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Abstract: In this article, we prove an orthogonal decomposition theorem for real inner product
gyrogroups, which unify some well-known gyrogroups in the literature: Einstein, Mo6bius, Proper
Velocity, and Chen’s gyrogroups. This leads to the study of left (right) coset partition of a real inner
product gyrogroup induced from a subgyrogroup that is a finite dimensional subspace. As a result,
we obtain gyroprojectors onto the subgyrogroup and its orthogonal complement. We construct
also quotient spaces and prove an associated isomorphism theorem. The left (right) cosets are
characterized using gyrolines (cogyrolines) together with automorphisms of the subgyrogroup.
With the algebraic structure of the decompositions, we study fiber bundles and sections inherited by
the gyroprojectors. Finally, the general theory is exemplified for the aforementioned gyrogroups.
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Gyrogroups are a suitable generalization of groups, arising from the study of the parametrization
of the Lorentz transformation group made by Ungar in [1]. A vast and comprehensive collection of
results about gyrogroup theory was compiled by Ungar in the books [2] and [3] (see also the vast
list of references therein). Gyrogroups share remarkable analogies with groups. In fact, every group
forms a gyrogroup under the same operation. The three main gyrogroups associated with analytic
hyperbolic geometry are Mobius, Einstein, and Proper Velocity gyrogroups (see [3]). Each of them
has a gyrovector space structure that enables to treat analytic hyperbolic geometry similarly as in the
Euclidean case. Factorizations of Mobius gyrogroups were first studied in [4,5]. These factorizations
were used for defining continuous wavelet transforms on the unit sphere, associated to appropriate
sections in the quotient Mobius gyrogroup [6]. This makes use of strong connections between Mobius
transformations, Clifford algebras, and gyrogroups. It can be seen that the gyrogroup structure is
important in order to factorize the unit ball of n-dimensional Euclidean space R" and to obtain sections
that allow defining dilation operators on the unit sphere ([6], Section 4). Recently, in [7], the authors
rediscovered gyrodecompositions in the Mobius gyrogroup and incorporated the gyrovector structure
in their study, however, they did not refer to previous results obtained in [5]. Using the notion of
L-subgyrogroups, Suksumran and Wiboonton studied the factorization of abstract gyrogroups, similar
to the case of groups [8], and applied the theory to a finite gyrogroup. As it is shown in this paper,
their theory does not apply here.
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publication is available via https:/ /www.mdpi.com/2073-8994/12/6/941
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The aim of this paper is to give a general theory for real inner product gyrogroups that encode a
real gyrovector space structure imposing only two conditions (see Section 2). In this way, we unify the
factorization theory for some well-known gyrogroups in the literature that are examples of real inner
product gyrogroups such as Einstein, Mobius, Proper Velocity, and Chen’s gyrogroups. Our results
can be used for constructing orthogonal gyroexpansions with respect to any orthogonal basis in a real
inner product gyrogroup, or in the construction of integral transforms such as the wavelet transform
on some manifolds, such as the sphere, the ball, or the hyperboloid.

The structure of the article is organized as follows. In Section 1, we review the basic theory of
gyrogroups and gyrovector spaces. In Section 2, we examine orthogonal decompositions of real inner
product gyrogroups and construct left and right coset spaces, gyroprojectors, quotient gyrogroups, and
give a geometric realization of the cosets using gyrolines and cogyrolines of the gyrogroup. In Section 3,
we examine fiber bundles and sections of real inner product gyrogroups inherited by the gyroprojectors.
In Section 4, we present concrete prominent examples of real inner product gyrogroups: Einstein,
Mobius, Proper Velocity, and Chen’s gyrogroups and state several theorems obtained as consequences
of the general theorems given in previous sections.

1. Preliminaries

Definition 1 (Gyrogroups). A nonempty set G, together with a binary operation @ on G, is called a gyrogroup
if it satisfies the following axioms.

(G1) There exists an element 0 € G such that 0@ a =aforalla € G.
(G2) Foreach a € G, there exists an element b € G such that b @ a = 0.
(G3) Foralla, b € G, there is an automorphism gyr|a, b] € Aut G such that

a®(bedc)=(adb) P gyrfa,blc (left gyroassociative law)

forallc € G.
(G4) Foralla, b € G, gyr[a® b,b] = gyr|a, b]. (left loop property)

It can be proved that the element 0 in (G1) is also a right identity and is unique, called the
gyrogroup identity. Further, the element b in (G2) is also a right inverse of a and is unique, called the
inverse of a, written ©a. A gyrogroup (G, @) is said to be gyrocommutative if it satisfies the following
gyrocommutative law:

a®b = gyrla,b](bda) 1

foralla,b € G.
To capture useful analogies between gyrogroups and groups there is defined as a second binary
operation in G, called the coaddition, which is denoted by H and given by

aBb=a®gyrla,oblb 2)

foralla,b € G (cf. Definition 2.7 of [2]). We have also thataBb = a H (&b).
The main cancellation laws in a gyrogroup (G, &) are

a@(Cadb)=0 left cancellation law ©)]
(boa)BHa=10 first right cancellation law 4)
(bBa)da=0b second right cancellation law. ®)

Using the left gyroassociative law given in (G3) and the left cancellation law (3) we can write the
following gyrator identity
gyr(a,blc=0(a®db)® (a® (bDc)) (6)



3 of 37

from which it follows that gyr[a, b]0 = 0, i.e., gyrations are gyroautomorphisms of G that preserve the
identity element.
The next theorem shows the unique solution of the two basic gyrogroup equations.

Theorem 1. (see [2]) Let (G, &) be a gyrogroup, and let a,b € G. The unique solution of the equation
a®x=">is x =06a®db, and the unique solution of the equation x a =b is x =bHa.

Definition 2 (Real inner product gyrovector spaces, [2]). A real inner product gyrovector space (G, ®, ®)
(gyrovector space, in short) is a gyrocommutative gyrogroup (G, @) that obeys the following axioms:

(A1) G isasubset of a real inner product vector space V, G C V, from which it inherits its inner product - and
norm || - ||, which are invariant under gyroautomorphisms; that is,

gyr[u,vla- gyrju,vlb=a-b

foralla,b,u,v € G.
(A2) G admits a scalar multiplication ® satisfying forallr,r1,12 € R,a € G,

V1) 1®a=a
V2) (n+n)a=rnaidrnea
(V3) (nmn)®a=rno (nea)

Ir| ®@a a
V4 =
[reall lall

V) gyrluol(r @a) = r @ gyrlu, la
(V6) gyr[ri ® v,r2 @ v| = I, 1 is the identity map

(A3) Theset ||G|| = {%||a|| : a € G} admits a real vector space structure (||G||, ®, ®) such that
V7) llr@a| = |r| @ |lall
(V8) lla@b| <|lall @ b

foralla,b € G,r € R.

Unlike in the vector case, gyroaddition @& does not in general distribute with scalar multiplication.
However, gyrovector spaces possess
a monodistributive law given by

r(Meadrnead) =re(rMea)dre (rnea)

forallr,r1m € R,a € G.
The motions of a gyrovector space (G, ®, ®) are all its left gyrotranslations L, : x — a @ x, where
a,x € G,and its automorphisms T € Aut(G, ¢, ®) satisfying

T(a@b) =1(a) @ 1(b) (7)
T(r®a) =r®1(a) (8)
T(a-b) =7(a) T(b) )

foralla,b e G,r € R.
A gyrovector space is a gyrometric space with a gyrodistance given by

dg(a,b) =||bSal, VabeG (10)
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that satisfies the gyrotriangle inequality (see Theorem 6.9 in [2]):
lcoal <|cebl|@|beal, Vabced. (11)
Moreover, a gyrovector space is also cogyrometric with a cogyrodistance dg(a, b) given by
dgm(a,b) = ||bBa|, VabeG (12)
that satisfies the cogyrotriangle inequality (see Theorem 6.11 in [2]):
laBgyr[aBb,bBcc|| < |[aBb||B|bBc|, Vab,cecG. (13)

Curves on which the gyrotriangle inequality reduces to an equality are called gyrolines, while curves
on which the cogyrotriangle inequality reduces to an equality are called cogyrolines.

Gyrolines and cogyrolines play an important role in hyperbolic analytic geometry regulated by
the gyrovector space structure. For distinct elements 2 and b in G, the two distinct hyperbolic line
expressions are defined by

L3={ad(t®b):t R} Gyroline or the hyperbolic line,

14
L*={(t®b)®a:teR} Cogyroline or the hyperbolic dual line. (9

Gyrolines and cogyrolines are uniquely determined by any two distinct points contained by them.
Therefore, expressions in (14) can be replaced by

Lf,b ={ad(tx(cadb)):teR} Gyroline passing throughaatt =0and batt =1,
Ly ={(t®(bBa))®a:t R} Cogyroline passing through aatt =0and batt = 1.

Several properties of gyrolines and cogyrolines are discussed in ([2], Chapter 6). Among them we
mention the following properties of gyrolines:

P1. Two gyrolines that share two distinct points are coincident. (Theorem 6.20)
P2. A left gyrotranslation of a gyroline is again a gyroline. (Theorem 6.21)

P3. For T € Aut(G), itholds that T7(a @ (t ® b)) = Ta & (t ® Tb). (Theorem 6.37)
P4. Gyrolines are gyrogeodesics. (Theorem 6.50)

Cogyrolines are natural objects in gyrovector spaces and also have important properties. We mention
the following:

P5. Two cogyrolines that share two distinct points are coincident. (Theorem 6.53)

P6. Cogyrolines admit parallelism. (Theorem 6.65)

P7. The cogyrotranslation Bd of the cogyroline (f ® b) @ a is again a cogyroline, thatis, ((t ® b) &
a) Bd is a cogyroline. Moreover, the cogyroline and the cogyrotranslated cogyroline are parallel.
(Theorem 6.66)

P8. Cogyrolines are cogyrogeodesics. (Theorem 6.78)

For the basic theory of gyrogroups and gyrovector spaces the interested reader is referred to [2,3,9].
Next we present the definition of subgyrogroups and L-subgyrogroups.

Definition 3. [8] Let (G, ®) be a gyrogroup. A nonempty subset H of G is called a subgyrogroup, denoted by
H < G, if H forms a gyrogroup under the restriction of the operation inherited from G and for all a,b € H,
the restriction of gyr|a, b] to H is an automorphism of H.
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Theorem 2. [8] (The subgyrogroup criterion) A nonempty subset H of G is a subgyrogroup if and only if
a®bec Hand ©a € Hforalla,b c H.

The notion of L-subgyrogroups was introduced in [8].

Definition 4. A subgyrogroup H of G is said to be an L-subgyrogroup, denoted by H <; G,ifgyrja,h|H = H
foralla € Gandh € H.

For more details about factorization of gyrogroups by L-subgyrogroups, Cayley’s Theorem, and
isomorphisms theorems, see [8].

2. Orthogonal Decompositions

Trying to be as general as possible we define next a real inner product gyrogroup contained in a real
inner product space using the general addition (15).

Definition 5 (Real inner product gyrogroups). A gyrogroup (G, &) contained in a real inner product space
(V,+,-) is called a real inner product gyrogroup if it contains the zero of V as the gyrogroup identity and the
binary operation & is given by

a®b=¢i(a,b)a+ ¢2(a,b)b (15)

foralla,b € G, where ¢;: G x G — R is a map with ¢p;(a,Sa) # 0 foralla € G, i = 1,2, and & satisfies
the gyrogroup axioms. Moreover, we say that the real inner product gyrogroup (G, ®) admits orthogonal
decompositions if the following additional conditions are satisfied:

(H1) Forallv € V, if ||v]| < ||a|| for somea € G, thenv € G.

(H2) Forall ¢1,cy € G such that c1 4¢3 € G and ¢q - c; = 0, there exist nonzero scalars Ay = A (c1,¢2) € R
and Ay = Ay(c1,¢2) € Rsuch that (x = Ajc1,y = Ayca) € G x G is the unique solution of the system
of equations:

X,Y)x = ¢
{‘Pl( y) 1 16)

(X, y)y = 2

We remark that since the general addition a @ b defined in (15) satisfies the gyrogroup axioms
of Definition 1 then the functions ¢; and ¢, have to satisfy some functional equalities and relations.
In particular, since, 0 b = band a® 0 = g, for all 4,b € G, then it implies that ¢;(4,0) = 1 and
$2(0,b) =1, foralla, b € G. Regarding the conditions (H1) and (H2), the first condition says essentially
that G consists of a ball with finite or infinite radius in the carrier space V, while the second condition
allows us to obtain orthogonal decompositions of G, and corresponding left and right cosets of G.
Concrete prominent examples of real inner product gyrogroups that admit orthogonal decompositions
are exhibited in Section 4: Euclidean Einstein, Mobius, Proper Velocity, and Chen’s gyrogroups.

Throughout the remainder of this article, we assume that (G, @) is a real inner product gyrogroup
contained in the carrier inner product space (V, +, -) satisfying conditions (H1) and (H2).

2.1. Unique Decomposition and Orthogonal Gyroprojections

Let P be a finite-dimensional linear subspace of V and let P+ be its orthogonal complement in V
(thatis, V = P @ P+ is an orthogonal direct sum). Define

Pc=PNG and P =PiNG. (17)
Theorem 3. If P is a finite-dimensional subspace of V, then P and PZ are subgyrogroups of G.

Proof. Note that Pg # @ since 0 € P;. Leta,b € Pg. Thena,b € Pand a,b € G. By (15),a®b € P
since P is closed under vector addition. By the closure property of G,a ®b € G. Hence, a® b €
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Ps. Note that 0 = a @ (©a) = ¢1(a, ©a)a + ¢2(a, ©a) © a, which implies ©a = —Ma since

4)2(61, @ﬂ)
¢2(a,0a) # 0. Hence, ©a € P and so ©a € Pg. This proves that Pg is a subgyrogroup of G. Since

the proof does not make use of the assumption of being finite-dimensional, we conclude that P is a
subgyrogroup of G as well. O

According to Definition 4, Pg is an L-subgyrogroup if gyr[a,h|Pc = Pg, for all a € G and
h € Pg. Since gyrations are isometries of (G, ®, ®) that preserve the norm inherited from (V, +, ),
the only gyrations that preserve Pg are from the automorphism group of P;. Hence, Pg is not an
L-subgyrogroup.

A first fundamental result that we are going to show is the conditions under which the addition
@ in a real inner product gyrogroup is associative.

Theorem 4. Let a,b,c € (G,®,®). Thena® (b®c) = (a®b) @ cifandonlyifa-c=0andb-c=0or
a=A®Dbforsome A € R.

Proof. By the left gyroassociative law we have
a®(b®dc)= (adb)®gyr[a,blc.

We know that isometries of a real inner product space (V,+, ) that fix the origin and an arbitrary
element c are the isometries that belong to a linear subspace orthogonal to c or the trivial isometry
(identity isometry) that belongs to a one-dimensional linear subspace of V. Therefore, since gyrations
of (G, ®, ®) are isometries in the carrier space V, it follows that gyr[a, b]c = cifand only ifa-c =0
andb-c=0ora = A®Dbforsome A € R, ie,, either a and b belong to a linear subspace orthogonal to
coraand b are in a given one dimensional linear subspace. Note that by axiom (V6) in Definition 2 it
follows that gyr[a, A ® a]=1. O

The following theorem shows that any real inner product gyrogroup G can be decomposed into
gyrosums of P; and P2, where P is a finite-dimensional subspace of the carrier space V.

Theorem 5 (Unique Decomposition). Let P be a finite-dimensional subspace of V. For all ¢ € G, there are
unique elements a,u € Pg, b,v € Pé- such that

c=a®b and c=vdu. (18)

Proof. Let c € G be arbitrary. SinceG C VandV =P ® P+, it follows that ¢ = ¢; + ¢, with¢; € P
and ¢ € P*. Note that [[c||* = [l + c2]|* = [|e1]|* + [[e2[|*. Hence, [[e1]| < [|c]l and [lea]| < e]-
By hypothesis (H1), c; € Gand c; € G. Since ¢c; + ¢ = ¢ € G and ¢; - ¢ = 0, we have by hypothesis
(H2) that there exist scalars Ay = A1(c1,¢2), A2 = Az(cq,¢2) € Rsuchthat (x = Ajeg,y = Axen) € GX G
is the unique solution of the system of equations:

{Gbl(xry)x =0

. 19
$2(x,y)y = 2 (49

Seta = Aqci and b = Aycy. Thena € Pgand b € PGl. Furthermore, we obtain

a®b=¢i(a,b)a+ ¢a(a,b)b
= P1(Aic1, Aaca)Aqcq + Pa(Arc1, Aaca) Azcr
=1+ C2

=C.



7 of 37

To prove uniqueness of the factorization, suppose that c = o’ ® b’ with a’ € P, b’ € P4 Then
c1+c=¢1(d,b)a + pa(d, b)Y

and so ¢; = ¢y (a’,b')a’ and c; = ¢y (a’, b' )V’ since the sum P @ P is direct. It follows that (a’,b’) is a
solution of (19). Hence, a’ = Ajcy = aand b’ = Aycp = b.

Similarly, c; +¢; = ¢ € Gand c; - ¢; = 0 together imply by hypothesis (H2) that there exist scalars
Az = Asz(cq,c2) € Rand Ay = Ay(c1,c2) € Rsuch that (x = Azcp, ¥ = Agcq) € G X G is the unique
solution of the system of equations (19). Regarding the first decomposition it is immediate to see that
As(cq,¢2) = Aq(ca, 1) and Ag(cq, c2) = Aa(ca, c1), with the order of ¢; and ¢, being changed in A1 and
As. Setv = Azco and u = Aycq. Thenu € Pg,v € Pé-, and ¢ = v ® u. Uniqueness of the factorization
can be proved in the same way. [

We remark that the proof of the uniqueness of Theorem 5 could also be made using Theorem 4.
Corollary 1 (Orthogonal Decompositions). The following orthogonal decompositions of G hold:
G=P;®P: and G=Pi oD

Using Theorem 5, we can define orthogonal gyroprojections of the gyrogroup (G, @) onto the
subgyrogroups P and PZ, with respect to the decompositions G = Pg & P& and G = PZ & Pg. In fact,
each element ¢ € G admits the unique decomposition ¢ = ¢y 4+ ¢ = ¢ 4¢3, withc; € Pgand cp € Pé-
and according to Theorem 5 four orthogonal gyroprojectors can be defined:

Pl:G=P;®PE = Ps, Pc)=Ai(cr,ca)cy,

Q:G=P;aPs = P5, Q(c)=Acr,c2)cr, 20)
ol:G= P(J;‘ ® Pg — Pé‘, Qf(c) = As(c1,¢2)c0 = A1(co, c1)ca,
P':G=PF®P;— P, P(c)=M(c1,c2)c1 = Aa(ca,c1)cn,
such that
c=P)®Q(c) and c=Qc)®P (c), (1)

where the superscripts ¢ and r stand for “left” and “right” and indicate that the gyroprojection is on
the left or on the right of each decomposition. The following identities hold immediately:

(P2 =P, (PP=P, (&)P=0, ()P=¢. (22)
Moreover, we obtain the following orthogonal gyrodecompositions:
I=P'®Q and ZI=0'@P. (23)
Corollary 2. Foralla € Pg and b € P2, we have

Plla®b)=a and Q (a®b) =D,

(24)
P(b@a)=a and Q'(bda)=b.

Proof. By (15) and Theorem 5 we have

a®b=¢i(a,b)a+ ¢a(a,b)b = A1(¢p1(a,b)a,¢z(a,b)b)p1(a,b)a & Ay($p1(a,b)a, ¢2(a,b)b)da(a,b)b
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which implies by the Unique Decomposition Theorem (Theorem 5) that

{ A (@1(a,b)a, ¢o(a,b)b)¢r (a,b)a = a o)
Aa(p1(a,b)a, pa(a,b)b)da(a,b)b = b
Hence, using the definition of the gyroprojections (20) and (25) we obtain the identities
Plla®b)=a and Q' (a®b)=b.
Using similar reasonings we obtain also
P(b®a)=a and Q'(bda)="0. 0

By Corollary 1 the gyrogroup (G, ®) has two unique decompositions G = P & PZ and G =
PZ @ Pg. The relation between them is given more precisely in the next theorem.

Theorem 6. Let a,b € (G,®) such that a-b = 0. Then there exist nonzero scalars p1(a,b) and yy(a,b)
such that

a®b=puy(a,b)b® uz(a,b)a. (26)
Proof. Leta,b € G such thata L b. Then by (15) we have
a®b=¢i(a,b)a+ ¢y(ab)b.

Consider now ¢; = ¢1(a,b)a and ¢, = ¢»(a,b)b. Then c; L c; and by Theorem 5 there exist nonzero
scalars A3 = A3z(cq,c2) € Rand Ay = Ay(cqy, c2) € R such that

a®b = Az(cy,c2)c2 @ Ag(cr,c2)c
= As(p1(a,b)a, ¢a(a,b)b)pa(a, b)b + Ay(p1(a,b)a, ¢2(a,b)b)1(a, b)a.

Taking
{ H1 (ll, b) = /\3(4)1 (ll, b)a/ 4)2(“/ b)b) (Pz(()l, b) (27)
p2(a,0) = Ay(p1(a,b)a, p2(a,b)b) ¢1(a, b)
we obtain (26). [
Corollary 3. Foralla € Pg and b € P2, we have
Plb@a) =y (b,a)a and Q' (b®a) = (b, a)b, 28)
P (a®b) = uy(a,b)a and Q'(a®b) = uy(a,b)b.
Proof. From Theorem 6 we have:
Plb@a) = P(u(b,a)ad ua(ba)b) = pi(b,a)a,
Q(b@a) = Q(ui(ba)ae® px(b,a)b) = pz(b,a)b,
Pa®b) = P'(u1(a,b)b® pa(a,b)a) = pa(a,b)a,
Ql(amb) = Q'(ui(a,b)b® ua(a,b)a) = wi(a,b)b O

2.2. Left and Right Coset Spaces

Let H be a subgyrogroup of G. In contrast to groups, the relation

a~"b  ifand only if CadbeH
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does not, in general, define an equivalence relation on G. In [8] this relation was modified to
a~1b  ifand only if ©a®be H and gyr[oa,b|H = H

obtaining an equivalence relation on G and leading to the notion of L-subgyrogroups. Since in
our case P is not an L-subgyrogroup, we cannot apply the results in [8]. In the case of real inner
product gyrogroups that have attached a gyrovector space structure we are going to show that the
gyroprojection Q° (respectively, Q") induces an equivalence relation on G so that G can be written as a
disjoint union of left (respectively, right) cosets with representatives from PZ.

Let P be a finite-dimensional linear subspace of V. Define ~, by

a~yb ifandonlyif ©Q'(b)®ac Pg (29)
foralla,b € G.
Theorem 7. The relation ~ defined by (29) is an equivalence relation on G.

Proof. Leta,b,c € G.

(Reflexive property) Since a = Qf(a) @ P’ (a), it follows from Theorem 1 we have ©Q'(a) ®a =
P’(a) € Pg. Hence, a ~y a.

(Symmetric property) Suppose that a ~ b. Then ©Qf(b) @ a € Pg and so there is an element ¢ € Pg
such that ©Q/(b) @ a = c. This implies a = Q' (b) @ c. It follows that Q' (a) = Q¢(Q'(b) ® c) = Q*(b).
Since b = QY(b) ® P’ (b), then we obtain from Theorem 1 that ©Qf(b) @ b = P’ (b). Therefore,

oQ'(a)®b=oQ"(b) ®b=P'(b) € Pg.

Hence, b ~ a.

(Transitive property) Suppose that a ~y b and b ~; c. It follows that Q(a) = Q(b) and Q'(b) =
Q'(c), as proved in the previous paragraph. Since ©Q’(a) © a = P’ (a), we obtain that ©Q(c) ©a =
©Q%(a) ®a = P’(a) belongs to Pg. Hence, a ~yc. [

For each b € G, we denote by [b], the equivalence class containing b determined by the relation ~.
Lemma 1. Forallb € G, [b], = Q'(b) @ Pg, where
Q' (b) & Pg = {Q'(b) ®u: u € Pg}.

Proof. Let x € Q'(b) ® P;. Then x = Qf(b) @ u for some u € Pg. By the left cancellation law we
have @Qf(b) ®x = u € Pg, thatis, x ~y b, which implies x € [b],. To prove the reverse inclusion,
let x € [b];. Then x ~ b, that is, ©Qf(b) @ x € Pg. Then, there exists an element u € Pg such that
©Q!(b) ® x = u. Hence, by the left cancellation law we have x = Q(b) @ u, thatis, x € Q(b) @ Pg.
Thus, [b], = Q‘(b) ® Pg. O

Theorem 8. Let P be a finite-dimensional linear subspace of V. Then the collection
{b@Pg:bePE}

is a disjoint partition of G, that is,

G=|J ba®Pg). (30)

L
beP;
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Proof. According to Lemma 1, we know that for all b,v € Pé-, either b @ Pg =v@® Pgor (b®d Pg) N
(v@ Pg) = Dsince b @ Pg = [b]; and v & Pg = [v]y. Hence, the union in (30) is disjoint. It is clear that
b®P; # Dsinceb € b® P forall b € Pé. Let x € G. By Theorem 5, x = v @ u for some v € P&,

u € Pg. Hence,x € v P C | J (b® Pg). This proves G C | (b@® Pg) and so equality holds. [
beP: bePt

Denote by (G/Pg, ~¢) the set of all equivalence classes obtained by the equivalence relation ~.
By Lemma 1 and Theorem 8 the coset space (G/Pg, ~¢) represents the collection {b & Pg: b € P& }.

Corollary 4. The set (G/Pg, ~y) is a left coset space of G whose cosets are of the form b & Pg with b € P

Next, we present the right counterpart of Theorem 8 defining first the equivalence relation that
leads to the construction of the right cosets.
Let P be a finite-dimensional linear subspace of V. Define ~, by

an~pb ifandonlyif aBQ'(b) € Pg (31)
foralla,b € G, where a8 Q" (b) = a B (69" (b)) and H stands for the coaddition in G defined in (2).
Theorem 9. The relation ~, defined by (31) is an equivalence relation on G.

Proof. Leta,b,c € G.

(Reflexive property) Since a = P*(a) @ Q' (a), it follows from Theorem 1 that P!(a) = a B Q' (a).
Hence, a8 Q" (a) € Pg and soa ~; a.

(Symmetric property) Suppose that a ~, b. Then 1 5 Q"(b) € P; and so there is an element ¢ € Pg
such that a B Q" (b) = c. This implies a = ¢ ® Q" (D). It follows that Q"(a) = Q"(c ® Q" (b)) = Q" (b).
Since b = P!(b) @ Q" (b), we obtain from Theorem 1 that P(b) = b8 Q' (b). Therefore, b B Q" (a) =
bB Q' (b) = P’ (b) € Ps. Hence, b ~; a.

(Transitive property) Suppose that a ~, b and b ~, c. It follows that Q" (a) = Q"(b) and Q" (b) =
Q' (c), as proved in the previous paragraph. Since a 3 Q" (a) = P'(a), we obtain that

a8 9 (c) =aB Q' (a) = P!(a)
belongs to P;. Hence, a ~, c. O
For each b € G, we denote by [b], the equivalence class containing b determined by the relation ~;,.
Lemma 2. Forallb € G, [b], = Pc & Q" (b), where
P ® Q'(b) = {u® Q'(b): u € P J.

Proof. Let x € Pg & Q" (b). Then x = u & Q"(b) for some u € Pg. Then, by the right cancellation
law we have x5 Q" (b) = u € Pg, thatis, x ~;, b, which implies x € [b],. To prove the reverse
inclusion let x € [b],. Then x ~, b, thatis, xB Q"(b) € Ps. Then, there exists an element u € Pg
such that x5 Q" (b) = u. Hence, by the right cancellation law II (cf. Equation (2.63) of [3]) we have
x=u®Q"(b), thatis, x € Pg & Q"(). Thus, [b], = Pc & Q"(b). O

Theorem 10. Let P be a finite-dimensional linear subspace of V. Then the collection

{Pc®b:be PE}
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is a disjoint partition of G, that is,

G= |J (Pc®b). (32)

iR
bePg

Proof. According to Lemma 2, we know that for all b,v € Pé, either P @b =Pg @vor (Pcdb)N
(Pc ®v) = D since Pg & b = [b], and Pg & v = [v],. Hence, the union in (32) is disjoint. It is clear that
Pc®b # @sinceb € Podbforallb € Pi. Let x € G. By Theorem 5, x = a ® b for some a € Pg,
b € P&.Hence,x € P®b C | J (Pg®b). This proves G C | J (Pg @ b) and so equality holds. [

1 1
bePg bePg

Denote by (G/Pg, ~r) the set of all equivalence classes obtained by the equivalence relation ~;.

Corollary 5. The set (G/Pg, ~r) is a right coset space of G whose cosets are of the form P & b with b € Pg-.

2.3. Quotient Gyrogroups and the Isomorphism Theorem

The coset spaces (G/Pg,~) and (G/Pg,~;) turn out to be gyrogroups, called left and right
quotient gyrogroups by Pg, respectively.

Lemma 3. Let P be an arbitrary finite-dimensional subspace of V.

(1) Foralla,b € P&, a® Pg =bo Pgifand only ifa = b.
(2) Foralla,b € P&, Pg®a= Ps®bifand onlyifa = b.

Proof. Leta,b € Pé.

To prove item (1), suppose that a ® Pg = b @ Pg. Thena ~; b and so ©Qf(b) ®a € Pg. Since
b € P&, we have Qf(b) = b. Hence, ©b ®a € Pg. Since PZ is a subgyrogroup of G, we also have
©b@®a € P& It follows that 6b @ a € Pg N P& = {0}. Hence, ©b & a = 0, which implies a = b.

To prove item (2), suppose that P ®@a = P; @& b. Thena ~, b and so a B Q"(b) € Pg. Since
b € P&, we have Q"(b) = b. Hence, aB b € Pg. Since P# is a subgyrogroup of G, we also have
aB8b = a® gyr(a, b](6b) € P& It follows thata b € Pg N P& = {0}. Hence, a8 b = 0, which implies
a=b. 0O

From Lemma 3 and the fact that P3 is a subgyrogroup of G, we obtain that the following
operations on the coset spaces (G/Pg, ~¢) and (G/Pg, ~;) are well defined:

(aePg)®(bePs)=(adb) &P,  abePE; (33)
(Pg @ a)® (Pg®b) =P (a®b), abecPs. (34)
In fact, the left and right coset spaces form gyrogroups, as shown in the following theorems.

Theorem 11. The left coset space (G/Pg, ~y) forms a gyrogroup under the operation defined by (33).

Proof. The coset 0 @ Pg is a left identity in G/Pg. For each a ® Pg € G/P; witha € PZ, the coset
(©a) ® Pg lies in G/Pg and is a left inverse of a ® Pg. For X = a® Pg,Y = b @ Pc with a,b € P&,
define

gyr[X,Y](c® Pg) = (gyr[a, blc) ®Pg,  c € PZ. (35)

Ifd € P& andif d ® Pg = ¢ ® PZ, thend = ¢ by Lemma 3 and so

(gyrla, bld) © P = (gyr[a, blc) & Pg,
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which proves that gyr[X, Y] is well defined. The proof that gyr[X, Y] fits the definition of a gyrogroup
follows the same steps as in the proof of Theorem 29 of [9] with appropriate modifications. [

Proceeding in a similar fashion, we obtain the right counterpart of Theorem 11.
Theorem 12. The right coset space (G/Pg, ~) forms a gyrogroup under the operation defined by (34).

Definition 6. The gyrogroup (G/Pg, ~y) in Theorem 11 is called a left quotient gyrogroup and the gyrogroup
(G/Pg, ~r) in Theorem 12 is called a right quotient gyrogroup. We define the canonical projection mappings
1ty and 11, from G to the left and right coset spaces by

mo(c) =l =Q()®Ps,  c€G, (36)
1(c) = [¢]; = Pg @ Q' (¢), ceG. (37)

Theorem 13 (The Isomorphism Theorem). Let P be an arbitrary finite-dimensional linear subspace of
V. Then 7t restricts to a gyrogroup isomorphism from P& to (G/Pg, ~) and 1, restricts to a gyrogroup
isomorphism from P& to (G/Pg, ~). Therefore, the following gyrogroup isomorphisms hold:

(G/Pg,~y) = Pg = (G/Pg,~r).

Proof. That 77|, is surjective is clear. That 71|, is injective follows from Lemma 3. According
G G
to (33), 7| p1 preserves the gyrogroup operations. This shows that 7| pLt P — (G/Pg,~y) is a
G G
gyrogroup isomorphism. The proof for 7|, is similar. It follows that (G/Pg, ~¢) = P& and that

(G/Pg,~y) 2 Pg. O

|Pé

2.4. Geometric Characterization of Cosets

In this section, we assume that (G,®) is a real inner product gyrogroup together with a
scalar multiplication ®, turning (G, ®, ®) a gyrovector space . The next theorem gives a geometric
characterization of the left equivalence classes b & Pg with b € P& in terms of the automorphisms of
(PG, ®, ®) acting on a given gyroline LS.

Theorem 14. Let b € P& and let 0 # ¢ € Pg be fixed. Then
b® Pg = {7L8: T € Aut(Pg, ®,®)},
where the gyroline L8 is the gyrogeodesic given by
L§={bD(t®c): t € R}.
Proof. Letb € P4 and 0 # ¢ € Pg. Since forany t € R,
bd (t®c) =¢1(b,t@c)b+ ¢a(b,t@c)(t®c),

we know that L¢ is a gyroline in G in the plane defined by the vectors b and c. Now, we consider
a € Pg arbitrary. Since it is always possible to find t € R such that ||t ® ¢|| = ||a]|, then there exists
an automorphism 7 € Aut(G, ®, ®) such thata = 7(t ® ¢) and 7 leaves P invariant and takes each
element of Pé as a fixed point. This means that 7 € Aut(Pg, ®, ®). In particular, since b € Pé- then
b = b, and consequently, T~ b = b. Then, by the invariance property P3 of gyrolines (described in
Section 1) we have

b@a=bo (ttac) =1t e (txc) =10 (t®c)).



13 of 37

Thus, we get b @ Pg = {tL8 : 7 € Aut(Pg, @, ®)}. O

In an analogous way, we can characterize the right equivalence classes P @ b with b € P& in
terms of the automorphisms of (Pg, ©, ®) acting on a given cogyroline L¢.

Theorem 15. Let b € PZ and 0 # ¢ € Pg be fixed. Then
Pc®b={tL°: T € Aut(Pg, ®,®)},
where the cogyroline L€ is the cogyrogeodesic given by
Lf={(t®c)®b:tcR}.
Proof. Letb € P4 and 0 # ¢ € Pg. Since forany t € R,
(t@c)db=¢1(t@c,b)(t®c)+ P(t ®c,b)b,

we know that L€ is a cogyroline in G in the plane defined by the vectors b and c¢. Now, we consider
a € Pg arbitrary. Then there exist t € R and T € Aut(Pg, @, ®) such thata = 7(t ® ¢) and 7 leaves Pg
invariant. Thus, by property P3 of gyrolines since T~'b = b, we have

a®b=(ttec)eb=1((toc)@t ') =1((t®c) D).
Hence, we get P &b = {7L° : T € Aut(P;, ®,®)}. O

3. Fiber Bundles and Sections of Real Inner Product Gyrogroups

We denote (G, X, 71, Y) as a fiber bundle with base space X, fiber Y, and bundle map 7 : G — X.
A global section of the fiber bundle (G, X, 7, Y) is a continuous map f : X — G such that 7(f(y)) =y
for all y € X, while a local section is a map f : U — G, where U is an open setin X and 7(f(x)) = x
forall x € U.

According with the two unique decompositions G = P @ P2 and G = P3 @ Pg, and using
Lemma 1, Lemma 2, (24), and (28), we can define four different fiber bundle structures on (G, @) with
fiber bundle mappings given by

m:Pc®P; = (G/Pg,~) M Pg Pc = (G/Pg,~i)
adb  — [a®bl,=[bl,=Pc®b beda — [b@a,=[b,=b® P
(38)
m3:PE@Ps —  (G/Pg,~) my:Po®PE = (G/Pg,~)
bda  — [b@al, =Pc®ua(ba)b a®b = [a@bly=m(ab)be Pg.

We remark that the mappings 7r3 and 774 defined in (38) correct the definitions presented in [5].
It is easy to see that the first and the second bundles are trivial ones. The first bundle 7 is
isomorphic to the trivial bundle (Pg x P&, P&, Q', Pg), where Q" is the projection onto the second
factor defined by:
Q :Pc®PE —PE, a®brb.

Hence, the following diagram commutes:
G=Pc®P: m (G/Pg~r)

| id L@
L r L
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where @ is the isomorphism between (G/Pg, ~) and PZ given by ®1(P; ®b) = b, forany b € P.
All global sections of the first fiber bundle are given by

f(Pc®b) =g(b) ®b,

for any continuous map g : P& — Pg. In fact, 711 (f (P © b)) = 111(g(b) & b) = Pg & b, forall b € PZ.
The second bundle 7, is isomorphic to the trivial bundle (Pé- X Pg, Pé-, Qé, Pg), where Qz is the
projection onto the first factor defined by:

ol :pPta@p;—PL, b@arsb.
Indeed, the following diagram commutes
G=DPg®P G/Pg,~
c®Pc m  (G/Pg,~)

| id L @
P¢@oP; Q' P&

where ®; is the isomorphism between (G/Pg, ~¢) and PZ given by ®@,(b& Pg) = b, forany b € PA.
All global sections of the second fiber bundle are given by

f(b®Pg) =bg(b),

for any continuous map g : P& — Pg. Note that 7 (f(b @ Pg)) = m(b@® g(b)) = b® Pg, for all
be P:

In the third and fourth bundles we will consider the sections obtained from the quotient spaces
(G/PZ,~;)and (G/P&, ~).

In the third case if we consider for any a € P fixed the map Ta(l) defined by

W (G/Pg, ~) = G

39
bl +—a®b )

with b € PGl, which means that Tu(l) (G/Pg,~y) =a® Pé is a left coset in (G/P&, ~;), we obtain a
global section. In fact, 71’3(’1’,1(1) ([b)r)) = m3(a ®b) = P &b = [b],, for any b € P2 This means that the
left cosets of (G/ P&, ~/) are global sections for (G/Pg, ~;).

However, if we consider the map 71?) defined for any a € Pg\{0} by

2 (G/Pg,~r) = G )
by —bda

forb € P(J;-, which means that Ta(z) (G/Pg,~) = P(J;- @ a is a right coset in (G/Pé—, ~), then by (38)

we have

(7 ([b]r)) = 713(b @ @) = P @ pua (b, a)b = [a (b, a)b];

with (b, a) given by (27) with the order of @ and b being changed. Depending on the properties of the
mapping y» we can have global or local sections. If for a € Pg fixed we have {p(b,a)b : b € P} = P2
then Ta(z) is a global section while if {y2(b,a)b: b € P2} C P& then Ta(z) is only a local section for the

fiber bundle defined by 7r3. The case a = 0 gives a global section since

713(T(§2)([b}r)) =m3(b®0) = m3(0@b) = [b],, foranyb € PZ. (41)
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(1) (2)

The conclusions obtained for the sections 7,/ and 7,”’ are valid for the fiber bundles associated to the
projection mappings 711 and 3.
In the fourth case we consider the sections T,1(3) and Ta(4) defined for any a € P; by
T,1(3) : (G/PG, Ng) — G

42
[b]/ —b®a ( )

and

Ta(4) : (G/PG, Ng) — G

43
[b]g —adb. )

(3)

It is easy to see that 7,”’ is a global section for 774 since
ma( (b)) = ma(b @) = b ® Pg = [bl;

for any b € PZ. Since Tu(3> (G/Pg,~y) = P& ®aisaright coset of (G/PZ, ~,) then the right cosets of
(G/PZ,~,) are global sections for (G/Pg, ~/).
(4)

Concerning 7, we have
(" ([b)e)) = ma(a © b) = ja(a,b)b & P = 1 (a, b)b],

for any a € Pg, where 1 (a,b) is given by (27). If for a € Pg fixed we have {1 (a,b)b: b € P} = P2
then Tﬂ(4) is a global section while if {1 (a,b)b: b € P2} C P& then T,1(4) is only a local section for the

fiber bundle 714. The case a = 0 gives a global section since

(7 (b)) = ma(0© b) = m3(b ©0) = b P = [b], (44)

forany b € Pé. The conclusions obtained for the sections TL£3) and TLS4) are valid for the fiber bundles
associated to the projection mappings 71> and 714.
We summarize in the next theorem the duality relations between left and right cosets obtained

from the orthogonal factorization of G by P and by PZ.

Theorem 16. Let P be a subgyrogroup of (G, &). The following relations hold:

1. The cosets of (G/ P&, ~,) are global sections for the quotient space (G/Pg, ~r).
The cosets of (G/Pg,~) are global sections for the quotient space (G/Pg,~y) if {u2(b,a)b : b €
PZ} = PZ or local sections if {z(b,a)b: b € P&} C PZ.

3. The cosets of (G/Pg&, ~) are global sections for the quotient space (G/Pg, ~y).

4. The cosets of (G/Pg&,~y) are global sections for the quotient space (G/Pg,~¢) if {u1(a,b)b : b €
P&} = PZ or local sections if {1(a,b)b: b € P&} C PZ.

4. Examples of Real Inner Product Gyrogroups

In this section, we show that four standard gyrogroups known in the literature are indeed real
inner product gyrogroups that admit orthogonal decompositions.

4.1. Euclidean Einstein Gyrogroup

The (Euclidean) Einstein gyrogroup [10] consists of the open unit ball in R",

B={veR": |v| <1}, (45)
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endowed with Einstein addition ©f defined by

udpv= I <u,V>“>/ (46)

1+ (u,v) ( Yo 147

for all u,v € B, where (, ) denotes the inner product in R" and 1y, is the Lorentz factor given by

Yu = W Einstein addition satisfies the gamma identity
—||lu
Yudpv = Tuv (1 + <ll, V>) .

In view of (46), we define

14+ Yu + Yu (4, v) 1

vt 24 Y= my @)

¢1(u/ V) = (

for all u,v € B. The gyrogroup identity of (B, &) is the zero vector 0. Further, Sru = —u for all
u € B. Let u, v € B. By the Cauchy-Schwarz inequality,

—1< —Julllvll < (w,v) < [lullflv]f < 1.

Hence, 1 + (u,v) > 0. This implies that ¢ (u, v) > 0 and ¢, (u,v) > 0.
Clearly, the Einstein gyrogroup satisfies (H1). Suppose thatu,v € B, u+ v € B, and (u,v) = 0.
Then by (47) it is easy to see that the unique solution of the system of equations

4)1()\111,)\2V)/\111 =u
(Pz()\lu,)lzv)/\zv =V

is given by Ay = Aq(u,v) = 1and Ay = Ay(u,v) = 4. Thus, (x = u,y = y4V) is the solution to
the system (16), where ¢c; = u and c; = v. We claim that y € B. To prove the claim, suppose to
[v]I?

1= [Julf?
|[u+v|?* = ||u||>+ ||v|> > 1, contrary to the assumption that u + v € B. Thus, y € B. Hence,
the Einstein gyrogroup satisfies (H2).

Now, let P be a linear subspace of R”, Py = PNB, and P = P-NB. Then R" = P P+
and P and Py are subgyrogroups of the Einstein gyrogroup (B, ©). The next three theorems are
consequences of Theorems 5, 8, 10, 13 obtained in Section 2.

the contrary that y ¢ B. Hence, ||yuv|| > 1. This implies vy||v|| > 1 and so > 1. Hence,

Theorem 17. Let Py be a subgyrogroup of (B, ®g). For all w € B such that w = u + v, with u € Pg and
€ Py, the unique orthogonal decompositions of w according to ®p are given by

w=A(u,v)u @ Ap(u,v)v and w=Az(u,v)v Qg Ay(u,v)u, (48)

where

M, v)=1 and Ax(u,v) = vy,
1( ) 2( ) u (49)
As(w,v) =1 and Ag(u,v) = Ay(v,u) = vy.
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As a consequence B = Pp ®f Py and B = Py @©p Pp. By (20) the orthogonal gyroprojectors of the
Einstein gyrogroup (B, &) onto the subgyrogroups Py and Py are given by

PL:B=Pp@p Py —Pg,  Ph(w)=u,

Q%IB:PB@Epﬁ__)Pﬁ_/ Q%(w):’yuv, (50)
QL :B=Dy ®rPs— Py, Qk(w)=v,

Pr:B=Py ®cPs — P,  PE(w) = 1u

Theorem 18. Let Py be a subgyrogroup of (B,®g). Then the sets {b®gPg: b€ Py} and
{Pg &g b: b € Py} are disjoint partitions of B, that is,

B= |J (b®ePp) and B= |J (Pg®rb). (51)

bePy bePg

Moreover, (B/Pg, ~) = {b®g Pg: b € Py} and (B/Pg,~,) = {Pp®pb: b € Py }.

Theorem 19. Let Py be a subgyrogroup of (B, ©r). Then the following are gyrogroup isomorphisms:
(B/ Py, ~¢) = (Pg, ®E) = (B/ Py, ~r).

In order to see a remarkable connection between gyroprojections and Euclidean projections, let us
refer to a version of Einstein addition defined on an open ball of R" of radius f, where f is a positive
number. Set

By ={veR": ||v| <t}

Recall that the ¢-Einstein addition is defined by

1+ t2 14 7u

1 1 1 7
udp, v= w (u+ %v+—2 (u,v)u) (52)
t

NI

for all u,v € By and 1, is redefined by v, = (1 - H‘;—ZH2) . When t is arbitrarily large (that is,
t — +00), B; expands to the whole space R", ©f, reduces to ordinary vector addition of R”, and
Yu — 1. Therefore, the orthogonal gyroprojections of the ¢-Einstein gyrogroup reduce to ordinary
projections of R":

Plu+v)=u and Q(u+v) =y,

forallu € Pand v € P+

Finally, we analyze the fiber bundles and sections of the Einstein gyrogroup arisen from the two
orthogonal decompositions B = Py & Pg- and B = P @& Pp. First we give the relation between these
two decompositions according to Theorem 6.

Theorem 20. Let u,v € (B, &) such that (u,v) = 0. Then

udpv = p1(u,v)v &g yuz(u,v)u, (53)

where

ui(u,v) = — and  po(u,v) = y1 . (54)
Tu Tu
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Proof. By (27), (47), (49), we have

p(w,v) = As(¢1(u,v)u, ¢2(w,v)v) po(u,v) = %
1o(u,v) = Ag(P1(u,v)u,¢o(u,v)v) p1(u,v) = /\4(ll, %V) :'Y%uv. O

Now, we analyze the sections r&z) and 1'54) defined by (40) and (43), respectively, with the changes

aHuEPBandevePﬁ.
Since for any u € Pg\{0} it turns out that y;(u, v)|v|| = y/1 — [|u||?||v]| is a strictly increasing
function such that 1 (u,v)||v|| € [0,1/1— [[u]|2[ < [0,1[ for all v € Pz, we conclude that {3 (u,v)v :

v € Py} C Pg. Then for any u € Pg\{0}, the section Tt(l2(>2 )is a local section for the fiber bundles 71y and

3 defined in (38). In the case when u = 0 the section 7" is a global section as seen in (41).

(4)

Concerning the section 7, , since for each u € Pg we have that pi (v, u)||v]| = vl

1= (1= [|v]?) [[u]]?
strictly increasing function in the variable ||v|| such that 32 (0, u)||0]| = 0 and lim (g p2(v, u) vl =1,
we conclude that {y2(v,u)v : v € Py} = Pg . Hence, for any u € P, it follows that T1(14) is a global
section for the fiber bundles 71, and 774 defined in (38).
In Figure 1 we show the plots of 1 (u,v)||v| and up(v,u)||v||, with |Jul|,|v] < 1, that explain
the different behavior between local and global sections.

(a) (b)

Figure 1. (a) Plot of 1 (u, v)||v| with |lu||, ||v|| < 1; (b) plot of uy (v, u)||v| with |lu, ||v|| < 1, for the
Einstein gyrogroup.

By the results obtained in Section 3 and the previous conclusions we summarize in the next
theorem the duality relations between left and right cosets obtained from the orthogonal factorization
of B by Py and by PL for the Einstein gyrogroup.

Theorem 21. Let Py be a subgyrogroup of (B, ©r). The following duality relations hold:

1. The cosets of (B/Pi-, ~,) are global sections for the quotient spaces (B/ Py, ~;) and (B/Pg, ~;), and
vice versa.

2. The cosets of (B/ Py, ~y) are global sections for the quotient space (B/ Py, ~), and vice versa.

3. The cosets of (B/ Py, ~) are local sections for the quotient space (B/ Py, ~,) except the identity coset
0Dg PBL = PBL that is a global section, and vice versa.

To visualize left and right cosets we restrict now to the 3-dimensional space R3. In R3 the nontrivial
linear subspaces are of dimension 1 (straight lines passing through the origin) or dimension 2 (planes
passing through the origin). Let L., = {(0,0, x3) : x3 € R} be the straight line that passes through the
origin and the North Pole e3 = (0,0,1) and let D,, = {(x1,x2,0) : x1, x2 € R} be the plane that passes

through the origin and is perpendicular to e3. The restriction of L, and D, to B®> = {x € R3: ||x|| < 1}

will be denoted by LB and Dg’, respectively. Then L

€3

’ and D‘;B: are subgyrogroups of (B3, ©r) and

3
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provide orthogonal gyrodecompositions of (B3, ®f). In Figures 2 and 3 we show the left and right
cosets obtained from the orthogonal decomposition of B* by LIEB: and D?f.

0.5 —m/—————

-0.5

-0.5 0 0.5 1
x

(c) (d)

Figure 2. (a) Left cosets (B3/ Dng, ~p) ={vdE DéBg3, \AS Llf }; (b) gyrolines in the Einstein gyrovector
plane (projection in the xz-plane of left cosets); (c) right cosets (B3 / Dg, ~y) = {DQB;3 Ppu, u € L?j I3
(d) Cogyrolines in the Einstein gyrovector plane (projection in the xz-plane of right cosets).

1

-0.5

“
I
o n

-0.5

(c) (d)

Figure 3. (a) Left cosets (B3/ Llf, ~e) ={voE LES, vE Dgs }; (b) Gyrolines in the Einstein gyrovector
plane (projection in the xz-plane of left cosets); (c) Right cosets (B3 / Lng, ~y) = {LgB: @pv, VE Dgs %

(d) Cogyrolines in the Einstein gyrovector plane (projection in the xz-plane of right cosets).

For higher dimensions (n > 3) we can have cosets with higher codimensions, which are surfaces
of revolution obtained from the action of the automorphism group of (Pg, &, ®) on the gyrolines and
cogyrolines shown in Figures 2 and 3. Thus, all the information of these surfaces is encoded in the
projection on an adequate plane.
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4.2. Euclidean Mdbius Gyrogroup

The (Euclidean) Mébius gyrogroup [11] consists of the open unit ball B in R" endowed with
Mobius addition @y defined by

(1+2(w,v) + [v[*)u+ (1 — [[u]*)v

15 20w, v) + [PV ]2 9)

udpyv=

for all u, v € B. The gyrogroup identity of (B, ® ) is the zero vector 0, and Spu = —u forallu € B.
A generalization of the Moius addition into the ball of any real inner product space was obtained
in [12]. M&bius addition satisfies the gamma identity

Yawy = Tarey/1+ (w,v) + [uf2]v]2
In view of (55), we define

1+2(u,v) +[lv[? 1—ul?
$1(u,v) = and ¢p(u,v) = (56)
1+2(u,v) + [[ul?[|v]? 1+2(u,v) + [[u]]?[|v]?

forallu,v € B. Let u, v € B. Using the Cauchy-Schwarz inequality, we have
14 2(u,v) + [|v]? = 1= 2lfulllv] + [v]* = (vl = l[al)? + (1 = [lul?) = 1~ [lu]* > 0.
Hence, ¢1(u,v) > 0. Itis clear that ¢, (u, v) > 0.

Clearly, the Mobius gyrogroup satisfies (H1). Suppose thatu,v € B,u+v € B, and (u,v) = 0.

In the case whenv = 0,set A; = 1 and A, = In the case when v # 0 and u = 0,

-
1—ul

set A = and A, = 1. In both cases, direct computations show that

_ 1

1+ v]2
$1(AMu, Apv)Aju =u and ¢ (Au, Apv)Av = v

Further, (A1u, Apv) € B x B. Therefore, we may assume that u # 0 and v # 0. Set

2

- (57)
T [ul2 + [Iv]2 + /(1 = ([a]2 + [[v][2))? + 4] v]]?

M

and
2

1= ([l + [VIR) + T = (TP + V)2 + AR

An elaborate computation (see [7] for details) shows that A1 and A, satisfy the following equalities:

Ay (58)

MOV A= Al

=1 (59)
1+ A27Z[u|2]|v]]2 14 A3A3[|ul?[jv]2

and that Ayu, A,v € B. Hence, (x = Aqu,y = Apv) € B x B is a solution of the system of equations:

{4’1(x/y)x =u
(X, y)y = v

Next, we prove that the solution is unique. Suppose that (x’,y’) € B x B is also a solution. Hence,
P (X, y')x' = uand ¢, (x',y')y’ = v. Note that

0= (u,v) = (g1(x,y)X, 2(x',y)y) = p1(x,y )2 (X, y) (X', y'),
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which implies (x/,y’) = 0 since ¢1(x’,y') # 0 and ¢»(x’,y’) # 0. It follows that

1+ ]y'|?

_ 1—|Ix|?
T+ X2y I1?

and dp(x,y') = — X7 (60)
P205Y) = TR Ry

¢1(x,y')
Further, ¢1 (X', y")||X']| = |lu|l and ¢o(X', ¥')||¥'|| = ||v||. If v = 0, we have y’ = 0 since ¢»(x’,y') # 0.
This implies ¢ (X', y') = 1 and so x' = u. In this case, (X', y') = (u,0) = (Aju, Ayv). If v # 0 and
u = 0, we have x’ = 0. Hence ¢ (x’,y') = 1and so y’ = v. In this case, (X', y') = (0,v) = (Aju, Apv).
Therefore, we may assume that u # 0 and v # 0. Set

1

and pp = 7¢2(x’,y’)'

(61)

1
=5,y

1
Then p1, 42 > 0 and X' = pyu and y’ = ppv. Direct computation shows that 1 + up||v||> = o
1
Furthermore, ¢1(X,y')x’ = u, X' = pyu, and y’ = ppv together imply ¢ (p1u, pov)puu = u. This
i1+ 3)Iv]?)
1+ g a2l v
[v]1243 + (1 — (|[u]|? + [|v||*))p2 — 1 = 0. It follows that y, is a solution to the quadratic equation

in turn implies ¢y (u1u, ppv)p1 = 1 since u # 0. Hence = 1 and we obtain that

[v]2x% + (1 = (Ju|® + [[v]?)x -1 = 0.

2
1= a2 = [|v]2 = /(1 = ([al> + [[v]*))* + 4[lv[?

were true, we would have

If W2

2
o 2 2 2 2))2 2 <0,
1+ [[uf2+[|v]2+ /@ = ([[ul2+[[v][?))2 + 4] v]

K2 =

which is a contradiction. Hence, it must be the case that

2
1= Jlul2 + vl + /(1 = ([l + [Iv][2)2 + 4[lv]]?

1 1
This in turn implies = = = Aq. Hence, (X,y) = (Au, Ayv).
p M1 1 +,1’12||VH2 1 +A2||VH2 1 ( Y) ( 1 ZV)
This proves uniqueness of the solution. Therefore, the Mobius gyrogroup satisfies (H2).
Now, let P be a linear subspace of R" and Py = PN B and Pz = P+ N B. The next three theorems

are consequences of Theorems 5, 8, 10, 13 obtained in Section 2.

H2

Theorem 22. Let Py be a subgyrogroup of (B, ®pr). For all w € B such that w = u+ v, with u € Pg and
v € Py, the unique orthogonal decompositions of w according to & are given by

w=A(u,v)u &y Aa(u,v)v and w=Az(u,v)v &y Ag(u,v)u, (62)
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where

A (u,v) 2
1 s - ’
T+ a2+ [[v2 + /(1 = ([ul? + [[v]2))2 + 4] v]]?

Ao, v) 2
2 4 - 7
1= [[ul2 = [Iv]2 + /(1 = (J[u] + [|v]?)) + 4[| v[]2

(63)

As(u,v) 2
3 7 = 7
T [[uf2+ [[v]2 + /(1 = (Tull? + [|v][2))? + 4fu]]?

2
Ag(u,v) = .
1= [[uf2 = [[v]2 + /(1 = (Tull? + [|v]}2))? + 4]u]]?

We remark that the special cases u = 0 or v = 0 are included in the general solution (63). As a
consequence of Theorem 22, for eachw € B, if w = u+ v, withu € Pand v € PL is the unique
decomposition of w, according to the orthogonal direct sum decomposition R” = P @ P+, then the

orthogonal gyroprojections of the Mobius gyrogroup (B, @) onto the subgyrogroups Py and Py are
given by

2
Py B =Py ®yPs — Ps, Pi(w)= u,
T+ w2+ /(1 —[[w[[?)? + 4] v]]?
2
Oy :B=Pg@yPy — Py, Quw)= v,
1T— w2+ /(1 —[[w[[?)? +4]v]]? 64)
2
Oy :B="Pf ®yPg— Py, Qyw) = v,
T+ [w]2+ /(1 — [[w]?)2 + 4][u]]?
2
Py B =Py Oy Pg — Pg, Pi(w)

= u-
1= [lw[f? + /(1 = [[w[[2)? + 4] u]|?

Theorem 23. Let Py be a subgyrogroup of (B,&u). Then the sets {b@®y Pg: b€ Py} and
{Pp ®pmb: b € Py} are disjoint partitions of B, that is,

B= |J (b®dmPs) and B= |J (Pg®mb). (65)
bePg bePg
Moreover, (B/ P, ~;) = {b@®pm Pg: b € Py} and (B/ Py, ~,) = {Pg®mb: b € Pz }.
Theorem 24. Let Py be a subgyrogroup of (B, ®pr). Then the following are gyrogroup isomorphisms:
(B/Ps,~) = (Pg, &) = (B/ P, ~).

For each positive number ¢, recall that the t-Mobius addition is defined by

(14w v) + 5lvIP)u+ (1 - Fllul?)v

udp, v=
t 1+ 5 (u,v) + g [[u?v]]?

(66)

for all u, v € B;. Let P be a subspace of R". For each w € By, if w = u + v is the unique expression of
w, according to the orthogonal direct sum decomposition R" = P @ P+, with u € P and v € P+, then
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the orthogonal gyroprojections of the t-Mobius gyrogroup (after rescaling u — %, v = % w %)
are given by
2
Pig, (W) = 5 — =y,
TR \/(1_ 2 )? | 4l
2
Pl = )2 o g
w w u
1—t2+\/<1—t2) + 4l
’ (67)
%l = o2 )2 o Gl
w w u
1+t2+\/(1—t2) + 4lu
2
}I’VIt (W) = V.

2 2\ 2 2
- L) +\/(1—'sz') Tl

When t — 400, @), reduces to ordinary vector addition of R", Pf/[f and P{Vh reduce to the
ordinary projection P(u+ v) = u, and wa and Q}, reduce to the ordinary projection Q(u +v) = v.
Further, the equivalence relation (29) reflects the Euclidean left coset relation:

un~yv if and only if —-v+uepP
and the equivalence relation (31) reflects the Euclidean right coset relation:
un~y v ifandonlyif u-—-veP.

Now, we analyze the fiber bundles and the sections of the Mobius gyrogroup arisen from the two
orthogonal decompositions B = Py ® PﬁB— and B = Pﬁ' @ m Pp. First we give the relation between
these two decompositions according to Theorem 6.

Theorem 25. Let u,v € (B, &) such that (u,v) = 0. Then

udyv = up(u,v)v &y pa(u,vu, (68)
where
) 201 [ul?) ,
1+ [lal2) @+ [1v]2) + VA = [[ulD2(1 = [[v)? + 41 + [v[2)[u]2 ©9)
() 201+ VD)

(1= [lul?) (1 = [vII2) + /(T = Tu)2@ — [[vI)Z + 4+ [v ) ][>
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Proof. By (27), (56), (49), and straightforward computations we have:

1w, v) = A3(P1(w, v)w, ¢2(u, v)v) ¢2(u, v)

_/\3( T v|> - 1= uf? V) 1— |lulf?
L [[alPlvl> ™ T+ a2 vl? ) 1+ [fal?v]?

201 Jul?) ,
(4 )+ [¥]7) + /T = Tl (0= VD7 + 40 + [V [l

p2(w,v) = Ag(P1(w, v)u, ¢2(u, v)v) ¢1(u,v)
~ ( 1+ |v|? . [[ull? ) 1+ ||v]?
T+ [lul?lv]? ™ 1+ [[ul2[v]2 ") 1+ [[ul?]v]?
201+ |v|?) _
(=)@ = [[v[?) + /A = [[u])2(1 = [[v])? + 41 + [[v]?)][u]?

Now, we analyze the properties of 1 (u, v)||v| and pz(v,u)||v||. For any u € Pg\{0} we have
that p1(u, v)||v|| is a strictly increasing function such that i1 (w, 0) |0 = 0 and lim |y _,1 p1(u, v) | v|| =

S 11 _ P 101
T2l +ul? v L & 0

for all v € Pz and, consequently, {yi1(w,v)v: v € Pz} C Pg. Then for any u € Pg\{0}, 7? is a local
section for the fiber bundles 7r; and 713 defined in (38). In the case when u = 0 the section TSZ) isa
global section as seen in (41).

Concerning (v, u)||v|| it turns out that for each u € Pp, the function (v, u)||v|| is strictly
increasing such that (0, u)[|0| = 0 and limy|_ #2(v, u)||v|| = 1. Therefore, we conclude that
{p2(v,u)v: v € Pg} = Pg and, consequently, for any u € Pj the section T.S‘*) is a global section for
the fiber bundles 71, and 714 defined in (38).

In Figure 4 we show the plots of y1(u, v)||v|| and pa (v, u)||v]|, with ||u]|, |v|| < 1, for the case of

the Mobius gyrogroup.

. Therefore, for any u € Pg\{0} it follows that y1 (u, v)||v| € [0

Figure 4. (a) Plot of yq (u, v)||v|| with ||ul|, ||v]| < 1; (b) plot of (v, u)||v| with ||u]|, ||v]| < 1, for the
Mobius gyrogroup.

Theorem 21 about the duality relations between left and right cosets obtained from the orthogonal
factorization of B by Py and by Py, holds also in the case of the Mobius gyrogroup. Analogously
to the Einstein case we restrict now to the 3-dimensional space and we show in Figures 5 and 6 the
left and right cosets obtained from the orthogonal decompositions of the gyrogroup (B, @) by the

subgyrogroups Lﬁ_,B;B and DéB:.
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Figure 5. (a) Left cosets (B3/ DEB;S, ~) ={udy Dng, u€ LES }; (b) gyrolines in the Mobius gyrovector
plane (projection in the xz-plane of left cosets); (c) right cosets (1B33 / D?j, ~) =1 D?f Omu, u € LIeB; };
(d) cogyrolines in the Mobius gyrovector plane (projection in the xz-plane of right cosets).

=

-0.5

(o) (d)

Figure 6. (a) Left cosets (B%/ Lng, ~p) ={vdpy Lng, v e DEB;S }; (b) gyrolines in the Mébius gyrovector
plane (projection in the xz-plane of left cosets); (c) right cosets (B3 / LIer:, ~) =A{ LQB; DMV, VE D}f I
(d) cogyrolines in the Mobius gyrovector plane (projection in the xz-plane of right cosets).
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4.3. Proper Velocity Gyrogroup

The (Euclidean) Proper Velocity (PV) gyrogroup [3] consists of the n-dimensional Euclidean space
R" endowed with PV addition & defined by

Bu 1 )
udyv= uwv)+—|u+v 70
wv= (Rt 70)
1
for all u,v € R", where By is the beta factor given by By = m for all u € R". In view of (70),
u

we define 5 .
u,v) = Y (u,v) 4+ — and uv)=1 71
¢1(u, v) 14’ﬁu< ) B ¢p2(u, v) (71)

for all u, v € R". The gyrogroup identity of (R", &) is the zero vector 0. Further, Syu = —u for all
u € R”. Let u,v € R". The PV addition satisfies the beta identity given by

L1 BBy
ﬁu@uv N ,Buﬁv + <u, > ,Buﬁv .
BupPv

Hence, 1+ BuBv(u,v) > 0since ——— > 0. This implies
ﬁu@uv

_ Bu+ (1+ BuPv(u,v))
(1+Bu)Bv

It is clear that the PV gyrogroup satisfies (H1). Suppose that u, v € R" and that (u,v) = 0. Itis
easy to see that the unique solution of the system of equations

$1(u,v) > 0.

4)1()\111,)\2V)/\111 =u
4)2()\111,)\2V)/\2V =V

is given by A1 = By and A, = 1. Thus, the PV gyrogroup satisfies (H2) and we obtain the next three
theorems immediately as consequences of Theorems 5, 8, 10, 13 in Section 2.

Theorem 26. Let P be a subgyrogroup of (R", @y;). For all w € R" such that w = u + v, with u € P and
v € P, the unique orthogonal decompositions of w according to @y are given by

w=MA(u,v)u &y A (u,v)v and w=A3(u,v)v $y Ay(u,v)u, (72)
where

M(u,v) =By and Ax(u,v) =1,

(73)
Az(w,v) = A(v,u) = By and Ag(u,v) =1.

For each w € R”, if w = u + v is the unique expression of w, according to the orthogonal direct
sum decomposition R"” = P & P+, then the orthogonal gyroprojections of the PV gyrogroup (R", &y;)
onto the subgyrogroups P and P+ are given by

P :R'=PoyP* - P, Ph(w)=pu,
QO :R"=Poy Pt — P, Qi
O :R"=P-ay P — P, Qh(w
P :R'=PLoyP—P, Pj(w)=u.

)
74
) (74)
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Theorem 27. Let P be a linear subspace of R". Then the sets {b @y P: b € P} and {P ©y b: b € P} are
disjoint partitions of R", that is,

R'= |J (b®yP) and R"= (J (P@®yb). (75)
bePt bept

Moreover, (R"/P,~;) = {b@®y P: b € P+}and (R"/P,~,) = {P @y b: b € PL}.
Theorem 28. Let P be a linear subspace of R". Then the following are gyrogroup isomorphisms:
(R"/P,~q) = (P+, @y) = (R"/P,~).

Recall that t-PV addition is defined by

_( Bu {wv) 1

u@U,V—<1+ﬁu 2 +,Bv u-+tv, (76)

for all u,v, € R", where By is redefined by By = ﬁ When ¢ is arbitrarily large (that is,
u

Y1+ 5

t — +00), @y, reduces to ordinary vector addition of R” and Bw — 1. Therefore, the orthogonal
gyroprojections of the t-PV gyrogroup reduce to ordinary projection of R":

Plu+v)=u and Q(u+v)=v

forallu € P,v € Pt.

Now, we analyze the fiber bundles and sections of the PV gyrogroup arisen from the two
orthogonal decompositions R” = P @y P+ and R" = P+ @y, P. First we give the relation between
these two decompositions according to Theorem 6.

Theorem 29. Let u,v € (R", ©yy) such that (u,v) = 0. Then
udyv = pu(u,v)v &y pa(u,v)u, (77)

where

and  pp(u,v) = i (78)

H1 (u/ V) = .B ,Bv

1
BvY

Proof. By (27), (71), (73), we have

(,v) = Al (0, )u 2w VW) ol ) = Aa(Guv) = By,
o (u,v) = Ag(p1(u, v)u,¢o(u,v)v) ¢r(u,v) = —. O

In Figure 7 we show the plots of y(u,v)||v]| and wup(v,u)|v|, with |lul],|v] < 1, for the PV
gyrogroup.
Since for any u € P\{0}, u1(u,v)||v| =

llvll

V I+ (AH]V]2) [[u]?

is a strictly increasing function such

that p1(u,0)[|0[| = 0 and limy|_, ;o p1(u, v)||v[| = HlTH’ we conclude that j1(u,v)||v| € [0, HllTH[ C

[0, +-oo], for all v € P+. Therefore, for any u € P\ {0}, we have that {y;(u,v)v:v € P+} C Pt and,

consequently, r&z) is a local section for the fiber bundles 711 and 713 defined in (38). In the case when
(2)

u = 0 the section 7"’ is a global section as seen in (41).
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Figure 7. (a) Plot of yq (u, v)||v|| with |lu]|, [|[v]| € [0,10]; (b) Plot of py (v, w)||v|| with ||u]], ||o|| € [0,10],
for the Proper Velocity (PV) gyrogroup.

Concerning the section (¥, since for each u € P we have that 12 (v, u)||v| = /1 + [v]2||v] is a
strictly increasing function in the variable [|v|| such that 31 (0, u)[|0]| = 0and limy_ ;.o p2(v, u) | v[| =
+00, we conclude that {yi5(v,u)v : v € P-} = P+. Hence, for any u € P, it follows that ¥ isa global
section for the fiber bundles 71, and 774 defined in (38).

We can finally conclude that the same duality relations as in Theorem 21 happens for the case of
the PV gyrogroup.

Theorem 30. Let P be a subgyrogroup of (R", ®yy). The following duality relations hold:

1. The cosets of (R"/ P+, ~,) are global sections for the quotient spaces (R /P, ~) and (R" /P, ~,), and
vice versa.

2. The cosets of (R" / P+, ~) are global sections for the quotient space (R" /P, ~,), and vice versa.

3. The cosets of (R"/ P+, ~,) are local sections for the quotient space (R" / P, ~,) except the identity coset
0 ®y P+ = Pt that is a global section, and vice versa.

To visualize the left and right cosets we restrict now to the 3-dimensional space R and we show
in Figures 8 and 9 the cosets obtained from the orthogonal decompositions of the gyrogroup (R3, ®y)
by the subgyrogroups L., and D,,.
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Figure 8. (a) Left cosets (R3/D,,,~¢) = {u @y De,, u € Lg,}; (b) gyrolines in the PV gyrovector
plane (projection in the xz-plane of left cosets); (c) right cosets (R3/De,, ~r) = {De, ®yu, u € Lg, };

(d) cogyrolines in the PV gyrovector plane (projection in the xz-plane of right cosets).
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Figure 9. (a) Left cosets (R3/L,,,~¢) = {v®y Le,, v € D, }; (b) gyrolines in the PV gyrovector
plane (projection in the xz-plane of left cosets); (c) right cosets (R®/Le,, ~;) = {Le, ®y vV, v € D¢, };

(d) cogyrolines in the PV gyrovector plane (projection in the xz-plane of right cosets).

4.4. The SL(2, C) General Addition and Chen’s Gyrogroup

Einstein, Mobius, and PV gyrogroups are three different realizations of hyperbolic geometry
associated to the Lorentz group. In [13] it was shown that the algebra of the group SL(2, C) naturally
leads to the notion of gyrogroups and gyrovector spaces for dealing with the Lorentz group and its
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hyperbolic geometry. A general addition for real inner product gyrogroups extended from the group
SL(2,C) is given in the next definition.

Definition 7 (SL(2, C) general addition, [13]). Let V = (V,+, ) be a real inner product space, and let
¢:V —RT, P:vi—= Py

be a continuous map of a subset V; C V into the positive real ray R, taking v € V; into ¢p(v) = ¢y € RT,
normalized by the condition ¢(0) = 0. We assume that 0 € V;, and that V; is the identity-connected component
of the preimage {v € V : ¢(v) € R} of R" under ¢. Furthermore, let f : Rt — R™ be a continuous,
bijective self-map of R, satisfying the condition

v
flpv) = g
for an arbitrarily fixed positive constant t, such that
sinh ¢y
#0
f(gv)
forall v € V;. Then the SL(2, C) general binary operation & in V; is given by the equation
upv= m(cu,vu + CVV) (79)
f(puav)
forallu,v € Vi, where
sinh ¢y (sinh ¢u > 2 sinh ¢y 1 u-v
C = cosh ¢y +
VT ) T\ T ) T Trcoshgs 2
sinh ¢y
C =
T flg)

and
sinh ¢ sinh ¢y u - v

f(gu) flgv) £

Furthermore, the scalar multiplication in V; is given by the equation

rev=tf <rf1 (”‘;”)) II%\I v#£0

andr®0 =0, forallv e Viandr € R.

cosh(¢uav) = cosh ¢y cosh ¢y +

The groupoid (V;, @) is a gyrocommutative gyrogroup. Moreover, it admits scalar multiplication,
®, turning itself into a gyrovector space (V;, ®, ®). Specifying the function f in various ways results
in various binary operations in various subsets V; of V. For instance, t-Einstein addition is recovered
from the SL(2, C) addition by choosing the function f(r) = tanhr, r € RT, the t-Mobius addition
is recovered from the choice f(r) = tanh (%), and the t-PV addition is recovered from the choice
f(r) = sinhr (see [13] for a detailed discussion).

In view of (79), we define

1 1
m Cuyv and Po(u,v) = m
f(Puav) f($uav)

p1(u,v) = Cy (80)
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forallu, v € V;. Itis immediate to see that ¢1 (u,0) = 1and ¢(0,v) = 1forallu, v € V;. Let us now see
the conditions that ¢; and ¢, have to satisfy such that hypothesis (H1) and (H2) hold. By construction,
hypothesis (H1) naturally holds. For the hypothesis (H2), consider u,v € V;, withu + v € V; and
u-v =0.Since Aju L Ayv, for all A1, A, € R it follows from (80) that the system of equations

P1(Au, Apv)Aju =u and  ¢r(Au, Apv)Av = v
is equivalent to

f((PAluEB)\zv) Sinh((j)sz)
Sinh((l))\]uéﬁf\zv) f(¢A2V)

f((P/\luEB)\zV) sinh(¢~1u)
Sinh(‘P/hu@x\gV) f(‘PHu)

The solution of the previous system depends on the choice of the functions f and ¢. In the cases
of Einstein, M6bius, and PV gyrogroups we already proved that the system has a unique solution.
In [1] it was obtained another example of a real inner product gyrogroup considering the function
f(r) =sinh 5,7 € R in the general SL(2, C) addition (79). This addition was called Chen’s addition
and is given by

cosh(¢r,v)A1 =1 and A =1

<;82v — By +25u“t'2"> u+ v

udcv= (81)

R

_1
2/

1+
1 11
,Bu@cv ,Bu ﬁv

The scalar multiplication associated with Chen’s addition is given by

forall u,v € V; = V, where , = v € V. Chen’s addition satisfies the following beta

identity:

VBB — B+ ) +2 (14 Bups U5 ).

r@c v = tsinh (rsinhl ”"') v
t ) vl

forv # 0and r ®c 0 = 0. Thus, (V, ®¢, ®c) becomes a gyrovector space. The gyrogroup identity of

(V, @) is the zero vector 0. Further, ©cu = —u for all u € V. In view of (81), we define
2 u-v
$1(u,v) = = v
BB~ B+ )+ 2 (14 Bupu 2 ©
¢ P

u,v) = -
BB — B+ )+ 2 (14 a2

forall u,v € V. Itis clear that Chen’s gyrogroup satisfies (H1) by construction. Now, we suppose that
uwveV,u+veV, andu-v = 0. Using computer algebra we can find that the unique solution of the
system of equations

$1(AMu,Apv)Au = u

¢2 (/\111, AzV))\zV =V

is given by
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(a2 +vl?) .

1
Ay =
2 V2|

R
V2l \/1 4 (14 182 1P gl

2 2 4
J %H(Hnun ) Sy

Now, let P be a linear subspace of V. The next three theorems are consequences of Theorems 5, §,

10, 13 obtained in Section 2.

Theorem 31. Let P be a subgyrogroup of (R", ®¢). For all w € R" such that w = u + v, with u € P and
v € P, the unique orthogonal decompositions of w according to ©c are given by

w=A1(u,v)u

where

Al(u,v)

Az(u,v)

Asz(u,v) =

)\4(11,V)

@c A(u,v)v and w=Az(u,v)v ®¢c Ag(u,v)u (83)
1|1+ EulP+IvIP)
v2|u \/1 AP gl
1 4 |lv|? ||V||4
1 4—r -1,
V2] \/ TR T
(84)
1| 1+ EUP+IvIP)
V2|lv]|
; \/1+,§%";2'2 + 4l
1 4 |lul? Hull4

\/1+52 Tt L
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Foreachw € V,if w = u+ v, withu € Pand v € P+ is the unique decomposition of w, according
to the orthogonal direct sum decomposition V = P & P, then the orthogonal gyroprojections of Chen'’s
gyrogroup (V, @) onto P and P are given by

1+ G (> +vI») L]

¢ L ¢
V=P P~ — P, w) = ,
Fe e Pe(w) e e N
1 + ‘BTtT + 4 7 t

4 |vl* , llv]* 1
" .V =P®cP+t - Pt O = 14 — 4 -1 :
Qc ®c Qc(w) \/ +/3%1 2 + 1 \/itl\VHV

(85)

1+ 5 (llufl+ Iv]?) L]

QL:V=PracP P, QL(w)= - v,
4 [lul2 |l V2|l
T+ +45 ;

By £

N

4 |[ull®2 | Ju]* 1
:V=PLta-P—P P = 1+ — 4 -1 )
®e c(w) J\/ tTee tTha NeThe
t

Theorem 32. Let P be a linear subspace of V. Then the sets {b@®c P: b € P} and {P ®cb: b € P+} are
disjoint partitions of V, that is,

V=) (b&cP) and V= ] (Pdch). (86)
bept bept

Moreover, (V/P,~;) = {b@®cP: b€ P+}and (V/P,~,) = {P&cb: b € P+}.
Theorem 33. Let P be a linear subspace of V.. Then the following are gyrogroup isomorphisms:
(V/P,~g) = (P, ¢) = (V/P,~).

Finally, when t — 400, ®¢ reduces to ordinary vector addition of V. Surprisingly, Pé and P(.
reduce again to the ordinary projection P(u + v) = u, and Qf: and Qf reduce to the ordinary projection
Q(u + v) = v. Further, the equivalence relation (29) reflects the left coset relation in (V, +):

un~ypv if and only if —-v+ueP
and the equivalence relation (31) reflects the right coset relation in (V, +):
un~, v ifandonlyif u-—-veP.
Let us now find 1 (u, v) and pp(u, v) for Chen’s gyrogroup, according to Theorem 6.

Theorem 34. Let u,v € (V,®¢) such that u-v = 0. Then

ud®cv = pi(u,v)v @¢c pz(u,v)u, (87)
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where

2 2
T Rt U s )

v2|lv] 4 [uf? 2]lv]2 )2

_ 1 4 |ul? 2|v|?
pa(u,v) = o \/l—i—ﬁ% 2 1+ 2 —1.
t

The proof follows by straightforward computations using (27), (82), and (84).
In Figure 10 we show the plots of y1(u, v)||v|| and p(v,u)||v|| for Chen’s gyrogroup.

pi(u,v) =

(88)

7224 I
17772
772

.
L4177

7

(@ (b)
Figure 10. (a) Plot of y1 (u, v)||v|| with t = 1 and |ul], ||| € [0,10]; (b) plot of yy(v,u)||v|| with t =1
and ||u||, ||v|| € [0,10], for Chen’s gyrogroup.

ince i E [ raful?
S 1 0 , = -, /——=— —2 then f Ilu € P\{0 h, that
ince limyjy |, o0 p1(w, V)| V| 3\ Talv/is o en for all u \{0} we have tha
m(uv)|vl| € [o, %, / % —2[ € [0,+o0], for all v € PL. This implies that ¥ is only a
u u

local section for the fiber bundles 771 and 713 defined in (38). In the case when u = 0 the section Téz) is
a global section as seen in (41).

Regarding (v, u)||v|| we have that for each u € P it is a strictly increasing function in the
variable ||v|| such that 42(0,u)[|0[| = 0 and limy|_, 1o #2(V, u)||V|| = +c0. Therefore, we conclude
that {yz(v,u)v : v € P1} = P+. Hence, for any u € P, it follows that r&‘” is a global section for the
fiber bundles 71, and 714 defined in (38).

In the case of Chen’s gyrogroup we have the same duality relations as in Theorem 30. To visualize
the left and right cosets in this case we consider V the 3-dimensional space R and we show in

Figures 11 and 12 the cosets obtained from the orthogonal decompositions of the gyrogroup (R?, &¢)
by the subgyrogroups L., and D,,.
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Figure 11. (a) Left cosets (R3/D,,, ~;) = {u@¢ De,, u € Le, }; (b) gyrolines in the Chen’s gyrovector
plane (projection in the xz-plane of left cosets); (c) right cosets (R3/D,,, ~;) = {De, ®cu, u € Lg, };

(d) cogyrolines in the Chen’s gyrovector plane (projection in the xz-plane of right cosets).
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Figure 12. (a) Left cosets (R3/L,,, ~;) = {v@c Le,, v € De, }; (b) gyrolines in the Chen’s gyrovector
plane (projection in the xz-plane of left cosets); (c) right cosets (R3/ Ley,~r) = {Ley; ®cV, V € De, };

(d) cogyrolines in the Chen’s gyrovector plane (projection in the xz-plane of right cosets).

5. Conclusions

We generalized the study of factorization of Mobius gyrogroups to that of real inner product
gyrogroups and proved the Unique Decomposition Theorem. This is the main theorem that leads
to other remarkable results proved in this work. It resembles the standard theorem in linear
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algebra that every inner product space has an orthogonal direct sum decomposition associated to its
finite-dimensional subspace. Because of the nonassociativity and the noncommutativity, we defined
suitable equivalence relations on real inner product gyrogroups. With the equivalence relations we
could partition a real inner product gyrogroup into left and right coset spaces. The four gyrogroups
studied to confirm the general theory allow explicit calculations of the gyroprojectors and the left
and right cosets. There are several possible applications of our results. We mention, for example,
the construction of orthogonal gyroexpansions with respect to an orthogonal basis in a real inner
product gyrogroup, or the construction of integral transforms such as the wavelet transform on some
manifolds, such as the sphere, the ball, or the hyperboloid (cf. [6,14]). Finally, it would be interesting
to generalize these results to complex gyrogroups and to the novel bi-gyrogroups (see [15]), that give
a parametrization of generalized Lorentz groups SO(m, n), m,n € N, in pseudo-Euclidean spaces of
signature (m,n).
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Abbreviations

The following abbreviations are used in this manuscript:

Symbol Description

Aut G automorphism group of G

Bu beta factor

D¢ Chen’s addition

H coaddition

L¢ cogyroline

= cosubtraction

DE Einstein addition

[b] equivalence class containing b determined by the relation ~,
[b], equivalence class containing b determined by the relation ~,
~y equivalence relation defined from the left orthogonal gyroprojector Q°
~y equivalence relation defined from the right orthogonal gyroprojector Q"
gyr [a, b] gyroautomorphism generated by a and b

@ gyrogroup addition

© gyrogroup subtraction

LS gyroline

. inner product in an arbitrary inner product space

(-, inner product in R”

Ty left canonical projection

a® Pg left coset of Pg with representative a

(G/Pg,~y) left coset space of G

L, left gyrotranslation

Pt left orthogonal gyroprojector associated with P; ® Pé

ol left orthogonal gyroprojector associated with P& @ Pg
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Yu Lorentz factor

Bm Mobius addition

R” n-dimensional Euclidean space

Il norm of a vector

B open ball in R” of radius ¢

B open unit ball in R”

B3 open unit ball in R?

pt orthogonal complement in a vector space
D, plane that passes through the origin and is perpendicular to the North Pole
Du PV addition

Ty right canonical projection

Ps®a right coset of P; with representative a

(G/Pg,~y) right coset space of G

P right orthogonal gyroprojector associated with P2 & Pg

o right orthogonal gyroprojector associated with Pg @ Pé

® scalar multiplication in a gyrovector space

L, straight line that passes through the origin and the North Pole

DE, t-Einstein addition

D, t-Mobius addition
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