❝♦ ❞❛s ❢✉♥çõ❡s ❞❡ ❇❡ss❡❧✱ ♠❛s t❛♠❜é♠ ❡stã♦ ❞✐s♣♦♥í✈❡✐s
❡♠ t❛❜❡❧❛s✳ ❆ss✐♠✱ é s✐♠♣❧❡s ♦r❣❛♥✐③❛r ♦s ♠♦❞♦s ❋❈❇✳ ❯s❛✲s❡ ❛ ❝♦♠❜✐♥❛çã♦ ♠❡♥❝✐♦♥❛❞❛ ❛♥✲
t❡r✐♦r♠❡♥t❡ ♣❛r❛ ❡s❝♦❧❤❡r ♦ ❝♦♥❥✉♥t♦ ❞❡ ❋❈❇ q✉❡ s❡rã♦ ❝♦♠♣❛r❛❞❛s ❝♦♠ P❈❩✳ ❋♦r❛♠ t❡st❛❞❛s
❢✉♥çõ❡s ❞❡ ❇❡ss❡❧ ❡ ❝♦♠♣❛r❛❞❛s ❝♦♠ ♦s ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ♣❛r❛ ✈ár✐❛s s✉♣❡r❢í❝✐❡s ❝r✐❛❞❛s
❛rt✐✜❝✐❛❧♠❡♥t❡✳ ❚♦❞❛s ❛s s✉♣❡r❢í❝✐❡s ❢♦r❛♠ ♣r♦❞✉③✐❞❛s ♥♦ ❞✐s❝♦ ✉♥✐tár✐♦ s✐♠✉❧❛♥❞♦ ❛ ♣✉♣✐❧❛
♦✉ ❛ ár❡❛ ❞❛ ❝ór♥❡❛ ♥♦r♠❛❧✐③❛❞❛s✳ ❆s ✜❣✉r❛s q✉❡ s❡ ❛♣r❡s❡♥t❛rã♦ ♥❡st❡ ❝❛♣ít✉❧♦ ❛♣❛rt✐r ❞❡
❛❣♦r❛ t❡rã♦ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❣rá✜❝❛ ❞♦ ❡rr♦ ❞❡ ❛♣r♦①✐♠❛çã♦ t❛♥t♦ ♣❛r❛ ❛s ❋❈❇ ❝♦♠♦ ♣❛r❛
♦s P❈❩✱ ❞❡ ♠❛♥❡✐r❛ ❛ q✉❡ s❡❥❛ ♣♦ssí✈❡❧ t✐r❛r ❝♦♥❝❧✉sõ❡s ♥♦ q✉❡ ❞✐③ r❡s♣❡✐t♦ às ♣❡r❢♦r♠❛♥❝❡s
❞❡ ❛♠❜♦s ♥♦s ✈ár✐♦s ❝❛s♦s✳ ❊st❡ ❡rr♦ s❡rá ♠❡❞✐❞♦ ❡♠ ❞❇ ✭❞❡❝✐❜❡❧✮✳ ■st♦ ❞❡✈❡✲s❡ ❛♦ ❢❛❝t♦ ❞❡ ♦

❇❡r♥❛r❞♦ ❳❛✈✐❡r ◆♦❣✉❡✐r❛ ❉✉❛rt❡ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦



✸✵ ✸✳P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ✈s ❋✉♥çõ❡s ❞❡ ❇❡ss❡❧

❞❇ s❡r ✉♠❛ ✉♥✐❞❛❞❡ ❧♦❣❛rít♠✐❝❛✱ ✐♥❞✐❝❛♥❞♦ ✉♠❛ ♣r♦♣♦rçã♦✳ ❆ss✐♠✱ ♣❛r❛ ♦❜t❡r ❡st❡ ❡rr♦ ♥❡st❛
♠❡❞✐❞❛✱ r❡❝♦rr❡✲s❡ à s❡❣✉✐♥t❡ ❢ór♠✉❧❛

RMS = 20 log

(
P

P0

)

❞❇,

♦♥❞❡ P é ♦ ❡rr♦ q✉❛❞rát✐❝♦ ♠é❞✐♦ ❡♥tr❡ ❛ ❛♠♦str❛ ❡ ♦ ✈❛❧♦r ❞❛ ❋❈❇✴P❈❩ ❡ P0 é ✉♠ ✈❛❧♦r
❞❡ r❡❢❡rê♥❝✐❛ ❡ ❝♦♥st❛♥t❡✳ ❉❡st❡ ♠♦❞♦✱ ❝❛s♦ ♦ ✈❛❧♦r ❞❡ P s❡❥❛ s✉♣❡r✐♦r ❛♦ ❞❡ P0✱ ♦❜t❡r✲s❡✲á
✉♠ ❘▼❙ ♣♦s✐t✐✈♦✱ ❡♥q✉❛♥t♦ q✉❡✱ s❡ P ❢♦r ✐♥❢❡r✐♦r ❛ P0✱ ♦ ❘▼❙ t♦♠❛ ✉♠ ✈❛❧♦r ♥❡❣❛t✐✈♦✳ ◆♦
❝❛s♦ ❞❡ P ❡ P0 ✐❣✉❛✐s✱ ♦ ✈❛❧♦r ♦❜t✐❞♦ s❡rá 0✳ ❆ss✐♠✱ ❛ ♦❜t❡♥çã♦ ❞❡ ✈❛❧♦r❡s ♥❡❣❛t✐✈♦s ♥ã♦ é✱ ❞❡
t♦❞♦✱ ✉♠ ♣r♦❜❧❡♠❛✳ ❆❧✐ás✱ ♦ ✈❛❧♦r ❞♦ ❘▼❙ s❡rá t❛♥t♦ ♠❡❧❤♦r✱ q✉❛♥t♦ ♠❛✐s ❜❛✐①♦ ❢♦r✳

✸✳✹ ❙✉♣❡r❢í❝✐❡s ❝♦♠ ❛♥é✐s

❆ ❡str✉t✉r❛ ❞❡ ✉♠ ❛♥❡❧ ♣♦❞❡ s❡r ♦❜t✐❞❛ ♣♦r ✉♠❛ ❢✉♥çã♦ ❣❛✉ss✐❛♥❛ r❛❞✐❛❧ ❝❡♥tr❛❞❛ ❝♦♠ ✉♠
r❛✐♦ r0 ❡ ✉♠ ❢❛t♦r ❛♥❣✉❧❛r ❝♦♥st❛♥t❡

u(r, φ) = exp

[−(r − r0)
2

w2

]

. ✭✸✳✶✹✮

❆♥t❡s ❞❡ s❡ r❡♣r❡s❡♥t❛r ❡ ❡st✉❞❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛s ❋❈❇ ❡ ❞♦s P❈❩ ♥✉♠❛ ❡str✉t✉r❛ ❞❡
✉♠ ❛♥❡❧✱ ✐r✲s❡✲á ❡st✉❞❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡st❛s ❢✉♥çõ❡s ❡♠ ❣❛✉ss✐❛♥❛s s✐♠♣❧❡s✳ ◆♦ ❡st✉❞♦
q✉❡ s❡ s❡❣✉❡✱ ❛❧t❡r♦✉✲s❡ ❛♣❡♥❛s ♦ ✈❛❧♦r ❞♦ ♣❛râ♠❡tr♦ q✉❡ ❞✐③ r❡s♣❡✐t♦ à ❢♦r♠❛ ❞❛ ❣❛✉ss✐❛♥❛✱
♥♦♠❡❛❞❛♠❡♥t❡ t❡st❛♥❞♦ ♣❛r❛ ❣❛✉ss✐♥❛s ♠❛✐s ❡ ♠❡♥♦s ❡str❡✐t❛s✳ ❉❡ s❡❣✉✐❞❛✱ ✉s❛♥❞♦ ❛s ✜❣✉r❛s
❡ r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛❞♦s ❡♠ ❬✹✼❪✱ ❢❛③❡♠✲s❡ ❛s ❞❡✈✐❞❛s ✐♥t❡r♣r❡t❛çõ❡s ❞♦s ♠❡s♠♦s✳

✭❛✮ ✭❜✮

❋✐❣✉r❛ ✸✳✾✿ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ ✉♠❛ ●❛✉ss✐❛♥❛ ❝♦♠ w2 = 0.1✳ ❊♠ ✭❛✮ ❡♥❝♦♥tr❛✲s❡ ❛ r❡♣r❡s❡♥✲
t❛çã♦ ❣rá✜❝❛ ❞❡st❛ ❢✉♥çã♦✱ ❡♥q✉❛♥t♦ q✉❡ ❡♠ ✭❜✮ ❡stá r❡♣r❡s❡♥t❛❞♦ ♦ ❣rá✜❝♦ ❞♦ ❡rr♦ ✭❘▼❙✮
❞❡ ❛♣r♦①✐♠❛çã♦ ❞❛s ❋❈❇ ❡ ❞♦s P❈❩ ❛♦ ❧♦♥❣♦ ❞♦ ❞✐s❝♦✳

❋♦♥t❡✿ ❩❡r♥✐❦❡ ✈s✳ ❇❡ss❡❧ ❝✐r❝✉❧❛r ❢✉♥❝t✐♦♥s ✐♥ ✈✐s✉❛❧ ♦♣t✐❝s✱ ❬✹✼❪✳

❇❡r♥❛r❞♦ ❳❛✈✐❡r ◆♦❣✉❡✐r❛ ❉✉❛rt❡ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦



✸✳P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ✈s ❋✉♥çõ❡s ❞❡ ❇❡ss❡❧ ✸✶

✭❛✮ ✭❜✮

❋✐❣✉r❛ ✸✳✶✵✿ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ ✉♠❛ ●❛✉ss✐❛♥❛ ❝♦♠ w2 = 0.5✳ ❊♠ ✭❛✮ ❡♥❝♦♥tr❛✲s❡ ❛ r❡♣r❡s❡♥✲
t❛çã♦ ❣rá✜❝❛ ❞❡st❛ ❢✉♥çã♦✱ ❡♥q✉❛♥t♦ q✉❡ ❡♠ ✭❜✮ ❡stá r❡♣r❡s❡♥t❛❞♦ ♦ ❣rá✜❝♦ ❞♦ ❡rr♦ ✭❘▼❙✮
❞❡ ❛♣r♦①✐♠❛çã♦ ❞❛s ❋❈❇ ❡ ❞♦s P❈❩ ❛♦ ❧♦♥❣♦ ❞♦ ❞✐s❝♦✳

❋♦♥t❡✿ ❩❡r♥✐❦❡ ✈s✳ ❇❡ss❡❧ ❝✐r❝✉❧❛r ❢✉♥❝t✐♦♥s ✐♥ ✈✐s✉❛❧ ♦♣t✐❝s✱ ❬✹✼❪✳

✭❛✮ ✭❜✮

❋✐❣✉r❛ ✸✳✶✶✿ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ ✉♠❛ ●❛✉ss✐❛♥❛ ❝♦♠ w2 = 15✳ ❊♠ ✭❛✮ ❡♥❝♦♥tr❛✲s❡ ❛ r❡♣r❡s❡♥✲
t❛çã♦ ❣rá✜❝❛ ❞❡st❛ ❢✉♥çã♦✱ ❡♥q✉❛♥t♦ q✉❡ ❡♠ ✭❜✮ ❡stá r❡♣r❡s❡♥t❛❞♦ ♦ ❣rá✜❝♦ ❞♦ ❡rr♦ ✭❘▼❙✮
❞❡ ❛♣r♦①✐♠❛çã♦ ❞❛s ❋❈❇ ❡ ❞♦s P❈❩ ❛♦ ❧♦♥❣♦ ❞♦ ❞✐s❝♦✳

❋♦♥t❡✿ ❩❡r♥✐❦❡ ✈s✳ ❇❡ss❡❧ ❝✐r❝✉❧❛r ❢✉♥❝t✐♦♥s ✐♥ ✈✐s✉❛❧ ♦♣t✐❝s✱ ❬✹✼❪✳

❆♥❛❧✐s❛♥❞♦ ♦s ❣rá✜❝♦s ✉♠ ❛ ✉♠✱ é ♣♦ssí✈❡❧ r❡t✐r❛r ❝♦♥❝❧✉sõ❡s ❞✐❢❡r❡♥t❡s✳ ◆♦ ♣r✐♠❡✐r♦
❣rá✜❝♦✱ ✈❡r✐✜❝❛✲s❡ ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ ♠✉✐t♦ s❡♠❡❧❤❛♥t❡ ♥♦ ❛❥✉st❡ ❞❛s ❋❈❇ ❡ ❞♦s P❈❩ ❛ ❡st❡
t✐♣♦ ❞❡ s✉♣❡r❢í❝✐❡✳ P♦❞❡✲s❡ ✈❡r✐✜❝❛r q✉❡ ♦ ❡rr♦ ❞❡ ❛♣r♦①✐♠❛çã♦ ✈❛✐ ❛✉♠❡♥t❛♥❞♦ ❡♠ ❛♠❜♦s ♦s
♣♦❧✐♥ó♠✐♦s à ♠❡❞✐❞❛ q✉❡ s❡ ❛❢❛st❛ ❞♦ ❝❡♥tr♦✳ P♦ré♠✱ t❡♥❞♦ ❡♠ ❝♦♥t❛ r❡❣✐õ❡s ♠❛✐s ♣ró①✐♠❛s
❞♦ ❝❡♥tr♦✱ ✈❡r✐✜❝❛✲s❡ ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ ❝♦♥s✐❞❡r❛✈❡❧♠❡♥t❡ ♠❡❧❤♦r ❞❛s ❋❈❇✳ ◆♦ q✉❡ ❞✐③
r❡s♣❡✐t♦ ❛♦ s❡❣✉♥❞♦ ❣á✜❝♦✱ ✈❡r✐✜❝❛✲s❡ ✉♠❛ ♣❡r❢♦r♠❛♥❝❡ ♠✉✐t♦ ♠❡❧❤♦r ❞❛s ❋❈❇ ❛♦ ❧♦♥❣♦ ❞❡

❇❡r♥❛r❞♦ ❳❛✈✐❡r ◆♦❣✉❡✐r❛ ❉✉❛rt❡ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦



✸✷ ✸✳P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ✈s ❋✉♥çõ❡s ❞❡ ❇❡ss❡❧

t♦❞♦ ♦ r❛✐♦✱ s❡♥❞♦ q✉❡ ❛ ♠❛✐♦r ❞✐❢❡r❡♥ç❛ ❞❡ ❝♦♠♣♦rt❛♠❡♥t♦s s❡ r❡❣✐st❛ ♥♦ ❝❡♥tr♦ ❞♦ ❞✐s❝♦ ❡
✈❛✐ ❞✐♠✐♥✉✐♥❞♦ à ♠❡❞✐❞❛ q✉❡ s❡ ❛❢❛st❛ ❞♦ ♠❡s♠♦✳ ◆♦ t❡r❝❡✐r♦ ❣rá✜❝♦✱ ♦s P❈❩ ❛♣r❡s❡♥t❛♠ ✉♠
♠❡❧❤♦r ❛❥✉st❡ ❡♠ t♦❞♦ ♦ r❛✐♦✳ ❆ ❞✐❢❡r❡♥ç❛ ❞❡ ♣❡r❢♦r♠❛♥❝❡ é q✉❛s❡ s❡♠♣r❡ ❝♦♥st❛♥t❡ ❛♦ ❧♦♥❣♦
❞♦ r❛✐♦✱ ❛✉♠❡♥t❛♥❞♦ ❛♣❡♥❛s q✉❛♥❞♦ ❡st❡ t♦♠❛ ✈❛❧♦r❡s ♣ró①✐♠♦s ❞❡ ✶✳ P♦❞❡✲s❡ ❝♦♥❝❧✉✐r✱ ❛ss✐♠✱
q✉❡✱ ♥♦ q✉❡ ❞✐③ r❡s♣❡✐t♦ ❛ ❣❛✉ss✐❛♥❛s s✐♠♣❧❡s✱ ❛s ❋❈❇ ❛♣r❡s❡♥t❛♠ ✉♠❛ ♠❡❧❤♦r ♣❡r❢♦r♠❛♥❝❡
q✉❛♥❞♦ ❛ ❣❛✉ss✐❛♥❛ é ♠❛✐s ❡str❡✐t❛✱ s❡♥❞♦ q✉❡✱ ♣❛r❛ ♦s ❝❛s♦s ❡♠ q✉❡ w t♦♠❛ ✈❛❧♦r❡s ♠❛✐s
❛❧t♦s✱ ❥á sã♦ ♦s P❈❩ q✉❡ ❛♣r❡s❡♥t❛♠ ✉♠ ♠❡❧❤♦r ❛❥✉st❡✳

P♦st♦ ✐st♦✱ ♣♦❞❡✲s❡ ❛❣♦r❛ ♣❛ss❛r ❛♦ ❡st✉❞♦ ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡ ❞❡ ✉♠ ❛♥❡❧✳ ❊st❡ t✐♣♦ ❞❡ s✉✲
♣❡r❢í❝✐❡ ♣♦❞❡ r❡♣r❡s❡♥t❛r ♦s ❡❢❡✐t♦s ❞❡ ✉s❛r ✉♠ ❝❡rt♦ t✐♣♦ ❞❡ ❧❡♥t❡s ❞❡ ❝♦♥t❛❝t♦✳ ❯♠❛ s✉♣❡r❢í❝✐❡
❝♦♠ ♠ú❧t✐♣❧♦s ❛♥é✐s✱ ♣♦r ❡①❡♠♣❧♦ ✉♠❛ s♦♠❛ ❞❡ ❞✉❛s ♦✉ ♠❛✐s ❢✉♥çõ❡s s❡♠❡❧❤❛♥t❡s✱ ♣♦❞❡r✐❛
r❡♣r❡s❡♥t❛r ✉♠❛ ❢r❡♥t❡ ❞❡ ♦♥❞❛ ❣❡r❛❞❛ ♣♦r ✉♠❛ ❧❡♥t❡ ♠✉❧t✐❢♦❝❛❧✳ ❆q✉✐✱ ❛s ❋❈❇ ❛♣r❡s❡♥t❛♠
✉♠❛ ❝❛♣❛❝✐❞❛❞❡ ❞❡ ❛❞❛♣t❛çã♦ ❧✐❣❡✐r❛♠❡♥t❡ ♠❡❧❤♦r ♣❛r❛ ❛♥é✐s ❝♦♠♣❧❡t♦s✱ ❡s♣❡❝✐❛❧♠❡♥t❡ ♥❛
③♦♥❛ ❝❡♥tr❛❧ ❞❛ ❡str✉t✉r❛✳ ❚❛♠❜é♠ ❢♦r❛♠ ♣r♦❞✉③✐❞♦s ❛♥é✐s ✐♥❝♦♠♣❧❡t♦s ♣♦r ❝♦♠❜✐♥❛çã♦ ❞❡
❢✉♥çõ❡s ❣❛✉ss✐❛♥❛s r❛❞✐❛✐s ❝♦♠ ✉♠❛ ❢✉♥çã♦ s✉♣❡r✲❣❛✉ss✐❛♥❛ ❛♥❣✉❧❛r✿

u(r, φ) = exp

[−(r − ro)
2

w2

]

exp

[

−(φ− φ0)
2N

w2N
φ

]

✭✸✳✶✺✮

♦♥❞❡ N é ✉♠ ♥ú♠❡r♦ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦✳

✭❛✮ ✭❜✮

❋✐❣✉r❛ ✸✳✶✷✿ ❘❡♣r❡s❡♥t❛çã♦ ❣rá✜❝❛ ❞❡ ✉♠ ❛♥❡❧ ❝♦♠♣❧❡t♦ ✭❛✮✳ ❊♠ ✭❜✮ ❡stá r❡♣r❡s❡♥t❛❞♦ ♦
❣rá✜❝♦ ❞♦ ❡rr♦ ✭❘▼❙✮ ❞❡ ❛♣r♦①✐♠❛çã♦ ❞❛s ❋❈❇ ❡ ❞♦s P❈❩ ❛♦ ❧♦♥❣♦ ❞♦ ❞✐s❝♦ ♥❛ s✉♣❡r❢í❝✐❡ ❞❡
✉♠ ❛♥❡❧ ❝♦♠♣❧❡t♦✳

❋♦♥t❡✿ ❩❡r♥✐❦❡ ✈s✳ ❇❡ss❡❧ ❝✐r❝✉❧❛r ❢✉♥❝t✐♦♥s ✐♥ ✈✐s✉❛❧ ♦♣t✐❝s✱ ❬✹✼❪✳

❇❡r♥❛r❞♦ ❳❛✈✐❡r ◆♦❣✉❡✐r❛ ❉✉❛rt❡ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦



✸✳P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ✈s ❋✉♥çõ❡s ❞❡ ❇❡ss❡❧ ✸✸

✭❛✮ ✭❜✮

❋✐❣✉r❛ ✸✳✶✸✿ ❘❡♣r❡s❡♥t❛çã♦ ❣rá✜❝❛ ❞❡ ✉♠ ❛♥❡❧ ✐♥❝♦♠♣❧❡t♦ ✭❛✮✳ ❊♠ ✭❜✮ ❡stá r❡♣r❡s❡♥t❛❞♦ ♦
❣rá✜❝♦ ❞♦ ❡rr♦ ✭❘▼❙✮ ❞❡ ❛♣r♦①✐♠❛çã♦ ❞❛s ❋❈❇ ❡ ❞♦s P❈❩ ❛♦ ❧♦♥❣♦ ❞♦ ❞✐s❝♦ ♥❛ s✉♣❡r❢í❝✐❡ ❞❡
✉♠ ❛♥❡❧ ✐♥❝♦♠♣❧❡t♦✳

❋♦♥t❡✿ ❩❡r♥✐❦❡ ✈s✳ ❇❡ss❡❧ ❝✐r❝✉❧❛r ❢✉♥❝t✐♦♥s ✐♥ ✈✐s✉❛❧ ♦♣t✐❝s✱ ❬✹✼❪✳

❆tr❛✈és ❞❛ ♦❜s❡r✈❛çã♦ ❞♦s ❣rá✜❝♦s ❛♥t❡r✐♦r❡s✱ ♣♦❞❡✲s❡ ❝♦♥❝❧✉✐r q✉❡✱ ♥♦ ❝❛s♦ ❞♦s ❛♥é✐s ❝♦♠✲
♣❧❡t♦s ❛s ❋❈❇ ❛♣r❡s❡♥t❛♠ ✉♠❛ ♠❡❧❤♦r ❝❛♣❛❝✐❞❛❞❡ ❞❡ ❛❥✉st❡ ❡♠ q✉❛s❡ t♦❞♦ ♦ r❛✐♦✱ ❛♣r❡s❡♥✲
t❛♥❞♦ ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ s❡♠❡❧❤❛♥t❡ à P❈❩ q✉❛♥❞♦ ♦ r❛✐♦ t♦♠❛ ✈❛❧♦r❡s ♠❛✐s ❛❢❛st❛❞♦s ❞♦
❝❡♥tr♦ ❞♦ ❞✐s❝♦✳ ❈♦♥❝❧✉✐✲s❡ ❛✐♥❞❛ q✉❡✱ ♥❡st❡ t✐♣♦ ❞❡ s✉♣❡r❢í❝✐❡✱ ❛ ❞✐❢❡r❡♥ç❛ ❞♦ ❡rr♦ ❡♥tr❡ ❛s
❋❈❇ ❡ P❈❩ é ♠❛✐♦r à ♠❡❞✐❞❛ q✉❡ ♦ r❛✐♦ t♦♠❛ ✈❛❧♦r❡s ♠❛✐s ♣ró①✐♠♦s ❞♦ ❝❡♥tr♦✱ s❡♥❞♦ q✉❡
❛s ❋❈❇ ❛♣r❡s❡♥t❛♠ ❝❧❛r❛♠❡♥t❡ ✉♠❛ ♠❡❧❤♦r ❝❛♣❛❝✐❞❛❞❡ ❞❡ ❛❥✉st❡ ♥❡st❡s ✈❛❧♦r❡s✳ ◆♦ q✉❡ ❞✐③
r❡s♣❡✐t♦ ❛♦s ❛♥é✐s ✐♥❝♦♠♣❧❡t♦s✱ ❛s ❋❈❇ ❡ ♦s P❈❩ ❛♣r❡s❡♥t❛♠ ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ ♠✉✐t♦ s❡♠❡✲
❧❤❛♥t❡ ❡♠ q✉❛s❡ t♦❞♦ ♦ r❛✐♦✱ s❡♥❞♦ q✉❡✱ ♣❛r❛ ✈❛❧♦r❡s ♠❛✐s ♣ró①✐♠♦s ❞❡ 0✱ ♦s P❈❩ ❛♣r❡s❡♥t❛♠
✉♠❛ ♠❡❧❤♦r ♣❡r❢♦r♠❛♥❝❡✳

❊♠ ❝❛s♦s r❡❛✐s✱ ❛♥é✐s ❝♦♥❝ê♥tr✐❝♦s ♣♦❞❡♠ ❡st❛r ❢♦r❛ ❞♦ ❡✐①♦✳ ❊st❡ ❢❛❝t♦ ❛❢❡t❛ ❛ ❝❛♣❛❝✐❞❛❞❡
❞❡ ❛❥✉st❡ ❞❛s ❋❈❇✱ ❝♦♥t✉❞♦✱ ✉♠ ♣ré✲♣r♦❝❡ss❛♠❡♥t♦ ❞♦s ♣♦♥t♦s ❞♦s ❞❛❞♦s ♣❡r♠✐t✐rã♦ r❡❝❡♥tr❛r
❛ s✉♣❡r❢í❝✐❡ ❡ ❛ ♣❡r❢♦r♠❛♥❝❡ ❞❡ ❛❥✉st❛♠❡♥t♦ ❞❡s❡❥❛❞❛✳ ❊str✉t✉r❛s ❞❡ ❛♥❡❧ ✐♥❝♦♠♣❧❡t♦ ♣♦❞❡rã♦
s❡r út❡✐s ♥❛ ♠♦❞❡❧❛çã♦ ❞♦s ❡❢❡✐t♦s ❞❛ ♣r❡ssã♦ ❞❛s ♣á❧♣❡❜r❛s ♥❛ s✉♣❡r❢í❝✐❡ ❞❛ ❝ór♥❡❛ ❛♥t❡r✐♦r✳

✸✳✺ ▼♦❞❡❧♦ ❞❡ ♦❧❤♦ ❝♦♠♣❧❡t♦

❯♠ ❝❛s♦ ✐♥t❡r❡ss❛♥t❡ é ♦ ♠♦❞❡❧♦ ❞❛ s✉♣❡r❢í❝✐❡ t♦t❛❧ ❞♦ ♦❧❤♦ ❛♥t❡r✐♦r✱ q✉❡ ✐♥❝❧✉✐ ❛ s✉♣❡r❢í❝✐❡
❛♥t❡r✐♦r ❞❛ ❝ór♥❡❛✱ ❧✐♠❜✉s ❡ ❡s❝❧❡r❛✳ ◆❡st❡ s❡♥t✐❞♦✱ é ❜❛st❛♥t❡ ♣❡rt✐♥❡♥t❡ r❡❝♦r❞❛r ❛ ❋✐❣✉r❛ ✸✳✶.

❇❡r♥❛r❞♦ ❳❛✈✐❡r ◆♦❣✉❡✐r❛ ❉✉❛rt❡ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦



✸✹ ✸✳P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ✈s ❋✉♥çõ❡s ❞❡ ❇❡ss❡❧

❋✐❣✉r❛ ✸✳✶✹✿ ❘❡♣r❡s❡♥t❛çã♦ ❞❛ ❡str✉t✉r❛ ❞♦ ♦❧❤♦ ❡ ❞❛ s✉❛ ❝♦♠♣♦s✐çã♦✳

❋♦♥t❡✿ ❤tt♣✿✴✴✇✇✇✳♦t✐❝❛s❣✉❛r♥✐❡r✐✳❝♦♠✳❜r✴✈✐s❛♦❴♦❧❤♦✳❤t♠❧✳

P❛r❛ ♣r♦❞✉③✐r ❡st❡ ♠♦❞❡❧♦✱ ❥✉♥t❛r❛♠✲s❡ ❞✉❛s s✉♣❡r❢í❝✐❡s ❡s❢ér✐❝❛s ❝♦♠ ❞✐❢❡r❡♥t❡s r❛✐♦s✱ s❡♥❞♦
✐♠♣❧❡♠❡♥t❛❞♦s ♣❛râ♠❡tr♦s tí♣✐❝♦s ♣❛r❛ ♦ r❛✐♦ ❛♥t❡r✐♦r ❞❛ ❝ór♥❡❛✱ ír✐s ✈✐sí✈❡❧ ❡ ❞✐â♠❡tr♦ ❞♦
♦❧❤♦✳ ■st♦ r❡s✉❧t❛ ♥✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡ ♥❛ ♣r✐♠❡✐r❛ ❞❡r✐✈❛❞❛✱ ♣r❡❝✐s❛♠❡♥t❡
♥❛ r❡❣✐ã♦ ❞♦ ❧✐♠❜✉s✳ ❆ s✉♣❡r❢í❝✐❡ é r❛❞✐❛❧♠❡♥t❡ s✐♠étr✐❝❛✱ ♣♦r ✐ss♦ ♣♦❞❡✲s❡ ❡s❝♦❧❤❡r ✉♠ ♠♦❞♦
❞❡ ♠❛✐♦r ♦r❞❡♠ r❛❞✐❛❧✱ ♠❛s r❡str✐♥❣✐r ♦ ❝♦♥❥✉♥t♦ ♣❛r❛ m = 0✳

✭❛✮ ✭❜✮

❇❡r♥❛r❞♦ ❳❛✈✐❡r ◆♦❣✉❡✐r❛ ❉✉❛rt❡ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦

http://www.oticasguarnieri.com.br/visao_olho.html


✸✳P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ✈s ❋✉♥çõ❡s ❞❡ ❇❡ss❡❧ ✸✺

✭❝✮ ✭❞✮ ✭❡✮

❋✐❣✉r❛ ✸✳✶✺✿ ❘❡♣r❡s❡♥t❛çã♦ ❣rá✜❝❛ ❞❡ ✉♠ ♠♦❞❡❧♦ ❞♦ ♦❧❤♦ ❝♦♠♣❧❡t♦ ❝♦♠ ❛ ❝♦♥❥✉❣❛çã♦ ❞❡ ❞✉❛s
s✉♣❡r❢í❝✐❡s ✭❛✮✳ ❘❡♣r❡s❡♥t❛çã♦ ❡♠ ♣❡r✜❧ ❞❡ ✉♠ ❝♦rt❡ ❞❛ r❡♣r❡s❡♥t❛çã♦ ❛♥t❡r✐♦r ♦♥❞❡ s❡ ✈ê ❞❡
❢♦r♠❛ ❝❧❛r❛ ❛ s♦❜r❡♣♦s✐çã♦ ❞❛s ❞✉❛s s✉♣❡r❢í❝✐❡s ✭❜✮✳ ❊♠ ✭❝✮✱ ✭❞✮ ❡ ✭❡✮ ❡stá r❡♣r❡s❡♥t❛❞♦ ♦
❣rá✜❝♦ ❞♦ ❡rr♦ ✭❘▼❙✮ ❞❡ ❛♣r♦①✐♠❛çã♦ ❞❛s ❋❈❇ ❡ ❞♦s P❈❩ ❛♦ ❧♦♥❣♦ ❞♦ ❞✐s❝♦ ♥❛ s✉♣❡r❢í❝✐❡ ❞❡
✉♠ ♠♦❞❡❧♦ ❞❡ ♦❧❤♦ ❝♦♠♣❧❡t♦✱ ❝♦♥t❡♠♣❧❛♥❞♦ ✹✱ ✺ ❡ ✻ ♠♦❞♦s✱ r❡s♣❡t✐✈❛♠❡♥t❡✳

❋♦♥t❡✿ ❩❡r♥✐❦❡ ✈s✳ ❇❡ss❡❧ ❝✐r❝✉❧❛r ❢✉♥❝t✐♦♥s ✐♥ ✈✐s✉❛❧ ♦♣t✐❝s✱ ❬✹✼❪✳

❆tr❛✈és ❞❛ ú❧t✐♠❛ ✜❣✉r❛✱ é ♣♦ss✐✈❡❧ r❡t✐r❛r ✈ár✐❛s ❝♦♥❝❧✉sõ❡s✳ ❊♠ ♣r✐♠❡✐r♦ ❧✉❣❛r✱ ❞❡st❛❝❛r
q✉❡ ❛ s♦❜r❡♣♦s✐çã♦ ❞❛s ❞✉❛s s✉♣❡r❢í❝✐❡s✱ ♦✉ s❡❥❛✱ ❛ r❡❣✐ã♦ ❞♦ ❧✐♠❜✉s✱ s❡ ❡♥❝♦♥tr❛ ❡♠ r =
0, 6✳ P♦❞❡✲s❡ ♣❛ss❛r ❛❣♦r❛ à ❛♥á❧✐s❡ ❞♦s ú❧t✐♠♦s três ❣rá✜❝♦s✱ s❡♥❞♦ q✉❡ ❡❧❡s ❝♦♠❜✐♥❛♠✱
r❡s♣❡t✐✈❛♠❡♥t❡✱ ♦s ♣r✐♠❡✐r♦s 4✱ 5 ❡ 6♠♦❞♦s ❞❛s ❋❈❇ ❡ ❞♦s P❈❩✳ ◆♦ ♣r✐♠❡✐r♦ ❣rá✜❝♦✱ é ♣♦ssí✈❡❧
♣❡r❝❡❜❡r q✉❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ❛♠❜♦s ♦s ♣♦❧✐♥ó♠✐♦s é s❡♠❡❧❤❛♥t❡✱ ❛❧t❡r♥❛♥❞♦ ✉♠❛ ♠❡❧❤♦r
♣❡r❢♦r♠❛♥❝❡ ❞❛s ❋❈❇ ❡ ❞♦s P❈❩ ❛♦ ❧♦♥❣♦ ❞♦ r❛✐♦ ❡ ♥ã♦ s❡♥❞♦ ♣♦ssí✈❡❧ ❝♦♥❝❧✉✐r q✉❛❧ ❞♦s ❞♦✐s
t❡♠ ✉♠❛ ♠❡❧❤♦r ❝❛♣❛❝✐❞❛❞❡ ❞❡ ❛❥✉st❡✳ ◆♦ s❡❣✉♥❞♦ ❣rá✜❝♦✱ ♦❜s❡r✈❛♠✲s❡ ❞✉❛s ③♦♥❛s ❞✐❢❡r❡♥t❡s✿
♥❛ ♣r✐♠❡✐r❛✱ ❞❡s❞❡ ♦ ❝❡♥tr♦ ❞♦ ❞✐s❝♦ ❛té à r❡❣✐ã♦ ❞♦ ❧✐♠❜✉s✱ ❡♠ q✉❡ r = 0, 6✱ ❛s ♣❡r❢♦r♠❛♥❝❡s
❞❛s ❋❈❇ ❡ ❞♦s P❈❩ ✈ã♦ ❛❧t❡r♥❛♥❞♦✱ ♥ã♦ s❡♥❞♦ ♣♦ssí✈❡❧ ❡s❝♦❧❤❡r ✉♠❛ ♠❡❧❤♦r ♣❡r❢♦r♠❛♥❝❡❀
♥❛ s❡❣✉♥❞❛ r❡❣✐ã♦✱ q✉❛♥❞♦ r t♦♠❛ ✈❛❧♦r❡s ❡♥tr❡ 0, 6 ❡ 1✱ ❛s ❋❈❇ ❛♣r❡s❡♥t❛♠ ❝❧❛r❛♠❡♥t❡ ✉♠❛
♠❡❧❤♦r ♣❡r❢♦r♠❛♥❝❡✳ ◆♦ t❡r❝❡✐r♦ ❣rá✜❝♦✱ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛s ❋❈❇ é ❝❧❛r❛♠❡♥t❡ ♠❡❧❤♦r ❡♠
t♦❞♦ ♦ r❛✐♦✱ s❡♥❞♦ q✉❡ ❛ ❞✐❢❡r❡♥ç❛ ❞♦s ❡rr♦s ❞❡ ❛♠❜❛s ❛s ❢✉♥çõ❡s ✈❛✐ ❞✐♠✐♥✉✐♥❞♦ à ♠❡❞✐❞❛ q✉❡
♦ r❛✐♦ t♦♠❛ ✈❛❧♦r❡s ♠❛✐s ❛❢❛st❛❞♦s ❞❡ 0✳ ◆♦ ❣❧♦❜❛❧✱ ❝♦♥❝❧✉✐✲s❡ q✉❡✱ ❝♦♠ ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❝♦♠
✉♠ ♥ú♠❡r♦ ♠❡♥♦r ❞❡ ♠♦❞♦s✱ ❛s ❋❈❇ ❡ ♦s P❈❩ tê♠ ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ s❡♠❡❧❤❛♥t❡✱ ♣♦ré♠✱
q✉❛♥❞♦ ♦ ♥ú♠❡r♦ ❞❡ ♠♦❞♦s ❛✉♠❡♥t❛✱ ❛s ❋❈❇ ❛♣r❡s❡♥t❛♠ ✉♠❛ ♠❡❧❤♦r ♣❡r❢♦r♠❛♥❝❡✳

❆s ❋❈❇ tê♠ ✉♠❛ ♣❡r❢♦r♠❛♥❝❡ ♠❡❧❤♦r q✉❡ ❛s P❈❩ q✉❛♥❞♦ ♦ ❛❥✉st❡ é ❢❡✐t♦ ♥❡st❡ t✐♣♦ ❞❡
s✉♣❡r❢í❝✐❡ ♣❡❧♦ ❢❛❝t♦ ❞❛ ❝♦♠♣♦♥❡♥t❡ r❛❞✐❛❧ ❞❛s ❋❈❇ t❡r ♠❛✐s ③❡r♦s✱ r❡s✉❧t❛♥❞♦ ♥✉♠ ♠❛✐♦r
♥ú♠❡r♦ ❞❡ ♦s❝✐❧❛çõ❡s✱ ❞❡♥tr♦ ❞♦ ✐♥t❡r✈❛❧♦ ✉♥✐tár✐♦✱ ❞♦ q✉❡ ❛s P❈❩ ♣❛r❛ ❛ ♠❡s♠❛ ♦r❞❡♠
r❛❞✐❛❧✳

✸✳✻ ❉✐s❝✉ssã♦

P♦❞❡✲s❡ ♦❜s❡r✈❛r ♥❛ ❋✐❣✉r❛ ✸✳✽ q✉❡ ❛❧❣✉♥s ❡❧❡♠❡♥t♦s ❞❛ ❜❛s❡ ❞❛s ❋❈❇ sã♦ s❡♠❡❧❤❛♥t❡s ❛
❛❧❣✉♥s ❡❧❡♠❡♥t♦s ♣❛rt✐❝✉❧❛r❡s ❞❛ ❜❛s❡ P❈❩ t♦r♥❛♥❞♦ ♣♦ssí✈❡❧ ✉♠❛ ❛♥❛❧♦❣✐❛ ❣r♦ss❡✐r❛ ❡♥tr❡ ♦s
❝♦♥❥✉♥t♦s✳ ❯♠❛ ♦r❞❡♥❛çã♦ ❞❛s ❋❈❇ é ❢❡✐t❛ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦s s❡✉s ✈❛❧♦r❡s ♣ró♣r✐♦s ❡ ❧❡✈❛ ❛ ✉♠
❡sq✉❡♠❛ ❞❡ ♠♦❞♦s ❝♦rr❡s♣♦♥❞❡♥t❡ q✉❡ ❢❛③ s❡♥t✐❞♦ ❡♠ t❡r♠♦s ❞❛ ❛♥❛❧♦❣✐❛ ❛❝✐♠❛ ♠❡♥❝✐♦♥❛❞❛✳
❯♠❛ ✈❡③ ✜①❛❞♦ ♦ ♥ú♠❡r♦ ❞❡ ♠♦❞♦s✱ ❛s ❋❈❇ r❡✈❡❧❛♠ ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ ♠✉✐t♦ ❜♦♠ ♣❛r❛
❡str✉t✉r❛s ❝❡♥tr❛❞❛s t❛❧ ❝♦♠♦ ❢✉♥çõ❡s ❣❛✉ss✐❛♥❛s ❡ s✉♣❡r❢í❝✐❡s ❝♦♠ ♠✉✐t❛s ♦♥❞❛s r❛❞✐❛✐s✱
❝♦♥t✉❞♦ ♦ ❡rr♦ ❞❡ ❛♣r♦①✐♠❛çã♦ ♣❛r❛ ❋❈❇ ❛✉♠❡♥t❛ ♣❛r❛ s✉♣❡r❢í❝✐❡s ❝♦♠ ❛♠♣❧✐t✉❞❡ ❝♦♥s✐❞❡rá✈❡❧

❇❡r♥❛r❞♦ ❳❛✈✐❡r ◆♦❣✉❡✐r❛ ❉✉❛rt❡ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦



✸✻ ✸✳P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ✈s ❋✉♥çõ❡s ❞❡ ❇❡ss❡❧

♥❛ ❢r♦♥t❡✐r❛ ❞♦ ❞♦♠í♥✐♦ ❝✐r❝✉❧❛r✳ ❙✉♣❡r❢í❝✐❡s ♠❛✐s s✉❛✈❡s ❢♦r❛♠ ♠❡❧❤♦r r❡♣r❡s❡♥t❛❞❛s ♣♦r P❈❩
❞❡✈✐❞♦ à ♥❛t✉r❡③❛ q✉❛❞rátr✐❝❛ ❞♦s t❡r♠♦s ❞❡ ♦r❞❡♠ ❜❛✐①❛ q✉❡ ❝❛rr❡❣❛♠ ✐♥❢♦r♠❛çã♦ s✉✜❝✐❡♥t❡
♣❛r❛ ❞❡s❝r❡✈❡r t❛✐s s✉♣❡r❢í❝✐❡s✳

❯♠ ❞❡t❡r♠✐♥❛❞♦ ✈❛❧♦r ❞❡ ♦r❞❡♠ ❛♥❣✉❧❛rm r❡str✐♥❣❡ ♦s ❡❧❡♠❡♥t♦s ❝♦rr❡s♣♦♥❞❡♥t❡s ❞❡ ♦r❞❡♠
r❛❞✐❛❧ n ♥♦ ❝♦♥❥✉♥t♦ P❈❩✳ ■st♦ ♥ã♦ ❛❝♦♥t❡❝❡ ♥❛ ❜❛s❡ ❋❈❇✱ ♦♥❞❡ ❡①✐st❡ ✉♠ ♠♦❞♦ ♣❛r❛ q✉❛❧q✉❡r
❝♦♠❜✐♥❛çã♦ ♦✉ ♦r❞❡♠ r❛❞✐❛❧ ❡ ❛♥❣✉❧❛r✳ ■st♦ ❞á às ❋❈❇ ✉♠❛ ✈❛♥t❛❣❡♠ ♣❛r❛ r❡♣r❡s❡♥t❛r
s✉♣❡r❢í❝✐❡s ❞❡ s✐♠❡tr✐❛ ♠❡s♠♦ q✉❛♥❞♦ ❡①✐st❡♠ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡s ♥❛ ♣r✐♠❡✐r❛ ❞❡r✐✈❛❞❛✱ t❛❧
❝♦♠♦ ♥♦ ♠♦❞❡❧♦ ❞❛ s✉♣❡r❢í❝✐❡ t♦t❛❧ ❞♦ ♦❧❤♦ ❛♥t❡r✐♦r✳

◆❛ ♠❛✐♦r✐❛ ❞❛s s✐♠✉❧❛çõ❡s✱ r❡str✐❣✐r❛♠✲s❡ ❛s ❋❈❇ ❛ ✉♠ ❝♦♥❥✉♥t♦ q✉❡ ❡①✐❜❡ ❝❛r❛t❡ríst✐❝❛s
s❡♠❡❧❤❛♥t❡s às ❞♦s P❈❩ ❡✱ ♣♦rt❛♥t♦✱ ❧✐♠✐t♦✉✲s❡ ♦ s❡✉ ❝♦♠♣♦rt❛♠❡♥t♦✳ ❈♦♥t✉❞♦✱ ♠♦str♦✉✲s❡
q✉❡✱ ♥♦ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞♦ ♦❧❤♦ t♦t❛❧✱ ❧❡✈❛♥t❛♥❞♦ ❛ r❡str✐çã♦ ❡ ❛✉♠❡♥t❛♥❞♦ ♦ ♥ú♠❡r♦ ❞❡ ♠♦❞♦s
❞❡ ❋❈❇ ❝♦♠ m = 0✱ ✈❡r✐✜❝❛✲s❡ ✉♠❛ ♠❡❧❤♦r ♣❡r❢♦r♠❛♥❝❡ ❞❛s ♠❡s♠❛s✳

✸✳✼ ❈♦♥❝❧✉sã♦

❊st❡ ❝❛♣ít✉❧♦ t❡✈❡ ♣♦r ❜❛s❡ ❛s ✐❞❡✐❛s ❞❡s❡♥✈♦❧✈✐❞❛s ❡♠ ❬✹✼❪✱ t❡♥❞♦ s✐❞♦ ❢❡✐t❛ ✉♠❛ r❡✈✐sã♦
❡ ✉♠❛ ✐♥t❡r♣r❡t❛çã♦ ❞♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♥❡ss❡ ♠❡s♠♦ ❡st✉❞♦✳ ❋♦r❛♠ ❛♣r❡s❡♥t❛❞❛s ❛s
❋❈❇ q✉❡ sã♦ ♦rt♦❣♦♥❛✐s ♥♦ ❞✐s❝♦ ✉♥✐tár✐♦ ❡ ❝♦♠♣❛r❛❞❛s ❝♦♠ ♦s P❈❩✱ ❝♦♥❤❡❝✐❞♦s ♣♦r ❛❥✉st❛r
✈ár✐❛s s✉♣❡r❢í❝✐❡s q✉❡ r❡♣r❡s❡♥t❛♠ ❝❛s♦s ❝♦♠✉♥s ♥♦ ❝❛♠♣♦ ❞❛ ót✐❝❛ ✈✐s✉❛❧✳ ❖❜s❡r✈♦✉✲s❡ q✉❡
❛s ❋❈❇ r❡✈❡❧❛♠ ✉♠ ❡①❝❡❧❡♥t❡ ❝♦♠♣♦rt❛♠❡♥t♦ ❡ ♠♦str❛r❛♠ ❡①❝❡❧❡♥t❡s r❡s✉❧t❛❞♦s✱ ♣r♦✈❛♥❞♦
❛ss✐♠ s❡r❡♠ ✉♠ ❝❛♥❞✐❞❛t♦ ❜❛st❛♥t❡ ❝♦♠♣❡t✐t✐✈♦ ♣❛r❛ ♦s P❈❩ ♣❛r❛ r❡♣r❡s❡♥t❛r t♦❞♦ ♦ t✐♣♦
❞❡ s✉♣❡r❢í❝✐❡s✱ ❝♦♠♦ é ♦ ❝❛s♦ ❞❡ s✉♣❡r❢í❝✐❡s ❞❛ ❝ór♥❡❛ ❢r♦♥t❛❧✳ ❆s ❋❈❇ ❡①✐❜❡♠ t❛♠❜é♠ ✉♠
♠❡❧❤♦r ❝♦♠♣♦rt❛♠❡♥t♦ ♣❛r❛ ♠♦❞❡❧❛r s✉♣❡r❢í❝✐❡s q✉❡ ❛♣r❡s❡♥t❛♠ ✉♠❛ ✈❛r✐❛çã♦ ❛❜r✉♣t❛ ❝♦♠♦
♥♦ ❝❛s♦ ❞❛ s✉♣❡r❢í❝✐❡ t♦t❛❧ ❞♦ ♦❧❤♦ ❛♥t❡r✐♦r ♥❛ r❡❣✐ã♦ ❞♦ ❧✐♠❜✉s✳ ▼♦str♦✉✲s❡ t❛♠❜é♠ q✉❡
♦ ❝♦♥❥✉♥t♦ ❞❛s ❋❈❇ é ✉♠ ❝❛♥❞✐❞❛t♦ ❛❞❡q✉❛❞♦ ♣❛r❛ ❡st✉❞❛r ❝❛r❛❝t❡ríst✐❝❛s ♣❛rt✐❝✉❧❛r❡s ❞❡
s✉♣❡r❢í❝✐❡s ❞❛ ❝ór♥❡❛ ♣ós✲❝✐rúr❣✐❝❛s✱ t❛✐s ❝♦♠♦ s✉♣❡r❢í❝✐❡s ❞❡ ❛♥❡❧ ú♥✐❝♦ q✉❡ s❡ ❛ss❡♠❡❧❤❛♠ ❛
s✉♣❡r❢í❝✐❡s r❡s✐❞✉❛✐s ❞❡ r❡♠♦çõ❡s✳

❇❡r♥❛r❞♦ ❳❛✈✐❡r ◆♦❣✉❡✐r❛ ❉✉❛rt❡ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦



❈❛♣ít✉❧♦ ✹

▼♦❞❡❧♦s ót✐♠♦s ♣❛r❛ ❛♥á❧✐s❡

❡st❛tíst✐❝❛ ❝♦♠ P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡

✹✳✶ ■♥tr♦❞✉çã♦

❚❛❧ ❝♦♠♦ ❢♦✐ ✈✐st♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ♦s ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ s✉r❣❡♠ ❡♠ ❞✐✈❡rs❛s ❛♣❧✐❝❛çõ❡s
♥♦♠❡❛❞❛♠❡♥t❡ ♥❛ ár❡❛ ❞❛ ót✐❝❛ ❡ ❞❛ ❛♥á❧✐s❡ ❞❡ ✐♠❛❣❡♥s ♥✉♠ ❞♦♠í♥✐♦ ❝✐r❝✉❧❛r✳ ◆❡st❡ ❝❛♣ít✉❧♦✱
♣r❡t❡♥❞❡✲s❡ ❡♥❝♦♥tr❛r ♠♦❞❡❧♦s ót✐♠♦s ♣❛r❛ ♠♦❞❡❧♦s ❞❡ r❡❣r❡ssã♦ ❝✉❥❛ ❡①♣❛♥sã♦ ❡♥✈♦❧✈❡ ♣♦❧✐✲
♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡✳ ❈♦♥s✐❞❡r❛♥❞♦ ♦ tí♣✐❝♦ ♠ét♦❞♦ ❞♦s ♠í♥✐♠♦s q✉❛❞r❛❞♦s✱ ❞❡t❡r♠✐♥❛r✲s❡✲á ♦
s❡✉ ♠♦❞❡❧♦ ót✐♠♦ ❡✱ ❛ ♣❛rt✐r ❞❛í✱ ❡♥❝♦♥tr❛r✲s❡✲á ♦ ♠♦❞❡❧♦ Φp✲ót✐♠♦ ♥♦ s❡♥t✐❞♦ ❞❡ ❑✐❡❢❡r ✭✶✾✼✹✮
❬✷✼❪✱ q✉❡ ♠✐♥✐♠✐③❛ ❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛ ❞♦ ❡st✐♠❛❞♦r ❞♦s ♠✐♥í♠♦s q✉❛❞r❛❞♦s✳ ❚❡r✲s❡✲á
❛✐♥❞❛ ❡♠ ❝♦♥t❛ ✉♠ ❡st✉❞♦ ❞❡ ❛❧❣✉♥s ❝r✐tér✐♦s ❞❡ ♦t✐♠❛❧✐❞❛❞❡ q✉❡ t❡rã♦ ✉♠ ♣❛♣❡❧ ❢✉♥❞❛♠❡♥t❛❧
♥❛ ❡st✐♠❛çã♦ ❞♦s ♠♦❞❡❧♦s ót✐♠♦s ♣r❡t❡♥❞✐❞♦s✳ ❉❡ s❛❧✐❡♥t❛r ❛✐♥❞❛ q✉❡ ❡st❡ ❝❛♣✁t✉❧♦ t❡✈❡ ♣♦r
❜❛s❡ ♦ ❛rt✐❣♦ ❬✶✵❪✳

✹✳✷ P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡

◆♦s ❝❛♣ít✉❧♦s ❛♥t❡r✐♦r❡s ❢♦r❛♠ ❛♣r❡s❡♥t❛❞♦s ♦s P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ❡ ❛❧❣✉♠❛s ❞❛s s✉❛s
♣r♦♣r✐❡❞❛❞❡s✳ ◆❡st❡ s✉❜❝❛♣ít✉❧♦✱ ✐r✲s❡✲á ❢❛③❡r ✉♠❛ r❡✈✐sã♦ ❞❡st❡s ♣♦❧✐♥ó♠✐♦s ♥✉♠❛ ♣❡rs♣❡t✐✈❛
q✉❡ s❡rá ♠❛✐s ♣❡rt✐♥❡♥t❡ ♣❛r❛ ♦ ❡st✉❞♦ q✉❡ s❡ ♣r❡t❡♥❞❡ ❢❛③❡r✳

❉❡✜♥✐çã♦ ✹✳✷✳✶ ✭❝❢✳ ❬✷❪✮ ❙❡❥❛ (X,M , µ) ✉♠ ❡s♣❛ç♦ ❞❡ ♠❡❞✐❞❛ σ✲✜♥✐t♦✳ P❛r❛ 1 ≤ p < ∞
❞❡✜♥❡✲s❡

Lp(X,M , µ) :=

{

f : X → R ♠❡♥s✉rá✈❡✐s ❝♦♠
∫

X
|f(x)|pdµ <∞

}

, ✭✹✳✶✮

♣♦❞❡♥❞♦✲s❡ ♥♦t❛r s✐♠♣❧❡s♠❡♥t❡ ♣♦r Lp(X)✳

❙❡ f ∈ Lp(X)✱ ❡♥tã♦ ❞❡✜♥❡✲s❡

||f ||Lp :=

(∫

X
|f(x)|pdµ

)1/p

. ✭✹✳✷✮

❈♦♥s✐❞❡r❡✲s❡ ✉♠❛ ❢✉♥çã♦ f ❞❡✜♥✐❞❛ ♥♦ ❞✐s❝♦ ✉♥✐tár✐♦ ♣♦r

D = {(x, y) ∈ R
2 | x2 + y2 ≤ 1} ✭✹✳✸✮

✸✼



✸✽ ✹✳▼♦❞❡❧♦s ót✐♠♦s ♣❛r❛ ❛♥á❧✐s❡ ❡st❛tíst✐❝❛ ❝♦♠ P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡

❡ q✉❡ ♣❡rt❡♥❝❡ ❛♦ ❡s♣❛ç♦ L2(D) ❡ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❡st✐♠❛r ❡st❛ ❢✉♥çã♦ ❛ ♣❛rt✐r ❞❡ ❞❛❞♦s
❡①♣❡r✐♠❡♥t❛✐s

Zij = f(xi, yj) + ǫij (1 ≤ i ≤ m; 1 ≤ j ≤ n), ✭✹✳✹✮

♦♥❞❡ (xi, yj) ∈ D sã♦ ♦s ♣♦♥t♦s ❡①♣❡r✐♠❡♥t❛✐s✳ ❆s ✈❛r✐á✈❡✐s ǫij ♥ã♦ sã♦ ❝♦rr❡❧❛❝✐♦♥❛❞❛s ❡
tê♠ ♠é❞✐❛ ③❡r♦ ❡ ✐❣✉❛❧ ✈❛r✐â♥❝✐❛✳ ❖ ♣r♦❜❧❡♠❛ ❞❡ r❡❝✉♣❡r❛r ❛ ❢✉♥çã♦ f ❛ ♣❛rt✐r ❞♦s ❞❛❞♦s
(Zij)1≤j≤m ♥✉♠ ❞♦♠í♥✐♦ ❝✐r❝✉❧❛r s✉r❣❡ ♥✉♠ ✈❛st♦ ❝♦♥❥✉♥t♦ ❞❡ ❛♣❧✐❝❛çõ❡s✱ ♥♦♠❡❛❞❛♠❡♥t❡ ❛
t❡♦r✐❛ ❞❛ ❞✐❢r❛çã♦ ❞❛s ❛❜❡rr❛çõ❡s ót✐❝❛s ❬✹❀ ✹✽❪✱ r❡❝♦♥❤❡❝✐♠❡♥t♦ ❞❡ ♣❛❞rõ❡s ❬✶❪✱ ❛♥á❧✐s❡ ❞❡
✐♠❛❣❡♥s ❬✷✽❀ ✸✵❪ ❡ ♠♦❞❡❧♦s ❡st❛tíst✐❝♦s ♣❛r❛ ❞❛❞♦s ❝✐r❝✉❧❛r❡s ❬✶✺❪✳ ❱ár✐♦s ❛✉t♦r❡s ♣r♦♣✉s❡r❛♠
❡①♣❛♥❞✐r ❛ ❢✉♥çã♦ f ❡♠ t❡r♠♦s ❞❡ ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ❡ ❡st✐♠❛r ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡st❛
❡①♣❛♥sã♦ ❛ ♣❛rt✐r ❞❡ ❞❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s ❬✷✵❀ ✸✶❀ ✸✽❪✳ P♦r ✉♠ ❧❛❞♦✱ ♦s ❝♦❡✜❝✐❡♥t❡s ❡st✐♠❛❞♦s
❞❡st❛ ❡①♣❛♥sã♦ sã♦ ✉s❛❞♦s ♣❛r❛ ❝♦♥str✉✐r ♦✉tr❛s ❢✉♥çõ❡s ❞❡s❝♦♥❤❡❝✐❞❛s ❬✸✶❪ ❡✱ ♣♦r ♦✉tr♦ ❧❛❞♦✱
❡st❡s ❝♦❡✜❝✐❡♥t❡s sã♦ t❛♠❜é♠ ✉s❛❞♦s ♣❛r❛ ❝❧❛ss✐✜❝❛çã♦ ♣♦r té❝♥✐❝❛s ✉s❛❞❛s ❢r❡q✉❡♥t❡♠❡♥t❡✱
❝♦♠♦ ♠áq✉✐♥❛ ❞❡ ✈❡t♦r❡s ❞❡ s✉♣♦rt❡✱ ❞✐stâ♥❝✐❛ ♠í♥✐♠❛ ❡ ❝❧❛ss✐✜❝❛çã♦ ♣❡❧♦ ♠ét♦❞♦ ❞♦ ✈✐③✐♥❤♦
♠❛✐s ♣ró①✐♠♦ ❬✷✵❪✳ ❆ té❝♥✐❝❛ ❞❛ ♠áq✉✐♥❛ ❞❡ ✈❡t♦r❡s ❞❡ s✉♣♦rt❡ é ✉♠ ❝❧❛ss✐✜❝❛❞♦r ❧✐♥❡❛r ❜✐♥ár✐♦
♥ã♦ ♣r♦❜❛❜✐❧íst✐❝♦ q✉❡ t♦♠❛ ❝♦♠♦ ❡♥tr❛❞❛ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s ❡ ♣r❡❞✐③ q✉❛❧ ❛ ❝❧❛ss❡✱ ❡♥tr❡
❞✉❛s ♣♦ssí✈❡✐s✱ ❛ q✉❡ ❝❛❞❛ ❡♥tr❛❞❛ ❢❛③ ♣❛rt❡✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♦ ♠ét♦❞♦ ❞❛ ❞✐stâ♥❝✐❛ ♠í♥✐♠❛
é ✉♠ ♠ét♦❞♦ q✉❡ ❛tr✐❜✉✐ ✉♠❛ ❝❧❛ss❡ ❛ ✉♠ ❞❡t❡r♠✐♥❛❞♦ ❞❛❞♦ ❞❡ ❡♥tr❛❞❛ ❛ s❡r ✐♥tr♦❞✉③✐❞♦
♠❡❞✐❛♥t❡ ❛ ♠❡♥♦r ❞✐stâ♥❝✐❛ ❡♥tr❡ ❡ss❡ ♠❡s♠♦ ❞❛❞♦ ❞❡ ❡♥tr❛❞❛ ❡ ♦ ♣♦♥t♦ ♠é❞✐♦ ❞❡ ❝❛❞❛ ❝❧❛ss❡
❡①✐st❡♥t❡✳ P♦r ú❧t✐♠♦✱ ♦ ♠ét♦❞♦ ❞♦ ✈✐③✐♥❤♦ ♠❛✐s ♣ró①✐♠♦ é ✉♠❛ té❝♥✐❝❛ q✉❡ ❛tr✐❜✉✐ ✉♠ ❞❛❞♦
à ❝❧❛ss❡ q✉❡ t✐✈❡r ❛ ❛♠♦str❛ ♠❛✐s ♣ró①✐♠❛ ❞♦ ♣♦♥t♦ q✉❡ ❡stá ❛ s❡r ✐♥tr♦❞✉③✐❞♦✳

◆❡st❡ ❝❛♣ít✉❧♦✱ ✐r✲s❡✲á ❡st✉❞❛r ♦ ❡❢❡✐t♦ q✉❡ ♦ ♠♦❞❡❧♦✱ ✐st♦ é✱ ❛ ❡s❝♦❧❤❛ ❞♦s ♣♦♥t♦s ✭xi, yj✮ ♥♦
❞✐s❝♦ D✱ t❡♠ ♥❛ q✉❛❧✐❞❛❞❡ ❞❛ ❡st✐♠❛çã♦ ❞♦s ❝♦❡✜❝✐❡♥t❡s ♥❛ ❡①♣❛♥sã♦ ❞❛ ❢✉♥çã♦ f ❡♠ t❡r♠♦s
❞❡ ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡✳ ◆❡st❡ s❡♥t✐❞♦✱ ✐r✲s❡✲á ❡♥❝♦♥tr❛r ♠♦❞❡❧♦s ❞♦ t✐♣♦

❋✐❣✉r❛ ✹✳✶✿ ▼♦❞❡❧♦ ❝♦♠ ♣❛❞rã♦ ❡s♣✐r❛❧✳

❋♦♥t❡✿ ❖♣t✐♠❛❧ s❛♠♣❧✐♥❣ ♣❛tt❡r♥s ❢♦r ❩❡r♥✐❦❡ ♣♦❧②♥♦♠✐❛❧s✱ ❬✹✶❪✳

❇❡r♥❛r❞♦ ❳❛✈✐❡r ◆♦❣✉❡✐r❛ ❉✉❛rt❡ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦



✹✳▼♦❞❡❧♦s ót✐♠♦s ♣❛r❛ ❛♥á❧✐s❡ ❡st❛tíst✐❝❛ ❝♦♠ P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ✸✾

❡♠ q✉❡ ❝❛❞❛ ♣♦♥t♦ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠ ♣♦♥t♦ ❞♦ ♠♦❞❡❧♦✳ ❊st❡s ♣♦♥t♦s sã♦ ♦s ♣♦♥t♦s q✉❡ ❝♦♥s✲
t✐t✉❡♠ ♦s ♠♦❞❡❧♦s q✉❡ s❡rã♦ ✉s❛❞♦s ♣❛r❛ ❝❛❧❝✉❧❛r ♦s ❝♦❡✜❝✐❡♥t❡s ❞❛ ❡①♣❛♥sã♦ tr✉♥❝❛❞❛ q✉❡
♠✐♥✐♠✐③❛♠ ♦ ❡rr♦ q✉❛❞rát✐❝♦✱ ✐st♦ é✱ ❡ss❡ ❡rr♦ ❞❡ ❛♣r♦①✐♠❛çã♦ s❡rá ❝❛❧❝✉❧❛❞♦ ♥❡st❡s ♣♦♥t♦s✳
❆ss✐♠✱ é ❞❡ ❡①tr❡♠❛ ✐♠♣♦rtâ♥❝✐❛ ❡♥❝♦♥tr❛r ♦s ♠♦❞❡❧♦s q✉❡ ♣❡r♠✐t❡♠ ♦❜t❡r ♦s ♠❡❧❤♦r❡s r❡✲
s✉❧t❛❞♦s✱ ❞❡ ❡♥tr❡ ❛s ❝♦♥❞✐çõ❡s ❡ ♦❜❥❡t✐✈♦s ❞❡s❡❥❛❞♦s✳ ◆♦ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❛ ✐♠❛❣❡♠ ❛♥t❡r✐♦r✱
❡stá✲s❡ ♣❡r❛♥t❡ ✉♠ ♠♦❞❡❧♦ ❝♦♠ ✉♠ ♣❛❞rã♦ ❡♠ ❡s♣✐r❛❧✳

◆✉♠ ❞♦s ♣ró①✐♠♦s s✉❜❝❛♣ít✉❧♦s✱ ❢❛③❡r✲s❡✲á ✉♠❛ r❡✈✐sã♦ s♦❜r❡ ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡st❡s
♣♦❧✐♥ó♠✐♦s✱ ❜❡♠ ❝♦♠♦ ♥♦t❛çõ❡s ❡ ♦❜s❡r✈❛çõ❡s ♣❡rt✐♥❡♥t❡s ♥♦ â♠❜✐t♦ ❞❡st❡ ❝❛♣ít✉❧♦✳ P❛r❛ ❡s✲
t✐♠❛r ♦s ❝♦❡✜❝✐❡♥t❡s ♥❛ ❡①♣❛♥sã♦ tr✉♥❝❛❞❛ ❞❛ ❢✉♥çã♦ ❞❡ r❡❣r❡ssã♦ ♥♦s t❡r♠♦s ❞❡ ♣♦❧✐♥ó♠✐♦s
❞❡ ❩❡r♥✐❦❡ r❡❝♦rr❡r✲s❡✲á ❛♦ tí♣✐❝♦ ♠ét♦❞♦ ❞♦s ♠í♥✐♠♦s q✉❛❞r❛❞♦s✳ ◆♦s s✉❜❝❛♣ít✉❧♦s s❡❣✉✐♥✲
t❡s✱ ❡st✉❞❛r✲s❡✲ã♦ ❛❧❣✉♥s ❝r✐tér✐♦s q✉❡ ♣❡r♠✐t❡♠ ❝♦♥❝❧✉✐r ❛ ♦t✐♠❛❧✐❞❛❞❡ ❞❡ ✉♠ ❞❡t❡r♠✐♥❛❞♦
♠♦❞❡❧♦✱ s❡♥❞♦ q✉❡✱ ♣♦st❡r✐♦r♠❡♥t❡✱ s❡ ❛♣❧✐❝❛rã♦ ❡st❡s ❝r✐tér✐♦s ❛♦ ❡st✉❞♦ ❞♦s ♣♦❧✐♥ó♠✐♦s ❞❡
❩❡r♥✐❦❡ q✉❡ s❡ ❡stá ❛ ❢❛③❡r ♥❡st❡ tr❛❜❛❧❤♦ ❡ t❡♥❞♦ s❡♠♣r❡ ❡♠ ❝♦♥t❛ ♦ ♠ét♦❞♦ ❞♦s ♠í♥✐♠♦s
q✉❛❞r❛❞♦s ❡♠ q✉❡ s❡ ❜❛s❡✐❛ ❡st❡ ❡st✉❞♦✳ ➱ ❛✐♥❞❛ ♠♦str❛❞♦ q✉❡ ✉♠❛ ❛❧♦❝❛çã♦ ót✐♠❛ ❞❛s
✈❛r✐á✈❡✐s ❡①♣❧❛♥❛tór✐❛s ✭xi, yi✮ ❞á ✉s♦ ❛ ❝ír❝✉❧♦s ❡s♣❡❝í✜❝♦s ♥♦ ❞♦♠í♥✐♦ ❡①♣❡r✐♠❡♥t❛❧ D ❡ q✉❡
❡st❡ ♥ú♠❡r♦ ❞❡ ❝ír❝✉❧♦s ❛✉♠❡♥t❛ ❝♦♠ ♦ ❛✉♠❡♥t♦ ❞♦ ❣r❛✉ ❞❛ ❡①♣❛♥sã♦ ❞❡ f ✳

✹✳✸ ❈r✐tér✐♦ ❞❡ Φ✲♦t✐♠❛❧✐❞❛❞❡

❙❡❥❛ fT = (f1, f2, ..., fk) ♦♥❞❡ fi sã♦ ❢✉♥çõ❡s r❡❛✐s ❝♦♥tí♥✉❛s ♥✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ χ✳ ❖
✈❛❧♦r ❡s♣❡r❛❞♦ ❞❡ ✉♠❛ ♦❜s❡r✈❛çã♦ x ❡♠ X é ❞❛❞♦ ♣♦r

k∑

i=1

θifi(x) = θT f(x), ✭✹✳✺✮

♦♥❞❡ θT = (θ1, θ2, . . . , θk) ❡ ❛s ♦❜s❡r✈❛çõ❡s ♥ã♦ sã♦ ❝♦rr❡❧❛❝✐♦♥❛❞❛s✳ ❊st❡ s✉❜❝❛♣ít✉❧♦ t❡♠
♣♦r ❜❛s❡ ❛ t❡♦r✐❛ ❞❡ ❛♣r♦①✐♠❛çã♦ ❞❡ ♠♦❞❡❧♦s✱ ♦♥❞❡ ❡st❡s sã♦ ✉♠❛ ❝❧❛ss❡ Ξ ❞❡ ♠❡❞✐❞❛s ♣r♦✲
❜❛❜✐❧íst✐❝❛s ❡♠ X ❡ ❛ ♠❛tr✐③ ❞❡ ✐♥❢♦r♠❛çã♦ ❞❡ ✉♠ ♠♦❞❡❧♦ ξ ❡♠ X é ❞❛❞❛ ♣♦r M(ξ) =
∫

X
f(x)fT (x)ξ(dx)✳ ❆❧é♠ ❞✐ss♦✱ M−1(ξ) é ♣r♦♣♦r❝✐♦♥❛❧ à ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛ ❞♦s ♠❡❧❤♦r❡s

❡st✐♠❛❞♦r❡s ❧✐♥❡❛r❡s ❞❡ θ✱ ♥♦ ❝❛s♦ ❡♠ q✉❡M é s✐♥❣✉❧❛r✱ ❬✷✼❪✳ ❙❡❥❛ ❡♥tã♦ M = {M(ξ) : ξ ∈ Ξ}✳

❙❡❥❛ Φ ✉♠❛ ❢✉♥çã♦ q✉❡ é r❡❛❧ ♦✉ +∞ ❡♠ X ✳ ❯♠ ♣r♦❜❧❡♠❛ ❞❛ t❡♦r✐❛ ❞❡ ♦t✐♠✐③❛çã♦ ❞❡
♠♦❞❡❧♦s é ❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞❡ ♠♦❞❡❧♦s ξ∗ q✉❡ sã♦ Φ✲ót✐♠♦s✱ ✐st♦ é✱

Φ(M(ξ∗)) = min
ξ∈Ξ

Φ(M(ξ)). ✭✹✳✻✮

❖s ❡①❡♠♣❧♦s ♠❛✐s ❝♦♠✉♥s ❞❡ ❝r✐tér✐♦s ❞❡ ♦t✐♠❛❧✐❞❛❞❡ sã♦

Φ0(M) = ❞❡tM−1 (D✲♦t✐♠❛❧✐❞❛❞❡), ✭✹✳✼✮

Φ1,C(M) = tr
(
CM−1

)
(L✲♦t✐♠❛❧✐❞❛❞❡;A✲♦t✐♠❛❧✐❞❛❞❡ s❡ C = I), ✭✹✳✽✮

Φ∞(M) = ▼❛✐♦r ✈❛❧♦r ♣ró♣r✐♦ ❞❡ M−1 (E✲♦t✐♠❛❧✐❞❛❞❡), ✭✹✳✾✮

♦♥❞❡ C é ✉♠❛ ♠❛tr✐③ s✐♠étr✐❝❛ ❞❡✜♥✐❞❛ ♥ã♦✲♥❡❣❛t✐✈❛ ❡ ✭4.7✮ ❡ ✭4.9✮ sã♦ ❝♦♥s✐❞❡r❛❞❛s ✐♥✜♥✐t❛s
s❡ M é s✐♥❣✉❧❛r✱ ❛♣❧✐❝❛♥❞♦✲s❡ ✐❣✉❛❧♠❡♥t❡ ❡♠ (4.8)✳

❉❡✜♥✐çã♦ ✹✳✸✳✶ ✭❝❢✳ ❬✷✾❪✮ ❯♠❛ ♠❛tr✐③ q✉❛❞r❛❞❛ ❞✐③✲s❡ s✐♥❣✉❧❛r s❡ ❡ só s❡ ♦ s❡✉ ❞❡t❡r♠✐♥❛♥t❡
é ✵✱ ♦✉ s❡❥❛✱ ♥✉❧♦✳

❇❡r♥❛r❞♦ ❳❛✈✐❡r ◆♦❣✉❡✐r❛ ❉✉❛rt❡ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦
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❆ ❝❛r❛❝t❡r✐③❛çã♦ s✉♣r❛♠❡♥❝✐♦♥❛❞❛ ❞❡✈❡rá ❛✉①✐❧✐❛r ♥♦ ❝á❧❝✉❧♦ ❞❡ ♠♦❞❡❧♦s Φ✲ót✐♠♦s✳ ❆ss✐♠✱
♣♦❞❡✲s❡ ❡s❝r❡✈❡r d̄0(ξ) = maxx∈X f(x)TM−1(ξ)f(x)✱ t❡♥❞♦ ❑✐❡❢❡r ❡ ❲♦❧❢♦✇✐t③ ❬✷✹❪ ♠♦str❛❞♦
q✉❡ ♥♦ ❝❛s♦ ✭4.7✮ M(ξ∗) é ✐❣✉❛❧ ♣❛r❛ t♦❞♦ ♦ ξ∗ Φ0✲ót✐♠♦ ❡ q✉❡

ξ∗ é Φ0✲ót✐♠♦ ⇔ d̄0(ξ
∗) = min

ξ
d̄0(ξ) ⇔ d̄0(ξ

∗) = k. ✭✹✳✶✵✮

❊st❛ r❡❧❛çã♦ é út✐❧✱ ♣♦rq✉❡ ♣❛r❛ ✉♠ ❞❛❞♦ ξ′ q✉❡ s❡ s✉♣õ❡ s❡r q✉❛s❡ ót✐♠♦✱ ♥ã♦ s❡ ♣♦❞❡ ❝♦♥✲
❝❧✉✐r ♥❛❞❛ à ♣r✐♦r✐ r❡❧❛t✐✈❛♠❡♥t❡ ❛ ❞❡t

(
M−1(ξ′)

)
♣❛rt✐♥❞♦ ❞❡ ✉♠ ♠í♥✐♠♦ ❞❡s❝♦♥❤❡❝✐❞♦ ❞❡

❞❡t
(
M−1(ξ)

)
✳ ❆ ❡①♣r❡ssã♦ (4.10) ❝♦rr❡s♣♦♥❞❡ ❡♥tã♦ ❛ ✉♠❛ ❝♦♥❞✐çã♦ ✈❡r✐✜❝á✈❡❧ ❞❡ ♦t✐♠❛✲

❧✐❞❛❞❡✳ ❊st❡ ❢❛❝t♦ ♣❡r♠✐t❡ ❞❡❞✉③✐r q✉❡ é ♣♦ssí✈❡❧ ♦❜t❡r ξ∗ ❝♦♠♣✉t❛❝✐♦♥❛❧♠❡♥t❡ ❞❡ ❢♦r♠❛
✐t❡r❛t✐✈❛✱ ❝♦♠♦ ♠✉✐t♦ ❛✉t♦r❡s ❡ ✐♥✈❡st✐❣❛❞♦r❡s ❥á ✜③❡r❛♠✳ ❖✉tr♦ ❛s♣❡t♦ út✐❧ ❞❡ (4.10)✱ ✐♠♣❧❡✲
♠❡♥t❛❞♦ ❡♠ ❬✶✷❀ ✷✺❀ ✷✻❪✱ é q✉❡ f(x)TM−1(ξ∗)f(x) = k ♥♦ s✉♣♦rt❡ ❞❡ ξ∗✳

❙✉❜s❡q✉❡♥t❡♠❡♥t❡✱ ❑❛r❧✐♥ ❡ ❙t✉❞❞❡♥ ❬✷✷❪ ❡ ❋❡❞❡r♦✈ ❬✶✸❀ ✶✹❪ ♠♦str❛r❛♠ ♥♦ ❝❛s♦ (4.8) q✉❡✱
s❡ M(ξ∗) ♥ã♦ é s✐♥❣✉❧❛r✱ ❡♥tã♦

ξ∗ é ót✐♠♦ ⇔ d̄1(ξ
∗) = min

ξ
d̄1(ξ) ⇔ d̄1(ξ

∗) = tr CM−1(ξ∗) ✭✹✳✶✶✮

♦♥❞❡ d̄1(ξ) = maxx f(x)
TM−1(ξ)CM−1(ξ)f(x)✳

✹✳✹ ▼♦♠❡♥t♦s ❞❡ ❩❡r♥✐❦❡

❚❛❧ ❝♦♠♦ ❢♦✐ r❡❢❡r✐❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ❛♣❡s❛r ❞❡ ♦s ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ❥á t❡r❡♠ s✐❞♦
✐♥tr♦❞✉③✐❞♦s ♥♦ ♣r✐♠❡✐r♦ ❝❛♣ít✉❧♦✱ ♥❡st❡ ❝❛♣ít✉❧♦ ❡st❛ ❢❛♠í❧✐❛ ❞❡ ♣♦❧✐♥ó♠✐♦s s❡rá ❛♣r❡s❡♥t❛❞❛
❞❡ ✉♠❛ ❢♦r♠❛ ❛❧t❡r♥❛t✐✈❛ q✉❡ é ♠❛✐s ❛❞❡q✉❛❞❛ ♣❛r❛ ♦ ❡st✉❞♦ q✉❡ s❡ ♣r❡t❡♥❞❡ ❢❛③❡r✳ ❖s
♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ♣♦❞❡♠ s❡r ❞❡✜♥✐❞♦s ♥❛ ❢♦r♠❛

Z−m
n (ρ, φ) = Nm

n Rm
n (ρ) sin(mφ), Zm

n (ρ, φ) = Nm
n Rm

n (ρ) cos(mφ) ✭✹✳✶✷✮

♦♥❞❡ ❛ ❢✉♥çã♦ Rm
n (ρ) é ❞❡✜♥✐❞❛ ♣❛r❛ n,m ∈ N0 ❝♦♠ n ≥ m ≥ 0 ♣♦r

Rm
n (ρ) = (−1)(n−m)/2 ρm P

(m,0)
(n−m)/2(1− 2ρ2)

=







(n−m)/2
∑

l=0

(−1)l(n− l)!

l!((n+m)/2− l)!((n−m)/2− l)!
ρn−2l , ♣❛r❛ n−m ♣❛r

0 , ♣❛r❛ n−m í♠♣❛r

✭✹✳✶✸✮

❡ P
(α,β)
k ❞❡♥♦t❛ ♦ k✲és✐♠♦ ♣♦❧✐♥ó♠✐♦ ❞❡ ❏❛❝♦❜✐ ♦rt♦❣♦♥❛❧ ❡♠ r❡❧❛çã♦ à ♠❡❞✐❞❛

(1− x)α(1 + x)βI[−1,1](x)dx✱ q✉❡ s❡ ❡♥❝♦♥tr❛ ❞❡✜♥✐❞♦ ❛ s❡❣✉✐r ✭✈❡r ❬✹✺❪✮✳

❉❡✜♥✐çã♦ ✹✳✹✳✶ ❙❡❥❛ ❛ ❢✉♥çã♦ ♣❡s♦ ω(x) = (1− x)α xβ ❝♦♠ α > −1, β > −1 ❡ t♦♠❡✲s❡

✐♥t❡r✈❛❧♦ ❢❡❝❤❛❞♦ [0, 1]✳ ❆ ❢❛♠í❧✐❛ ❞❡ ♣♦❧✐♥ó♠✐♦s ❞❡ ❏❛❝♦❜✐✱ ❞❡s✐❣♥❛❞❛ ♣♦r P (α,β)
n (x)✱ s❡♥❞♦ n

♦ ❣r❛✉ ❞♦ ♣♦❧✐♥ó♠✐♦ ❡ α ❡ β ♦s ❡①♣♦❡♥t❡s ❞❡ (1−x) ❡ x✱ r❡s♣❡t✐✈❛♠❡♥t❡✱ ♥❛ ❢✉♥çã♦ ♣❡s♦ ω(x)✱
é ❞❡✜♥✐❞❛✱ ♣❡❧❛ ♣r♦♣r✐❡❞❛❞❡ ❞❛ ♦rt♦❣♦♥❛❧✐❞❛❞❡ ♣♦r

∫ 1

0

[

(1− x)α xβ
]

P (α,β)
m (x)P (α,β)

n (x)ω(x) dx = Cn δm,n =







0 ♣❛r❛ m 6= n

Cn > 0 ♣❛r❛ m = n

, ✭✹✳✶✹✮

❝♦♠ Cn = (−1)n✳ ❖ ♣♦❧✐♥ó♠✐♦ ❞❡ ❏❛❝♦❜✐ P (α,β)
n (x) é ❡♥tã♦ ❞✐t♦ ♦rt♦❣♦♥❛❧ ♥♦ ✐♥t❡r✈❛❧♦ [0, 1]

❡♠ r❡❧❛çã♦ à ❢✉♥çã♦ ♣❡s♦ ω(x) = (1− x)α xβ✳

❇❡r♥❛r❞♦ ❳❛✈✐❡r ◆♦❣✉❡✐r❛ ❉✉❛rt❡ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦
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❱♦❧t❛♥❞♦ ❛ (4.12)✱ t❡♠✲s❡ q✉❡ ♦ ❢❛t♦r ❞❡ ♥♦r♠❛❧✐③❛çã♦ ✭✈❡r ❝❛♣ít✉❧♦ ✷✮ é ❞❛❞♦ ♣♦r

Nm
n =

√

2(n+ 1)

1 + δm,0
, ✭✹✳✶✺✮

❡ ❛ s❡❣✉✐♥t❡ r❡❧❛çã♦ é ✈❡r✐✜❝❛❞❛

1

π

∫ 2π

0

∫ 1

0
Zm2

n1
(ρ, φ)Zm1

n2
(ρ, φ)ρdρdφ = δn1,n2

δm1,m2
✭✹✳✶✻✮

♣❛r❛ t♦❞♦ n1, n2 ∈ N0, 1 ≤ |mj | ≤ nj (j = 1, 2)✱ ♦♥❞❡ nj −mj é ♣❛r (j = 1, 2)✳ ❆ss✐♠ ❝♦♠♦
♥♦ ♣r✐♠❡✐r♦ ❝❛♣ít✉❧♦✱ δi,j ❞❡♥♦t❛ ♦ ❞❡❧t❛ ❞❡ ❑r♦♥❡❝❦❡r✱ ♦✉ s❡❥❛✱

δij =

{

1, i = j

0, i 6= j
.

❉❡ ♥♦t❛r t❛♠❜é♠ q✉❡ ❛ r❡❧❛çã♦ ❞❡ ♦rt♦❣♦♥❛❧✐❞❛❞❡ ♣❛r❛ ♦s ♣♦❧✐♥ó♠✐♦s Rm
n (ρ) é ❞❛❞❛ ♣♦r

∫ 1

0
ρRm

n1
(ρ)Rm

n2
(ρ)dρ =

δn1,n2

2(n1 + 1)
. ✭✹✳✶✼✮

❯♠❛ ❢✉♥çã♦ f ∈ L2(D) ❛❞♠✐t❡ ❛ ❡①♣❛♥sã♦

f(ρ, φ) =

∞∑

k=0

k∑

i=−k
k−|i| ♣❛r

θ(k,i) Z
i
k(ρ, φ), ρ ∈ [0, 1], φ ∈ [0, 2π[ ✭✹✳✶✽✮

♦♥❞❡ ❛s q✉❛♥t✐❞❛❞❡s θ(k,i) sã♦ ♦s ❤❛❜✐t✉❛✐s ❝♦❡✜❝✐❡♥t❡s ❞❡ ❋♦✉r✐❡r ❞❛❞♦s ♣♦r

θ(k,i) =
1

π

∫ 2π

0

∫ 1

0
f(ρ, φ)Zi

k(ρ, φ) ρ dρ dφ s❡ k − |i| é ♣❛r. ✭✹✳✶✾✮

❆ss✉♠❡✲s❡ q✉❡ ♦s ❞❛❞♦s ❝♦rr❡s♣♦♥❞❡♥t❡s ❛♦ ♠♦❞❡❧♦ ✭4.4✮ ❡stã♦ ❞✐s♣♦♥í✈❡✐s✱ ♦♥❞❡ ❛s ✈❛✲
r✐á✈❡✐s ❡①♣❧❛♥❛tór✐❛s ✭xi, yj✮ sã♦ r❡♣r❡s❡♥t❛❞❛s ❡♠ t❡r♠♦s ❞❡ ❝♦♦r❞❡♥❛❞❛s ♣♦❧❛r❡s ✭ρi, φj✮✳
●❡r❛❧♠❡♥t❡✱ ✉♠❛ ❡①♣❛♥sã♦ tr✉♥❝❛❞❛ ❞❡ (4.18) ❛té ✉♠❛ ❞❛❞❛ ♦r❞❡♠ d✱ t❛❧ q✉❡ d ∈ N✱ é ✉s❛❞❛
❝♦♠♦ ✉♠❛ ❛♣r♦①✐♠❛çã♦ ❞❛ ❢✉♥çã♦ f ✳ ❯♠❛ ❞❛s ❢♦r♠❛s ❞❡ ❝❛❧❝✉❧❛r ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡st❛ ❡①♣❛♥✲
sã♦ ✭❡ ❝♦♠♦ s✉❜♣r♦❞✉t♦ ❛ ❛♣r♦①✐♠❛çã♦ ❞❛ ❢✉♥çã♦ f✮ é ♦ ♠ét♦❞♦ ❞♦s ♠í♥✐♠♦s q✉❛❞r❛❞♦s✳ ❊st❡
♠ét♦❞♦ ❞❡t❡r♠✐♥❛ ♦ ♣❛râ♠❡tr♦ θ = (θ(0,0), θ(1,−1), θ(1,1), ..., θ(d,−d), ..., θ(d,d))

T ∈ R
(d+1)(d+2)/2

t❛❧ q✉❡

m∑

i=1

n∑

j=1






Zj
i −

d∑

k=0

k∑

l=−k
k−|l| ♣❛r

θ(k,l)Z
l
k(ρi, φj)







2

✭✹✳✷✵✮

é ♠í♥✐♠♦✳

❊♠❜♦r❛ ♥ã♦ s❡ ❡①♣❧♦r❡ ♥❡st❡ tr❛❜❛❧❤♦✱ ✉♠ ♦✉tr♦ ♠ét♦❞♦ ❞❡ ❡st✐♠❛çã♦ ❞❡ ❝♦❡✜❝✐❡♥t❡s ❞❛
❡①♣❛♥sã♦ tr✉♥❝❛❞❛ ❞á ✉s♦ à ❡st✐♠❛çã♦ ❞✐r❡t❛ ❞♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ❋♦✉r✐❡r ✭4.19✮✱ t❛❧ q✉❡

θ̃(k,l) =
1

π

m∑

i=1

n∑

j=1

Z l
k(ρi, φj)ρi(ρi − ρi−1)(φj − φj−1)Zij ✭✹✳✷✶✮

✭l = 0, ..., d; |k| ≤ l, l − |k| ♣❛r✮✳ ❖s ❝♦❡✜❝✐❡♥t❡s ❡st✐♠❛❞♦s ♥❡st❛ ❡①♣❛♥sã♦ sã♦ ✉s❛❞♦s ♣❛r❛
❞✐✈❡rs♦s ✜♥s✱ t❛✐s ❝♦♠♦ ❛ ❡st✐♠❛çã♦ ❞❛ ❢✉♥çã♦ f ♥♦ ❝♦♥t❡①t♦ ❞❛ r❡❝♦♥str✉çã♦ ❞❡ ✐♠❛❣❡♥s

❇❡r♥❛r❞♦ ❳❛✈✐❡r ◆♦❣✉❡✐r❛ ❉✉❛rt❡ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦



✹✷ ✹✳▼♦❞❡❧♦s ót✐♠♦s ♣❛r❛ ❛♥á❧✐s❡ ❡st❛tíst✐❝❛ ❝♦♠ P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡

❬✸✽❪ ♦✉ r❡❝♦♥❤❡❝✐♠❡♥t♦ ❞❡ sí♠❜♦❧♦s ❛tr❛✈és ❞♦s ♠ét♦❞♦s ❞❡ ♠áq✉✐♥❛s ❞❡ ✈❡t♦r❡s ❞❡ s✉♣♦rt❡✱
❞✐stâ♥❝✐❛ ♠é❞✐❛ ♠í♥✐♠❛ ♦✉ ✈✐③✐♥❤♦ ♠❛✐s ♣ró①✐♠♦ ❬✷✵❪✳

✹✳✺ ▼♦❞❡❧♦s ót✐♠♦s ♣❛r❛ ❛ ❡st✐♠❛çã♦ ❞♦s ♠í♥✐♠♦s q✉❛❞r❛❞♦s

♥♦ ♠♦❞❡❧♦ ❞❡ r❡❣r❡ssã♦ ❞❡ ❩❡r♥✐❦❡

❈♦♥s✐❞❡r❛♥❞♦ ♦ ♠♦❞❡❧♦ ❞❡ r❡❣r❡ssã♦ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦ ♣r♦❜❧❡♠❛ ❞♦s ♠í♥✐♠♦s q✉❛❞r❛❞♦s
♣r❡s❡♥t❡ ❡♠ ✭4.20✮

E[Y |ρ, φ] = θT fd(ρ, φ); V ar[Y |ρ, φ] = σ2 > 0 ✭✹✳✷✷✮

♦♥❞❡

fd(ρ, φ) =
(

Z0
0 (ρ, φ), Z

−1
1 (ρ, φ), Z1

1 (ρ, φ), ..., Z
−d
d (ρ, φ), ..., Zd

d (ρ, φ)
)T

∈ R
(d+1)(d+2)/2 ✭✹✳✷✸✮

é ✉♠ ✈❡t♦r ❞❡ ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ❞❡ ♦r❞❡♠ d ❡

θ =
(
θ(0,0), θ(1,−1), θ(1,1), θ(2,−2), θ(2,0), θ(2,2), ..., θ(d,−d), ..., θ(d,d)

)T ∈ R
(d+1)(d+2)/2 ✭✹✳✷✹✮

❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦ ✈❡t♦r ❞♦s ♣❛râ♠❡tr♦s✳ ❚❡♥❞♦ ❡♠ ❝♦♥t❛ q✉❡ ❛ s♦♠❛ ❞♦s ♣r✐♠❡✐r♦s n ♥ú♠❡r♦s
♥❛t✉r❛✐s é ❞❛❞❛ ♣♦r

n∑

k=1

k =
1

2
n(n+ 1). ✭✹✳✷✺✮

♣♦❞❡✲s❡ ❛✜r♠❛r q✉❡ ❛♣❛r❡❝❡♠ (d+1)(d+2)/2 ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ♥♦ ♠♦❞❡❧♦ ❞❡ r❡❣r❡ssã♦
❡♠ (4.22)✳ ❉❡ ❢❛❝t♦✱ ❡st❡ ✈❛❧♦r é ❞❛❞♦ ♣❡❧❛ s♦♠❛ ❞♦s ♣r✐♠❡✐r♦s d+1 ❣r❛✉s ❞♦s ♣♦❧✐♥ó♠✐♦s ❞❛
❡①♣❛♥sã♦✱ q✉❡ ❡stá tr✉♥❝❛❞❛ ♥❛ ♦r❞❡♠ d✳ ❚❡♥❞♦ ❡♠ ❝♦♥t❛ ❛ ❡①♣r❡ssã♦ (4.25)✱ t❡♠✲s❡ ❡♥tã♦
q✉❡ ❛ s♦♠❛ ❞♦s ♣r✐♠❡✐r♦s d+ 1 ♥❛t✉r❛✐s é ❞❛❞❛ ♣♦r

d+1∑

l=1

l =
1

2
(d+ 1)(d+ 2), ✭✹✳✷✻✮

♣❡❧♦ q✉❡ ❛ ❡①♣❛♥sã♦ tr✉♥❝❛❞❛ ❝♦♥té♠ (d+ 1)(d+ 2)/2 ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡✳

◆❡st❡ s✉❜❝❛♣ít✉❧♦✱ ✉♠ ♠♦❞❡❧♦ ❛♣r♦①✐♠❛❞♦ é ❞❛❞♦ ♣♦r ✉♠❛ ♠❡❞✐❞❛ ♣r♦❜❛❜✐❧íst✐❝❛✱ ❞❡♥♦♠✐✲
♥❛❞❛ ♣♦r ξ✱ ♥♦ ❝♦♥❥✉♥t♦ [0, 1]× [0, 2π] ✭♥♦t❛r q✉❡ ♦s ♠♦❞❡❧♦s s❡rã♦ r❡♣r❡s❡♥t❛❞♦s ❡♠ ❝♦♦r❞❡✲
♥❛❞❛s ♣♦❧❛r❡s✮✳ ❊st❡ ❝♦♥❝❡✐t♦ ✈❡♠ ❞❡ ❑❡✐❢❡r ❬✷✼❪ ❡ é ❛♣r♦♣r✐❛❞♦ ♣❛r❛ ❛ ❡st✐♠❛çã♦ ♣❡❧♦ ♠ét♦❞♦
❞♦s ♠í♥✐♠♦s q✉❛❞r❛❞♦s✳ P❛r❛ ✉♠❛ ♠❡❞✐❞❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❝♦♠ s✉♣♦rt❡ ✜♥✐t♦✱ ♦s ♣♦♥t♦s
❞❡ s✉♣♦rt❡✱ ❞❡♥♦♠✐♥❛❞♦s ♣♦r ✭ρi, φj✮✱ ❞❡t❡r♠✐♥❛♠ ♦s ♣♦♥t♦s ♦♥❞❡ sã♦ ❢❡✐t❛s ❛s ♦❜s❡r✈❛çõ❡s
❡ ♦s ♣❡s♦s ❝♦rr❡s♣♦♥❞❡♥t❡s✱ ❞❡♥♦♠✐♥❛❞♦s ♣♦r wi,j ✱ ✐♥❞✐❝❛♠ ❛ ♣r♦♣♦rçã♦ r❡❧❛t✐✈❛ ❞♦ t♦t❛❧ ❞❡
♦❜s❡r✈❛çõ❡s✱ t♦♠❛❞❛s ♥♦ ♣♦♥t♦ ✭ρi, φj✮✳ P❛r❛ ✉♠ ❞❛❞♦ ♠♦❞❡❧♦ ξ ❝♦♠ s✉♣♦rt❡ ✜♥✐t♦✱ ❛ ♠❛tr✐③
❞❡ ❝♦✈❛r✐â♥❝✐❛ ❞❛ ❡st✐♠❛çã♦ ❞♦s ♠í♥✐♠♦s q✉❛❞r❛❞♦s ♣❛r❛ ♦ ✈❡❝t♦r θ é ♣r♦♣♦r❝✐♦♥❛❧ à ✐♥✈❡rs❛
❞❛ ♠❛tr✐③ ❞❡ ✐♥❢♦r♠❛çã♦

M(ξ) =

∫ 2π

0

∫ 1

0
f(ρ, φ) fT (ρ, φ) dξ(ρ, φ), ✭✹✳✷✼✮

❡ ✉♠ ♠♦❞❡❧♦ ❛♣r♦①✐♠❛❞♦ ót✐♠♦ ♠❛①✐♠✐③❛ ✉♠❛ ❢✉♥çã♦ ❛♣r♦♣r✐❛❞❛ ❞❡ss❛ ♠❛tr✐③✳ ❊①✐st❡♠ ❞✐✲
✈❡rs♦s ❝r✐tér✐♦s ♥❛ ❧✐t❡r❛t✉r❛✱ q✉❡ sã♦ ✉s❛❞♦s ♣❛r❛ ❞✐s❝r✐♠✐♥❛r ♦s ❞✐✈❡rs♦s ♠♦❞❡❧♦s ❝♦♥❝♦rr❡♥t❡s
❬✸✾❀ ✹✹❪✱ ♣♦ré♠✱ ♥❡st❡ ❝❛♣ít✉❧♦✱ r❡str✐♥❣✐r✲s❡✲á à ❢❛♠♦s❛ ❢❛♠í❧✐❛ ❞❡ ❝r✐tér✐♦s ❞❡ Φp✲ót✐♠❛❧✐❞❛❞❡
✐♥tr♦❞✉③✐❞♦s ♣♦r ❑✐❡❢❡r ❬✷✼❪ t♦♠❛♥❞♦ −∞ ≤ p < 1✳ ❙❡❣✉♥❞♦ ❑✐❡❢❡r ❬✷✼❪✱ ♦ ♠♦❞❡❧♦ Φp✲ót✐♠♦✱

❇❡r♥❛r❞♦ ❳❛✈✐❡r ◆♦❣✉❡✐r❛ ❉✉❛rt❡ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦



✹✳▼♦❞❡❧♦s ót✐♠♦s ♣❛r❛ ❛♥á❧✐s❡ ❡st❛tíst✐❝❛ ❝♦♠ P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ✹✸

❞❡s✐❣♥❛❞♦ ♣♦r ξ∗p ✱ é ✉t✐❧✐③❛❞♦ ♣❛r❛ ❡st✐♠❛r ♦ ♣❛râ♠❡tr♦ θ ♥♦ ♠♦❞❡❧♦ ❞❡ r❡❣r❡ssã♦ (4.22)✱ s❡ ξ∗p
♠❛①✐♠✐③❛ ❛ ❡①♣r❡ssã♦

Φp(ξ) =

(
2

(d+ 1)(d+ 2)
tr(Mp(ξ))

) 1

p

✭✹✳✷✽✮

❞❡ ❡♥tr❡ t♦❞♦s ♦s ♠♦❞❡❧♦s ❝♦♠ ♠❛tr✐③ ❞❡ ✐♥❢♦r♠❛çã♦ ♥ã♦✲s✐♥❣✉❧❛r✳ ◆♦t❡✲s❡ q✉❡ ♦s ❝❛s♦s ❡♠ q✉❡
p = 0 ❡ p = −∞ ❝♦rr❡s♣♦♥❞❡♠ ❛♦ ❝r✐tér✐♦ ❞❡ D✲♦t✐♠❛❧✐❞❛❞❡ ❡ ❛♦ ❝r✐tér✐♦ ❞❡ E✲♦t✐♠❛❧✐❞❛❞❡✱
r❡s♣❡t✐✈❛♠❡♥t❡✳ ❖s ♠♦❞❡❧♦s ✉s❛❞♦s ♥❡st❡s ❝❛s♦s ♣❛rt✐❝✉❧❛r❡s sã♦ ♦s q✉❡ ♠❛①✐♠✐③❛♠ ❛s s❡✲
❣✉✐♥t❡s ❡①♣r❡ssõ❡s

Φ0(ξ) = |M(ξ)|2/(d+1)(d+2) ✭✹✳✷✾✮

Φ−∞(ξ) = λmin(M(ξ)) ✭✹✳✸✵✮

♦♥❞❡ λmin(B) r❡♣r❡s❡♥t❛ ♦ ♠❡♥♦r ✈❛❧♦r ♣ró♣r✐♦ ❞❛ ♠❛tr✐③ B✳ ❖ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ♥❡st❡
s✉❜❝❛♣ít✉❧♦ ❞❡s❝r❡✈❡ ❛ ❡str✉t✉r❛ ❞❡ ✉♠ ♠♦❞❡❧♦ Φp−ót✐♠♦ ♣❛r❛ ❛ ❡st✐♠❛çã♦ ❞♦s ♠í♥✐♠♦s
q✉❛❞r❛❞♦s ❞♦s ❝♦❡✜❝✐❡♥t❡s ♥♦ ♠♦❞❡❧♦ ❞❡ r❡❣r❡ssã♦ (4.22) ❝♦♠ ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ❝♦♠♦
❢✉♥çõ❡s ❞❡ r❡❣r❡ssã♦✳ P❛r❛ ✐ss♦✱ ❞❡✜♥❡✲s❡ ❛ ♠❡❞✐❞❛ U(r)✱ ❝♦♠ 0 ≤ r ≤ 1✱ ❝♦♠♦ ❛ ❞✐str✐❜✉✐çã♦
✉♥✐❢♦r♠❡ ♥♦ ❝ír❝✉❧♦ ❞❡ r❛✐♦ r ❡ ❝❡♥tr♦ 0✱ ♦✉ s❡❥❛✱

U(r) ∼ U({(ρ, φ) ∈ D | ρ = r}). ✭✹✳✸✶✮

❘❡❧❡♠❜r❡✲s❡ ❛❣♦r❛ ❛s s❡❣✉✐♥t❡s ❞❡✜♥✐çõ❡s✴t❡♦r❡♠❛s q✉❡ sã♦ ♥❡❝❡ssár✐♦s ♣❛r❛ ♦ ❡st✉❞♦ q✉❡
s❡ s❡❣✉❡✳

❉❡✜♥✐çã♦ ✹✳✺✳✶ ✭❝❢✳ ❬✷✾❪✮ ❉❡s✐❣♥❛✲s❡ ♣♦r ❝♦♠❜✐♥❛çã♦ ❝♦♥✈❡①❛ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s
x1, x2, . . . , xn ∈ R

m ❛♦ ♣♦♥t♦

X = λ1x1 + λ2x2 + . . .+ λnxn, ✭✹✳✸✷✮

♦♥❞❡ X ∈ R
m ❡

n∑

i=1

λi = 1 ✭✹✳✸✸✮

❝♦♠ λi ≥ 0✳

❘❡❧❡♠❜r❡✲s❡ ❛ ❞❡✜♥✐çã♦ ❞❡ ♠❛tr✐③ ♦rt♦❣♦♥❛❧✳

❉❡✜♥✐çã♦ ✹✳✺✳✷ ✭❝❢✳ ❬✷✾❪✮ ❯♠❛ ♠❛tr✐③ Q é ✉♠❛ ♠❛tr✐③ ♦rt♦❣♦♥❛❧ s❡ ❡ s♦♠❡♥t❡ s❡ Q é
✐♥✈❡rtí✈❡❧ ❡ Q−1 = QT ✱ ✐st♦ é✱

QQT = I, ✭✹✳✸✹✮

s❡♥❞♦ q✉❡✱ ❞❡st❡ ♠♦❞♦✱ ✉♠❛ ♦✉tr❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ✉♠❛ ♠❛tr✐③ ♦rt♦❣♦♥❛❧ é q✉❡ QT = Q−1✳

❘❡❧❡♠❜r❡✲s❡ ❛❣♦r❛ ♦ ❝♦♥❝❡✐t♦ ❞❡ ♠❛tr✐③❡s s❡♠❡❧❤❛♥t❡s✳

❉❡✜♥✐çã♦ ✹✳✺✳✸ ✭❝❢✳ ❬✷✾❪✮ ❉✉❛s ♠❛tr✐③❡s✱ A ❡ B ❞✐③❡♠✲s❡ ♠❛tr✐③❡s s❡♠❡❧❤❛♥t❡s s❡ ❡①✐st❡
✉♠❛ ♠❛tr✐③ ✐♥✈❡rtí✈❡❧✱ X✱ t❛❧ q✉❡ A = X−1BX✳

❚❡♦r❡♠❛ ✹✳✺✳✹ ✭❝❢✳ ❬✷✾❪✮ ❙✉♣♦♥❤❛✲s❡ q✉❡ A ❡ B sã♦ ♠❛tr✐③❡s s❡♠❡❧❤❛♥t❡s✳ ❊♥tã♦ A ❡ B
tê♠ ♦ ♠❡s♠♦ ♣♦❧✐♥ó♠✐♦ ❝❛r❛❝t❡rís✐t❝♦ ❡ ♦s ♠❡s♠♦s ✈❛❧♦r❡s ♣ró♣r✐♦s✳ ❊st❛ ♣r♦✈❛ é ❛♣r❡s❡♥t❛❞❛
❞❡ s❡❣✉✐❞❛✳

❇❡r♥❛r❞♦ ❳❛✈✐❡r ◆♦❣✉❡✐r❛ ❉✉❛rt❡ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦



✹✹ ✹✳▼♦❞❡❧♦s ót✐♠♦s ♣❛r❛ ❛♥á❧✐s❡ ❡st❛tíst✐❝❛ ❝♦♠ P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡

Pr♦✈❛✿ P❡❧❛ ❞❡✜♥✐çã♦ ❛♥t❡r✐♦r✱ ❝♦♠♦ A ❡ B sã♦ s❡♠❡❧❤❛♥t❡s✱ ❡♥tã♦ A = X−1BX✳ P❛r❛
♦ ♣♦❧✐♥ó♠✐♦ ❝❛r❛❝t❡ríst✐❝♦ ❞❡ A✱ t❡♠✲s❡ q✉❡✿

|λI −A| = |λI −X−1BX|

= |λX−1IX −X−1BX|

= |X−1(λI −B)X|

= |X−1||λI −B||X|

=
1

|X| |λI −B||X|

= |λI −B| ✭✹✳✸✺✮

q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛♦ ♣♦❧✐♥ó♠✐♦ ❝❛r❛❝t❡ríst✐❝♦ ❞❡ B✳ ❯♠❛ ✈❡③ q✉❡ A ❡ B tê♠ ♦ ♠❡s♠♦ ♣♦❧✐♥ó♠✐♦
❝❛r❛❝t❡ríst✐❝♦✱ ❡♥tã♦ A ❡ B tê♠ ♦s ♠❡s♠♦s ✈❛❧♦r❡s ♣ró♣r✐♦s✳

�

➱ ♣♦ssí✈❡❧ ♠♦str❛r q✉❡ ♠♦❞❡❧♦s Φp−ót✐♠♦s sã♦ ❝♦♠❜✐♥❛çõ❡s ❝♦♥✈❡①❛s ❡s♣❡❝í✜❝❛s ❞❡ ♠♦❞❡❧♦s
❞♦ t✐♣♦ (4.31)✱ ✐st♦ é✱ ❡①✐st❡♠ r❛✐♦s 0 ≤ r1 < r2 < . . . < r⌊d/2⌋+1 = 1 ❡ ♣❡s♦s ♣♦s✐t✐✈♦s

w1, w2, . . . , w⌊d/2⌋+1✱ ❝♦♠
∑⌊d/2⌋+1

i=1 wi = 1✱ t❛❧ q✉❡ q✉❛❧q✉❡r ♠♦❞❡❧♦ Φp✲ót✐♠♦ ♥♦ ♠♦❞❡❧♦ ❞❡
r❡❣r❡ssã♦ (4.22) é ❞❛❞♦ ♥❛ ❢♦r♠❛

ξ∗p =

⌊d/2⌋+1
∑

i=1

wiU(ri). ✭✹✳✸✻✮

❙❡ d é ♣❛r✱ ❡♥tã♦ t❡♠✲s❡ q✉❡ r1 = 0 ✭❛s ♦❜s❡r✈❛çõ❡s tê♠ ❞❡ s❡r t♦♠❛❞❛s ❛ ♣❛rt✐r ❞♦ ❝❡♥tr♦✮✱
❡♥q✉❛♥t♦ q✉❡✱ s❡ d é í♠♣❛r✱ r1 > 0✳ ❆ ♣r♦✈❛ ❞❡st❡ ❢❛❝t♦ ❡♥❝♦♥tr❛✲s❡ ❡♠ ❬✷✼❪✳ ❉❡✈✐❞♦ à s✉❛
❝♦♠♣❧❡①✐❞❛❞❡ ❡ ❡①t❡♥sã♦✱ ❡st✉❞❛r✲s❡✲ã♦ ❛♣❡♥❛s ❛❧❣✉♥s ❝❛s♦s ♣❛rt✐❝✉❧❛r❡s ❞❡st❡ ♣r♦❜❧❡♠❛✳

❈♦♠❡❝❡✲s❡ ♣♦r ♥♦t❛r q✉❡ ♦ ♣r♦❜❧❡♠❛ ❞♦ ♠♦❞❡❧♦ é ✉♠❛ r♦t❛çã♦ ✐♥✈❛r✐❛♥t❡✳ ❆ss✐♠✱ s❡❥❛ ξ ♦
♠♦❞❡❧♦ q✉❡ ❞❡♥♦t❛ ♦ ♠♦❞❡❧♦ Φp✲ót✐♠♦ ♥♦ ❞✐s❝♦ D ❝♦♠ ♣♦♥t♦s ❞❡ s✉♣♦rt❡ (ρi, φj)✱ ♣❡s♦s wij ✱
❡ ❛ss✉♠✐♥❞♦ q✉❡ ξ̃ é ♦❜t✐❞♦ ❛ ♣❛rt✐r ❞❡ ξ ❛tr❛✈és ❞❡ ✉♠❛ r♦t❛çã♦ ❞♦s ♣♦♥t♦s ❞❡ s✉♣♦rt❡ ❞❡ ξ
❝♦♠ ✉♠ â♥❣✉❧♦ α✳ ◆❡st❡ s❡♥t✐❞♦✱ ♦ ✈❡t♦r ❞❛s ❢✉♥çõ❡s ❞❡ r❡❣r❡ssã♦ s❡❣✉❡ ♥❛ ❢♦r♠❛

f(ρ, φ+ α) = Tf(ρ, φ), ✭✹✳✸✼✮

♦♥❞❡ ❛ ♠❛tr✐③ T é ❞❛❞❛ ♣♦r

T = ❞✐❛❣(T0, T1, . . . , Td) ∈ R
(d+1)(d+2)/2×(d+1)(d+2)/2 ✭✹✳✸✽✮

❝♦♠ ♦s ❜❧♦❝♦s Tj ∈ R
(j+1)×(j+1) ❞❡✜♥✐❞♦s ♥❛ ❢♦r♠❛

T2i+1 =

















cos((2i+ 1)α) 0 0 · · · 0 0 · · · 0 sin((2i+ 1)α)
0 cos((2i− 1)α) 0 · · · 0 0 · · · sin((2i− 1)α) 0
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
0 0 0 · · · cos(α) sin(α) · · · 0 0
0 0 0 · · · sin(α) cos(α) · · · 0 0
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
0 sin((2i− 1)α) 0 · · · 0 0 · · · cos((2i− 1)α) 0

sin((2i+ 1)α) 0 0 · · · 0 0 · · · 0 cos((2i+ 1)α)

















❇❡r♥❛r❞♦ ❳❛✈✐❡r ◆♦❣✉❡✐r❛ ❉✉❛rt❡ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦



✹✳▼♦❞❡❧♦s ót✐♠♦s ♣❛r❛ ❛♥á❧✐s❡ ❡st❛tíst✐❝❛ ❝♦♠ P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ✹✺

T2i =



















cos(2iα) 0 0 · · · 0 0 0 · · · 0 sin(2iα)
0 cos((2i− 2)α) 0 · · · 0 0 0 · · · sin((2i− 2)α) 0
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

0 0 0 · · · cos(2α) 0 sin(2α) · · · 0 0
0 0 0 · · · 0 1 0 · · · 0 0
0 0 0 · · · sin(2α) 0 cos(2α) · · · 0 0
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

✳✳✳
✳✳✳

0 sin((2i− 2)α) 0 · · · 0 0 0 · · · cos((2i− 2)α) 0
sin(2iα) 0 0 · · · 0 0 0 · · · 0 cos(2iα)



















❆ss✐♠✱ t❡♥❞♦ ❡♠ ❝♦♥t❛ ❛ ❞❡✜♥✐çã♦ ✹✳✺✳✷✱ é s✐♠♣❧❡s ♣r♦✈❛r q✉❡ ❛ ♠❛tr✐③ T é ✉♠❛ ♠❛tr✐③
♦rt♦❣♦♥❛❧✳ ❉❡ ❢❛❝t♦✱ ❛ ♠❛tr✐③ T é ✉♠❛ ♠❛tr✐③ ❞✐❛❣♦♥❛❧ ♣♦r ❜❧♦❝♦s ❝♦♠♣♦st❛ ♣♦r d + 1
s✉❜♠❛tr✐③❡s ♥❛ s✉❛ ❞✐❛❣♦♥❛❧✳ ❊♠ ❝❛❞❛ ✉♠❛ ❞❡st❛s s✉❜♠❛tr✐③❡s ♣♦❞❡✲s❡ ♦❜s❡r✈❛r q✉❡ ❝❛❞❛
❧✐♥❤❛ ❡ ❝❛❞❛ ❝♦❧✉♥❛ é ❝♦♠♣♦st❛ ♣♦r ③❡r♦s ❡♠ t♦❞❛s ❛s s✉❛s ❡♥tr❛❞❛s✱ ❡①❝❡♣t♦ ❡♠ ❞✉❛s✳ ❯♠❛
❞❡st❛s ❡♥tr❛❞❛s é ✐❣✉❛❧ ❛ cosβn ❡ ❛ ♦✉tr❛ ❡♥tr❛❞❛ é ✐❣✉❛❧ sinβn✱ s❡♥❞♦ βn ✉♠ â♥❣✉❧♦ ❛ tít✉❧♦
❞❡ ❡①❡♠♣❧♦ ❡ q✉❡ r❡♣r❡s❡♥t❛ ♦ â♥❣✉❧♦ ❞❡ ❝❛❞❛ ❧✐♥❤❛✴❝♦❧✉♥❛ ❞❡st❛ s✉❜♠❛tr✐③ ❡ q✉❡ é ✐❣✉❛❧ ♥❛s
❞✉❛s ❡♥tr❛❞❛s ❞✐❢❡r❡♥t❡s ❞❡ 0 ❡♠ ❝❛❞❛ ❧✐♥❤❛✴❝♦❧✉♥❛✳ ❘❡❝♦rr❡♥❞♦ ❡♥tã♦ à ❞❡✜♥✐çã♦ ❛♣r❡s❡♥t❛❞❛
❛♥t❡r✐♦r♠❡♥t❡ ❞❡ ♠❛tr✐③ ♦rt♦❣♦♥❛❧ ❡ ❛♣❧✐❝❛♥❞♦ ❛♦ ❝❛s♦ ❞❡ ❝❛❞❛ s✉❜♠❛tr✐③✱ ❝❤❡❣❛✲s❡ ❛♦ s❡❣✉✐♥t❡
r❡s✉❧t❛❞♦✿

TdT
T
d =










cos2(β1) + sin2(β1) 0 · · · 0 0
0 cos2(β2) + sin2(β2) · · · 0 0
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳
✳✳✳

0 0 · · · cos2(β2) + sin2(β2) 0
0 0 · · · 0 cos2(β1) + sin2(β1)










=










1 0 · · · 0 0
0 1 · · · 0 0
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳
✳✳✳

0 0 · · · 1 0
0 0 · · · 0 1










= Id. ✭✹✳✸✾✮

❉❡st❡ ♠♦❞♦✱ ❝♦♥❝❧✉✐✲s❡ q✉❡

❇❡r♥❛r❞♦ ❳❛✈✐❡r ◆♦❣✉❡✐r❛ ❉✉❛rt❡ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦
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TT T =










T0 0 · · · 0 0
0 T1 · · · 0 0
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳
✳✳✳

0 0 · · · Td−1 0
0 0 · · · 0 Td










×










T T
0 0 · · · 0 0
0 T T

1 · · · 0 0
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳
✳✳✳

0 0 · · · T T
d−1 0

0 0 · · · 0 T T
d










=










T0T
T
0 0 · · · 0 0

0 T1T
T
1 · · · 0 0

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

✳✳✳
0 0 · · · Td−1T

T
d−1 0

0 0 · · · 0 TdT
T
d










=










I0 0 · · · 0 0
0 I1 · · · 0 0
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳
✳✳✳

0 0 · · · Id−1 0
0 0 · · · 0 Id










=










1 0 · · · 0 0
0 1 · · · 0 0
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳
✳✳✳

0 0 · · · 1 0
0 0 · · · 0 1










= I(d+1)(d+2)/2, ✭✹✳✹✵✮

♣❡❧♦ q✉❡ ❛ ♠❛tr✐③ T é✱ ❛ss✐♠✱ ♦rt♦❣♦♥❛❧✳ ❘❡❝♦r❞❛♥❞♦ ❛ ❞❡✜♥✐çã♦ ❞❡ ♠❛tr✐③ ❞❡ ✐♥❢♦r♠❛çã♦✱
M(ξ)✱ t❡♠✲s❡ ♣♦r ✉♠ ❧❛❞♦

M(ξ) =

∫ 2π

0

∫ 1

0
f(ρ, φ)fT (ρ, φ)dξ(ρ, φ). ✭✹✳✹✶✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ♣♦r (4.37) t❡♠✲s❡ q✉❡ f(ρ, φ+α) = Tf(ρ, φ)✳ ❉❡st❡ ♠♦❞♦✱ ✉s❛♥❞♦ ❞❡ ♥♦✈♦
❛ ❞❡✜♥✐çã♦ ❞❡ ♠❛tr✐③ ❞❡ ✐♥❢♦r♠❛çã♦ ❡ r❡❝♦r❞❛♥❞♦ q✉❡ ξ̃ ❝♦rr❡♣♦♥❞❡ ❛ ✉♠ ♠♦❞❡❧♦ ♦❜t✐❞♦ ❛
♣❛rt✐r ❞❡ ξ ❛tr❛✈és ❞❡ ✉♠❛ r♦t❛çã♦ ❞♦s ♣♦♥t♦s ❞❡ s✉♣♦rt❡ ❞♦ ♠❡s♠♦✱ ✐st♦ é✱ s❡ ξ ❡stá ❛ss♦❝✐❛❞♦
❛ f ♣♦r f(ρ, φ)✱ ❡♥tã♦ ξ̃ ❡stá ❛ss♦❝✐❛❞♦ ❛ f ♣♦r f(ρ, φ+ α)✱ ♦❜té♠✲s❡

M(ξ̃) =

∫ 2π

0

∫ 1

0
f(ρ, φ+ α) fT (ρ, φ+ α)dξ̃(ρ, φ)

=

∫ 2π

0

∫ 1

0
Tf(ρ, φ) (Tf(ρ, φ))T dξ(ρ, φ)

=

∫ 2π

0

∫ 1

0
Tf(ρ, φ) fT (ρ, φ)T T dξ(ρ, φ)

= T

∫ 2π

0

∫ 1

0
f(ρ, φ) fT (ρ, φ) dξ(ρ, φ)T T

= TM(ξ)T T . ✭✹✳✹✷✮
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❆♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✹✳✺✳✹ ❛♦ ♣r♦❜❧❡♠❛ q✉❡ ❡stá ❛ s❡r ❡st✉❞❛❞♦ ❡ r❡❧❡♠❜r❛♥❞♦ q✉❡ T é
✉♠❛ ♠❛tr✐③ ♦rt♦❣♦♥❛❧✱ t❡♠✲s❡ q✉❡

M(ξ̃) = TM(ξ)T T

⇔ M(ξ̃) = TM(ξ)T−1

⇔ T−1M(ξ̃)T = T−1TM(ξ)T−1T

⇔ T−1M(ξ̃)T = (T−1T )M(ξ)(T−1T )

⇔ T−1M(ξ̃)T = IM(ξ)I

⇔ T−1M(ξ̃)T =M(ξ)

⇔ M(ξ) = T−1M(ξ̃)T. ✭✹✳✹✸✮

❋❛③❡♥❞♦ A = M(ξ) ❡ B = M(ξ̃)✱ ♣♦❞❡✲s❡ ♦❜s❡r✈❛r q✉❡ (4.43) ❡stá ♥❛ ❢♦r♠❛ A = X−1BX✱
♣❡❧♦ q✉❡ M(ξ) ❡ M(ξ̃) sã♦ ♠❛tr✐③❡s s❡♠❡❧❤❛♥t❡s ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ tê♠ ♦s ♠❡s♠♦s ✈❛❧♦r❡s
♣ró♣r✐♦s✳ ❈♦♥❝❧✉✐✲s❡ ❛✐♥❞❛ q✉❡ ξ̃ ❝♦♥t✐♥✉❛ ❛ s❡r ✉♠ ♠♦❞❡❧♦ Φp✲ót✐♠♦✳ ◆♦t❛✲s❡ ❛✐♥❞❛ q✉❡ ♦
❣r✉♣♦ ❞❛s ♠❛tr✐③❡s ❞❡ (4.38) é ✉♠ s✉❜❣r✉♣♦ ❞♦ ❣r✉♣♦ ❞❡ ♠❛tr✐③❡s ❞❡ R

(d+1)(d+2)/2✳

❖ ✈❡t♦r ❞❛ ❢✉♥çã♦ ❞❡ r❡❣r❡ssã♦ ♣♦❞❡ s❡r ❡s❝r✐t♦ ♥❛ ❢♦r♠❛

f(ρ, φ) = K−1g(x1, x2) = K−1g(x) ✭✹✳✹✹✮

♦♥❞❡ g é ♦ ✈❡t♦r ❞❡
(
d+2
2

)
♠♦♥ó♠✐♦s ❞❛ ❢♦r♠❛ xαi

i x
αj

j ✱ ❝♦♠ i, j ∈ {1, 2}✱ α1, α2 ∈ N0✱ α1 +

α2 ≤ 2✱ x1 = ρ cosφ✱ x2 = ρ sinφ ❡ K ∈ R
(d+1)(d+2)/2×(d+1)(d+2)/2 é ✉♠❛ ♠❛tr✐③ ♦rt♦❣♦♥❛❧

❝♦♥✈❡♥✐❡♥t❡ q✉❡ ♥ã♦ ❞❡♣❡♥❞❡ ❞❛s ✈❛r✐á✈❡✐s ❡①♣❡r✐♠❡♥t❛✐s (x1, x2) ∈ D✳ ❆❧é♠ ❞✐ss♦✱ ♦ ♣r♦❜❧❡♠❛
❞❡ ❡♥❝♦♥tr❛r ✉♠ ♠♦❞❡❧♦ Φp✲ót✐♠♦ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ r❡❣r❡ssã♦ ❞❡ ❩❡r♥✐❦❡ (4.22) é ❡q✉✐✈❛❧❡♥t❡
❛♦ ♣r♦❜❧❡♠❛ ❞❡ ❡♥❝♦♥tr❛r ✉♠ ♠♦❞❡❧♦ Φp✲ót✐♠♦ ♣❛r❛ ♦ ♣❛râ♠❡tr♦ KT θ ♥♦ ♠♦❞❡❧♦ ❞❡ r❡❣r❡ssã♦
♣♦❧✐♥♦♠✐❛❧ ❜✐❞✐♠❡♥s✐♦♥❛❧

y = θT g(x) + ǫ ✭✹✳✹✺✮

❝♦♥❢♦r♠❡ ❢♦✐ ❡st✉❞❛❞♦ ♣♦r ❞✐✈❡rs♦s ❛✉t♦r❡s ❬✻❀ ✶✼❀ ✷✻❪✳ ❆ s♦❧✉çã♦ ❞❡st❡ ♣r♦❜❧❡♠❛ é ❞❡ ❢á❝✐❧
♦❜t❡♥çã♦✱ ❞❡ ❢❛❝t♦✱ s❡❣✉♥❞♦ ♦ ♠♦❞❡❧♦ (4.22) t❡♠✲s❡ q✉❡

E[Y |ρ, φ] = θT fd(ρ, φ); V ar[Y |ρ, φ] = σ2 > 0

♣❡❧♦ q✉❡✱ t❡♥❞♦ ❡♠ ❝♦♥t❛ q✉❡ f = KT g(x)✱

E[Y |ρ, φ] = θT fd(ρ, φ)

= θTKT g(x)

= (θTKT )g(x)

= (Kθ)T g(x). ✭✹✳✹✻✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ V ar[Y |ρ, φ] = σ2 > 0 ❝♦rr❡s♣♦♥❞❡ ❛♦ ❡rr♦ ❞❡ ❛♣r♦①✐♠❛çã♦ ❞♦ ♠♦❞❡❧♦✱
t❡♠✲s❡ q✉❡ V ar[Y |ρ, φ] = σ2 > 0 = ǫ✱ ♣❡❧♦ q✉❡ s❡ ❝❤❡❣❛ ❛

❇❡r♥❛r❞♦ ❳❛✈✐❡r ◆♦❣✉❡✐r❛ ❉✉❛rt❡ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦
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E[Y |ρ, φ] = θT fd(ρ, φ)

V ar[Y |ρ, φ] = σ2 > 0






⇔ y = θT g(x) + ǫ ✭✹✳✹✼✮

s❡♥❞♦ θT = (Kθ)T ✳

❆ss✐♠ ♣♦❞❡✲s❡ ❝♦♥❝❧✉✐r q✉❡ ❡①✐st❡ ✉♠ ♠♦❞❡❧♦ Φp✲ót✐♠♦ r♦t❛❝✐♦♥á✈❡❧✱ ❞❡♥♦♠✐♥❛❞♦ ♣♦r η∗p✱
♣❛r❛ ❡st❡ ♣r♦❜❧❡♠❛✳ P❡❧♦ ♣r♦❜❧❡♠❛ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❣❡r❛❧ ♣❛r❛ Φp✲♦t✐♠❛❧✐❞❛❞❡ ❬✸✾❪✱ ❝♦♠ p >
−∞✱ ✉♠ ♠♦❞❡❧♦ η∗p é Φp✲ót✐♠♦ s❡ ❡ só s❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡

d(x, η∗p) = gT (x)M̄−1(η∗p)K(KT M̄−1(η∗p)K)−p−1KT M̄−1(η∗p)g(x) ✭✹✳✹✽✮

≤ tr(KT M̄−1(η∗p)K)−p ✭✹✳✹✾✮

s❡ ✈❡r✐✜❝❛✱ ♣❛r❛ t♦❞♦ ♦ x ∈ D✱ ♦♥❞❡ M̄(η) é ❛ ♠❛tr✐③ ❞❡ ✐♥❢♦r♠❛çã♦ ❞♦ ♠♦❞❡❧♦ η ♥❛ ❡①♣r❡ssã♦
(4.45)✳

P❛r❛ ♣r♦✈❛r ❛ ❛✜r♠❛çã♦ ❛♥t❡r✐♦r✱ r❡❝♦r❞❡✲s❡ ♦ s❡❣✉✐♥t❡✿

❼ ξ∗ é ót✐♠♦ ⇔ d̄1(ξ
∗) = minξ d̄1(ξ), ♦♥❞❡ d̄1(ξ) = maxx f

T (x)M−1(ξ)CM−1(ξ) f(x)❀

❼ Φp(ξ
∗) = max

(
2

(d+1)(d+2)tr (M
p(ξ))

) 1

p
;

❼ f(x) = K−1g(x) ⇔ Kf(x) = KK−1g(x) ⇔ g(x) = Kf(x).

❆ss✐♠

d(x, η∗p) = gT M̄−1(η∗p)K(KT M̄−1(η∗p)K)−p−1KT M̄−1(η∗p)g(x)

= (Kf(x))T M̄−1(η∗p)K(KT M̄−1(η∗p)K)−p−1KT M̄−1(η∗p)Kf(x)

= fT (x)KT M̄−1(η∗p)K(KT M̄−1(η∗p)K)−p−1KT M̄−1(η∗p)Kf(x), ✭✹✳✺✵✮

q✉❡ ❝♦rr❡s♣♦♥❞❡ à ❞❡✜♥✐çã♦ (4.11)✱ s❡♥❞♦ q✉❡✱ ♥❡st❡ ❝❛s♦✱ M−1(ξ) = KTM−1(η∗p)K✳ ❈♦♥s✐✲
❞❡r❛♥❞♦ ❛ ❞❡✜♥✐çã♦ ❞❡ Φ−♦t✐♠❛❧✐❞❛❞❡ ✭✈❡r s✉❜❝❛♣ít✉❧♦ ✹✳✸✮✱ t❡♠✲s❡ q✉❡✱ ♥♦ ❝❛s♦ ❞❡ ❢✉♥☛õ❡s
❝♦♥✈❡①❛s✱

d(ξ∗) = max
ξ

tr
[
AM−1(ξ)AT

]p
. ✭✹✳✺✶✮

◆❡st❡ s❡♥t✐❞♦✱ ❡ t❡♥❞♦ ❡♠ ❝♦♥t❛ q✉❡ ♥❡st❡ ❡st✉❞♦ ❡stá✲s❡ ❛ tr❛❜❛❧❤❛r ❝♦♠ ❢✉♥çõ❡s ❝♦♥✈❡①❛s✱
t❡♠✲s❡ q✉❡

d(η∗) = max
η

tr
[(
AM̄−1(η)AT

)p
]

= max
η

tr







KT M̄−1(η)K
︸ ︷︷ ︸

s✐♠étr✐❝❛





p



= max
η

tr
[((

KT M̄−1(η)K
)T
)p]
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= max
η

tr
[((

KT M̄−1(η)K
)−1
)p]

= max
η

tr
[(
KT M̄−1(η)K

)−p
]

✭✹✳✺✷✮

s❡♥❞♦ q✉❡✱
d(η) ≤ tr

[
KT M̄−1(η∗)K

]−p
. ✭✹✳✺✸✮

❉❡st❡ ♠♦❞♦ ♣♦❞❡✲s❡ ❡♥tã♦ ❝♦♥❝❧✉✐r q✉❡

d(x, η∗p) = gT (x)M̄−1(η∗p)K(KT M̄−1(η∗p)K)−p−1KT M̄−1(η∗p)g(x)

= max
η

tr(KT M̄−1(ηp)K)−p

≤ tr(KT M̄−1(η∗p)K)−p. ✭✹✳✺✹✮

P❛ss❡✲s❡ ❛❣♦r❛ ♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ p = −∞ q✉❡ ❝❛r❛❝t❡r✐③❛ ♦s ♠♦❞❡❧♦s Φ−∞✲ót✐♠♦s✱ q✉❡ s❡
❞❡s❝r❡✈❡♠ ❞❡ ✉♠❛ ❢♦r♠❛ ❧✐❣❡✐r❛♠❡♥t❡ ❞✐❢❡r❡♥t❡✳ ◆❡st❡ ❝❛s♦✱ ❛ E✲♦t✐♠❛❧✐❞❛❞❡ ❞♦ ♠♦❞❡❧♦ η∗−∞

é ❡q✉✐✈❛❧❡♥t❡ ❛ ✉♠ ♠♦❞❡❧♦ ❝♦♠ ✉♠❛ ♠❛tr✐③ E✱ t❛❧ q✉❡ tr E = 1✱ ❡ ❛ s❡❣✉✐♥t❡ ❞❡s✐❣✉❛❧❞❛❞❡ é
✈❡r✐✜❝❛❞❛

d(x, η∗−∞) = gT (x)M̄−1(η∗−∞)K
(
KT M̄−1(η∗−∞)K

)−1
E
(
KT M̄−1(η∗−∞)K

)−1

×KT M̄−1(η∗−∞)g(x) ✭✹✳✺✺✮

≤ λmin

(
(KT M̄−1(η∗−∞)K)−1

)
, ✭✹✳✺✻✮

♣❛r❛ t♦❞♦ ♦ x ∈ D✱ ✭✈❡r ❬✸✾❪✮✳ Pr♦✈❡✲s❡ q✉❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ (4.56) é ❞❡ ❢❛❝t♦ s❛t✐s❢❡✐t❛✳ ❚❡♥❞♦
❡♠ ❝♦♥t❛ (4.55)✱ t❡♠✲s❡

d(x, η∗p) = gT (x)M̄−1(η∗−∞)K
(
KT M̄−1(η∗−∞)K

)−1
E
(
KT M̄−1(η∗−∞)K

)−1

×KT M̄−1(η∗−∞)g(x)

= (Kf(x))T M̄−1(η∗−∞)K
(
KT M̄−1(η∗−∞)K

)−1
E
(
KT M̄−1(η∗−∞)K

)−1

×KT M̄−1(η∗−∞)Kf(x)

= fT (x)KT M̄−1(η∗−∞)K
(
KT M̄−1(η∗−∞)K

)−1
E
(
KT M̄−1(η∗−∞)K

)−1

×KT M̄−1(η∗−∞)Kf(x)

= fT (x)KT M̄−1(η∗−∞)K
︸ ︷︷ ︸

M−1(ξ−∞)

(
KT M̄−1(η∗−∞)K

)−1
E
(
KT M̄−1(η∗−∞)K

)−1

︸ ︷︷ ︸

C

×KT M̄−1(η∗−∞)K
︸ ︷︷ ︸

M−1(ξ−∞)

f(x). ✭✹✳✺✼✮
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✺✵ ✹✳▼♦❞❡❧♦s ót✐♠♦s ♣❛r❛ ❛♥á❧✐s❡ ❡st❛tíst✐❝❛ ❝♦♠ P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡

❚❡♥❞♦ ❡♠ ❝♦♥t❛ ♦ ❝r✐tér✐♦ ❞❡ E✲♦t✐♠❛❧✐❞❛❞❡ ❡ ❛ ❞❡✜♥✐çã♦ (4.30)✱ ♦❜té♠✲s❡

d(x, η∗−∞) = max
η

λmin(M(ξ−∞))

= max
η

λmin

(
(KT M̄−1(η−∞)K)−1

)

≤ λmin

(
(KT M̄−1(η∗−∞)K)−1

)
✭✹✳✺✽✮

❞♦♥❞❡ r❡s✉❧t❛ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ (4.56)

d(x, η∗p) = gT (x)M̄−1(η∗−∞)K
(
KT M̄−1(η∗−∞)K

)−1
E
(
KT M̄−1(η∗−∞)K

)−1

×KT M̄−1(η∗−∞)g(x)

= max
η

λmin

(
(KT M̄−1(η−∞)K)−1

)

≤ λmin

(
(KT M̄−1(η∗−∞)K)−1

)
. ✭✹✳✺✾✮

P❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ p = 0✱ ❝♦♥s✐❞❡r❛✲s❡ ♦ ❝r✐tér✐♦ ❞❡ D✲♦t✐♠❛❧✐❞❛❞❡ ❡ t❡♠✲s❡ q✉❡ K =
I(d+1)(d+2)/2 ❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ (4.48) r❡❞✉③✲s❡ ❛

d(x, η∗0) = gT (x)M̄−1(η∗0)g(x) ≤
(
d+ 2

2

)

, ✭✹✳✻✵✮

♣❛r❛ t♦❞♦ ♦ x ∈ D✳ Pr♦✈❡✲s❡ ❛❣♦r❛ q✉❡ (4.60) é ✈❡r✐✜❝❛❞❛✳ ❚❡♥❞♦ ❡♠ ❝♦♥t❛ (4.49)✱ ♦❜té♠✲s❡

d(x, η∗0) = gT (x)M̄−1(η∗p)K(KT M̄−1(η∗p)K)−p−1KT M̄−1(η∗p)g(x)

= gT (x)M̄−1(η∗p)(M̄
−1(η∗p))

−p−1M̄−1(η∗p)g(x)

= gT (x)M̄−1(η∗0)(M̄
−1(η∗0))

−0−1M̄−1(η∗0)g(x)

= gT (x)M̄−1(η∗0)(M̄
−1(η∗0))

−1M̄−1(η∗0)g(x)

= gT (x)M̄−1(η∗0)M̄(η∗0)M̄
−1(η∗0)g(x)

= gT (x)M̄−1(η∗0)g(x). ✭✹✳✻✶✮

P♦r ♦✉tr♦ ❧❛❞♦✱ t❡♥❞♦ ❡♠ ❝♦♥t❛ (4.48) t❡♠✲s❡ q✉❡

d(x, η∗0) ≤ tr(KT M̄−1(η∗p)K)−p

= max
η

tr(M̄−1(ηp))
−p

= max
η

tr(M̄−1(ηp))
0

= max
η

tr(I(d+1)(d+2)/2)

=
(d+ 1)(d+ 2)

2
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✹✳▼♦❞❡❧♦s ót✐♠♦s ♣❛r❛ ❛♥á❧✐s❡ ❡st❛tíst✐❝❛ ❝♦♠ P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ✺✶

=
(d+ 1)(d+ 2)d!

2× d!

=
(d+ 2)!

(d+ 2− 2)!× 2

=

(
d+ 2

2

)

. ✭✹✳✻✷✮

❆ss✐♠✱ ❝♦♠❜✐♥❛♥❞♦ (4.61) ❡ (4.62) ❝♦♥❝❧✉✐✲s❡ q✉❡

d(x, η∗0) = gT (x)M̄−1(η∗0)g(x) ≤
(
d+ 2

2

)

.

❆ ❞✐str✐❜✉✐çã♦ ✉♥✐❢♦r♠❡ U(rk) ♣r❡s❡♥t❡ ❡♠ (4.31) ♣♦❞❡ s❡r ✈✐st❛ ❝♦♠♦ ✉♠❛ ♠❡❞✐❞❛ ❞✐s❝r❡t❛
✉♥✐❢♦r♠❡ ❝♦♠ ♠❛ss❛ 1/m ❝♦♠ m ≥ d ♣♦♥t♦s

U(r) ∼ U
{(

r cos
2πk

m
, r sin

2πk

m

)

| k = 0, . . . ,m− 1

}

.

◆❡st❡ s❡♥t✐❞♦✱ ❡ t❡♥❞♦ ❡♠ ❝♦♥t❛ ♦s ♠♦❞❡❧♦s ❞❛ ❋✐❣✉r❛ ✹✳✶, ❡stá✲s❡ ♣❡r❛♥t❡ ♠♦❞❡❧♦s ❝♦♠♦
♦s q✉❡ sã♦ ❛♣r❡s❡♥t❛❞♦s ❞❡ s❡❣✉✐❞❛✳

✭❛✮
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✺✷ ✹✳▼♦❞❡❧♦s ót✐♠♦s ♣❛r❛ ❛♥á❧✐s❡ ❡st❛tíst✐❝❛ ❝♦♠ P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡

✭❜✮

❋✐❣✉r❛ ✹✳✷✿ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ ♠♦❞❡❧♦s ❝♦♠ ❞✐str✐❜✉✐çã♦ ✉♥✐❢♦r♠❡✱ ❝♦♠ d í♠♣❛r ❡♠ ✭❛✮ ❡ d ♣❛r
❡♠ ✭❜✮✳

❋♦♥t❡✿ ❖♣t✐♠❛❧ s❛♠♣❧✐♥❣ ♣❛tt❡r♥s ❢♦r ❩❡r♥✐❦❡ ♣♦❧②♥♦♠✐❛❧s✱ ❬✹✶❪✳

✹✳✻ ▼♦❞❡❧♦s D✲ót✐♠♦s ♣❛r❛ ❡st✐♠❛çã♦ ❞♦s ♠í♥✐♠♦s q✉❛❞r❛❞♦s

❋♦❝❛♥❞♦ ♥♦ ❝r✐tér✐♦ ❞❛ D✲♦t✐♠❛❧✐❞❛❞❡✱ ♥❡st❡ ❝❛♣ít✉❧♦ ♣r♦❝✉r❛r✲s❡✲á ✉♠❛ ❢♦r♠❛ ❞❡ ❡st✐♠❛r
♠♦❞❡❧♦s D✲ót✐♠♦s✳ P❛r❛ ✐ss♦✱ é ♥❡❝❡ssár✐♦ r❡❝♦r❞❛r ❛ ❞❡✜♥✐çã♦ ❞❡ ♠❛tr✐③ ❞❡ ♣❡r♠✉t❛çã♦✳

❉❡✜♥✐çã♦ ✹✳✻✳✶ ✭❝❢✳ ❬✷✾❪✮ ❯♠❛ ♠❛tr✐③ ❞❡ ♣❡r♠✉t❛çã♦ é ✉♠❛ ♠❛tr✐③ q✉❛❞r❛❞❛ ❜✐♥ár✐❛✱ ✐st♦
é✱ ✉♠❛ ♠❛tr✐③ ❛♣❡♥❛s ❝♦♠♣♦st❛ ♣♦r ✵✬s ❡ ✶✬s✱ q✉❡ ❣❡r❛ ✉♠❛ ♣❡r♠✉t❛çã♦ ❞♦s ❡❧❡♠❡♥t♦s ❞❡
✉♠ ✈❡t♦r ♦✉ ❞❛s ❧✐♥❤❛s ♦✉ ❝♦❧✉♥❛s ❞❡ ✉♠❛ ♦✉tr❛ ♠❛tr✐③✳ ❆ ♠❛tr✐③ ❞❡ ♣❡r♠✉t❛çã♦✱ ❛❧é♠ ❞❡
s❡r ❝♦♠♣♦st❛ ❛♣❡♥❛s ♣♦r ✵✬s ❡ ✶✬s✱ t❡♠ ❛✐♥❞❛ ❛ ♣❛rt✐❝✉❧❛r✐❞❛❞❡ ❞❡ t❡r ❛♣❡♥❛s ✉♠❛ ❡♥tr❛❞❛
❞✐❢❡r❡♥t❡ ❞❡ ✵ ❡♠ ❝❛❞❛ ❧✐♥❤❛ ❡ ❡♠ ❝❛❞❛ ❝♦❧✉♥❛✳

❊①❡♠♣❧♦ ✹✳✻✳✷ ▼❛tr✐③❡s ❞♦ t✐♣♦

A =





0 1 0
1 0 0
0 0 1



 , B =





0 0 1
0 1 0
1 0 0





sã♦ ♠❛tr✐③❡s ❞❡ ♣❡r♠✉t❛çã♦✳ P❛r❛ v =





1
2
3



✱ ❛ ♦♣❡r❛çã♦ Av t❡♠ ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦

Av =





0 1 0
1 0 0
0 0 1









1
2
3



 =





2
1
3



 . ✭✹✳✻✸✮
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✹✳▼♦❞❡❧♦s ót✐♠♦s ♣❛r❛ ❛♥á❧✐s❡ ❡st❛tíst✐❝❛ ❝♦♠ P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ✺✸

◆♦ ❝❛s♦ ❞❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❡ ♠❛tr✐③❡s ❞❡ ♣❡r♠✉t❛çã♦ ♣♦r ♦✉tr❛s ♠❛tr✐③❡s✱ ♦❝♦rr❡ ❛ ♣❡r♠✉✲
t❛çã♦ ❞❡ ❧✐♥❤❛s✱ ♥♦ ❝❛s♦ ❞❛ ♠❛tr✐③ ❞❡ ♣❡r♠✉t❛çã♦ ❡st❛r à ❡sq✉❡r❞❛✱ ❡ ❛ tr♦❝❛ ❞❡ ❝♦❧✉♥❛s✱ ♥♦
❝❛s♦ ❞❛ ♠❛tr✐③ ❞❡ ♣❡r♠✉t❛çã♦ ❡st❛r à ❞✐r❡✐t❛✳

❊①❡♠♣❧♦ ✹✳✻✳✸ ❙❡♥❞♦ F =





1 2 3
4 5 6
7 8 9



 t❡♠✲s❡ q✉❡

AF =





0 1 0
1 0 0
0 0 1









1 2 3
4 5 6
7 8 9



 =





4 5 6
1 2 3
7 8 9





FA =





1 2 3
4 5 6
7 8 9









0 1 0
1 0 0
0 0 1



 =





2 1 3
5 4 6
8 7 9



 .

❉❡ ♥♦t❛r ❛✐♥❞❛ q✉❡ ♦ ❞❡t❡r♠✐♥❛♥t❡ ❞❡ ✉♠ ♠❛tr✐③ ❞❡ ♣❡r♠✉t❛çã♦ é s❡♠♣r❡ ✐❣✉❛❧ ❛ ±1✳

P♦st♦ ✐st♦✱ t❡♥❞♦ ❡♠ ❝♦♥t❛ ❛ ❞❡✜♥✐çã♦ ❞♦ ✈❡t♦r ❞❛s ❢✉♥çõ❡s ❞❡ r❡❣r❡ssã♦ f(ρ, φ) ❡♠ (4.23)
❡ s❡♥❞♦ q✉❡ U(r) ❞❡♥♦t❛ ✉♠❛ ❞✐str✐❜✉✐çã♦ ✉♥✐❢♦r♠❡ ♥♦ ❝ír❝✉❧♦ ✉♥✐tár✐♦ ❝♦♠ r❛✐♦ r ❡ ❝❡♥tr♦
(0, 0)✱ ♣♦❞❡✲s❡ ❛✜r♠❛r q✉❡

I = I(ρ) =

∫

f(ρ, φ) fT (ρ, φ) dU(r) ✭✹✳✻✹✮

❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞♦ r❛✐♦ r2✱ t❡♥❞♦ ❡♠ ❝♦♥t❛ q✉❡ ♦s ♠♦❞❡❧♦s Φ✲ót✐♠♦s sã♦ r♦t❛❝✐♦♥á✈❡✐s✱ ❝♦♠♦
❢♦✐ ✈✐st♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ♥ã♦ ❞❡♣❡♥❞❡♥❞♦ ❛ss✐♠ ❞❛ ♣❛rt❡ ❛♥❣✉❧❛r ❞❡ ❝❛❞❛ ♣♦♥t♦ ❞♦ ♠♦❞❡❧♦✳
❊①✐st❡ ❛✐♥❞❛ ✉♠❛ ♠❛tr✐③ ❞❡ ♣❡r♠✉t❛çã♦✱ ❞❡♥♦t❛❞❛ ♣♦r P ✱ t❛❧ q✉❡ ❡st❛ ♠❛tr✐③ ♣♦❞❡ s❡r r❡♣r❡✲
s❡♥t❛❞❛ ♥❛ ❢♦r♠❛

PIP T = ❞✐❛❣ {B−d, . . . , B−1, B0, B1, . . . , Bd} , ✭✹✳✻✺✮

♦♥❞❡ ♦s ❜❧♦❝♦s Bi sã♦ ❞❡✜♥✐❞♦s ♣♦r

Bi = Bi(r) =

∫

hi(ρ, φ)h
T
i (ρ, φ)dU(ρ, φ) ∈ R

(⌊(d−|i|)/2⌋+1)×(⌊(d−|i|)/2⌋+1) ✭✹✳✻✻✮

❝♦♠

hi(ρ, φ) =
(

R̃i
|i|(ρ, φ), R̃

i
|i|+2(ρ, φ), . . . , R̃

i
|i|+2⌊(d−|i|)/2⌋(ρ, φ)

)T
∈ R

⌊(d−|i|)/2⌋+1 ✭✹✳✻✼✮

❝♦♠ i = −d,−d + 1, . . . , d − 1, d ❡ R̃j
i (ρ, φ) = N j

i R
j
i (ρ, φ)✳ P❛r❛ ✉♠ ❞❡t❡r♠✐♥❛❞♦ ♠♦❞❡❧♦

ξ =
∑⌊d/2⌋+1

k=1 wk U(rk)✱ ✈❡♠ q✉❡

P M(ξ)P T = ❞✐❛❣





⌊d/2⌋+1
∑

k=1

wkBi(r)





d

i=−d

. ✭✹✳✻✽✮

❇❡r♥❛r❞♦ ❳❛✈✐❡r ◆♦❣✉❡✐r❛ ❉✉❛rt❡ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦



✺✹ ✹✳▼♦❞❡❧♦s ót✐♠♦s ♣❛r❛ ❛♥á❧✐s❡ ❡st❛tíst✐❝❛ ❝♦♠ P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡

P❡❧❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦s ❞❡t❡r♠✐♥❛♥t❡s ❞❡ ♠❛tr✐③❡s✱ t❡♠✲s❡ ❛✐♥❞❛ q✉❡

❞❡t
(
PM(ξ)P T

)
= ❞❡tP ❞❡tM(ξ) ❞❡tP T

= ❞❡tP ❞❡tM(ξ) ❞❡tP−1

= ❞❡tP ❞❡tP−1 ❞❡tM(ξ)

= ❞❡tP (❞❡tP )−1 ❞❡tM(ξ)

= ❞❡tM(ξ). ✭✹✳✻✾✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❡❧♦ ❢❛❝t♦ ❞❡ ❡st❡s ♣♦❧✐♥ó♠✐♦s ♥ã♦ ❞❡♣❡♥❞❡r❡♠ ❞❛ ♣❛rt❡ ❛♥❣✉❧❛r✱ t❡♠✲s❡ q✉❡
B−i(r) = Bi(r)✱ ♣❡❧♦ q✉❡

❞❡t
(
PM(ξ)P T

)
= ❞❡t




❞✐❛❣





⌊d/2⌋+1
∑

k=1

wkBi(r)





d

i=−d






=

d∏

i=−d



❞❡t





⌊d/2⌋+1
∑

k=1

wkBi(r)









= ❞❡t





⌊d/2⌋+1
∑

k=1

wkB−d(r)



× · · · × ❞❡t





⌊d/2⌋+1
∑

k=1

wkB−1(r)





× ❞❡t





⌊d/2⌋+1
∑

k=1

wkB0(r)



× ❞❡t





⌊d/2⌋+1
∑

k=1

wkB1(r)





× · · · × ❞❡t





⌊d/2⌋+1
∑

k=1

wkBd(r)





= ❞❡t





⌊d/2⌋+1
∑

k=1

wkBd(r)



× · · · × ❞❡t





⌊d/2⌋+1
∑

k=1

wkB1(r)





× ❞❡t





⌊d/2⌋+1
∑

k=1

wkB0(r)



× ❞❡t





⌊d/2⌋+1
∑

k=1

wkB1(r)





× · · · × ❞❡t





⌊d/2⌋+1
∑

k=1

wkBd(r)





❇❡r♥❛r❞♦ ❳❛✈✐❡r ◆♦❣✉❡✐r❛ ❉✉❛rt❡ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦



✹✳▼♦❞❡❧♦s ót✐♠♦s ♣❛r❛ ❛♥á❧✐s❡ ❡st❛tíst✐❝❛ ❝♦♠ P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡ ✺✺

= ❞❡t





⌊d/2⌋+1
∑

k=1

wkB0(r)



×



❞❡t





⌊d/2⌋+1
∑

k=1

wkB1(r)









2

× · · · ×



❞❡t





⌊d/2⌋+1
∑

k=1

wkBd(r)









2

= ❞❡t





⌊d/2⌋+1
∑

k=1

wkB0(r)





d∏

i=1



❞❡t





⌊d/2⌋+1
∑

k=1

wkBd(r)









2

. ✭✹✳✼✵✮

❚❡♥❞♦ ❡♠ ❝♦♥t❛ (4.69) ❡ (4.70) r❡s✉❧t❛ q✉❡

❞❡tM(ξ) = ❞❡t





⌊d/2⌋+1
∑

k=1

wkB0(r)





d∏

i=1



❞❡t





⌊d/2⌋+1
∑

k=1

wkBd(r)









2

. ✭✹✳✼✶✮

❈♦♠ ❛ r❡♣r❡s❡♥t❛çã♦ ❛♥t❡r✐♦r✱ ♦s ♠♦❞❡❧♦s D✲ót✐♠♦s ♣❛r❛ ❛ ❡st✐♠❛çã♦ ❞♦s ♠í♥✐♠♦s q✉❛✲
❞r❛❞♦s ♥♦ ♠♦❞❡❧♦ ❞❡ r❡❣r❡ssã♦ ❞❡ ❩❡r♥✐❦❡ ♣♦❞❡♠ s❡r ❝❛❧❝✉❧❛❞♦s ♣♦r ♠❡✐♦s ❝♦♠♣✉t❛❝✐♦♥❛✐s
❛tr❛✈és ❞♦ ▼❆❚▲❆❇✳

❘❡❧❡♠❜r❛♥❞♦ ♦ ❝r✐tér✐♦ ❞❛ D✲♦t✐♠❛❧✐❞❛❞❡✱ ✉♠ ♠♦❞❡❧♦ é D✲ót✐♠♦ s❡ ❡ só s❡

Φ0(M(ξ∗)) = min
ξ∈Ξ

❞❡tM(ξ)−1 ✭✹✳✼✷✮

♣❡❧♦ q✉❡ é ❡q✉✐✈❛❧❡♥t❡✱ t❡♥❞♦ ❡♠ ❝♦♥t❛ (4.71)✱

Φ0(M(ξ∗)) = min
ξ∈Ξ



❞❡t





⌊d/2⌋+1
∑

k=1

wkB0(r)





d∏

i=1



❞❡t





⌊d/2⌋+1
∑

k=1

wkBd(r)









2



−1

. ✭✹✳✼✸✮

✹✳✼ ▼♦❞❡❧♦s E✲ót✐♠♦s ♣❛r❛ ❡st✐♠❛çã♦ ❞♦s ♠í♥✐♠♦s q✉❛❞r❛❞♦s

◆♦ ❝❛s♦ ❞♦ ❝r✐tér✐♦ ❞❡ E✲♦t✐♠❛❧✐❞❛❞❡✱ ❛ s✐t✉❛çã♦ é ✉♠ ♣♦✉❝♦ ♠❛✐s ❝♦♠♣❧✐❝❛❞❛✱ ❞❡✈✐❞♦ ❛♦
❢❛❝t♦ ❞❡ ✉♠ ♠♦❞❡❧♦ E✲ót✐♠♦ ♥ã♦ s❡r ♥❡❝❡ss❛r✐❛♠❡♥t❡ ú♥✐❝♦✳ P❡r❛♥t❡ ✐st♦✱ ♦ r❡s✉❧t❛❞♦ s❡❣✉✐♥t❡
r❡♣r❡s❡♥t❛ ✉♠❛ ❝❧❛ss❡ ✐♠♣♦rt❛♥t❡ ❞❡ ♠♦❞❡❧♦s E✲ót✐♠♦s✳

❚❡♦r❡♠❛ ✹✳✼✳✶ ❙❡ ξ∗ ❞❡♥♦t❛ ✉♠ ♠♦❞❡❧♦ t❛❧ q✉❡ ❛ s✉❛ ♠❛tr✐③ ❞❡ ✐♥❢♦r♠❛çã♦ (4.27) ♥♦ ♠♦❞❡❧♦
❞❡ r❡❣r❡ssã♦ (4.22) é ❞❛❞❛ ♣❡❧❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡ I(d+1)(d+2)/2✱ ❡♥tã♦ ξ

∗ é ✉♠ ♠♦❞❡❧♦ ót✐♠♦✳

Pr♦✈❛✿ P❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❊q✉✐✈❛❧ê♥❝✐❛ ♣❛r❛ E✲♦t✐♠❛❧✐❞❛❞❡ ❬✸✾❪ t❡♠✲s❡ q✉❡ ✉♠ ♠♦❞❡❧♦ é
E✲ót✐♠♦ ♥♦ ♠♦❞❡❧♦ ❞❡ r❡❣r❡ssã♦ ❞❡ ❩❡r♥✐❦❡ (4.22) s❡ ❡ só s❡ ❡①✐st❡ ✉♠❛ ♠❛tr✐③ E ❝✉❥♦ tr❛ç♦
s❡❥❛ ✶✱ t❛❧ q✉❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡

fT (ρ, φ)Ef(ρ, φ) ≤ λmin(M(ξ∗)) = 1 ✭✹✳✼✹✮

❇❡r♥❛r❞♦ ❳❛✈✐❡r ◆♦❣✉❡✐r❛ ❉✉❛rt❡ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦



✺✻ ✹✳▼♦❞❡❧♦s ót✐♠♦s ♣❛r❛ ❛♥á❧✐s❡ ❡st❛tíst✐❝❛ ❝♦♠ P♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡

s❡ ✈❡r✐✜❝❛ ♣❛r❛ t♦❞♦ (ρ, φ) ∈ [0, 1] × [0, 2π]✳ ❆ ♣r✐♠❡✐r❛ ♣❛rt❡ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♣♦❞❡ s❡r
❝❛❧❝✉❧❛❞❛ t♦♠❛♥❞♦ E ❝♦♠♦ ✉♠❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❡ ✉♠ ✈❡t♦r ✉♥✐tár✐♦✱ e1✱ ♣❡❧♦ s❡✉ tr❛♥s♣♦st♦✳
P♦r ❡①❡♠♣❧♦✱ t❡♥❞♦ e1 = (1, 0, . . . , 0)T ∈ R

(d+1)(d+2)/2✱ t❡♠✲s❡ q✉❡

E = e1e
T
1 =










1
0
✳✳✳
0
0










(
1 0 · · · 0 0

)
=










1 0 · · · 0 0
0 0 · · · 0 0
✳✳✳

✳✳✳ · · · ✳✳✳
✳✳✳

0 0 · · · 0 0
0 0 · · · 0 0










✭✹✳✼✺✮

t❛❧ q✉❡ E ∈ R
(d+1)(d+2)/2×(d+1)(d+2)/2✳ ❖ tr❛ç♦ ❞❡st❛ ♠❛tr✐③ E é ✐❣✉❛❧ ❛ ✶✳ ◆♦ ❧❛❞♦ ❞✐r❡✐t♦

❞❡ (4.74)✱ é ♥❡❝❡ssár✐♦ r❡❧❡♠❜r❛r q✉❡✱ ♣♦r ❤✐♣ót❡s❡✱ ❛ ♠❛tr✐③ ✐♥❢♦r♠çã♦ ❞♦ ♠♦❞❡❧♦ é ❛ ♠❛tr✐③
✐❞❡♥t✐❞❛❞❡✳ ❉❡st❛ ❢♦r♠❛✱ ♦ ♠❡♥♦r ✈❛❧♦r ♣ró♣r✐♦ ❞❛ ♠❛tr✐③ ✐♥❢♦r♠❛çã♦ s❡rá ♦ ♠❡♥♦r ✈❛❧♦r
♣ró♣r✐♦ ❞❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡✱ q✉❡ é ✐❣✉❛❧ ❛ ✶✳ ❆ss✐♠✱ s❡ ❛ ❤✐♣ót❡s❡ s❡ ✈❡r✐✜❝❛r ❡ ❛ ♠❛tr✐③
✐♥❢♦r♠❛çã♦ ❢♦r✱ ❞❡ ❢❛❝t♦✱ ✐❣✉❛❧ à ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡✱ ❡♥tã♦ ❛ s❡❣✉♥❞❛ ♣❛rt❡ ❞❛ ❛✜r♠❛çã♦ ❡stá
✈❡r✐✜❝❛❞❛✳ ❉❡st❡ ♠♦❞♦✱ q✉❛❧q✉❡r ♠♦❞❡❧♦ ❝✉❥❛ ♠❛tr✐③ ✐♥❢♦r♠❛çã♦ s❡❥❛ ✐❣✉❛❧ ❛ I(d+1)(d+2)/2 ❡
✈❡r✐✜q✉❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ (4.74) é ✉♠ ♠♦❞❡❧♦ E✲ót✐♠♦ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ r❡❣r❡ssã♦ ❞❡ ❩❡r♥✐❦❡
(4.22)✳

�

❊①❡♠♣❧♦ ✹✳✼✳✷ ✭❱❡r ❬✶✵❪✮ ❖s ❞♦✐s ♠♦❞❡❧♦s s❡❣✉✐♥t❡s ❝✉♠♣r❡♠ ❛ ❝♦♥❞✐çã♦ ❛♥t❡r✐♦r✱ t❡♥❞♦ ❛
♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡ ❝♦♠♦ ♠❛tr✐③ ❞❡ ✐♥❢♦r♠❛çã♦ ❡ s❡♥❞♦✱ ♣♦rt❛♥t♦✱ ❞♦✐s ♠♦❞❡❧♦s E✲ót✐♠♦s ♣❛r❛
♦ ♠♦❞❡❧♦ ❞❡ r❡❣r❡ssã♦ ❞❡ ❩❡r♥✐❦❡ (4.22) :

✶✳ ▼♦❞❡❧♦ ✉♥✐❢♦r♠❡ ♥♦ ❞✐s❝♦ D✱ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠ ♠♦❞❡❧♦ r❡♣r❡s❡♥t❛❞♦ ❛tr❛✈és ❞❡
♣♦♥t♦s ❡①♣❡r✐♠❡♥t❛✐s ❛ ♣❛rt✐r ❞❡ ❞✐str✐❜✉✐çã♦ ❝♦♥tí♥✉❛ ✉♥✐❢♦r♠❡ ♣ré✲❞❡✜♥✐❞❛ ♥♦ ❞✐s❝♦❀

✷✳ ◗✉❛❧q✉❡r ♠♦❞❡❧♦ ❞❛ ❢♦r♠❛

ξ∗ =

n∑

i=1

wiU(ri), ✭✹✳✼✻✮

t❛❧ q✉❡ ♦s r❛✐♦s r1, . . . , rn ❡ ♦s ♣❡s♦s w1, . . . , wn ❞❡✜♥❡ ✉♠❛ ❢ór♠✉❧❛ ❞❡ q✉❛❞r❛t✉r❛ q✉❡
✐♥t❡❣r❛ ♣♦❧✐♥ó♠✐♦s ❛té ❛♦ ❣r❛✉ 2d ♥♦ q✉❡ ❞✐③ r❡s♣❡✐t♦ à ♠❡❞✐❞❛ x dx ♥♦ ✐♥t❡r✈❛❧♦ [0, 1]✱
♦✉ s❡❥❛✱

n∑

i=1

wi r
k
i =

∫ 1

0
xkx dx =

1

k + 2
, k = 0, . . . , 2d. ✭✹✳✼✼✮

✹✳✽ ❈♦♥❝❧✉sã♦

◆❡st❡ ❝❛♣ít✉❧♦✱ ❛ ♣❛rt✐r ❞❡ ✉♠❛ r❡✈✐sã♦ ❞♦s ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡✱ ❢♦r❛♠ ❡♥❝♦♥tr❛❞♦s ♠♦✲
❞❡❧♦s q✉❡ ♣❡r♠✐t✐r✐❛♠ ❡st✐♠❛r ♦s ♣❛râ♠❡tr♦s q✉❡ ♠✐♥✐♠✐③❛♠ ♦ ❡rr♦ ❞❛ ❡①♣❛♥sã♦ tr✉♥❝❛❞❛
✉s❛❞❛✱ ♣♦st❡r✐♦r♠❡♥t❡✱ ♥♦ ♠ét♦❞♦ ❞♦s ♠✐♥í♠♦s q✉❛❞r❛❞♦s✳ ◆❡st❡ s❡♥t✐❞♦✱ ❢❡③✲s❡ ✉♠ ❡st✉❞♦
❡ ❡①♣❧♦r❛r❛♠✲s❡ ❞✐✈❡rs♦s ❝r✐tér✐♦s ❞❡ ♦t✐♠❛❧✐❞❛❞❡ q✉❡ ❣❛r❛♥t❡♠ q✉❡ ♦s ♠♦❞❡❧♦s q✉❡ s❡ ♣r❡✲
t❡♥❞❡♠ ❛✈❛❧✐❛r sã♦ ♦✉ ♥ã♦ ♠♦❞❡❧♦s ót✐♠♦s✳ ❈♦♠ ❡st❡ ♦❜❥❡t✐✈♦✱ ❡♥❝♦♥tr❛r❛♠✲s❡ ♠ét♦❞♦s q✉❡
♣❡r♠✐t❡♠ ✈❡r✐✜❝❛r s❡ ✉♠ ❞❛❞♦ ♠♦❞❡❧♦ é ót✐♠♦ ♥♦ ❝❛s♦ ❣❡r❛❧ ❡ ❡♠ ❝❛s♦s ♣❛rt✐❝✉❧❛r❡s✱ ❝♦♠♦
♠♦❞❡❧♦s D✲ót✐♠♦s ❡ E✲ót✐♠♦s✳

❇❡r♥❛r❞♦ ❳❛✈✐❡r ◆♦❣✉❡✐r❛ ❉✉❛rt❡ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦



❆♣ê♥❞✐❝❡ ❆

❆♥❡①♦s

❆✳✶ ❈ó❞✐❣♦ ♣❛r❛ ♦❜t❡r ♦s ✈❛❧♦r❡s ❞♦s ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r♥✐❦❡

❖ ❝ó❞✐❣♦ ❛♣r❡s❡♥t❛❞♦ ❛ s❡❣✉✐r é r❡t✐r❛❞♦ ❞❡ ❬✶✻❪✳

❢✉♥❝t✐♦♥ ③ ❂ ③❡r♥❢✉♥✭♥✱♠✱r✱t❤❡t❛✱♥❢❧❛❣✮

✪❩❊❘◆❋❯◆ ❩❡r♥✐❦❡ ❢✉♥❝t✐♦♥s ♦❢ ♦r❞❡r ◆ ❛♥❞ ❢r❡q✉❡♥❝② ▼ ♦♥ t❤❡ ✉♥✐t ❝✐r❝❧❡✳

✪ ❩ ❂ ❩❊❘◆❋❯◆✭◆✱▼✱❘✱❚❍❊❚❆✮ r❡t✉r♥s t❤❡ ❩❡r♥✐❦❡ ❢✉♥❝t✐♦♥s ♦❢ ♦r❞❡r ◆

✪ ❛♥❞ ❛♥❣✉❧❛r ❢r❡q✉❡♥❝② ▼✱ ❡✈❛❧✉❛t❡❞ ❛t ♣♦s✐t✐♦♥s ✭❘✱❚❍❊❚❆✮ ♦♥ t❤❡

✪ ✉♥✐t ❝✐r❝❧❡✳ ◆ ✐s ❛ ✈❡❝t♦r ♦❢ ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs ✭✐♥❝❧✉❞✐♥❣ ✵✮✱ ❛♥❞

✪ ▼ ✐s ❛ ✈❡❝t♦r ✇✐t❤ t❤❡ s❛♠❡ ♥✉♠❜❡r ♦❢ ❡❧❡♠❡♥ts ❛s ◆✳ ❊❛❝❤ ❡❧❡♠❡♥t

✪ ❦ ♦❢ ▼ ♠✉st ❜❡ ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r✱ ✇✐t❤ ♣♦ss✐❜❧❡ ✈❛❧✉❡s ▼✭❦✮ ❂ ✲◆✭❦✮

✪ t♦ ✰◆✭❦✮ ✐♥ st❡♣s ♦❢ ✷✳ ❘ ✐s ❛ ✈❡❝t♦r ♦❢ ♥✉♠❜❡rs ❜❡t✇❡❡♥ ✵ ❛♥❞ ✶✱

✪ ❛♥❞ ❚❍❊❚❆ ✐s ❛ ✈❡❝t♦r ♦❢ ❛♥❣❧❡s✳ ❘ ❛♥❞ ❚❍❊❚❆ ♠✉st ❤❛✈❡ t❤❡ s❛♠❡

✪ ❧❡♥❣t❤✳ ❚❤❡ ♦✉t♣✉t ❩ ✐s ❛ ♠❛tr✐① ✇✐t❤ ♦♥❡ ❝♦❧✉♠♥ ❢♦r ❡✈❡r② ✭◆✱▼✮

✪ ♣❛✐r✱ ❛♥❞ ♦♥❡ r♦✇ ❢♦r ❡✈❡r② ✭❘✱❚❍❊❚❆✮ ♣❛✐r✳

✪

✪ ❩ ❂ ❩❊❘◆❋❯◆✭◆✱▼✱❘✱❚❍❊❚❆✱✬♥♦r♠✬✮ r❡t✉r♥s t❤❡ ♥♦r♠❛❧✐③❡❞ ❩❡r♥✐❦❡

✪ ❢✉♥❝t✐♦♥s✳ ❚❤❡ ♥♦r♠❛❧✐③❛t✐♦♥ ❢❛❝t♦r sqrt✭✭✷✲❞❡❧t❛✭♠✱✵✮✮✯✭♥✰✶✮✴♣✐✮✱

✪ ✇✐t❤ ❞❡❧t❛✭♠✱✵✮ t❤❡ ❑r♦♥❡❝❦❡r ❞❡❧t❛✱ ✐s ❝❤♦s❡♥ s♦ t❤❛t t❤❡ ✐♥t❡❣r❛❧

✪ ♦❢ ✭r ✯ ❬❩♥♠✭r✱t❤❡t❛✮❪❫✷✮ ♦✈❡r t❤❡ ✉♥✐t ❝✐r❝❧❡ ✭❢r♦♠ r❂✵ t♦ r❂✶✱

✪ ❛♥❞ t❤❡t❛❂✵ t♦ t❤❡t❛❂✷✯♣✐✮ ✐s ✉♥✐t②✳ ❋♦r t❤❡ ♥♦♥✲♥♦r♠❛❧✐③❡❞

✪ ♣♦❧②♥♦♠✐❛❧s✱ ♠❛①✭❩♥♠✭r❂✶✱t❤❡t❛✮✮❂✶ ❢♦r ❛❧❧ ❬♥✱♠❪✳

✪

✪ ❚❤❡ ❩❡r♥✐❦❡ ❢✉♥❝t✐♦♥s ❛r❡ ❛♥ ♦rt❤♦❣♦♥❛❧ ❜❛s✐s ♦♥ t❤❡ ✉♥✐t ❝✐r❝❧❡✳

✪ ❚❤❡② ❛r❡ ✉s❡❞ ✐♥ ❞✐s❝✐♣❧✐♥❡s s✉❝❤ ❛s ❛str♦♥♦♠②✱ ♦♣t✐❝s✱ ❛♥❞

✪ ♦♣t♦♠❡tr② t♦ ❞❡s❝r✐❜❡ ❢✉♥❝t✐♦♥s ♦♥ ❛ ❝✐r❝✉❧❛r ❞♦♠❛✐♥✳

✪

✪ ❚❤❡ ❢♦❧❧♦✇✐♥❣ t❛❜❧❡ ❧✐sts t❤❡ ❢✐rst ✶✺ ❩❡r♥✐❦❡ ❢✉♥❝t✐♦♥s✳

✪

✪ ♥ ♠ ❩❡r♥✐❦❡ ❢✉♥❝t✐♦♥ ◆♦r♠❛❧✐③❛t✐♦♥

✪ ✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲

✪ ✵ ✵ ✶ ✶✴sqrt✭♣✐✮

✪ ✶ ✶ r ✯ ❝♦s✭t❤❡t❛✮ ✷✴sqrt✭♣✐✮

✪ ✶ ✲✶ r ✯ s✐♥✭t❤❡t❛✮ ✷✴sqrt✭♣✐✮

✪ ✷ ✷ r❫✷ ✯ ❝♦s✭✷✯t❤❡t❛✮ sqrt✭✻✴♣✐✮

✪ ✷ ✵ ✭✷✯r❫✷ ✲ ✶✮ sqrt✭✸✴♣✐✮

✺✼



✺✽ ❆✳❆♥❡①♦s

✪ ✷ ✲✷ r❫✷ ✯ s✐♥✭✷✯t❤❡t❛✮ sqrt✭✻✴♣✐✮

✪ ✸ ✸ r❫✸ ✯ ❝♦s✭✸✯t❤❡t❛✮ sqrt✭✽✴♣✐✮

✪ ✸ ✶ ✭✸✯r❫✸ ✲ ✷✯r✮ ✯ ❝♦s✭t❤❡t❛✮ sqrt✭✽✴♣✐✮

✪ ✸ ✲✶ ✭✸✯r❫✸ ✲ ✷✯r✮ ✯ s✐♥✭t❤❡t❛✮ sqrt✭✽✴♣✐✮

✪ ✸ ✲✸ r❫✸ ✯ s✐♥✭✸✯t❤❡t❛✮ sqrt✭✽✴♣✐✮

✪ ✹ ✹ r❫✹ ✯ ❝♦s✭✹✯t❤❡t❛✮ sqrt✭✶✵✴♣✐✮

✪ ✹ ✷ ✭✹✯r❫✹ ✲ ✸✯r❫✷✮ ✯ ❝♦s✭✷✯t❤❡t❛✮ sqrt✭✶✵✴♣✐✮

✪ ✹ ✵ ✻✯r❫✹ ✲ ✻✯r❫✷ ✰ ✶ sqrt✭✺✴♣✐✮

✪ ✹ ✲✷ ✭✹✯r❫✹ ✲ ✸✯r❫✷✮ ✯ s✐♥✭✷✯t❤❡t❛✮ sqrt✭✶✵✴♣✐✮

✪ ✹ ✲✹ r❫✹ ✯ s✐♥✭✹✯t❤❡t❛✮ sqrt✭✶✵✴♣✐✮

✪ ✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲

✪

✪ ❊①❛♠♣❧❡ ✶✿

✪

✪ ✪ ❉✐s♣❧❛② t❤❡ ❩❡r♥✐❦❡ ❢✉♥❝t✐♦♥ ❩✭♥❂✺✱♠❂✶✮

✪ ① ❂ ✲✶✿✵✳✵✶✿✶❀

✪ ❬❳✱❨❪ ❂ ♠❡s❤❣r✐❞✭①✱①✮❀

✪ ❬t❤❡t❛✱r❪ ❂ ❝❛rt✷♣♦❧✭❳✱❨✮❀

✪ ✐❞① ❂ r❁❂✶❀

✪ ③ ❂ ♥❛♥✭s✐③❡✭❳✮✮❀

✪ ③✭✐❞①✮ ❂ ③❡r♥❢✉♥✭✺✱✶✱r✭✐❞①✮✱t❤❡t❛✭✐❞①✮✮❀

✪ ❢✐❣✉r❡

✪ ♣❝♦❧♦r✭①✱①✱③✮✱ s❤❛❞✐♥❣ ✐♥t❡r♣

✪ ❛①✐s sq✉❛r❡✱ ❝♦❧♦r❜❛r

✪ t✐t❧❡✭✬❩❡r♥✐❦❡ ❢✉♥❝t✐♦♥ ❩❴✺❫✶✭r✱❭t❤❡t❛✮✬✮

✪

✪ ❊①❛♠♣❧❡ ✷✿

✪

✪ ✪ ❉✐s♣❧❛② t❤❡ ❢✐rst ✶✵ ❩❡r♥✐❦❡ ❢✉♥❝t✐♦♥s

✪ ① ❂ ✲✶✿✵✳✵✶✿✶❀

✪ ❬❳✱❨❪ ❂ ♠❡s❤❣r✐❞✭①✱①✮❀

✪ ❬t❤❡t❛✱r❪ ❂ ❝❛rt✷♣♦❧✭❳✱❨✮❀

✪ ✐❞① ❂ r❁❂✶❀

✪ ③ ❂ ♥❛♥✭s✐③❡✭❳✮✮❀

✪ ♥ ❂ ❬✵ ✶ ✶ ✷ ✷ ✷ ✸ ✸ ✸ ✸❪❀

✪ ♠ ❂ ❬✵ ✲✶ ✶ ✲✷ ✵ ✷ ✲✸ ✲✶ ✶ ✸❪❀

✪ ◆♣❧♦t ❂ ❬✹ ✶✵ ✶✷ ✶✻ ✶✽ ✷✵ ✷✷ ✷✹ ✷✻ ✷✽❪❀

✪ ② ❂ ③❡r♥❢✉♥✭♥✱♠✱r✭✐❞①✮✱t❤❡t❛✭✐❞①✮✮❀

✪ ❢✐❣✉r❡✭✬❯♥✐ts✬✱✬♥♦r♠❛❧✐③❡❞✬✮

✪ ❢♦r ❦ ❂ ✶✿✶✵

✪ ③✭✐❞①✮ ❂ ②✭✿✱❦✮❀

✪ s✉❜♣❧♦t✭✹✱✼✱◆♣❧♦t✭❦✮✮

✪ ♣❝♦❧♦r✭①✱①✱③✮✱ s❤❛❞✐♥❣ ✐♥t❡r♣

✪ s❡t✭❣❝❛✱✬❳❚✐❝❦✬✱❬❪✱✬❨❚✐❝❦✬✱❬❪✮

✪ ❛①✐s sq✉❛r❡

✪ t✐t❧❡✭❬✬❩❴④✬ ♥✉♠✷str✭♥✭❦✮✮ ✬⑥❫④✬ ♥✉♠✷str✭♠✭❦✮✮ ✬⑥✬❪✮

✪ ❡♥❞

✪

✪ ❙❡❡ ❛❧s♦ ❩❊❘◆P❖▲✱ ❩❊❘◆❋❯◆✷✳

❇❡r♥❛r❞♦ ❳❛✈✐❡r ◆♦❣✉❡✐r❛ ❉✉❛rt❡ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦



❆✳❆♥❡①♦s ✺✾

✪ P❛✉❧ ❋r✐❝❦❡r ✷✴✷✽✴✷✵✶✷

✪ ❈❤❡❝❦ ❛♥❞ ♣r❡♣❛r❡ t❤❡ ✐♥♣✉ts✿

✪ ✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲

✐❢ ✭ ⑦❛♥②✭s✐③❡✭♥✮❂❂✶✮ ✮ ⑤⑤ ✭ ⑦❛♥②✭s✐③❡✭♠✮❂❂✶✮ ✮

❡rr♦r✭✬③❡r♥❢✉♥✿◆▼✈❡❝t♦rs✬✱✬◆ ❛♥❞ ▼ ♠✉st ❜❡ ✈❡❝t♦rs✳✬✮

❡♥❞

✐❢ ❧❡♥❣t❤✭♥✮⑦❂❧❡♥❣t❤✭♠✮

❡rr♦r✭✬③❡r♥❢✉♥✿◆▼❧❡♥❣t❤✬✱✬◆ ❛♥❞ ▼ ♠✉st ❜❡ t❤❡ s❛♠❡ ❧❡♥❣t❤✳✬✮

❡♥❞

♥ ❂ ♥✭✿✮❀

♠ ❂ ♠✭✿✮❀

✐❢ ❛♥②✭♠♦❞✭♥✲♠✱✷✮✮

❡rr♦r✭✬③❡r♥❢✉♥✿◆▼♠✉❧t✐♣❧❡s♦❢✷✬✱ ✳✳✳

✬❆❧❧ ◆ ❛♥❞ ▼ ♠✉st ❞✐❢❢❡r ❜② ♠✉❧t✐♣❧❡s ♦❢ ✷ ✭✐♥❝❧✉❞✐♥❣ ✵✮✳✬✮

❡♥❞

✐❢ ❛♥②✭♠❃♥✮

❡rr♦r✭✬③❡r♥❢✉♥✿▼❧❡sst❤❛♥◆✬✱ ✳✳✳

✬❊❛❝❤ ▼ ♠✉st ❜❡ ❧❡ss t❤❛♥ ♦r ❡q✉❛❧ t♦ ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ ◆✳✬✮

❡♥❞

✐❢ ❛♥②✭ r❃✶ ⑤ r❁✵ ✮

❡rr♦r✭✬③❡r♥❢✉♥✿❘❧❡sst❤❛♥✶✬✱✬❆❧❧ ❘ ♠✉st ❜❡ ❜❡t✇❡❡♥ ✵ ❛♥❞ ✶✳✬✮

❡♥❞

✐❢ ✭ ⑦❛♥②✭s✐③❡✭r✮❂❂✶✮ ✮ ⑤⑤ ✭ ⑦❛♥②✭s✐③❡✭t❤❡t❛✮❂❂✶✮ ✮

❡rr♦r✭✬③❡r♥❢✉♥✿❘❚❍✈❡❝t♦r✬✱✬❘ ❛♥❞ ❚❍❊❚❆ ♠✉st ❜❡ ✈❡❝t♦rs✳✬✮

❡♥❞

r ❂ r✭✿✮❀

t❤❡t❛ ❂ t❤❡t❛✭✿✮❀

❧❡♥❣t❤❴r ❂ ❧❡♥❣t❤✭r✮❀

✐❢ ❧❡♥❣t❤❴r⑦❂❧❡♥❣t❤✭t❤❡t❛✮

❡rr♦r✭✬③❡r♥❢✉♥✿❘❚❍❧❡♥❣t❤✬✱ ✳✳✳

✬❚❤❡ ♥✉♠❜❡r ♦❢ ❘✲ ❛♥❞ ❚❍❊❚❆✲✈❛❧✉❡s ♠✉st ❜❡ ❡q✉❛❧✳✬✮

❡♥❞

✪ ❈❤❡❝❦ ♥♦r♠❛❧✐③❛t✐♦♥✿

✪ ✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲

✐❢ ♥❛r❣✐♥❂❂✺ ✫✫ ✐s❝❤❛r✭♥❢❧❛❣✮

✐s♥♦r♠ ❂ str❝♠♣✐✭♥❢❧❛❣✱✬♥♦r♠✬✮❀

✐❢ ⑦✐s♥♦r♠

❡rr♦r✭✬③❡r♥❢✉♥✿♥♦r♠❛❧✐③❛t✐♦♥✬✱✬❯♥r❡❝♦❣♥✐③❡❞ ♥♦r♠❛❧✐③❛t✐♦♥ ❢❧❛❣✳✬✮

❡♥❞

❡❧s❡

❇❡r♥❛r❞♦ ❳❛✈✐❡r ◆♦❣✉❡✐r❛ ❉✉❛rt❡ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦



✻✵ ❆✳❆♥❡①♦s

✐s♥♦r♠ ❂ ❢❛❧s❡❀

❡♥❞

✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪

✪ ❈♦♠♣✉t❡ t❤❡ ❩❡r♥✐❦❡ P♦❧②♥♦♠✐❛❧s

✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪

✪ ❉❡t❡r♠✐♥❡ t❤❡ r❡q✉✐r❡❞ ♣♦✇❡rs ♦❢ r✿

✪ ✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲

♠❴❛❜s ❂ ❛❜s✭♠✮❀

r♣♦✇❡rs ❂ ❬❪❀

❢♦r ❥ ❂ ✶✿❧❡♥❣t❤✭♥✮

r♣♦✇❡rs ❂ ❬r♣♦✇❡rs ♠❴❛❜s✭❥✮✿✷✿♥✭❥✮❪❀

❡♥❞

r♣♦✇❡rs ❂ ✉♥✐q✉❡✭r♣♦✇❡rs✮❀

✪ Pr❡✲❝♦♠♣✉t❡ t❤❡ ✈❛❧✉❡s ♦❢ r r❛✐s❡❞ t♦ t❤❡ r❡q✉✐r❡❞ ♣♦✇❡rs✱

✪ ❛♥❞ ❝♦♠♣✐❧❡ t❤❡♠ ✐♥ ❛ ♠❛tr✐①✿

✪ ✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲

✐❢ r♣♦✇❡rs✭✶✮❂❂✵

r♣♦✇❡r♥ ❂ ❛rr❛②❢✉♥✭❅✭♣✮r✳❫♣✱r♣♦✇❡rs✭✷✿❡♥❞✮✱✬❯♥✐❢♦r♠❖✉t♣✉t✬✱❢❛❧s❡✮❀

r♣♦✇❡r♥ ❂ ❝❛t✭✷✱r♣♦✇❡r♥④✿⑥✮❀

r♣♦✇❡r♥ ❂ ❬♦♥❡s✭❧❡♥❣t❤❴r✱✶✮ r♣♦✇❡r♥❪❀

❡❧s❡

r♣♦✇❡r♥ ❂ ❛rr❛②❢✉♥✭❅✭♣✮r✳❫♣✱r♣♦✇❡rs✱✬❯♥✐❢♦r♠❖✉t♣✉t✬✱❢❛❧s❡✮❀

r♣♦✇❡r♥ ❂ ❝❛t✭✷✱r♣♦✇❡r♥④✿⑥✮❀

❡♥❞

✪ ❈♦♠♣✉t❡ t❤❡ ✈❛❧✉❡s ♦❢ t❤❡ ♣♦❧②♥♦♠✐❛❧s✿

✪ ✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲

③ ❂ ③❡r♦s✭❧❡♥❣t❤❴r✱❧❡♥❣t❤✭♥✮✮❀

❢♦r ❥ ❂ ✶✿❧❡♥❣t❤✭♥✮

s ❂ ✵✿✭♥✭❥✮✲♠❴❛❜s✭❥✮✮✴✷❀

♣♦✇s ❂ ♥✭❥✮✿✲✷✿♠❴❛❜s✭❥✮❀

❢♦r ❦ ❂ ❧❡♥❣t❤✭s✮✿✲✶✿✶

♣ ❂ ✭✶✲✷✯♠♦❞✭s✭❦✮✱✷✮✮✯ ✳✳✳

♣r♦❞✭✷✿✭♥✭❥✮✲s✭❦✮✮✮✴ ✳✳✳

♣r♦❞✭✷✿s✭❦✮✮✴ ✳✳✳

♣r♦❞✭✷✿✭✭♥✭❥✮✲♠❴❛❜s✭❥✮✮✴✷✲s✭❦✮✮✮✴ ✳✳✳

♣r♦❞✭✷✿✭✭♥✭❥✮✰♠❴❛❜s✭❥✮✮✴✷✲s✭❦✮✮✮❀

✐❞① ❂ ✭♣♦✇s✭❦✮❂❂r♣♦✇❡rs✮❀

③✭✿✱❥✮ ❂ ③✭✿✱❥✮ ✰ ♣✯r♣♦✇❡r♥✭✿✱✐❞①✮❀

❡♥❞

✐❢ ✐s♥♦r♠

③✭✿✱❥✮ ❂ ③✭✿✱❥✮✯sqrt✭✭✶✰✭♠✭❥✮⑦❂✵✮✮✯✭♥✭❥✮✰✶✮✴♣✐✮❀

❡♥❞

❡♥❞

✪ ❊◆❉✿ ❈♦♠♣✉t❡ t❤❡ ❩❡r♥✐❦❡ P♦❧②♥♦♠✐❛❧s

❇❡r♥❛r❞♦ ❳❛✈✐❡r ◆♦❣✉❡✐r❛ ❉✉❛rt❡ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦



❆✳❆♥❡①♦s ✻✶

✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪✪

✪ ❈♦♠♣✉t❡ t❤❡ ❩❡r♥✐❦❡ ❢✉♥❝t✐♦♥s✿

✪ ✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲✲

✐❞①❴♣♦s ❂ ♠❃✵❀

✐❞①❴♥❡❣ ❂ ♠❁✵❀

✐❢ ❛♥②✭✐❞①❴♣♦s✮

③✭✿✱✐❞①❴♣♦s✮ ❂ ③✭✿✱✐❞①❴♣♦s✮✳✯❝♦s✭t❤❡t❛✯♠❴❛❜s✭✐❞①❴♣♦s✮✬✮❀

❡♥❞

✐❢ ❛♥②✭✐❞①❴♥❡❣✮

③✭✿✱✐❞①❴♥❡❣✮ ❂ ③✭✿✱✐❞①❴♥❡❣✮✳✯s✐♥✭t❤❡t❛✯♠❴❛❜s✭✐❞①❴♥❡❣✮✬✮❀

❡♥❞

✪ ❊❖❋ ③❡r♥❢✉♥

❆✳✷ ❈ó❞✐❣♦ ♣❛r❛ r❡♣r❡s❡♥t❛r ❛ ♣✐râ♠✐❞❡ ❞♦s ♣♦❧✐♥ó♠✐♦s ❞❡ ❩❡r✲

♥✐❦❡ ❡♠ R
3

❢✉♥❝t✐♦♥ ❥✉st♣②r❛♠✐❞❘✸✭♥▼❛①✮

❡rr♦r✭♥❛r❣❝❤❦✭✶✱✶✱♥❛r❣✐♥✱✬str✉❝t✬✮✮❀

①❂✲✶✿✵✳✵✶✿✶❀

②❂✲✶✿✵✳✵✶✿✶❀

❬❳✱❨❪❂♠❡s❤❣r✐❞✭①✱②✮❀

❬❚❍❊❚❆✱❘❪❂❝❛rt✷♣♦❧✭❳✱❨✮❀

✐❞①❂✭❘❁❂✶✮❀

❩❂♥❛♥✭s✐③❡✭❳✮✮❀

❢✐❣✉r❡❀

❝♦❧♦r♠❛♣✭❥❡t✮❀

❢♦r ♥❂✵✿♥▼❛①

❢♦r ❧❂✲♥✿✷✿♥

❩✭✐❞①✮❂ ③❡r♥❢✉♥✭♥✱❧✱❘✭✐❞①✮✱❚❍❊❚❆✭✐❞①✮✮❀

s✉❜♣❧♦t✭♥▼❛①✰✶✱✷✯♥▼❛①✰✶✱✷✯♥▼❛①✯♥✰♥▼❛①✰♥✰❧✰✶✮❀
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