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ABSTRACT To fulfill 5th Generation (5G) communication capacity demands, the use of a large number
of antennas has been widely investigated, and the array gain and spatial multiplexing that are offered by
massive multiple input multiple output (mMIMO) have been used to improve the capacity. Fully digital
architectures are not feasible for a large number of antennas, and hybrid analog/digital systems have emerged
as options to retain a high number of antennas without as many radio frequency (RF) chains. However,
these systems have, as consequences, non-avoidable nonlinear effects due to power amplifiers functioning in
nonlinear regions. The strong nonlinear effects throughout the transmission chain will have a negative impact
on the overall system’s performance. Being able to access this impact is very important. For this purpose,
we propose analytical and semi-analytical tools that allow for the evaluation of the nonlinear effects of a
hybrid analog/digital orthogonal frequency-division multiplexing (OFDM) system. The proposed analysis
starts with the characterization of the power amplifier’s (PA) nonlinear response. This response is then used to
derive a semi-analytic bit error rate expression. The theoretical tools are validated by using numerical results
from two different cases: in the first one, the nonlinear PA response is assumed to follow an analytical model
found in the literature and, in the second, the used nonlinear polynomial model mimics the response of a
real amplifier. Using these two scenarios, the proposed tools are shown to be accurate making it possible
to predict the nonlinearities’ penalties in hybrid analog/digital OFDM systems and/or to assess the optimal
operation point for a specific nonlinear amplifier.

INDEX TERMS Hybrid analogic/digital architectures, OFDM, massive MIMO, nonlinearities, power
amplification.

I. INTRODUCTION
The explosive growth in wireless traffic and in the number of
connected devices under user demands for high throughput
and reliable communications, have resulted in the efficiency
of current frequency bands being near their limits [1], [2].
A solution is to use a large number of antennas, which
is referred to as massive multiple input multiple output
(mMIMO), and has been identified as a key technology to
handle orders ofmagnitudemore data traffic [3], [4]. Superior
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capacities can be achieved with this technology through the
rich and unique propagation diversity that is incorporated
by the terminals, and adequate processing through precoding
or beamforming. The mMIMO offers excellent spectral effi-
ciency, which is achieved by the spatial multiplexing of many
terminals in the same time/frequency resource. High-energy
efficiency is also obtained in these systems through the array
gain that permits a reduction of the radiated power [5], [6].

The mMIMO schemes cannot be regarded as scaled up
versions of conventional MIMO schemes since the imple-
mentation and signal processing complexity would be pro-
hibitively high [7]. In conventional MIMO systems, each
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antenna has a fully dedicated radio frequency (RF) chain
since all processing is completed at the digital level. However,
fully digital architectures are not feasible for a large number
of antennas due to hardware limitations, and thus hybrid
analog/digital architectures have emerged as options to keep
a high number of antennas without as many RF chains. In the
recent years, hybrid analog-digital beamforming for both sub
6-GHz and millimeter wave bands were proposed [8]–[11],
for which part of the signal processing is performed in the
analog domain, and the reduced-complexity processing is left
to the digital domain. Future cellular networks will likely use
both sub 6-GHz and millimeter wave bands to accommo-
date different scenarios. In this paper, we mainly focus on
the sub 6-GHz frequency bands. Previous works on hybrid
beamforming for these frequencies can be found in [11]–[15].
In [11], a novel hybrid beamforming algorithm for mMIMO
orthogonal frequency-division multiplexing (OFDM) sys-
tems with unified analog beamforming based on the spatial
covariance matrix knowledge of all user terminals is pro-
posed. A zero-forcing digital precoder and an unconstrained
analog precoder that maximize the signal-to-leakage-plus-
noise ratio are derived in [12]. Then, the authors developed a
technique to design a constrained analog precoder that mim-
ics the obtained unconstrained analog precoder under phase
shifter constraints. In [13], several low-complexity transmis-
sion hybrid antenna selection and precoding schemes for
narrowband massive MIMO systems were proposed. A new
hybrid beamforming scheme for frequency-selective chan-
nels was designed in [14]. In this approach, the RF analog
coefficient coherently combines the received signals from
different time instants such that the energy of the desired
symbol is focused onto a specific time sample. In [15], hybrid
beamformers that minimize the estimation error in the data
were designed for fully and partially connected architectures.

Beyond the high capacity demands, which can be fulfilled
by using mMIMO technologies, the efficient utilization of
limited bandwidth with high-data-rate transmissions while
serving a large number of users is a prime requirement for
present and future wireless communication systems. Aim-
ing to meet this rising demand, OFDM systems are usually
adopted due to their robustness in severely degraded channel
conditions, link reliability and spectral efficiency. However,
it is well known that the distortion in OFDM communications
is severe due to the high peak-to-average power ratio (PAPR)
of the input signal [16]. This causes some challenges to the
power amplifier (PA) design since OFDM is very sensitive to
nonlinear distortions [16]. PAs must stay in the linear region
with a reasonable backoff in order to prevent strong nonlinear
distortion effects. This means a reduced PA efficiency and
smaller output power, which reinforces the importance of
determining the distortion due to PAs [17].

Thus, research on calculating distortions and/or devel-
oping linearization techniques is crucial for these systems.
Some works studied the nonlinearies (NLs) impact on
conventional MIMO systems’ performance [16], [18]–[20].
In [16], the importance of NL distortions due to transmitters’

nonlinear PAs is highlighted, and its impact on a coopera-
tive OFDM system is numerically evaluated. Linearization
techniques have been proposed to mitigate distortion, though
no theoretical analysis has been presented, and the work
is relevant only for severely degraded channel conditions.
In [18], a numerical study of PAs’ impacts on single carrier
MIMO communications with a suboptimal transmit beam-
forming scheme was performed. The performance of this
system with different PA models was studied, although the
study was limited to the numerical analysis of frequency-
flat Rayleigh fading channels. The authors in [19] studied
the ergodic achievable rate of a MIMO system under non-
linear PAs and showed that they can significantly degrade
system performance. In [20], channel estimation and data
transmitter link quality measurements were numerically sim-
ulated for OFDM communications, and three RF impair-
ments were considered: oscillator phase, PA nonlinearity and
in-phase/quadrature imbalance. The presented results were
obtained only by simulation for a single user and a single
antenna communication.

Recently, some works considered NL distortion effects
in mMIMO systems. In the context of mMIMO with low-
resolution ADCs, [21]–[23] presented an analysis of the dis-
tortion due to amplitude quantization, by using the Bussgang
theorem. Concerning the effects of amplification in full dig-
ital mMIMO systems other works can be found [24]–[27].
In [24], authors used orthogonal Hermite polynomials to
represent the amplified signal in mMIMO systems, which
were partitioned into desired and distortion terms. The spatial
crosscorrelation matrix of nonlinear distortion was derived,
which could be applied to predict how the nonlinear distortion
will behave in both in-band and out-band. In [25], the impact
of nonlinear amplification was analytically derived. Accurate
expressions for the spectral characterization of the transmis-
sion signals and bit error rate (BER) were derived. In [26],
a polynomial model was considered to describe the nonlinear
effects of the PAs and the Ito-Hermite polynomials were
employed to derive the autocorrelation of the additional error
term of the symbol estimate that is caused by the nonlin-
ear PAs. In [27], a theoretical analysis of joint distortion,
introduced by nonlinear low noise amplifiers, local oscillators
with phase noise and oversampling finite resolution ADCs,
was performed on the BS-side of uplink massive multiuser-
MIMO OFDM systems.

The referred works did not consider hybrid analog/digital
architectures and assumed one RF chain per antenna. How-
ever, fully digital architectures are difficult to implement in
practical applications due to hardware limitations and the
performance analysis of these works are not directly appli-
cable for hybrid architectures. Therefore, the study of the NL
effects in hybrid architectures is of paramount importance.
The works [28]–[30] addressed the NL impact in hybrid
analog/digital mMIMOarchitectures. In [28], the spectral and
energy efficiencies of hybrid beamforming for narrowband
mMIMO systems employing nonlinear PAswere numerically
studied, and the covariance matrix for the distortion due to
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FIGURE 1. Transmitter and receiver block diagram.

the PAs is assessed. For the special case of a single RF chain,
a closed form expression for the maximum spectral efficiency
and for the lower bound on the achievable rate was presented.
However, this work focused on the optimization of the energy
efficiency of the system as a function of the consumed power
per information bit, and did not consider the spectral charac-
terization of the nonlinear distortion term. In [29], the spectral
efficiency of a single carrier multiuser hybrid analog/digital
architecture considering a PA modeled at the transmitter by
a polynomial of order three was numerically evaluated. This
was focused on the use of pre-distortion techniques to com-
pensate nonlinear distortion effects, and does not present a
theoretical analysis of the NL effects on the performance.
In [30], a hybrid analog/digital OFDM mMIMO architecture
is considered, and a theoretical analysis of the nonlinear
distortion signal at the transmitter was conducted, although
it did not assess the analytical impact in terms of BER
performance.

Most of the previous works addressed the impact of NL
in the context of either conventional MIMO or full digital
mMIMO systems. The works that studied the impact of
NL in hybrid analog/digital mMIMO are scarce and mostly
assumed narrowband systems. A theoretical analysis of the
impact in the performance of hybrid analog/digital mMIMO
wideband systems has not yet been addressed, to the best
of our knowledge. Therefore, in this paper, we aim to fill
some of the gaps and propose analytical and semi-analytical
tools that allow to efficiently evaluate the impact of PAs on
a hybrid beamforming wideband mMIMO OFDM system.
The impacts of nonlinearities, which are inherently present in
these systems, are analytically and semi-analytically assessed
with respect to the overall system performance. First, the
distortion spectrum due to NLs is derived. Then, a semi-
analytical expression for the BER using the previous derived
distortion factor is derived, which, to the best of our knowl-
edge, has not been addressed yet. This analysis reflects the
propagation effect of the NL through the system chain. The
proposed tools are valid for any nonlinear characteristic.
To validate the derived tools, the impact of the PA nonlin-
earity in the hybrid mMIMO system was studied, consider-
ing two different PA modeling approaches. In the first case,
an analytical model is used to characterize the NL character-
istic of a PA. In the second one, a polynomial approximation
is applied.

The remainder of the paper is organized as follows.
Section II presents the system model of the hybrid ana-
log/digital architecture considering OFDM and mMIMO
technologies. The transmitter, receiver and the channel model
are described in this section. In Section III, the PA models
that are considered in the communication chain are described.
The theoretical characterization of the NL distortion and BER
expressions are derived in Section IV. Section V presents the
main simulation results about the NL impacts, including the
theoretical validation. The main conclusions are drawn in
Section VI.

Notation
Throughout this paper, we will employ the following nota-
tion. Boldface capital letters denote matrices and boldface
lowercase letters denote column vectors. The operation (.)H

represents the Hermitian transpose of a matrix. The symbol
(∗) represents the convolution operation. Re(c) and Im(c)
represent the real and imaginary parts of c, respectively.
A(j, l) denotes the element at row j and column lof matrix
A, and a(j) denotes element j of vector a. IN is the identity
matrix with a size of N × N . The symbols s̃ and ŝ represent
the time domain of the estimated signal relative to signal s; s
is the same variable in the frequency domain.

II. SYSTEM CHARACTERIZATION
The hybrid analog/digital mMIMO system that is considered
in this work is presented in this section, and it is followed by
the channel characterization.

A. SYSTEM MODEL
The hybrid analog/digital mMIMO OFDM system that is
used in this work is shown in Fig. 1. We consider a single-
user system with Nt transmission antennas and Nr receiving
antennas, where the number of RF chains at both the trans-
mitter and receiver is lower than the number of antennas,
i.e., NRF ≤ Nt and NRF ≤ Nr , respectively. An OFDM
modulation with K available subcarriers is employed, where
K − K ′ are zero-values subcarriers, i.e., we consider an
oversampling of factorJ = K

/
K ′.

The transmitted signal in the frequency domain before the
NL is given by

xk = FaFd,ksk , (1)
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where sk ∈ CNs×1 is the data vector and Ns is the number
of data symbols that are transmitted in parallel over the Nt
antennas for the kth subcarrier. We consider M -quadrature
amplitude modulation (M -QAM) constellations in which the
data symbolssk have E

[
|sk |2

]
= σ 2

s INs . As it can be seen
from (1), the transmitter processing is decomposed into two
parts, the digital baseband and the analog circuitry, which are
mathematically modeled using the precoder matrices Fa ∈
CNt×NRF and Fd,k ∈ CNRF×Ns , respectively. The digital part
hasNRF transmission chains andNs ≤ NRF ≤ Nt . First, theNs
data symbols are digitally precoded by using matrix Fd,k on
each subcarrier. Then, a K -IFFT is employed on each RF
chain followed by a cyclic prefix (CP). The time domain
samples are further processed by using the analog coeffi-
cients, leading to the samples x̃n. Due to hardware constraints,
the analog part is implemented using a matrix of analog phase
shifters, which forces all elements of matrix Fa to have equal
norms (|Fa(it , irf )|2 = N−1t ). The relation between the input
signal of the NL block, x̃n, which is the inverse discrete
Fourier transform (IDFT) of xk , and the output signal of the
NL block, z̃n, will be discussed in Section III.

The received signal yk ∈ CNr×1 at the subcarrier k is
given by

yk= Hkzk+nk , (2)

where zk ∈ CNt×1 is the output signal of the NL in the
frequency domain(zk , which is the DFT of z̃n), which will
be defined in the next section. nk ∈ CNr×1 is zero mean
Gaussian noise with a variance of σ 2

n and Hk ∈ CNr×Nt is
the channel matrix for subcarrier k . This received signal is
first processed by using the analog phase shifters, which are
modeled by the matrixWa ∈ CNRF×Nr .
All elements of matrix Wa must have equal norms. Then,

baseband processing follows, which is composed of NRF
processing chains. It should be noted that the analog parts
of both the precoder and equalizer are constant over all the
subcarriers while the digital part is computed for each sub-
carrier. First, the CP is removed and a K -FFT is performed
for each RF chain. Then, the signal passes through a linear
digital filter Wd,k ∈ CNs×NRF . The filtered received signal is
then given byWd,kWayk , leading to the following estimates:

ŝk=Wd,kWayke−j2̂, (3)

where 2̂ is the estimation of the phase term due to the
amplitude modulation/phase modulation (AM/PM) function
of PAs. The analog part of both the precoder and equal-
izer are constant over all the subcarriers, while the dig-
ital part is computed for each subcarrier. In this paper,
we consider the hybrid analog-digital precoder and the hybrid
equalizer in [30]. However, it should be emphasized that
others hybrid precoder/equalizer recently proposed in the
literature could also be considered, since our formulation
is general and therefore it can be applied to any hybrid
precoder/equalizer.

B. CHANNEL MODEL
The model that is used in the proposed system accu-
rately models communications with tightly packed antenna
arrays. The considered channel model follows the clustered
frequency-selective channel model that is discussed in [9],
which is represented as the sum of the contribution of Ncl
clusters, each of which contributes with Nray propagation
paths to the channel matrix with a cyclic prefix duration,KCP.
The channel at subcarrier k is expressed as

Hk =

KCP−1∑
d=0

H [d]e−k
2πk
Kc

d
, (4)

whereH [d] is the delay-dMIMOchannelmatrixwithD taps,
which can be written as

H [d]=λ
Ncl∑
ic=1

Nray∑
ir=1

αic,ir p
(
dT − τic,ir

)
Ar (ic, ir )At (ic, ir ) ,

(5)

where αic,ir and τic,ir correspond to the path gains and the
relative time delay of the (ir )th ray in the (ic)th scattering
cluster, respectively. λ is a normalization factor such that

λ =

√
NtNr
NrayNcl

. (6)

p (τ ) is a pulse-shaping function for the T -spaced signaling
that is evaluated at τ seconds [9]. At and Ar are the matrices
of the array response vectors at the transmitter and receiver,
which are formed by

At = [at (θt1,1), . . . , at (θtNcl ,Nray ))], (7)

and

Ar = [ar (θr1,1), . . . , ar (θrNcl ,Nray ))], (8)

respectively, where θ rm,l and θ
t
m,l are the azimuth angles of the

arrival and departure, respectively. The array response vectors
for an Nw-element uniform linear array are given by

aw(θwm,l)

=
1
√
Nw

[
1, ej

2πda
λ

sin(θwm,l), . . . , ej
2π(Nv−1)da

λ
sin(θwm,l)

]T
,

(9)

where w ∈ {r, t} and da is the inter-element spacing. More-
over, we assume that the duration of the delay-d MIMO
channel is smaller than the cyclic prefix duration, KCP, which
is usually much lower than K . Therefore, we have H [d] = 0
for d > KCP.

III. NONLINEAR AMPLIFICATION MODELING
Although the presented analysis could easily be extended to
other nonlinear sources, in this work, we assume that the
nonlinearity presented in the overall transmitter is only due to
the PA, which can cause severe linearity degradation. Due to
efficiency reasons, PAs are normally operated near saturation,
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FIGURE 2. Photograph of the used 4.5GHz, 10W single-ended GaN PA.

which increases signal distortion and justifies the effort spent
on an accurate nonlinear characterization [31]. In this section
we characterize the PA used, followed by the definition of the
considered PA models.

A. PA CHARACTERIZATION
Power amplification at RF is most commonly achieved using
travelling wave tube amplifiers (TWTA) or solid state power
amplifiers (SSPA). SSPAs were mainly used for low- and
medium-power levels due to size, operational lifetime and
typically better performance, when compared to TWTAs.
Modern communication systems use advanced PA architec-
tures such as the Doherty or Chireix topologies [16].

In this work, to validate the proposed tool, we use a
4.5GHz 10W single-ended PA that incorporates a Wolf-
speed’s CGH40010F Gallium Nitrade (GaN) HEMT. Fig. 2
presents a photograph of that PA. The output matching
network, built with microstrip lines, was designed so that
the impedances presented to the transistor are the optimal
ones at both the fundamental and the second harmonic (for
the fundamental we choose the one that guarantees maxi-
mum efficiency and for the second harmonic a short circuit
was applied). The input matching network, also built with
microstrip lines, was designed to guarantee the necessary gain
and assure stability at all frequencies [32].

Two of the most important estimators of the power
amplification impact on communication systems linear-
ity performance are the amplitude/amplitude (AM/AM)
and the AM/PM conversion functions [33]. The non-
linear amplifier response transforms the time signal x̃n
into the signal z̃n, where x̃n is the time-domain equiva-
lent of the OFDM signal, i.e.,

{
x̃n, n = 0, . . . ,K − 1

}
=

IDFT {xk , k = 0, . . . ,K − 1}. The PA output can be given in
function of the AM/AM and AM/PM functions, as follows

z̃n = fA (r) ej arg(x̃n)+jfP(r), (10)

where r =
∣∣x̃n∣∣, fA (·) and fP (·) are the AM/AM and AM/PM

nonlinear conversion functions, respectively. This signal thus
includes the NL effect of the PA. The phase term, in (3), is an

FIGURE 3. AM/AM characteristic of the used PA for a 10MHz OFDM input
signal.

FIGURE 4. AM/PM characteristic of the used PA for a 10MHz OFDM input
signal.

estimation of the phase rotation due to the AM/PMof the PAs,
and is obtained through

2̂ = E [fP (r)] . (11)

Figures 3 and 4 show, respectively, the measured AM/AM
and AM/PM characteristics of the used PA for a 10MHz
OFDM input signal. With this signal, which has a peak to
average power ratio (PAPR) of 9.1dB at the PA input and
7dB at the PA output, the amplifier provided an average drain
efficiency of 39%.

B. POLYNOMIAL AND ANALYTICAL PA MODELS
The PA nonlinearity impact on a hybrid mMIMO system is
derived in the next section, based in the assumption that the
PA model is defined in terms of its AM/AM and AM/PM
characteristics. Two different PA modeling approaches are
used: polynomial and empirical analytical model. However,
in principle, any other modeling approach could be used.

The use of polynomial models is nowadays quite dissem-
inated throughout the behavioral modeling community since

VOLUME 7, 2019 172281



S. Teodoro et al.: Theoretical Analysis of NL Amplification Effects in mMIMO Systems

they provide a low complexity, mathematically tractable and
accurate characterization method [27], [28], [34]. The most
common memory polynomial expression, expressed in its
generic form, is given by

z̃n =
P−1∑
p=0

M−1∑
m=0

apmx̃n−m
∣∣x̃n−m∣∣p (12)

where apm are the model coefficients, p+1 is the polynomial
order, P is the maximum polynomial order, m is the memory
depth andM is maximum memory depth.
Note that whenM = 0, the above model describes a purely

static characteristic, defined as

z̃n =
P−1∑
p=0

apx̃n
∣∣x̃n∣∣p = P−1∑

p=0

ap
∣∣x̃n∣∣p+1 ej arg(x̃n)

= f
(∣∣x̃n∣∣) ej arg(x̃n), (13)

With f
(∣∣x̃n∣∣) being the global PA characteristic function.

This signal can also be described as AM/AM and AM/PM
functions, so that

f
(∣∣x̃n∣∣) = fA

(∣∣x̃n∣∣) ejfP(|x̃n|). (14)

These polynomial models have been widely adopted because
they are simpler to manipulate and are linear in the coeffi-
cients, meaning that these models can be easily fit by mini-
mizing the mean squared error between model response and
measurements. However, polynomial models may require
many higher order terms. Instead, a generic baseband model
can be used to represent these nonlinearities, being one of
them the Rapp’s model, which is simple but provides analysis
tractability regardless of the used PA type [35], [36]. For this
particular model fP (r) is approximately zero, and

fA (r) =
r

2p

√(
1+

(
r
sM

)2p) , (15)

where p is the parameter that controls the smoothness of the
transition between the linear and the saturation regions.

Figures 5 and 6 present, respectively the AM/AM
and AM/PM obtained through measurements, polynomial
approximation and empirical modeling approaches.

IV. THEORETICAL BER DERIVATION
To theoretically analyze the impact of the NLs on the overall
hybrid mMIMO OFDM system that was previously defined,
we start by analytically deriving the distortion at the output
of the PA. Then, this distortion is used to conduct a semi-
analytical BER analysis.

A. CHARACTERIZATION OF NL DISTORTION TERM
Concerning the distortion characterization, we start by defin-
ing the relation between the input and output signals of the
PA. From central limit theorem, the input of the PA device
is approximately Gaussian if the number of antennas and/or

FIGURE 5. AM/AM conversion functions for the analytical and the
polynomial PA models.

FIGURE 6. AM/PM conversion function of the analytical and polynomial
PA models.

subcarriers is high. Therefore, from Bussgang’s theorem,
the output signal can be decomposed into uncorrelated useful
and self-interference components [37], [38]. The component
n of the PA output that is defined in (10) can be written as

z̃n = αx̃n + d̃n (16)

where d̃n is the nonlinear distortion component, which is
uncorrelated with x̃n, and

α =
1

2σ 4

+∞∫
0

rfA (r) ejfP(r)e
−

r2

2σ2 dr (17)

where r =
∣∣x̃n∣∣. In addition, since the magnitude of x̃n is a

Rayleigh distribution, we can write

α =
E
[
rfA (r) ejfP(r)

]
E
[
r2
] . (18)

The power spectral density (PSD) of the nonlinear input
can be obtained by using the average values of the signal
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that is associated with each subcarrier Gx,k = E
[
|xk |2

]
.

We assume that

Gx,k =

{
2σ 2

x , k = 0, . . . ,K ′ − 1
0, k = K ′, . . . ,K − 1,

(19)

whereE
[
|xk |2

]
= σ 2

x INt , although the generalization to other
cases is straightforward. For simplification purposes, x̃k is
considered to be one element of the vector x̃k .
The autocorrelation of the input signal, which is defined as

Rx,n = E
[
x̃n′ x̃
∗

n′−n

]
, n = 0, . . . ,K − 1, (20)

where n′ ∈ {0, 1, . . . ,K − 1}, can be obtained through the
IDFT operator{

Rx,n, n = 0, 1, . . . ,K − 1
}

=
K
K ′
IDFT

{
Gx,k , k = 0, 1, . . . ,K ′ − 1

}
, (21)

which, for component n, is given by the well-known
expression

Rx,n =
1
K

K∑
k=0

Gx,kej2πk
n
K . (22)

The autocorrelation of the nonlinearly distorted signal that
is defined as Rnl,1 = E

[
z̃nz̃∗n′

]
can be expressed as a function

of the input autocorrelation signal [30], as follows:

RNL,n = 2
+∞∑
γ=0

I2γ+1
Rγ+1x,n R∗γx,n

R2γ+1x,0

, (23)

where I2γ+1 denotes the total power that is associated with
the intermodulation product (IMP) of order 2γ + 1, which is
defined as

I2γ+1 =
1

4σ 6 (γ + 1)

×

∣∣∣∣∫ +∞
0

r2fA (r) ejfP(r)e
−

r2

2σ2 Lγ

(
r2

2σ 2

)
dr

∣∣∣∣2 ,
(24)

where the first intermodulation term corresponds to the useful
power and where L(1)γ (x) denotes the generalized Laguerre
polynomial of order γ , which is defined as [39]

Lγ (x) =
n∑

k=0

(−1)γ
γ !

(γ − k)!k!k!
xk . (25)

The PSD of the distorted signal due to the NL is given by{
GNL,k , k = 0, . . . ,K ′ − 1

}
= DFT

{
RNL,n, n = 0, . . . ,K − 1

}
, (26)

where DFT represents the discrete Fourier transform oper-
ator. By replacing the RNL,n in (27) with (23) and using
the property that an autocorrelation function has Hermitian

symmetry, i.e.,
(
RHn
)∗
= RH−n, the equivalent expression for

the PSD of the NL signal can be simplified to

GNL,k = 2
+∞∑
γ=0

I2γ+1

R2γ+1NL,0

g2γ+1
(
Gx,k

)
, (27)

where

g2γ+1 (Gk) = (Gk ∗ ... ∗ Gk)︸ ︷︷ ︸
γ+1times

∗ (G−k ∗ ... ∗ G−k)︸ ︷︷ ︸
γ times

, (28)

since the exponent that denotes the 2γ + 1 power is trans-
formed into a 2γ + 1 times convolution when applying
the inverse Fourier transform. The convolutions are cyclic;
however, if the oversampling is large enough, they become
equivalent to linear convolutions.

The autocorrelation of the distortion signal that is defined
as Rd,1 = E

[
d̃nd̃∗n′

]
can be expressed as a function of the

input autocorrelation signal as follows:

Rd,n = 2
+∞∑
γ=1

I2γ+1
Rγ+1x,n R∗γx,n

R2γ+1x,0

. (29)

The PSD of the distortion component can be obtained from{
Gd,k , k = 0, . . . ,K ′ − 1

}
= DFT


+∞∑
γ=1

2I2γ+1

(
Rx,n

)γ+1 (R∗x,n)γ(
Rx,0

)2γ+1
 ,

×n = 0, . . . ,K − 1

 , (30)

and distortion power due to the NL is thus given by

σ 2
D = E

[
GD,k

]
, k = 1, . . . ,K ′. (31)

The diagram that is shown in Fig. 7 provides a simplified
graphical view of the operations that are performed to obtain
the statistical characterization of the NL distortion. By know-
ing the PSD of the PA input signal and the PA’s AM/AM
and AM/PM characteristic functions, it is possible to obtain
the autocorrelation of the input signals and the IMP factors.
Then, the calculation of the autocorrelation distortion, Rx,n,
is obtained by using the autocorrelation of the input signal
and the IMP coefficients. The DFT operation that is applied
to the autocorrelation and is followed by the mean operator,
being applied to the subcarriers, results in the distortion mean
power.

B. BER ANALYSIS
In a second step of this theoretical analysis, the objective is to
derive a semi-analytic expression for the BER. By replacing
(1) and (2) in (3), the estimated signal of the kth subcarrier
can be denoted as

ŝk = αe−j2̂Wd,kWaHkFaFd,ksk + e−j2̂Wd,kWaHkdk

+e−j2̂Wd,kWank (32)
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FIGURE 7. Operations that are performed to obtain the NL distortion.

By defining
∏

k = Wd,kWaHkFaFd,k ∈ CNs×Ns , Ak =

Wd,kWaHk ∈ CNs×Nt and Weq,k = Wd,kWa ∈ CNs×Nr ,
(33) can be simplified to

ŝk = αe−j2̂
∏

k
sk + e−j2̂Akdk+e−j2̂Weq,knk . (33)

The expression for the ith estimated symbol becomes

ŝk (i) = αe−j2̂
Ns∑
is=1

∏
k
(i, is) sk (is)+︸ ︷︷ ︸∏

k (i,i)sk (i)+
Ns∑

is = 1
is 6= i

∏
k (i,is)sk (is)

e−j2̂
Nt∑
it=1

Ak (i, it)dk (it)+e−j2̂
Nr∑
ir=1

Weq,k (i, ir )nk (ir ) ,

(34)

with i = 1, . . . ,Ns.
From (34), we can see that the estimated symbol has three

non-useful components: the interference between symbols,
eint,k ; the distortion due to NL, edist,k ; and the noise contri-
bution, enoise,k . Therefore, the ith estimated symbol can be
expressed as

ŝk (i) = uk (i)+eint,k (i)+ edist,k (i)+enoise,k (i) , (35)

with the useful component defined as

uk (i) = αe−j2̂
∏

k
(i, i) sk (i) (36)

and each non-useful component defined, respectively, as

eint,k (i) =
Ns∑

is = 1
is 6= i

αke−j2̂
∏

k
(i, is) sk (is), (37)

edist,k = Ak (zk − αxk) (38)

and

enoise,k = e−j2̂Wd,kWank . (39)

The BER is given by the Q-function of the ratio between
the mean powers of the useful and non-useful components
of the signal. To the best of our knowledge, a closed form
expression for the calculation of the non-useful signal is not
possible to obtain. It is well known that the noise contribution,

enoise,k , follows a Gaussian distribution. Both interference
and distortion variables, eint,k and edist,k , are also approxi-
mately Gaussian, since multicarrier signals with a large num-
ber of subcarriers are complex Gaussian distributed. Thus,
an approach for the BER calculation is proposed for a given
channel realization, where the non-useful signal power is
calculated based on the power of the signals that are defined
in (37), (38) and (39), as follows:

BERk (i,Hk)|H ' Q

(√
σ 2
u

σ 2
int,k + σ

2
dist,k + σ

2
n,k

)
, (40)

with the useful power given by

σ 2
u,k = α

2σ 2
s

∣∣∣∏
k
(i, i)

∣∣∣2 . (41)

The variances of the interference,σ 2
int,k ; distortion, σ

2
dist,k ;

and noise, σ 2
nd,k components are respectively given as func-

tions of the variance of the signal sk , σ 2
s ; the distortion power,

σ 2
D, as in (31); and the additive white Gaussian noise power

that is added in the reception, σ 2
n . The three components

of the non-useful power are approximated by the following
expressions:

σ 2
int,k ' α

2
kσ

2
s

∣∣∣∣∣
Ns∑
i′=1

∏
k

(
i, i′
)∣∣∣∣∣
2

−

∣∣∣∏
k
(i, i)

∣∣∣2
 , (42)

σ 2
dist,k ' σ

2
D

Nt∑
it=1

|Ak (i, it)|2, (43)

σ 2
nd,k ' σ

2
n

Nr∑
ir=1

∣∣Weq,k (i, ir )
∣∣2. (44)

Since
∏

k ,Ak andWeq,k are matrices that are dependent on
the channel, the means in (42), (43) and (44) can be obtained
through simulation to achieve channel realization.

The average BER for the kth subcarrier is then obtained by
using the mathematical expectation of (40) for several chan-
nel realizations, including a total of Nsimdifferent channels,
which is given by

BERk =
1

NsimNs

Nsim∑
j=1

Ns∑
i=1

BERk
(
i,Hk,j

)
. (45)

The block diagram in Fig. 8 summarizes the operations that
are performed to achieve the BER for the presented hybrid
analog/digital system. We start by calculating the distortion
due to the PA (according to the steps in Fig. 7) and the factor α
in (17). With these two parameters, in addition to the variance
of the input PA signal and a matrix that is dependent on the
channel state information (CSI), the useful signal power is
calculated using (41). The signal power and a matrix based on
the CSI is used to calculate the distortion component, while
for the noise component the noise power and a matrix that is
dependent on CSI are used.

The interference component is obtained by using the
parameter α, the signal power and a matrix that is dependent
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FIGURE 8. Operations that are performed to obtain the theoretical BER
for a hybrid system.

on the CSI. Finally, these obtained values are used in the
Q-function to obtain the semi-analytical BER expression,
as seen in (40).

V. PERFORMANCE RESULTS
In this section, we present a set of performance results for the
impact of NL on the hybrid digital/analog architecture that
is described above. Our scenario has Nray = 10 rays with
Laplacian distributed azimuth angles of arrival and departure.
The angular spread at both the transmitter and receiver is set
to σ = 10 degrees. The antenna inter-element spacing da is
assumed to be half-wavelength. The number of antennas at
the transmitter and receiver areNr = 16 andNt = 16, respec-
tively, and the number of RF chains is NRF = 8. The number
of subcarriers is set to K = 256 and the oversampling factor
is set to 2. The number of data symbols that are transmitted
per subcarrier is set to Ns = 4.
In this paper, we consider the hybrid analog-digital trans-

mission and receiving beamforming that was proposed
in [11]. However, it should be emphasized that other hybrid
precoders/equalizers that have been recently proposed in the
literature could also be considered since our formulation is
general and could, therefore, be applied to any hybrid pre-
coder/equalizer.We consider perfect oscillators, synchroniza-
tion and channel estimation.

We assume that αic,il are i.i.d. CN
(
0, σ 2

α,ic

)
, where σ 2

α,ic
defines the average power of the icth cluster. The average
power of all Ncl clusters is the same and

∑Ncl
i=1 σ

2
α,ic = λ,

where λ is the normalization factor in (6).
The normalized spectra of signals associated to the PA can

be seen in the following figures. In Fig. 9 the spectra of the
normalized PA input and output signals are presented and
in Fig. 10 the theoretical and simulated PA distortion signals
are plotted, both for the case for which the oversampling
factor is set to 2. In Fig. 11, we can see the spectra of the
normalized PA input and output signals and in Fig. 12 the the-
oretical and simulated PA distortion signals, in these cases for
an oversampling of 4. The presented spectra were obtained
for different saturation levels sM

/
σx = 0.5and sM

/
σx = 1,

for a set of channel realizations, so that we can observe the
fluctuations in the signal due to the effects of the channel and

FIGURE 9. Normalized power spectrum of input and output signals of the
PA when using the polynomial PA, with an oversampling factor of 2.

FIGURE 10. Normalized power of the distortion signals of the PA when
using the polynomial PA, with an oversampling factor of 2.

the precoder. Thus, the signal distortion ratio is dependent
on these signal fluctuations, since the distortion spectra are
almost constant and the signals vary with the subcarriers.
Moreover, the distortion spectrum variation along the fre-
quency depends on the oversampling being almost constant
for low oversampling values and decreasing in the non-useful
band for the case of higher oversampling factors. Based in
these results, we conclude that the oversampling should be
higher than 2.

In the following figures, the impacts of the NL are shown in
terms of the uncoded BER, which is presented as a function
of Eb/N0, where Eb denotes the average bit energy and N0
denotes the one-sided noise power spectral density. An anal-
ysis in term of signal interference noise ratio (SINR) results,
would lead to the same conclusions, accordingly to (40).
The BER curves that are obtained theoretically, by using the
proposed expressions, and numerically, by usingMonte Carlo
simulations, are plotted in Fig. 13 for the polynomial PA
model, for saturation levels of sM

/
σx = 0.5 and sM

/
σx = 1.

Moreover, the BER performances for similar conditions are
presented in Fig. 14, in this case modeling the PAwith Rapp’s
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FIGURE 11. Normalized power of the input and output signals of the PA
when using the polynomial PA with an oversampling factor of 4.

FIGURE 12. Normalized power of the distortion signals of the PA when
using the polynomial PA with an oversampling factor of 4.

FIGURE 13. NL impacts on system in terms of the BER with different
saturation levels and the polynomial PA model.

model and fixing the smoothness parameter as p = 3.The
systems’ performance is improved with the normalized satu-
ration level. The closeness of the curves allows us to conclude
about the derivation accuracy.

To observe the impacts of the PA, including the effects of
working in the linear PA region, the total degradation value
can be obtained. The total degradation variable, which fixed
for a given BER, is defined as the sum of two components:
one for the NL distortion and the other corresponding to the

FIGURE 14. NL impacts on system in terms of the BER with different
saturation levels, Rapp’s model, and p =3.

effects of the amplifier functioning in the linear region. The
corresponding expression is given by

Dtotal
(
sM
/
σ
)
= DNL

(
sM
/
σ
)
+ OBO, (46)

where DNL
(
sM
/
σ
)
is the degradation due to the NL, defined

is for a fixed BER, and OBO is the value of the output
backoff (OBO) power that corresponds to the power level at
the output of the RF amplifier relative to the maximum output
level possible using the RF amplifier, which is calculated as

OBO =
Psat
Pout

. (47)

Note that Pout = E
[∣∣z̃n∣∣2], which can easily be obtained

by using

Pout =

∞∫
0

f 2A (r) e
jfP(r)p (r) dx, (48)

where r is the absolute value of z̃n. The NL degradation is

DNL
(
sM
/
σ
)
= γNL

(
sM
/
σ
)
− γL , (49)

where γNL is the Eb
/
N0 that corresponds to a fixed BER and

γL is the observed ratio Eb
/
N0 for the same communication

for a target BER but without the PA.
Fig. 15 presents the total degradation and the two com-

ponents that form it for the polynomial PA model and for a
BER target BER = 10−3. One of the components is the OBO
power, which is defined as the ratio between the saturation
level power and the PA output power. OBO power increases
with saturation level, as observed. The other component is the
degradation in Eb

/
N0 due to the NL, which decreases as the

saturation level increases, as was already observed in Fig. 13.
The optimal operating point is the one with the lowest

degradation in Eb
/
N0, which for BER=10−3, is approxi-

mately sM
/
σx = 0.7. This is the case that best compensates

for the power degradation that is caused by being in the linear
region and the distortion that is generated by the PA (that
decreases as the saturation value increases). As the target
BER decreases, the saturation level that produces lower dis-
tortion increases, since the BER does not significantly differ

172286 VOLUME 7, 2019



S. Teodoro et al.: Theoretical Analysis of NL Amplification Effects in mMIMO Systems

FIGURE 15. Total degradation as a function of the saturation level for
BER = 10−3 and polynomial PA model.

FIGURE 16. Total degradation as a function of the saturation level for
different BERs and polynomial PA model.

with or without the NL for high Eb
/
N0 values. For other BER

targets, the optimal saturation levels can be obtained from
Fig. 16. For BER=10−4, the optimal point is sM

/
σx = 1.1,

and for BER=10−2 it is sM
/
σx = 0.3.

VI. CONCLUSION
In this paper, a hybrid analog/digital mMIMOOFDM system
is studied. To analyze the effects of nonlinearities on the per-
formance of massive MIMO systems, we derived theoretical
tools to estimate the distortion at the output of the NL and the
BER at the detection level.

The proposed theoretical and semi-analytical tools were
successfully validated through Monte Carlo simulations,
in which the NLs were modeled using analytical and poly-
nomial PAs’ models. We concluded that the nonlinearity in
the transmitter, which was due to hardware impairments, had
a strong impact on hybrid analog/digital mMIMO systems,
as expected. Thus, the proposed distortion derivation has sig-
nificant application prospects for hybrid broadband wireless
systems.

We also showed that the useful signal spectrum fluctuates
differently for different subcarriers; thus, the lower power
subcarriers will be strongly affected by the distortions. More-
over, it is possible to obtain the optimal operating point
for a specific nonlinear amplifier, which can be useful in
communication systems’ development.

The knowledge of the error due to nonlinear amplifiers
during detection is of huge importance since it can be used
in the precoding and/or equalizer design in order to reduce
the observed penalty. It would be interesting to extend the
proposed tool for millimeter wave systems. However, this
requires appropriate PA models, and thus it will be object of
study in further work.
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