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ABSTRACT. In this paper we use the Riemann—Hilbert problem, with jumps supported on
appropriate curves in the complex plane, for matrix biorthogonal polynomials and apply
it to find Sylvester systems of differential equations for the orthogonal polynomials and its
second kind functions as well. For this aim, Sylvester type differential Pearson equations for
the matrix of weights are shown to be instrumental. Several applications are given, in order
of increasing complexity. First, a general discussion of non-Abelian Hermite biorthogonal
polynomials on the real line, understood as those whose matrix of weights is a solution
of a Sylvester type Pearson equation with coefficients first degree matrix polynomials, is
given. All of these are applied to the discussion of possible scenarios leading to eigenvalue
problems for second order linear differential operators with matrix eigenvalues. Nonlinear
matrix difference equations are discussed next. Firstly, for the general Hermite situation a
general non linear relation (non trivial because of the non commutativity features of the
setting) for the recursion coeflicients is gotten. In the next case of higher difficulty, degree
two polynomials are allowed in the Pearson equation, but the discussion is simplified by
considering only a left Pearson equation. In the case, the support of the measure is on
an appropriate branch of a hyperbola. The recursion coefficients are shown to fulfill a
non-Abelian extension of the alternate discrete Painlevé I equation. Finally, a discussion is
given for the case of degree three polynomials as coefficients in the left Pearson equation
characterizing the matrix of weights. However, for simplicity only odd polynomials are
allowed. In this case, a new and more general matrix extension of the discrete Painlevé I
equation is found.
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1. INTRODUCTION

Matrix extensions of real orthogonal polynomials were first discussed back in 1949 by
Krein and thereafter were studied sporadically until the last decade of the XX cen-
tury, being some relevant papers [12, 41}, [7]. Then, in 1984, Aptekarev and Nikishin, for a
kind of discrete Sturm-Liouville operators, solved the corresponding scattering problem
in [7], and found that the polynomials that satisfy a relation of the form

xP(x) = AgPrs1(x) + B Pr(x) + A} _1 Pr-1(x), k=0,1,...,

are orthogonal with respect to a positive definite measure; i.e., they derived a matrix
version of Favard’s theorem.

In a period of 20 years, from 1990 to 2010, it was found that matrix orthogonal polyno-
mials (MOP) satisfy, in some cases, properties as do the classical orthogonal polynomials.
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The first explicit (nontrivial) example of matrix-valued orthogonal polynomials satisfy-
ing a second-order differential equation was given by Griinbaum in [42] as a byproduct
of [44} 45, 46]. Later, in a very different way, other examples were obtained in [32].

Let us mention, for example, that for matrix versions of Laguerre, Hermite and Jacobi
polynomials, i.e., the scalartype Rodrigues’ formula [33, [34] and a second order differ-
ential equation [13} 131, [32] has been discussed. It also has been proven [36] that opera-
tors of the form D=0?F(t)+0' F;(t)+0" F have as eigenfunctions different infinite families
of MOP’s. A new family of MOP’s satisfying second order differential equations, whose
three term recurrence relation coeflicients do not behave asymptotically as the identity
matrix, was found in [13]; see also [15]. We have studied [3} 5] matrix extensions of the
generalized polynomials studied in [1, [2]. Recently, in [6], the Christoffel transformation
to matrix orthogonal polynomials on the real line (MOPRL) were extended to obtaining a
new matrix Christoffel formula, and in [8, 9] more general transformations —of Geronimus
and Uvarov type— were also considered.

It was 26 years ago, in 1992, when Fokas, Its and Kitaev, in the context of 2D quantum
gravity, discovered that certain Riemann—Hilbert problem was solved in terms of orthogo-
nal polynomials on the real line (OPRL), [37]. Namely, it was found that the solution of a
2 x 2 Riemann—-Hilbert problem can be expressed in terms of orthogonal polynomials on
the real line and its Cauchy transforms. Later, Deift and Zhou combined these ideas with
a non-linear steepest descent analysis in a series of papers [26} 27, 29, |30] which was the
seed for a large activity in the field. To mention just a few relevant results let us cite the
study of strong asymptotic with applications in random matrix theory, [26} 28], the analysis
of determinantal point processes [23, 24} 153} 154], orthogonal Laurent polynomials [57, 158]
and Painlevé equations [25, [49].

The study of equations for the recursion coefficients for OPRL or orthogonal polynomi-
als in the unit circle constitutes a subject of current interest. The question of how the form
of the weight and its properties, for example to satisfy a Pearson type equation, trans-
lates to the recursion coefficients has been treated in several places, for a review see [64].
In 1976, Freud [38] studied weights in R of exponential variation w(x) = |x|¥ exp(—|x|"),
p > —1and m > 0. For m = 2,4,6 he constructed relations among them as well as de-
termined its asymptotic behavior. However, Freud did not find the role of the discrete
Painlevé I, that was discovered later by Magnus [56]. For the unit circle and a weight
of the form w(0) = exp(k cosf), k € R, Periwal and Shevitz [61} 62], in the context of
matrix models, found the discrete Painlevé II equation for the recursion relations of the
corresponding orthogonal polynomials. This result was rediscovered later and connected
with the Painlevé III equation [48]. In [10] the discrete Painlevé II was found using the
Riemann—Hilbert problem given in [11], see also [63]. For a nice account of the relation
of these discrete Painlevé equations and integrable systems see [22], and for a survey on
the subject of differential and discrete Painlevé equations cf. [19]. We also mention the re-
cent paper [21] where a discussion on the relationship between the recurrence coefficients
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of orthogonal polynomials with respect to a semiclassical Laguerre weight and classical
solutions of the fourth Painlevé equation can be found. Also, in [20] the solution of the
discrete alternate Painlevé equations is presented in terms of the Airy function.

In [16] the Riemann—Hilbert problem for this matrix situation and the appearance of
non-Abelian discrete versions of Painlevé I were explored, showing singularity confine-
ment [17]. The singularity analysis for a matrix discrete version of the Painlevé I equation
was performed. It was found that the singularity confinement holds generically, i.e. in
the whole space of parameters except possibly for algebraic subvarieties. The situation
was considered in [18] for the matrix extension of the Szeg6 polynomials in the unit circle
and corresponding non-Abelian versions discrete Painlevé II equations. For an alternative
discussion of the use of Riemann—Hilbert problem for MOPRL see [43].

Let us mention that in [59, 60] and [14] the MOP are expressed in terms of Schur
complements that play the role of determinants in the standard scalar case. In [14] an
study of matrix Szeg6 polynomials and the relation with a non Abelian Ablowitz—Ladik
lattice is carried out, and in [4] the CMV ordering is applied to study orthogonal Laurent
polynomials in the circle.

In this work we obtain Sylvester systems of differential equations for the orthogonal
polynomials and its second kind functions, directly from a Riemann-Hilbert problem,
with jumps supported on appropriate curves in the complex plane. The differential prop-
erties for the weight function are fundamental. In this case we consider a Sylvester type
differential Pearson equation for the matrix of weights. We also study whenever the or-
thogonal polynomials and its second kind functions are solutions of a second order lin-
ear differential operator with matrix eigenvalues. This is done by stating an appropriate
boundary value problem for the matrix of weights. In particular, special attention is paid
to non-Abelian Hermite biorthogonal polynomials on the real line, understood as those
whose matrix of weights is a solution of a Sylvester type Pearson equation with given first
order matrix polynomial coefficients. In Theorem [5| we give conditions such that Her-
mite type matrix biorthogonal polynomials and corresponding second kind functions are
eigenfuntions of second order differential operators.

Several applications are given, in order of increasing complexity, as well. First, we
return to the non-Abelian Hermite biorthogonal polynomials on the real line, and give
nonlinear matrix difference equations for the recurrent coefficients of the non-Abelian
Hermite biorthogonal polynomials. Next, we consider the orthogonal polynomials and
functions of second kind associated with matrix of weights, that satisfy a differential matrix
Pearson equation with degree two polynomials as coefficients. To simplify the discussion,
only a left Pearson equation is considered. In this case, the support of the measure belongs
to an appropriate branch of a hyperbola, and the recursion coefficients are shown to fulfill
a non-Abelian extension of the scalar alternate discrete Painlevé I equation. Finally, a
discussion is given for the case of degree three polynomials as coefficients in the left
Pearson equation characterizing the matrix of weights. However, for simplicity only odd
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polynomials are allowed. In this case, a new and more general matrix extension of the
discrete Painlevé equation is found. To end this study we present a comparison with the
results already obtained by several authors in the scalar and matrix cases.

The layout of the paper is as follows. In §we introduce the basic objects and results fun-
damental to the rest of the work. Then, §[3]is devoted to study the interplay between fun-
damental matrices with constant jump and structure formulas. In § 4 and [5| we character-
ize sequences of orthogonal polynomials whose matrix weight satisfy a Pearson—Sylvester
matrix differential equation by means of a Sylvester matrix differential system and a sec-
ond order differential operator. Finally, in § [f we show how to derive Painlevé equations
for the matrix recurrence coefficients of orthogonal polynomial sequences associated with
matrix weight functions of “exponential” type.

2. RIEMANN-HILBERT PROBLEM FOR MATRIX BIORTHOGONAL POLYNOMIALS
2.1. Matrix biorthogonal polynomials. Let
wadh .. w@LN)

W= e CNxN

WD N

be a N X N matrix of weights with support on a smooth oriented non self-intersecting
unbounded curve y, without end point, in the complex plane C, i.e. WUk is, for each
J.k € {1,...,N}, a complex weight with support on y. We define the moment of order n
associated with W as

1
Wn:—./Z"W(Z)dz, neZ,:={0,1,2,...}.
2r1 ),

We say that W is regular if the matrix moments, W,, n € Z,, exists and the matrix of mo-
ments,

Wo W,
U, = [WJ'+/<]J k=0, = | Sk
Wh Wan
is such that
1) detU, # 0, neZz,.

In this way, we define a sequence of matrix monic polynomials, {P,% (2) }n ez, Were deg PL(z) =n,

n € Zy, left orthogonal and right orthogonal, {P,Ff(z)}neZJr, were deg PR(z) = n, n € Z,, with
respect to a regular matrix measure W, by the conditions,

1
) — / PL(2)W(2)z" dz = 6,:C, L,
2mri y
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1
(3) —./sz(Z)P,'?(z)dz=6n,kC;1,
211 J,

for k =0,1,...,n and n € Z,, where C, is a nonsingular matrix.
We can see that sequence of monic polynomials {P.},c7, are defined by (Z) with respect
to a regular matrix weight, W. In fact, taking into account a representation for P,'; as

n—1

L 0 _n 1 n—1 n
Pn(z):pL,nZ +pL,nZ +H'+pL,nZ+pL,n

such that for each j =0,1,...,n—-1

/Pb(Z)W(Z)Zj dz = p) ,Wasj + Pl Wasjo1 + -+ pl o Wit + pll W =0,
Y

and with j =n

/Pb(Z)W(Z)Zn dz= pE,nWQn + pi,nW2n—1 +---F piz,_nan+1 +pt7an = C;Il-
Y

In matrix notation we have
-1 . 1 0 _ -1
[prli,n prli,n pL,n pL,n]U”_[O 0 --- 0 Cn]
From (I) we know that the above linear system has an unique solution, i.e. there exists and
are unique the matrices p’len, pf;ll, ey ptn, pE,n, and so the sequence {P,';}nez+ is uniquely
defined up to a multiplicative nonsingular matrix defined by (2).

This last sentence is a direct consequence of the non-singularity of the last block of U;,*,
i.e. the one in the position (n+ 1), (n + 1), of the matrix U, ", as (see for instance [40])

A|B
C|D
with D = (W2n - [Wn WZn—l] Ur_lil [Wr-zr W;;—l

U, =

n

]T) 1, and detD = %.
det U,

The same can be seen for {Pff}nezr

Notice that neither the matrix of weights is requested to be Hermitian nor the curve y
to be on the real line, i.e., we are dealing, in principle with nonstandard orthogonality
and, consequently, with biorthogonal matrix polynomials instead of orthogonal matrix
polynomials.

The matrix of weights induces a sesquilinear like form in the set of matrix polynomials

CN*N[z] given by
(P, Q) = / POW()Q()dz,
Y

in the sense that, for all P, P1, P2, Q, Q1,02 € CV*¥[z] and A, B € CV*N we have
(P1+ P2, 01+ Q2)w = (P1,Q1)w + (P2, Q1)w + (P1, Q2)w + (P2, Q2)w,
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(AP,QB)w = A(P,Q)w B.

Moreover, we say that {P,';(z)}n€Z+ and {P,Ff(z)}neZ+ are biorthogonal with respect to a
matrix weight functions W, as from (2) and

1

L pR _ -1
(4) —2ﬂi<Pn,Pm>W = 6pmCy n,m e Z,.
As the polynomials are chosen to be monic, we can write
L 1 _n-1 2 _n-2
Ppo(z) =1I"+p 2" +pL 2" "+ 4l
R 1 _n-1 2 _n-2
Pn (Z) = IZn + pR,nzn + pR,nZn Tt pré,n’
with matrix coefficients pf’n,p’;{’n e CVN k=0,...,nand n € Z, (imposing that p(&n =

p%n =1,ne7Z,). Here I € CV*N denotes the identity matrix.

2.2. Three term relations. From @]} we deduce that the Fourier coeflicients of the ex-
pansion

n+l

2Pi(2) = ) 6 Pr(2),
k=0

are given by 5[‘ P = Oy, £ =0,1,...,n -2 (here we denote the zero matrix by Oy), ff nl =
C,:lCn_l (is a direct consequence of orthogonality conditions), &g =1 (as P,';(z) are
monic polynomials) and { = pin - pin+1 =: L (by comparison of the coefficients,

assuming Co = I).
Hence, assuming the orthogonality relations (2)), we conclude that the sequence of monic
polynomials {P,%(z)}nez is defined by the three term recurrence relations

(5) 2Py (2) = Pryy (2) + B P (2) + 7, Py (2), nez,
with recursion coeflicients
L. 1 1 L. -1
ﬁn = pL,n - pL,n+1’ Yn = Cn Cn—l,

with initial conditions, Pl:l = Oy and Plﬁ =1

Any sequence of monic matrix polynomials, {PE(Z)}nezp with deg PR = n, biorthogonal
with respect to {P,';(z)}neZ and W(z), i.e. is fulfilled, also satisfies a three term relation.
To prove this we compute the Fourier coefficients of zPR(z) in the expansion

n+l1

1
PR(z) = Z PR(2)ER lhi= 5. / ZPE(2)W(2)PR(z) d z.
=0 L Jy
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From @) we have ¢, = I, &, = CByCrly &, 1 = Cou1Cly and 68, = O, k =
0,...,n—2,ie. the sequence of monic polynomlals {P,?(z)} | satisfies

6) PR=0y, PR=1,  zPR(x)=PR (2)+PR(2)BR+ pR (YR, nez,

where

B = CabiCy W = GGyt = Gut G
and the orthogonality conditions are satisfied.

2.3. Second kind functions. We define the sequence of second kind matrix functions by

L
@) 0k = 5 [ W az,
Ry L [ PR
® 0F@) = g [ W 2T

for n € Z,. From the orthogonality conditions (2) and (3) we have, for all n € Z,, the fol-
lowing asymptotic expansion near infinity for the sequence of functions of the second kind

(9) 05(2) ==C; (I 4 q a2 +-1),
(10) OR(2) =—(Iz" 4 g, a2+ )G
From now on we assume that the measures W(f’k), Jj,k € {1,...,N} are Holder contin-

uous. Hence using the Plemelj’s formula, cf. [39], applied to (7) and (8), the following
fundamental jump identities hold

(11) (05(2), = (2n(2)")_ = Pr(2)W(2),
(12) (Q8 (@), = (27(2)_ = W() P (2),
z € vy, where, (f(z)), = li%li f(z +ie); here + indicates the positive/negative region ac-

cording to the orientation of the curve y.
Now, multiplying equation on the right by W and integrating we get, using the
definition (7) of {QL(z)}nGZ , that

/ Ly
1./ I,J(Z)W( N2 = Q0 (2) + B0 (2) + G, ' Cra O (2).
Y

21 Z

As Z,Z:Z = 1+ %, from the orthogonality conditons (2) we conclude that
205(2) = @t (2) + 05 (2) + G G 04 (2), n €L,

with initial conditions

0" (2) =0% () =-C7} and Qf(2) = OR(2) = Sw(2) := 1 [WE),

27 i y-z




MATRIX BIORTHOGONALITY: FROM HERMITE TO PAINLEVE 9

where Sy (z) is the Stieltjes—Markov like transformation of the matrix of weights W.
Sometimes in the literature some authors distinguish between Markov transforms and
Stieltjes transform when we are dealing with measure defined on a bounded or an un-
bounded interval, respectively, of the real line. Here we unified the notion as the scalar
Markov convergence theorem (stated for the bounded case) is still valid for the unbounded
case when the moment problem is determined.
It can be seen that

L _ L P =P
P00 = 5z |

7 -z

4 4 ]' L(Z/) ’
W(z)dz+%/yz W()dz

i.e. we have the Hermite—Padé like formula for the left orthogonal polynomials,

PL(2)Sw(2) + Py (2) = 05 (2), nez,
where
L _ pL
L(l)( )_ /Pn(ZZ)/_fn(Z)W(Z/)dW’ nez,,

is a polynomial of degree at most n — 1 said to be the first kind associated polynomial with

respect to {P,I;(z)}n 7. and W(z). Similarly, for the right situation we have the associated

7)-P"  (z
PR (z) = / W(Z) P ) e L aw, nez,

—Z

and the corresponding Hermite—Padé like formula for the right orthogonal polynomials,
Sw(DPR() + P (2) = R (2) nez.

2.4. Reductions: from biorthogonality to orthogonality. We consider two possible
reductions:

i) When the matrix of weights W(z) with support on y is symmetric, i.e. (W(z))" =
W(z), z € vy, then
PR(2) = (Py(2)) ", OR(2) = (0L(2) ", zeC.
Moreover,

(PL(PL) Yy = / PLCOW () (PL(0)T dx.

Y

ii) When the matrix of weights W(z) is Hermitian positive definite with support on
y CR,ie. (W(x))" =W(x), x € R, then

PR(2) = (PL(2)", oR(2) = (05(2))', zeC.
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In this case we have

(PL, (PH)"w = /P,';(JC)W()C)(P,';(JC))T dx.
R

2.5. Fundamental and transfer matrices vs Riemann-Hilbert problems. We can sum-
marize the left three term relation as follows

[ Pt () 0..(2) ] _ [zl—,B,E C,Il] PL(2) 0L (2) ]
~CyPh(z) —CaQh(2) —Cy Oy | |-CitPt (2) —-ComQL (2)]”
and
L(l)(Z) [Zl_ﬂk C};l L(l)(Z)
-C,Pr P 1 -G Oy [ |-Coe 1PL(1)(Z)
In terms of the left fundamental matrix Y\ (z) and the left transfer matrix T-(z),
PL(2) 0k (2) ] L [zl— g c!
Yh(z) = [ " , T,(z) = noon
D R N C R eI E i Rt

we rewrite the above identities as follows
Yy (2) = Ty (DY (2), n e Z..

From these we see that det YnL(z) = det YOL(z) =1, as det T,,L =1onC\yfornceZ,.
For the right orthogonality, we similarly obtain from (6) that

[ +1(Z) _PE(Z)Cn] _ [PE(Z) _Ps_l(z)cn—l] [Zl _ﬁs -G,
OR (2) -OR(2)C.| ™ |OR(2) -OR [(2)Cuci|| CF On

and also

—gR _
[P,Ff’(l)(z) —PR(D(Z)C] [ Ry _pRiD( )C][Zlcfn of,n]

as we have the Hermite—Padé like formula for the right orthogonal polynomials,
05 (2) Pi(2) + P (2) = QR (2).
Taking the right versions of fundamental matrix YR (z) and transfer matrix TR(z),

YR(Z) — [P,?;(Z) _P,F,;_l(z)cn—l] ’ zl _135 _Cn] ,
" 0,(z) =07 1(2)Cp1 C, Oy
we see that det YnR(z) = det YOR(z) =1, because det TnR =1onC)\y forn e Z,.

Note that,
C, 0 0
T, (2) = [0 v ]TL< ) [ ¥
N _

T (2) = [

_c-1 , nez,.

n

Now we can state the following left Riemann-Hilbert problem.



MATRIX BIORTHOGONALITY: FROM HERMITE TO PAINLEVE 11

Theorem 1. The matrix function Y- (z) is, for eachn € Z,, the unique solution of the Riemann—
Hilbert problem; which consists in the determination of a 2N X 2N complex matrix function
such that:

(RH1): YL (z) is holomorphic in C \ y;
(RH2): has the following asymptotic behavior near infinity,
L,y _ 1y 12" On |
Yn (Z) - (I+ O(Z )) [ON IZ—H] I

(RH3): satisfies the jump condition
L L I W(z)
wha, = e | ). cey.
As well as its right version.

Theorem 2. The matrix function YR (2) is, for each n € Z., the unique solution of the Riemann—
Hilbert problem; which consists in the determination of a 2N X 2N complex matrix function
such that:

(RH1): Yf(z) is holomorphic in C \ y;
(RH2): has the following asymptotic behavior near infinity,

YR(z) = [6?: Ig’l’n (I1+0(z™h);
(RH3): satisfies the jump condition
(YnR(Z))+ = [WEZ) O;V (YnR(Z))_, ZE.

Remark 1. Conditions (RH2) and (RH3) are direct consequences of the representation of the second
kind functions (9), and the inverse formulas (11), (12), respectively.

Remark 2. For the symmetric and Hermitian reductions these two Riemann—Hilbert problems are
equivalent and for the fundamental matrices we have

YR(z) = (Yr(2) ", symmetric case,
YR(z) = (YnL(Z))T, Hermitian case.
In both cases, we will use the notation
Ya(2) =Yy ().
We define the family of normalized left fundamental matrices {S%(z)} associated with

nez,
{YnL(z)}n€Z+ by means of

I1z7% Op

SII’;(Z) = YnL(Z) |: ON IZn s ne Z+.
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Taking into account the representation of {P,%(z)}n 7. and {Qb(z)}n 7. in (), we arrive
to the asymptotic representation for the normalized fundamental matrices

1 -1
pL,n _Cn ] —1+

2 11
) pL,n C" qL,n
—Cn-1 qL,n—l

-2 -3
_ 1 2 Z7+0(z7),
C”_lpL,n—l qL,n—l

Sty =1+

for z — oo, where

1 1 _ nL
pL,n - pL,n+1 - ﬁn’

2 2 S | -1
pL,n - pL,n+1 - npl_’n + Cn Cu-1,

3 3 _ pb .2 -1 1
pL,n - pL,n+1 - an,n + Cn C"_lpL,n—l’
and
1 1 _ nR
qL,n - qL,n—l - ﬁn ’
2 2 _ npR 1 -1
qL,n - qL,n—l — Fn qL,n + C” n+l*

Observe that we will also have the following asymptotics for z — oo,

1 el
(SrLl(Z))_l =1- [ DL Cn ]z‘l

_Cn—l q|l_’n_1
L _142 9 1,1
| PLa _1Cn ] _[ pL,n1 _Cg qL,n] 7240079,
_C”_l qL,n—l _C”_lpL,n—l qL,n—l

For the right version we have normalized right fundamental matrices {S R(2) }n ¢z, associated
with {YnR(z)}

nez,
R |z On | R
S}’L (Z) - [ ON IZn Ym(Z)’
with asymptotic behavior at infinity given by
1 2 1
—Ch1| _ - Cp-1| _ -
S,Ff(z) - Pgﬂl e } 1, I;R’é—l PR,3_1 n ]z 24073,
“n qR,n—l _qR,n n qR,n—l
for z — oo, and the asymptotics for the inverse matrix is
tior =1 6]
Z =1- ! Z
" _Cnl qu,n—l
1 2 2 1
Prn ~Cn-1 p PRy G-t | - -
+ gfﬁ L ] —[ 1R’"C-1 Rp-17" ] 72+ 0(z77).
“n qR,n—l _qR,n n qR,n—l
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Here
PR~ Plust = Bn-
pQR,n N pﬁ,n+1 = Pinﬁs + Cn—lcyjl,
p??,n - pgli,n+1 = Pﬁnﬁs + ptn_lcn_1C,:1,
and
IRy = 4L 1 = Bis
qZRﬂ N (]2 qL nan +1C

Theorem 3. Let Y- and YR be, for each n € Z,, the unique solutions of the Riemann—Hilbert
problems in Theorems|1 and (2, respectively; then

0 I -1
(13) (Yr(z2) ' = [ ]YR()[I ()] nez.
Proof. Let us remember that {P;} oz, satisfies (@), i.e.
2Py(2) = Pry (2) + BiPy(2) + 6, Cant Py (2), n ez,
with initial conditions PL =0y and PL =I; and {PR} satisﬁes ©), i.e.

tPR(1) = PRy (1) + PRDCABRCy + PR (1)Ce 1c,; , neZs,

with initial conditions Pfl = Oy and Pg = I. Multiplying the first equation on the left

by PR(#)C, and the second one on the right by C,P.(z) and summing up, we arrive after
applying telescoping rule

(14) Z - t) Z PR(I)C"PL(Z) = PR(I)C Pn+1(Z) Pn+1(t)CnP;|;(Z)’ ne Zy;
k=0
hence for = z,
(15) PR(Z)C Pn+1(z) = n+1(Z)C P (2), n € Zy;
As {Q',‘l}nez+ (respectively, {QR} eZ ) satisfies (respectively, (6)), with initial conditions
QEl = Qﬁl = —C:ll, QO QO = Sw(z), proceeding in the same way with {QL}HGZ nd

{Q,Ff}n€Z+ in place of {Pn }nez, and {P,Ff}neer, respectively, we arrive, for all n € Z,, to

(16)  (z-1) > OR(OCkQL(2) = QR(NCA0F,, (2) = OF1 (NCu05 (2) + Sw(2) = Sw(1);

hence for ¢t = z,

(17) OR(2)C, 0%, (z) = OR [ (2)C,0%(2), nez,.



14 A BRANQUINHO, A FOULQUIE, AND M MANAS

Applying the same procedure mixing the P’s and the Q’s we get, for all n € Z,,

(18) (z=1) ), OR(CLPL(2) = QR(NCuPL,, (2) = OF (DCaPy(2) + 1,
k=0

(19) (z=1) ) PRCLO(2) = PR(C.QL,, (2) = PR (00K (2) ~ 1,
k=0

and when t = z we arrive to, for all n € Z,,

(20) OR, 1 (2)C,PL(2) — OR(2)CuPL, 1 (2) = 1,

(21) PE(Z)CHQII;H (Z) - P5+1 (Z)Canlz (Z) =1.

Equations (14), (16), (I8) and (I9) are known in the literature as Christoffel-Darboux
formulas. Now, from (15)), (17), (20) and we conclude that

~0R ()Gt R i _
[ P5_11(Z)Cn—1 PR(z) ] Vo) =1, nez,

and as
_QR_l (Z)Cn—l _QR(Z) 0 I R 0 -1
n n = Y Z ]
[ Ps_l(z)cn—l P,I,?(Z) -1 Of™" (2) I 0} nE€ Ly
we get the desired result. m]
Corollary 1. In the conditions of Theorem |3 we have that for all n € Z,,
(22) OL(2)PR [ (2) = PL(2)0OR 1(2) = C; Ly,
(23) Pr (205 (2) = Q1 ()P(2) = Gy,
(24) 0, (2)P;(2) - Py ()05 (2) =0.
Proof. As we already proved that the matrix
[_Q,T_l(z)cn—l —Qs(Z)]
P,T_l(z)cn—l PE(Z) ’
is the inverse of Y”L(z), ie.
R R
- Co1 =0, (2)
YL Qn_1(Z) n—1 n —J:
o sen e |-
and multiplying the two matrices we get the result. |

Corollary 2. In the conditions of Theorem[3 we have that for all n € Z,,

1 -1 2 1 -1
qRn-1 Co ] -1 qRn-1 qR,"C” ]z_2+... s

St t=1+ Z
( n( )) Cn1 le,n p2R,n—1C”_1 sz,n
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1 2 1
_ q;, _ Cu1| _ qi Coaapy , | _
O G e R T I fo v S R AR
n pL,n n pL,n—l pL,n

3. CONSTANT JUMP ON THE SUPPORT, STRUCTURE MATRICES AND ZERO CURVATURE

So far we discussed the connection between biorthogonal families of matrix polynomials
for a given matrix of weights W and a specific Riemann-Hilbert problem. Now, to derive
difference and/or differential equations satisfied by these families of matrix polynomials
we will move to a simpler setting and we will assume that the following hold

i) The matrix of weights factors out as W(z) = W-(2)WR(z), z € v.

ii) The factors W- and WR are the restriction to the curve y of matrices of entire functions

WY(z) and WR(z), z € C.

iii) The right logarithmic derivative h"(z) := (W"(z))’(Wl‘(z))_1 and the left logarithmic

derivative hR(z) := (WR(z))_l(WR(z))/ exist and are entire functions.

We underline that for a given matrix of weights W(z) we will have many possible fac-
torization W(z) = W' (z)WR(z). Indeed, if we define an equivalence relation (W', WR) ~
(WL, WR) if and only if W-WR = W-WR| then each matrix of weights W can be though as
a class of equivalence, and can be described by the orbit

{(WL¢, o7'WR), #(2) isa nonsingular matrix of entire functions} .

3.1. Constant jump on the support. Given assumptions i) and ii), for each factoriza-

tion W = W-WR | we introduce the constant jump fundamental matrices which will be instru-
mental in what follows

Ly vl [Wh2) On
(25) Zn (Z) = Yn (Z) [ ON (WR(Z))—l ’
R\ _ [WR(2) On R
(26) Z,(2) = [ o (Wh(z)! Y, (2), nez,.

Taking inverse on and applying (I3) we see that Z\ given in (26) admits the repre-

sentation

27) =) o o[ ) nez.

Proposition 1. For each factorization W = W-WR, the constant jump fundamental matri-
ces Z-(z) and ZR(z2) are, for each n € Z,, characterized by the following properties:

i) They are holomorphic on C \ y.

ii) We have the following asymptotic behaviors

"W (2) Oy

L _ —
2 (e = {1+ 0 1))[ Oy I WRE)T]
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"WR(2) On -1
ZR() = |* I
n (2) [ Oy (WL(Z))_lz_n ( +0(z ))’
for z — oo.
iii) They present the following constant jump condition on y
I 1 I 0
(75(2), = (ZE(). [ON 1] ’ Zi@)=|; 7| @)

for all z € y in the support on the matrix of weights.

Proof- We only give the proofs for the left case because their right ones follows from (27).
i) As the WL (z) and WR(z) are matrices of entire functions the holomorphity properties
of Z\ is inherit from that of the fundamental matrices Y\
ii) It follows from the asymptotic of the fundamental matrices.
iii) From the definition of Z,';(z) we have

L
(22 (2), = (Y (2)), [WOS) (WRO(]Z))‘l] ’

and taking into account Theorem [1) we arrive to

(Z(2), = (Y () [Oiv W'—(Z)IWR(Z)] [W;f’z) ]
now, as
! WL(z>WR(z>] [W%z) Oy _[WL<Z> Oy 11
On ! o~ WR@)' [ oy WR@)T|Ov I]”
we get the desired constant jump condition for Z5(z). m]

Remark 3. For the symmetric and Hermitian reductions we assume
Wh(z) = p(2), WR(2) = (p(2)7. W(2)=pR)(p(2)", ZR(2)=(2"(2)", symmetric,
Wh(2) = p(z). WR@ =(p(@).  W=p&(p®@)", z%2) =(2'()". Hermitian.
In both cases, we will use the notation
Zu(2) = Z;(2).
3.2. Structure matrices. In parallel to the matrices Z-(z) and ZR(z), for each factoriza-
tion W = W-WR, we introduce what we call structure matrices given in terms of the right
derivative and left derivative (logarithmic derivatives), respectively,
’ -1 -1 ’
My (2) = (2;(2)) (23 () M) = (Z3@) 7 (Z} @)
It is not difficult to prove that

M,f‘(z)=—[(,) _O’]M;(z) [_01 (’)] nez,.
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Proposition 2. The following properties hold:
i) The structure matrices M~ (z) and MR (z), defined on subsection are, for each n € Z,,
matrices of entire functions in the complex plane.
ii) The transfer matrix satisfies

TH(2)Z(2) = Z&,,(2), ZR()TR(2) = ZR (). neZ.

iii) The zero curvature formulas

(28) on or| =ML TR - THME ),
(29) [OIN o = TR ME (@) - MEDTR (),

n € Z,, are fulfilled.
iv) The second order zero curvature formulas

(30) [OIN 81\1] ML(Z)"'M +1(z)[ 8Z = (M;+1(Z))2THL(Z) _TnL(Z)(MrIZ_(Z))Q’
(31) [Ofv gg M1 (2) + M (2) [ON 3g = TR (M () = (M7 ()T (),

n € Zy, are satisfied.

Proof- Again we only give the proofs for the left case. We begin to prove that the sequence
of matrix functions {M,E(z)}n 7. is a sequence of matrices with coefficients given by entire

functions. In fact, (M}), = ((Z,';)') ((Z,';)_l) , and applying the constant jump condition
+ +
we get

1171
L Ly/ L L
ok, = (2) | 1] | 1] (@97) = o).
It follows from the definition of Z. that
Ty (@) =Y () (%) = 25, () (24(2)
Taking derivatives on 7,(z) we get
@) = (231@) (2:@) " - 251 D(Z:@) (Z:) (2 @), neZe,
and so, taking into account that
(ZII1_+1(Z))/(Zr|;(Z))_1 = (ZII1_+1(Z))/(leﬁl(z))_lzllﬁl(Z) (Zrlz_(z)) - ]Mrlz_+1TL
we get (28). Using the same ideas we derive (29).
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Now, multiplying (Z8) on the left by M\  we get

My, [JN Sx] = (M3 ()T () = (M T () My (2).
and again by applied to the term M’ T,-(z) we get (30). i
Higher order transfer matrices
Tre(2) = Tr(a) - T (@), Toe(@) = T2 Ty (2),
satisfy
Yh (2) = Ty ()Y (2), YR (2) = (T (2).

Proposition 3. The following zero-curvature conditions hold, for all n,{ € Z.,,
(T1(2)) = My (DT (2) = Ty ()M (2). (T5(2)) = T(2) My (2) = M (T (2).

Proof. As before we only give a discussion for the left situation. It is done by induction:
First of all recall that £ = 0 is just the already proven zero-curvature condition. Now,
assuming that it holds for £ we prove it for £ + 1:

(TnL,€+1(Z))/ (7, +€+1(Z) K(Z)) (7, +€+1(Z)) f(Z)+ +€+1(Z)( nf(Z))
(M +€+2(Z)Tn+t’+1(z) +f+1(Z)Mr|{+f+1(Z)) nf(z)
+T+€+1(Z)( +€+1(Z) K(Z) L,f(Z)MzII(Z))’
M+€+2(Z)Tn+£’+1(z) f(Z) n+€+1(Z) f(Z)ML(Z)

and the result is proven. O

Proposition 4 (Computing the structure matrices). If the subindex + indicates that only the
positive powers of the asymptotic expansion about infinity are kept, for each factorization W =

WEWR, we have for all n € Z,, the following power expansions for the structure matrices, defined
on subsection

R (WL(Z))'(WL(Z))_1 On L, -1
32) M, (z)—(&(z)[ O _(WR@) (R (S (2)) ;
Rk, -t | (WR@) T (WR(2)) Oy R
(33) Mn (Z) - ((Sn (Z)) |: ON _(WL(Z))/(WL(Z))—I Sn (Z) +'

Proof. Using assumption i) in Proposition [2, we find the expressions for the left structure
matrix, M-(z), in terms of S-(z) and W(z) = W-(z)WR(z). For doing so we require the
use of the definition of St(z2), i.e.

742 = $-(2) [Z"WL(Z) Oy ]

o z"(WR(2)™
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and consequently, we find

M-(2) = (S5(2) (SL(2) "

(WL(2)) (Wh(2)) " +nz Oy

L -1
O ~WR@) " (WR)Y —net | B

+8;(2)
Given assumption iii) in the begining of this section, on the entire character of the right
derivative, (WL(z))/(WL(z))_l, and of the left derivative, (WR(z))_l(WR(z))/, and since
(S,';(z))’(S,';(z))_1 has only negative powers of z in its Laurent expansion, and given that
the structure matrix M"(z) has entire coefficients, the asymptotic expansion of M,E(z)
about co must be a power expansion.

A similar approach holds for the right context, and we can determine M{(z) in terms
of SS(z) and W(z). Indeed, from

WR(Z)Zn ON

R _ R
Zn (Z) = [ ON (WL(Z))_lz_" Sn (Z),

we get

MR(2) = (SR(2) " (SR (@)’

_ WR(z))_l(WR(z))' +nz ! On R
+(sf@) | s,
(5: () On —(Wh(2)) (Wh(2)) ™ —nzt| "
and reasoning as for the left case we derive the desired result. m]

Notice that given the matrices of entire functions h'(z) and hR(z) the structure matrices,
using (32), can be explicitly determined in terms of the coefficients in SL(z) and SR(z).
Moreover, when h'(z), hR(z) € C¥*¥|[z] are matrix polynomials, only the first elements,
as much as the degree of the corresponding polynomial, in the asymptotic expansions
of S,';(z) and S,'f(z) are involved, and we will have that M,';(z), Mf(z) € C2NX2N 7] are also
polynomials with degree deg M\ (z), deg M- (z) = max(ht(z), hR(2)).

Remark 4. For the reductions we have
MR (z) = (MrIZ(Z))T, symmetric,
ME(Z) = (Mb(f))T, Hermitian.
In both cases, we will use the notation

M, (2) = My (2).
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4. MATRIX PEARSON EQUATIONS AND DIFFERENTIAL EQUATIONS

4.1. Matrix Pearson equations. As we have seen, the left and right logarithmic deriva-
tives, h'(z) = (WL(Z)),(WL(Z))_I and hR(z) = (WR(Z))_I(WR(Z))', play an important role
in the discussion of the structure matrices. This motivates us to adopt the following strat-
egy: assume that instead of a given matrix of weights we are provided with two matrices,

say h'(z) and hR(z), of entire functions such that the following two matrix Pearson equa-
tions are satisfied

L
3 G L)
4
R
@5) = WR@HR )
Z

and given solutions to them we construct the corresponding matrix of weights W = W-WR,
Moreover, this matrix of weights is also characterized by a Pearson equation.

Proposition 5 (Pearson Sylvester differential equation). Given two matrices of entire func-
tions h(z) and hR(z), any solution of the Sylvester type matrix differential equation, which we
call Pearson equation for the weight,

(36) C;—v: = ()W (2) + W(2)hR(2)

is of the form W = W-WR where the matrix factors W- and WR are solutions of (34) and (35),
respectively.

Proof. Given solutions W- and WR of (34) and (35), respectively, it follows intermediately,
just using the Leibniz law for derivatives, that W = WLWR fulfills (36). Moreover, given
a solution W of (36) we pick a solution Wt of (34), then it is easy to see that (WhH-lw
satisfies (35). O

Remark 5. The matrix of weights W does not uniquely determine the left and the right matrix
factors; indeed if W = WWR, with factors solving (34) and (35), respectively, then W- = W-C
and WR = C-'WR for C being a nonsingular matrix, gives also another possible factorization
W = WEWR, with factors solving the partial Pearson equations (34) and (35). This indeterminacy
disappears when one considers the right and left derivatives of the factors.

Remark 6. Given two matrices of entire functions h(z) and hR(z) and a matrix of weights W
characterized by the matrix Pearson equation we have the left and right fundamental matrices
Y-(z) and YR(2) satisfying corresponding Riemann—Hilbert problems. The associated structure

matrices are from and given by,

hL(Z) ON

(37) My (2) = (Sb(z) [ L

(S,%<z>)‘1) ,
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(38) A@T(z)zz((SS(z))‘l hzif) L s§<z>)+.
Remark 7. For the symmetric and Hermitian reductions, we have
hR(Z) = (hL(Z))T, symmetric,
hR(z) = (hL(Z))T, Hermitian,

and (34) and collapse into a single equation

4P w2,

dz
where h(z) := h(z), and the Pearson equation (36) reads
dw - _
— =h(20)W(z2) + W(2)(h(2)) ", symmetric,
dz
(39) aw
P h(z)W(2) + W(2)(h(2)T, Hermitian.
Z

4.2. Sylvester differential equations for the fundamental matrices. The differential
structure determined by the Pearson equation for the matrix of weights induces a corre-
sponding Sylvester differential equations for the fundamental matrices as follows.

Proposition 6 (Sylvester differential linear equations). In the conditions of Proposition[5, the

21

left fundamental matrix Y- (z) and the right fundamental matrix YR (2) satisfy, for each n € Z,,

the following Sylvester matrix differential equations,

Lo vy — aglioyyl Lo [ARGR) Oy
(40) (Yn (Z)) - Mn (Z)Yn (Z) - Yn (Z) [ Oy _hR(Z)] >

R/ _ vR R hR(z) O R
(41) (¥, (2) =Y, ()M, (2) - [ On _hL(Z)] Y, (2),
respectively.

Proof. As M} (z) = (Z,';(z))/(Z,';(z))_1 is the right derivative of the constant jump structure

matrix from we get (40); (4I) is proven analogously.
We write

Mlt’l’”(z) Mltg’n(Z)
M2,1,n(z) M2,2,n(z)

M{‘il’n(z) M

My (z) = M (z) =

to express the previous results in the following manner.

1,2.n

R R
M2,1,n(z) My, ,

O
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Corollary 3. The Sylvester matrix differential equations (40) and (A1) split in the following
Sylvester differential systems

wy PR+ PR () = 11,,(z)Pt<z> MY, (2)C- 1pn (),
(PL,(2)) + P ()R (2) = ~C4 ML, (PL(2) + C ML, ()Gt P (2),

43) (05(2)) + 05 (2)hR(2) = My, , 05 (z) My, ,(2)Coe 1Q,, 1(2),
(0L ()" + 08 (2)hR(2) = -C;! Mé‘ln(Z)Q (2)+C;! M%gn(Z)Cn—lQ,';_l(Z),

(44) PR(Z) +hR(2)PR(2) = PRMY, ,(2) = P () Ca M3y, (2),
PR () +hR(2)PR [(2) = —PR(Z)Mun(Z)Cﬂ_ + PR (2)Chi M, (2)C L,

(45) (Q (2))" +h(2)QR(z) = OF (Z)Mlln(z)—QS L (RCraME (),
(O ()" + (2O 1 (2) = —OR(IMY, ()C, L + OF | (2)Coi ME,  (2)C L

We first observe from the linear differential systems and (44) satisfied by the left
and right matrix orthogonal polynomials, respectively, we will be able to extract in some
scenarios, see next section on applications, a matrix eigenvalue problem for a second
order matrix differential operator, with matrix eigenvalues. The differential systems (43)
and for the left and right second kind functions also provide interesting information,
and we will use them to discover nonlinear equations satisfied by the recursion coefficients.

Remark 8. For the reductions we have

(Y(2)) = Mp(2)Y(2) - Y()[h(;) _(hO(NZ))T], symmetric,
(Y(2))' = Ma(DYa(2) ~ Ya(2) [h(i) _(ho(f;))f'], Hermitian,

5. SECOND ORDER DIFFERENTIAL OPERATORS

We firstly derive, as a consequence of the Sylvester differential linear systems, second
order differential equations fulfilled by the fundamental matrices, and therefore by the
matrix biorthogonal polynomials and also by the corresponding second kind functions.

Following the standard use in Soliton Theory, given a matrix of holomorphic functions
A(z) we define its Miura transform by

M(A) = A'(2) + (A(2))*.

Observe that when A is a right (left) logarithmic derivative A = ww ™l (A = wlw') we

have M(A) = w”’w™t (M(A) = w™tw”).
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Proposition 7 (Second order linear differential equations). In the conditions of Proposition[5,
the sequence of fundamental matrices, {YnL}neZ and {YnR}nez , satisfy
+ +

L L
4o )+ 20 @) lhoi? —hoév(z)] s lM(gN(Z)) M( _OZR(Z))]
= M(M}(2))Y-(2),
R\ mR(z) Oy R, v, [M(1R(2)) On ] L
(4‘7) (Yn (Z)) +2 [ ON —]’ZL(Z) (Yn (Z)) + ON M( _ hL(Z)) Yn (Z)

= VMM (2).
Proof. We prove (46)). First, let us take a derivative of (40) to get
L (h-(2)) On
+Y,(2) l Oy _(hR(Z))’
= (M ()Y () + My (2) (¥, (2)

" ’ : 0
(YE(2))" + (Yr(2)) [hof\f) —h'év(z)

but again by
ht 0
MEQ Q) = (@) 1@ - Mtk "]
and if we substitute
ML(Z)YL(Z) _ (YL(Z)) +YL(Z) [h ](VZ) _hORN(Z)]
we finally get

: , [t 0 ht v |*
My @)1 (@) = (M7(2) Y5 (2) = (%7(2) [ A YL“[ N

and the result follows. m|

Definition 1. For the next corollary we need to introduce the following C*N>*?N valued functions
in terms of the difference of two Miura maps

L 1,1.4(2) 12n(Z)] Loy ([hL(Z) Oy ])
@ i [ 0] - morton-m ([T k)

R 1.1.0(2) 12n(Z)] Ri\y ([hR(Z) On ])
(49) H, (2) = [21n(2) HE () MM, (z)) - M on -]

Corollary 4. The second order matrix differential equations (46) and split in the following
differential relations

(50)  (P5)"(z) +2(P5) (2)h"(2) + PL(:)M(h"(2))
= (M(h"(2)) + HT1,,(2)) P (2) = Hi 5, (2)Cac1 Py, (2)
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(51)  (05)"(2) —2(Q%) ()R (2) + Q5 (IM(-hR(2))

= (M(h"(2)) + H[1,,(2)) Q5 (2) = H} 5 ,(2)Ca1Q5_1 (2)
52)  (PR)"(2)+21R(2)(PR(2)) (z) + M(hR(2)) PR(2)

= PR(2)(M(hR(2)) + HY, () = PR (2)CactHE |, (2)
(53) (20" (2) = 2h(2) (QF) () + M(=h"(2))0R (2)

= R MR () +HY |, (2) - OF | () CuctHY, (2).

Proof- Is a direct consequence of Proposition O

5.1. Adjoint operators. We now elaborate around the idea of adjoint operators in this
matrix scenario.

Given a matrix valued differential operator L defined on certain domain O, that belongs
to the N X N complex matrix functions, we may consider the notion of adjoint operator L*
with respect to the sesquilinear like form

(f. 8w 3=/f(z)W(z)g(z)dz.
y

The adjoint operator L* of the differential operator L defined on the domain D is such that
(L(f),&»w ={f. L*(&))w, f(2),8(z) € D.

The existence of such adjoint is a delicate matter indeed. For a discussion of this subject
see [47].

In our case and in what follows we will give explicit examples of such constructions.

From now on, and to be consistent with the definition of sesquilinear like form, (., .)w,
we restrict ourselves to the case when i and AR are matrix polynomials of a specific
degree.

Care must be taken at this point because in this definition of adjoint of a matrix differ-
ential operator we are not taking the transpose or the Hermitian conjugate of the matrix
coefficients as was done in [31].

Definition 2. Motivated by and we introduce two linear operators €- and £, acting
on the linear space of polynomials CN*N[z] as follows

£~(P) .= P” +2P'h- + PM(KY), eR(P) == P +20RP" + M(KR)P.

Lemma 1. Let us assume that the matrix of weights W(z) do satisfy the following boundary
conditions

(54) Wlay = Ov, (W' - 2hLW)|ay = Ow, (W' - QWhR)Lay = O,

where Oy is the boundary of the curve 7y, i.e. its endpoints. Then, W(z) satisfies a Pearson
Sylvester differential equation if, and only if, W(z) satisfies the following second order matrix
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differential equations
(55) W” = 2(h"W) + MKW = WM(h®),
(56) W” = 2(WhR) + WM(h®) = M(hHwW .
Proof- Taking derivative on (36), we get
W” = M(KHW + WM(KR) + 2n-wiR.
But, it is easy to see that
(h"W) = M(h")W + h*WhR, (WHR) = WM(KR) + i~wiR,

and so we arrive to and (56).
The reciprocal result is a consequence of adding the equations (59), and the bound-

ary conditions (54). ]

Now, we will see that the operators ¢ and (R are adjoint to each other with respect to
the sesquilinear like form induced by the weight functions W.

Proposition 8. Whenever W(z) satisfies (30) and the boundary conditions (54), we have that
(57) &= (e
or, equivalently,
(€-(P), Pyw = (P.£X(P))w, P(z2), P(z) € CVV[z].
Proof. By using the linearity of these operators it is sufficient to prove
(€ (Py) . POw = Py €5 (P))w. nk €Z.
For the sake of simplicity, we omit, the z dependence on the integrands in the integrals.

This way, the orthogonality reads,

(€-(PL), PRy = /(P',;)” WPEdz+2 /(P',;)’ (h-w) PR dz+ /P,'; MW PR dz,
24 24 Y
and, using integration by parts, we find

(- (PL), PRyy = ((P,%)’WP,E)|67 - /y(P,E)’((WPE)’ - 2hLW)P,§ dz+ /yP,&M(hL)WPE dz

= (W, ~ (PE(WeE) —2nw)ef)|

+/P,'; (W PR =2 (h-W PRY + M(h") W PR) dz.
Y

Now, considering the boundary conditions and taking into account that
(W PRY = W” PR+2W (PRY + W (PR)”, (h-W PRY = (kW) PR+ (h- W) (P}),
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we arrive to

(E-(PL), PRyy = /P,%(W” —2(h- W) + M(KMHW)PRd 2
Y

+2 / PL(W - htw)(PRY dz+ / PLW(PRY” dz;
Y Y

and so
(E-(PL), PRyw = /P,';W((PE)" +2hR(PRY + M(WR)PR)dz,  nke{0,1,2,...}
or, equivalently, ’
(€ (Py). PRw = (P €5 (PD))w
which completes the proof. ]

Remark 9. For a symmetric or Hermitian reductions we find that

R (P) = (fL(PT))T, symmetric,
eR(p) = (fL(PT))T, Hermitian,
where in the last case we take x € R. Relation (57) reads in this case as follows
£(P)=(L(PT))T, symmetric,
£(P) = (&P, Hermitian;

for P any matrix polynomial and € = €-.

Definition 3. Let o' and a® be two N x N matrices and define the following linear operators
acting on the space of matrix polynomials CN*N|z] as follows

LYP) = P” + 2P’ h" + Pat, LR(P) := P” + 2hRP" + oRP.
Observe that
LY(P) =€-(P) - P M(h") + Pat, LRy =R - MR P + aRP.

We have the following characterization.

Theorem 4. The following conditions are equivalent:
i) LR = (LY)" with respect to the matrix of weights W (z).
ii) The matrix of weights W(z) satisfies the matrix Pearson equation (36) with the boundary
conditions (b4) as well as fulfills the constraint

(58) (@" = M)W =W (R = M(KD)).
iii) The matrix of weights W(z) satisfies the boundary conditions as well as
(59) W” = 2(h*W) + o'W = waR,
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(60) W” —2(WhR) + waR = o''w.
Proof- Following the ideas in the proof of Proposition
(LH(P). Pyw = (P, LY(P))w
if and only if
(=P M(hY) + Pab, Py = (P, - M(KR)P + aRP)y

that is takes place, and so i) is equivalent to ii).
To prove that i) is equivalent to iii) observe that, adding and (60), the follow-
ing holds

w” = (hw)" + (WhRY,
which transforms (36) if we integrate requesting boundary conditions (54). Moreover, if

we subtract (59) and we arrive directly to (58). O
Remark 10. For the symmetric or Hermitian reductions we find that

LR(P) = (LL(PT))T, symmetric,

LR(p) = (LL(PT))T, Hermitian,

where in the last case we take x € R.
Moreover, the following are equivalent conditions

i) Equations
LX(P)=(LP)T, symmetric,

(61) L5(P) = (L(pT))T, Hermitian;

are satisfied by any matrix polynomial P, where £ := L".
ii) The matrix of weights W(z) satisfies the matrix Pearson equation (39) with the boundary

conditions
(62) Wlay = On, (W —20W)| 5y = 0N,
as well as fulfills the constraint
(@ = M)W =W(a" = M(h")), symmetric,
(@ = M(h))W =W(a" = M((h(2))")), Hermitian,

iii) The matrix of weights W(z) satisfies the boundary conditions (62) as well as
W” = 2(hW) +aW =Wa", symmetric,

(63) /
W” = 2(hW) +aW = Wa', Hermitian.
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5.2. Eigenvalue problems. Now we discuss a result that links our results based on the
Riemann-Hilbert problem with previous seminal results by Griinbaum and Duran [31, 32,
34,135]. The next theorem shows when the polynomials and associated functions of second
kind are eigenfunctions of a second order operator.

Theorem 5 (Eigenvalue problems for Hermite matrix case). Let h(2) and hR(z) be degree
one matrix polynomials, i.e.

h-(z) = Az + BY, mR(z) = ARz + BR, AL, AR BL BR ¢ NN,

with AL, AR negative definite, and W (z) a matrix of weights that solves (59), (60) subject to the
boundary conditions (54). Then, the following conditions are equivalent:
i) The operators L~ and LR are adjoint operators with respect to the matrix of weights W(z),
ie. LR = (LY.
ii) The biorthogonal polynomial sequences with respect to W(z), say {P,L,(z)}nez+, {P’?(Z)}nEZJ
are eigenfunctions of L~ and LR, i.e. there exist N x N matrices, A%, AR such that

(64) LN(PY) = 43P} LR(PR) = PRAR

n-n’ n‘n>’

with A\-C.1 = C;'AR, n e Z,.
iii) The functions of second kind, {Qb(z)},1€Z+ and {Q,'?(z)}nE%, associated with the biorthog-
onal polynomials, {P,';(z)}nez+ and {PE (z)}neZ+, Julfill the second order differential equa-

tions,
(65) (08)"(2) = 2(05) () A¥(2) + 05 (2) (@R = 24R) = 2L 01 (2).
(66) (OR)"(2) = 20 (2) (OR) (2) + (" - 24%) QR(2) = QR AR,
Proof. ii) implies i). If n # m
(LY(Py(2)) . PR(2w = 4Py (2) , Pr(2))w = Oy,
(PL(2), LR(PR(2)w = (P5(2) . PR(2))waAly = 0w ;
and forn=m

1 1
—(LY(PL(2)), PR(2yw = LG, —(PL(2), LRPR)w=C1AR, nez,
i i

which implies that (£LL(PL(2)), PR(2))w = (P(2), LR(PR(2))w, n.m € Z.,.
i) implies ii). Let us note that the space of matrix polynomials of a given degree is
invariant under the action of the operators £- and £R; hence

L/ plL L L
k=0
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Now, taking into account the biorthogonality of the sequences P- and PR with respect
to W and using that the operators £- and LR are adjoint operators we have

_ 1 1 _
A Gt = %<£L(Pb)’P/§>W = %@b,ﬁR(P;?»W =C AR Onks mom €L,

so it holds that £-(PL) = /l',;P,'; and also LR(PR) = /IEPE where ALC;1 = C71AR.

ii) implies iii) We return back to equations and (64) and see that

(M), Pr(2)] + HY 1, (2 PR(2) = Hi o, () Py (2) = =P(2) " + 4, Pi(2) .
Now, multiplying this equation on the right by W(z’)/(z — z’) and integrating along v,
taking into account the boundary conditions, we get

M(R"(2)) Q5 (2) = Qn(2) M(=h™(2)) + Hi 1, ()25 (2) = HI 5, ()2 1 (2)
= 0,(2) (247 - a™) + 4, 0;(2) .

Now, from we get (65). We have proved that if {P,%}n€Z+ satisfies a second order linear

differential equation the associated functions of second kind also does.
We have that

/M(,hL)(Z,)P,I;(z')W(z')dz' :/(AL)Q(Z')Q+{AL,BL}Z'+AL+(BL)2
y 7% y

- P,';(z')W(z’) dz,
7 -z

with the anticommutator notation {A, B} = AB + BA. Now, as

"2 n2 _ 2
/ (/Z) PL(YW(Z)dZ = /—(Z), < PL(YW(Z)d 7 + 2205 (z)
y2 =2 y -z

= / (& + )P (WW()dZ +2°0;(2)
Y
and, in the same way,

/ ,Z Pb(Z’)W(Z’)dZE/Z,_ZP,';(Z’)W(Z’)dz’HQb(Z)
y2' =2 7-z

Y

= /P,';(z’)W(z') d7 +205(2),

y
we finally obtain

L ’
[REE p i az = mo ok nzo,
Y

where we have used the orthogonality conditions for {P,';}n 7.~ We also have

Lyeoy _ oL Ry _ AR
y T =2 Y

7 -z
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= 0L(z2) M(hR)(z) - aP), n>2.

Using the same ideas we prove that

H- . (2)
1j.n / ’ ’ .
(67) /—Z,]_Z P,%_jﬂ(z)W(z)dz = 1M(Z)Qn +1(2), n>1,j=12.
Y

In fact, by definition (48) we know that the matrix polynomials Hi i ,(2') are of degree at
most one, i.e.

_ yLo L1 L,0 L1 NXN
ljn(z) Hl]n HlJn’ Hl]n’Hljn eC :

Summing and subtracting in (67) H1 .n(2) we get in the left hand side

<

Hij,n(Z’)
[ W az
'y _Z

n(Z’) - n(z)
= / 1 - lj ]+1(Z W(')dz + Hl s n(Z)QIV_l—J'H(Z) )
Y

77—z
hence, as
1]n(Z,)_ 1Jn( ) )
-z Ljn>

we arrive to

L ’

Lj,n(Z)PL /W(/d/_HL,O ( )W( )d H () L (

ZI_Z n_]+1(z) Z) Z = l,j,n ]+1 Z < Z + 11’1 Z Ql’l—j+1 Z)’

y

and by the orthogonality of {Pn el (z)},1€Z+ with respect to W(z) we get for j = 1,2, and
foralln=1,2,..., that (67) holds true.
From and taking into account that LR(PR) = PR AR we get

[PR(2), M(hR) ()] + PREDHT () = PR (2)HY |, (2) = =aR PR(2) + PR(2) AR .

Now, multiplying this equation on the left by W(z’) /(z—z") and integrate (using the bound-
ary conditions) over vy, we get

05 (2) M(h™)(2) = M(=h") (20 (2) + O (DHT 1 ,(2) = 0% 1 (DH3 1, (2)
= (24" - a") O} + QR A7,
and so, from we arrive to (66).
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iii) implies ii). Taking derivatives with respect to z we get, after integration by parts
and using the boundary conditions

e [PEOWE)
(Qn)(Z)—/y Tz

PL(z)W(Z ) 4 / (PL()W(Z )

(05)"(2) =2

, @-2% -z
Moreover,
WR() — KR iR
-2(Qy) (2)hR(z) =2 / PL(Z)W(Z) (Z,) @ 422 / P W) & )2 dz’
Y ( - ) Y ( )
PL YW (7 hR Y/
:2er_l(Z)AR_2/( 7 (2) ,(Z) @) 4
y 7 -z
Now, we plug all this information into (65) and deduce that
/ (PLY'W +2(PLy (W' = WhR) + PL(W” — 2(WhR)') + Wa/R) /l"/ PLw 1
-z )7 -z <

by the hypothesis over W we get

/(P,b"(z')+2<P,%>'<Zz:>_ia;<z'>+P,% @ = Py a0
Y

Hence, we get that {P,Ll}n€Z+ satisfies (64). Using analogous arguments it can be proven
that the equation (66) for {OR} implies that {P,Ff}n€Z+ satisfies (64). o

nez,

Let us emphasize that the results in iii) in the previous Theorem regarding the second
kind functions, {Ql‘l}n€Z+ and {Q,'f}n€Z+ are, to the best of our knowledge, completely new.
Moreover, from Theorem |4, we see that W in Theorem [5| can be taken as a solution of a
Pearson-Sylvester differential equation given by (36) and that satisfies (58).

Remark 11. For the symmetric or Hermitian reductions we take h(z) = Az + B, with A definite
negative, and W(z) a matrix of weights a solution of (63) subject to the boundary conditions (62).
Then, the following conditions are equivalent:

i) Equation is satisfied.

ii) The matrix orthogonal polynomials with respect to W (z) are eigenfunctions of L.

iii) The functions of second kind, {Q, (z)}n ez,» associated with the matrix orthogonal polyno-

mials, {P”(Z)}n€Z+ Julfill the second order differential equations,

(@n)"(2) = 2(Qn) (2) (h(2))" + Qn(z) (@" = 24T) = 2, O (2), symmetric,
(Qn)”(Z) - Q(Qn),(Z) (h(Z)"+ 0,(z) (@' = 24T) = 2, 0,.(2), Hermitian.
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The equivalences, described in the previous remark, excluding the one for the second
kind functions (which is new), coincide with those of [32]. Therefore, these results could
be understood (in the sense the biorthogonality includes Hermitian and non Hermitian
orthogonality) as an extension of those by Duran and Griinbaum to the non Hermitian
orthogonality scenario.

6. NONLINEAR DIFFERENCE EQUATIONS FOR THE RECURSION COEFFICIENTS

Using the Riemann-Hilbert approach we will derive in this section nonlinear matrix
difference equations fulfilled by the recursion coefficients. We will consider three different
possibilities for the Pearson equations satisfied by the matrix of weights.

6.1. Nonlinear difference equations for Hermite matrix polynomials. We now ex-
plore the simplest case when max(deg h5(z), deg hR(z)) = 1 in full generality. We take

ht(z) = Atz + BY, hR(z) = ARz + BR,

for arbitrary matrices AL, BL AR BR ¢ CN*N with AL, AR definite negative matrices. Thus,
the matrix of weights W(z) is a solution of the following Pearson equation (a Sylvester
linear differential equation)

W' (z) = (A z + BHW(2) + W(2)(ARz + BF).

For simplicity we take ¥ = R. Hence, the structure matrices have, cf. and (38), the
following form

B +[pl .AY]  claRsatcy!
AR|

b

L
68) ME@)=Az+Ky, A= [0 O, K=

~Cua AL-ARC, .y -BR-[q} .

The Sylvester differential system for the left fundamental matrix is
Loy o [vheay [A=+B-  on H | [pheat] ctaReatcy
(Y}’L (Z)) + [Yﬂ (Z)a [ ON —ARZ—BR - _CnilAL_ARCnil _ [qi’nil’AR] Yn(Z), l’l E Z+,

that is, for all n € Z,,

(69) (PEY + | Prabz+ BY] = [pl, A% Pk = (G AR + ARG G PE,
(70) Co1(01) = | Caa QL1 ARz + BR] = (Cpa At + ARG, 1) 0% - [4),, AR] Cor 0L
(71)  Cpo1(P-_ ) + Cpo1Py1 (Atz + BY) + (ARz + BR) €1 PE

= (Ca1 A"+ ARC,1) Py - [q 1. AR|Cuca Py,

(72) (0 - 0y (ARz+ BR) — (A'z + BY) QL = [pyi. AY|OF — (G, P AR + ARG ) Comn OF_ .
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Taking the (n—1)-th z power of the (69), the —n-th of (70), the —(n —1)-th of and the
—(n+1)-th of we get, for all n € Z,,

nly + [pL . B'] + [p{ . A"] = [PLW | pa = (G AR + ARG G,
nly + [qn 1’BR] + [an 1’AR] Crr A" +ARCn—1)C;1 + [qi,n—l’AR]qtn—l’
Cp1B" + BRCyoy + Coca [, AY] Co1A"+ ARC,L1)BL_ a1 AR Coer,
BRC, +C,B" + [q . AR]C, :—Cn[ptn,AL] - (ARG, + C,AY) By

After some cleaning we reckon that the system is, for all n € Z,, equivalent to

n—1
1- |85 8- | ) phat| + ats
k=0

=c;lc,.1At - c L ARc, - Alc

n+1 n+1C + C IAR Cn 1
n—2
<
Cn—lBL + BRCn—l - Cn—l [ Zﬁ]lz, AL]
k=0

[

3

=~ (CaaA" + ARG, )8, - | Y uptco ™ aR|Cp.

T
[en}

6.2. A matrix extension of the alt-dPI. We now discuss the case max(h',;(z), h,'?(z)) =2,
but we perform a strong simplification as we take AR = Oy and At = A + uz + vz2, with

A, u,v € CNN arbitrary matrices but for v being negative definite nonsingular matrix.
Thus, the Pearson equation will be

(73) W' (2) = (A + pz +vz*)W(2).

We obviously drop off the notation that distinguish left and right polynomials and only
describe the results for the left case. The integrals are taken along v, a smooth curve for
which we have a simple Riemann—Hilbert problem as depicted in the following diagram:
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@)

Branch of the hyperbola 3x? — y? = 3

The structure matrix, cf. (37), is a second order polynomial M,(z) = M 7> + Mz +
M? with

o_|v On L u=[v.pl] vCi!
Mo =loy ox] MW= cv 0 |
2 = [ﬂ—[ﬁ,p},]—[v,pi]+V(p%)2—pivpi+vc;1Cn_1 (k= [v.pa] +78a) G|
" —Ln-1 (ﬂ +p,11_1v - Vp;%) —Cy-1v Cn_l

Proposition 9 (Matrix alt-dPI system). The recursion coefficients By, yn of the matrix orthog-
onal polynomials with matrix of weights a solution of the Pearson equation are subject to the
Jollowing system of equations, for all n € Z,,

—_

N

(74) (1+ [y 2 B + 7B+ Bus) Jaes = =(n+ DL,

i
=

(T5) Ay (v + B) = b+ |1 Y B (v + )

T
[en)
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Proof. Given the asymptotics about oo,
—Co0n(2) = Inz " 4 gz

-n-1

we read the coefficient of z coming from

Cn-10;,_1(2) = =My 1(2)0n(2) + M5 5(2) Cu-10n-1(2) ,
with Mj} | = ~Cy_1vz = Cy (u+pl v—vp,), M3, = ~C,-1vC; 1, we get (74); and from
0,(2) = M, 04(2) = M7 5(2) oo Q1 (2),
with
My = v+ (= [voph])z+ (A= [wp] = [v. p2] +v(ph) +vC Coct — piv pl)
M, = vClz+ (u=[v.pp] +vBa)Cy
we deduce (75) from the 7" Lcoefficient. O
Another form of writing this result is

Proposition 10 (Matrix alt-dPI system). Given matrix orthogonal polynomials with matrix of
weights W (z) supported on 7y, a solution of the Pearson equation (73)), the recursion coefficients vy,
can be expressed directly in terms of the recursion coefficients 3,,, for alln € Z.,

yust = =(n+1)(B+ [y,nz_lﬁk] v Bt Burn))
k=0

The coefficients 3, fulfill, for all n € Z,, the following non-Abelian ali-dPI,

n—-1
At (vt + B2) = B+ [ B, ) B | (I + )
k=0
n-1 n—-1 n-1
wn ) vm= DL BB+ v B Y Be=0n
m=1 0<k<m<n-1 k=0 k=0

Proof. From we get the vy, in terms of ,, plugged this relation into the second one
gives the following nonlinear equation for the matrices ,. m]

If we assume that v = —I as expected strong simplifications occur. In the first place we
find that

Yn+l = —(fl + 1)(# _ﬁn _IBn+1)_1,

and, secondly, we derive the following simplified version of a non-Abelian alt-dPI equation

n—-1
- ﬁrzl +n(B = Bn-1 +,8n)_1 +(n+1)(u =P _ﬁn+1)_1 — UfBn = _[ﬂ’ Zﬁk] (IN +,8n)
k=0
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Moreover, when we choose v = - and u = Oy the non local terms disappear and the
equation simplifies further to

_n(ﬁn—l +,Bn)_1 - (” + 1) (IBn "'ﬁn+1)_1 +/3,% = A
Let us remind the reader how the alt-dPI equation appeared for the first time. Going back
to the scalar context, in Magnus’ work [55], associated with the weight functions solution
of the Pearson equation W’(z) = (z% +t)W(z), we can find the following scalar alternate
discrete Painlevé I system

Vi + VYntl +,82+t:0,
n+vyn (,811 +ﬁn—1) =0,

which can be written as
n n+1

BntBn-1 Bn+Bns
6.3. The matrix dPI system. We now increase further the degree of the polynomials
appearing in the Pearson equations. We consider the case with max(h,';(z), hs(z)) = 3, but
we perform a strong simplification we take AR = Oy and At = uz + vz3, with u,v € CVV
arbitrary matrices but for v being negative definite nonsingular matrix. Now we take y = R.
Observe that we have non taken the more general possible polynomial of degree three,
but an odd one, with well defined parity on z, this simplifies widely the computations.

The associated Pearson type equation for a matrix of weights of Freud type:

(76) W'(2) = (uz + vz )W(2)
The structure matrix, cf. (37), is a third order polynomial, that we write as follows
My(z) = M2 + M 22 + M2z + M>?

+,6’,2l+t:0.

with
0 0 c!
MO — 4 N i Ml — N M n ,
" 10n On "o =Chaan Oy
2 _ [v+1pi vl +uC Con O 3 On &Gyt
M = -1 5 M = N
" On -Cp-1vC, " —-Cp1én1 Opn

where &, = u+ [p2,v] +v(C,1Cpo1 + C 1L Cy), 0 € Z,
With this at hand we find.

Proposition 11 (Matrix dPI equation). The recursion coefficients y, of the matrix orthogonal
polynomials with matrix of weights satisfying the Pearson equation Sulfill the following non-
Abelian dPI equation

—

(,u +V(Yns2 + Vel +¥n) + [V, )/k])yn+1 =—(n+1)I, nez,.
i

S

=~
Il
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Proof: Compare the coefficients of z7~! in the ODE for the second kind functions we get
directly (without additional computations) the MdPI equations for the three term relation
coeflicients of {Pn(z)} O

nez,"

Notice the appearance again of non local terms, that disappear if we take v = —/ and
the matrix dPI reads

Yo+l = n)’;1 —Yn~VYn-1— M, ne Ly,
which was derived in the matrix context for the first time in [16] and the confinement of
singularities for this relation was proven in [17, [16], see also [43]. In 1995, Alphonse P.
Magnus [55] for the Freud weight satisfying the Pearson equation W’(z) = —(z%+2tz) W(z)
presented the following scalar discrete Painlevé I equation

Yn(Yne1+ Vn + Yus1) + 20y, = n.
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