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1. INTRODUCTION

The classification of highly symmetric objects, particularly regular maps and
polytopes, is a problem that attracts both geometers and algebraists. The idea
of using permutation representations to classify regular maps and polytopes is not
new but in 2008 the concept of a graph associated with a regular polytope, called
a CPR graph, was introduced [16]. CPR graphs, that are faithful permutation
representations, turned out to be a powerful tool in classification of abstract regular
polytopes. The group of symmetries G of an abstract regular polytope of rank r
is generated by r involutions pg,...,pr—1. For each ¢ € {0,...,r — 1} the i-faces
correspond to the cosets of the group G; generated by all the generators of G except
pi [15]. The group G acts transitively on the set of i-faces and if, in addition, G;
is core-free this action is faithful. Regular maps that have non-faithfull actions on
the cells (vertices, edges or faces) or on darts are identified in [14].

In this paper we search for faithful transitive permutation representations of the
group of symmetries of a toroidal regular map of types {4,4} and {3,6}, which
includes the faithful actions on vertices, edges and faces of the map.

CPR graphs give an efficient method to classify or construct abstract regular
polytopes with a certain types of prescribed group of automorphisms. Several
results were accomplished using these faithful permutation representations answer-
ing some conjectures arising from the atlas of abstract regular polytopes for small
groups built in 2006 by Leemans and Vaulthier [13]. For instance, the symmetric
group S, (n > 4) is the group of symmetries of a polytope of any rank between 3
and n — 1 [5]. CPR graphs were used to construct examples of polytopes for all
possible ranks, furthermore to prove that there are exactly two polytopes of rank
r =n — 2 for S, and to describe all polytopes of rank » = n — 3 for S,, [9]. For
the alternating group A,, it was possible to prove that the maximal rank is L%‘lj
when n > 12 [2] and to provide examples of polytopes with highest possible rank
8, 7].

The concept of a hypertope, as a generalization of a polytope, was recently intro-
duced [11]. Some examples of highly symmetric hypertopes with a given diagram
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have been constructed [10, 3]. The classification of regular hypertopes of ranks n—1
and n — 2 for the symmetric group S,, was also accomplished using a generalization
of CPR graphs [6] considering Coxeter groups with nonlinear diagrams. In [10] hy-
pertopes of rank 4, whose rank 3 residues are toroidal hypermaps, called hexagonal
extensions of toroidal hypermaps, were constructed. In this work a CPR graph for
the toroidal map {6,3}(;,0) (s > 2) was given. Indeed the existence of these rank
4 regular hypertopes is only possible if we can, in a certain way, combine the CPR
graphs of its rank 3 residues. Griinbaum’s problem is one of the classical problems
of the theory of abstract regular polytopes, still not completely solved, and it con-
sists in the classification of locally toroidal polytopes. The problem is extensible
to regular hypertopes of rank 4 with toroidal rank 3 residues and we strongly be-
lieve that CPR graphs of regular toroidal maps may play an important role in the
construction (and possible classification) of regular hypertopes with toroidal rank
3 residues. Indeed, the group theoretical conditions for an incidence system to be
a regular hypertope are much easier to check when the CPR graphs are known.

In this paper we list all possible degrees of a faithful transitive permutation
representation of the group of symmetries of a finite regular map of type {4,4} and
{3,6}. The results can be summarized as follows, considering s > 3:

e for the map {4,4}, o) the possible degrees are s2, as well as 2ab, 4ab and
8ab for each pair of positive integers a and b with s = lem(a, b);

e for the map {3,6}(s,0) the possible degrees are s?, 2s?, 452, 3ds for each
d with d| s, as well as 6ab and 12ab, for each pair of positive integers a, b
with s = lem(a,b).

e the degrees of {4,4} ) are the degrees of {4, 4}, o) multiplied by 2, while
the degrees of {3,6}(, ) are the degrees of {3, 6}, ) multiplied by 3.

We deal with the particular cases s = 1 and s = 2 separately.

This paper is the just the starting point for a study of faithful permutation
representations of regular polytopes. Maps of other genus could also be considered
in future works or other regular polytopes namely cubic toroids or locally toroidal
polytopes.

In what follows we start giving some background, mainly on toroidal maps and
CPR graphs. We will deal separately with types {4,4} and {3,6} but there is
a common theory that will be included in a preliminary section, just after the
background section. After listing all the possible degrees for each of the types, we
give in each case some examples of families of CPR, graphs.

2. TOROIDAL REGULAR MAPS

Consider the regular tessellations of the plane by identical squares, triangles or
hexagons. These tesselations are infinite regular 3-polytopes whose full symmetry
groups are the Coxeter groups [4,4], [3,6] or [6, 3], respectively, generated by three
reflections pg, p1, p2, as shown in Figures 1 and 2. Identifying opposites sides of a
parallelogram, whose vertices are vertices of the tessellation, we obtain a toroidal
map of one of the types {4,4}, {3,6} or {6, 3}, respectively. In what follows we will
only consider toroidal maps of types {4,4} and {3,6}. Tessellations by hexagons
are dual to triangular tessellations, therefore there is a one-to-one correspondence
between the degrees of maps of types {3,6} and {6, 3}.
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2.1. Toroidal Map {4,4}. Consider the toroidal map {4,4}+ having V' = 52412
vertices, 2V edges and V faces, that is the obtained identifying opposite sides of
the parallelogram with vertices (0,0), (s,t), (s —t,s +1t) and (—t, s), as shown in
Figure 1. The product of two reflections p; and p; with 4,5 € {0,1,2} are still
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FIGURE 1. Toroidal map of type {4,4}.

symmetries of the identified map {4,4}, s (rotational symmetries), but po, p1 and
p2 are reflexions of {4,4}, ;) only if st(s —t) = 0 [4], that is precisely when the
map is regular, meaning that the group of symmetries acts regularly on the set
of flags (triples of mutually incident, vertex, edge and face). Hence there are two
families of toroidal regular maps, denoted by {4,4} s 0y and {4,4}, ). Their group
of symmetries are factorizations of the Coxeter group [4, 4], by

(pop1p2p1)® =1 or (pop1p2)* =1,

respectively. The number of flags of {4,4}, ) is 852 while the number of flags
of {4,4},,4) is 16s2. Indeed the group of {4,4}(5,0) is a quotient of the group of
{474}(375) while {474}(375) is a quotient of {474}(25,0)~

For the map {4,4}, 0 consider the translations u = pop1p2p1 and v = u*.

P2

We have the following equalities

(1) uf =ut uP? = u, 0" = and v = v L.
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In the case of the map {4,4} ), consider g := uv = (pop1p2)® and h :=u™"'v =

gﬂo .

P2

.

pi PO

We have the following equalities

(2) ¢"' =g, ¢ =h ! and h** = h~ L.

2.2. Toroidal Map {3,6}. Consider the map {3,6} (¢ having V = 52 + st + 12
vertices, 3V edges and 2V faces, that is obtained identifying opposite edges of a
parallelogram with vertices (0,0), (s,t), (—t,s +t) and (s — t,s + 2t), as shown
in Figure 2. The involutions pg, p1 and pp are symmetries of {3,6} ¢ only if

(sft\yt)
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FIGURE 2. Toroidal map of type {3,6}.

st(s —t) = 0, that is the condition for regularity of {3,6}, ). Hence we distinguish
two families of toroidal regular maps of type {3,6}: {3,6} 0y and {3,6} (). The
group of symmetries of {3,6},,0) and {3,6}, ) are factorizations of the Coxeter
group [3, 6] by

(pop1p2)® =1 and ((p2p1)*po)* = 1,

respectively. The number of flags of {3, 6}, ) is 1252 while the number of flags of
{3,6} (5,5 18 36s2. Indeed the group of {3, 6} (s,0) is @ quotient of the group {3, 6} (s )
and the group of {3,6} s is a quotient of the group of the map {3,6}35,0). For
the map {3,6}; o) consider the translations u = po(p1p2)?p1, v = u* = (pop1p2)?
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and t = v~ 1w.

P2

1

PO

We have the following equalities
(3) ufo =u" uP? =y, vP =t and v”? =t 1.

In the case of the map {3,6} ), consider g := uv = (po(p1p2)?)?, h = u2v =
g”° and j := hg. We have the following equalities

(4) g"r' =g, ¢"> =h ' and K =L

P2

P17 Po

2.3. String C-groups and CPR graphs. The group of symmetries of a toroidal
map is a string C-group of rank 3, the unique exception is the group of {4,4} ¢
(that is not a polytope). In general a string C-group of rank r is a group generated
by r involutions pg, p1, . - ., pr—1 satisfying the following conditions.
e (pipj)?=1if|i—j| > 1foreveryi,jel:={0,....,r—1}
o (pjlje)N{pr|k e K)=(p;|i € JNK) for any pair, J and K, of subsets
of I.
If G is a string C-group of rank r and is represented by a faithful permutation group
of degree n, then it can be represented graphically by a graph G with n vertices
and with an edge {z,y} with label ¢ whenever xzp; = y. This graph is called a CPR
graph of degree n [16] and let G; denote the subgraph of G with the same vertex-
set as G and with the edge-set given by the edges of G labeled by the elements in
J CH{0,...,r—1}. A CPR graph satisfies the following properties:
e G4y is a matching;
e if [i — j| > 2, the connected components of Gy; ;3 are either single edges,
double edges or squares with alternating labels (alternating {4, j }-squares).

A graph satisfying these properties gives a faithful permutation representation of a
string group G generated by involutions. If in addition the intersection condition is
satisfied, the graph is a CPR graph of an abstract regular polytope. If the graph is
connected, the degree is the index of the stabilizer of a point. There is a one-to-one
correspondence between abstract regular polytopes and string C-groups. When a
regular polytope is described by a certain CPR graph G, we say that the number
of vertices of G is a degree of the regular polytope.
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For a better understanding on the way CPR graphs can be built from the re-
lations of the group, and vice-versa, we refer to the details shown in the example
given in p. 164 of [10].

3. PRELIMINARY RESULTS

In this section we include the results that can be applied to both the toroidal
regular maps of type {4,4} and of type {3,6}. We start by proving a proposition
on the degrees of a transitive action of a direct product of cyclic groups for later
use.

Proposition 3.1. Let H = C, x Cy be a direct product of cyclic groups of orders
a and b resp. with a > b. If H acts transitively on d points then either d = a and
bla (b < a), ord=ab.

Proof. Let C, = (a) and C, = (8) with a and 8 being permutations on d points.
First C, and C} cannot be both transitive, otherwise one is a power of the other,
a contradiction. Thus either C, or Cj is intransitive. If C, is transitive and Cj is
intransitive, the orbits of # form a block system for H. More precisely, d = a and
B is a product of disjoint cycles of size b with bla. As a > b it is not possible to
have (8 transitive and « intransitive.

Now assume that C, and Cj are both intransitive. Then there are two block
systems for H, one block system whose blocks are the (a)-orbits and another whose
blocks are the (f)-orbits. Let f: H + S/, be homomorphism induced by the the
action H on the (a)-orbits. We have that («) < Ker(f). If 8 swaps a pair of
vertices inside a (a)-orbit, then /3 fixes the entire (a)-orbit, and therefore H is
intransitive, a contradiction. Indeed as H is transitive f(8) must be a cycle of
order b. Moreover [ is fixed-point-free, thus 8 is a product of a cycles of size b.
Hence d = ab. (]

In what follows, let G be the group of symmetries of a toroidal regular map
of type {4,4} or {3,6}, and suppose G is represented as a faithful permutation
representation group of degree n. Let T be a translation group as follows: T :=
(u,v) for the maps {4,4}, 0y and {3,6} ) and; T":= (g, h) for the maps {4, 4} (5 5
and {3,6}(s,s) (Where u, v, g and h are as in Section 2).

Lemma 3.2. If T is transitive, then n = s2. In this case T is reqular and G =

T x G1 where G is the stabilizer of the identity.

Proof. We have that T is a direct product of cyclic groups of order s. Thus by
Proposition 3.1 n = s2. Moreover the action of T is regular. Hence G = T x G| is
G is the stabilizer of the identity (Section 1.7, [1]). O

Proposition 3.3. If G is the group of {4,4}s,5) or {3,6}(s,s), then T is intransi-
tive.

Proof. First suppose that G is the group of the map {4,4}, ) and that T' is tran-
sitive. Let a = pgp1p2p1. As T is regular we may see the n points as elements of
the group T, one of which is 1 (the identity), therefore law = g®h®. As o commutes
with both g and h, ¢g'hla = ¢*T*hI+? and ¢'hia® = ¢*T5*hI+50 = ¢'hJ. Hence the
order of « is at most s, a contradiction.

Analogously, for the map {3,6} ), if T is transitive then the order of o =
(pop1p2)? is at most s, giving a contradiction.
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d

Lemma 3.4. If n # s? then G is embedded into Sy ! Sy, with n = km (m, k > 1)
and

(i) k= ab where s = lem(a,b) and,

(ii) m is a divisor of L%I
Proof. By Lemma 3.2 T is intransitive, thus G is embedded into Si 1 S,,, with k
being the size of an orbit of T" and n = km.

(i) Consider that o and § are the actions of the generators of T on a block B.
Suppose that the orders of a and g are a and b, respectively. The group (a) x ()
acts transitively on B. Assume that a > b, then by Lemma 3.1 either k = a and b|a,
or k = ab. By the relations (1), (2), (3) and (4) of Section 2, the order of the actions
of the generators of T' on any other block is either a or b. Hence s = lem(a, b).

(ii) Now comnsider the induced action of G on the set of m blocks and the induced
homomorphim f : G — S,,. The kernel of this homomorphism has size at least s,
as it contains 7. Hence the size of I'm(f) is a divisor L%l

O

It is well known that a group acts transitively on a set of cosets of any of its
subgroups and that this action is faithful if and only if the subgroup is core-free.
Conversely, having a group acting faithfully on a set, the stabilizer of a point for that
action is core-free. Thus there is a correspondence between core-free subgroups and
faithful actions. Moreover, if G has a faithful transitive permutation representation
of degree n and is a subgroup of index a of K, then K has a faithful transitive
permutation representation of degree an. Consequently, we have the following
corollary.

Corollary 3.5. If n is a degree of {4,4}(s,0) (resp. {4,4}(s,s)) then 2n is a degree

of {4,4}(s,5) (resp. {4,4}(25,0)); and if n is a degree of {3,6}(s0) (resp. {3,6}(s.5))
then 3n is a degree of {3,6}(ss) (resp. {3,6}(3s,0));

4. THE MAPS OF TYPE {4,4}

In this section we consider the regular maps of type {4, 4}, determine all possible
degrees for these maps and give CPR, graphs for some of those degrees.

4.1. The possible degrees for the map {4,4} ). The groups of {4,4} )
(s > 2) act faithfully on the sets of vertices, faces, edges, darts and flags (as the
dihedral groups (p;, p;) and its subgroups are core-free, with ¢,j € {0,1,2}). Let
us consider the exceptional cases s € {1,2}. The only proper core-free subgroups
of the group of the map {4,4} o) have order two, thus the possible degrees for
the map {4,4}(; ) are 4 and 8. For the group of the map {4,4} ) we have that
(p1, p2) and (po, p1) have nontrivial core, that is (p5') and (p}'), respectively. Thus
the map {4,4} 2,0y is an example of a map whose actions on the vertices and faces
are non-faithful. But (pg, p2), (po) and G itself, are core-free, therefore 8, 16 and
32 are the possible degrees for {4, 4}(2’0). In what follows we determine the other
possible degrees for the maps {4,4} 0y (s > 2).

Proposition 4.1. Let G be the group of {4,4} 5,0y (s > 2). If a and b are nonneg-
ative integers and s = lem(a,b) then

(1) H = (u®,v") is core-free and |G : H| = 8ab,



8 MARIA ELISA FERNANDES AND CLAUDIO ALEXANDRE PIEDADE

(2) H = (u®,v°) x (pg) is core-free and |G : H| = 4ab,
(3) if ab # s then H = (u®,v®) x {pg, p2) is core-free and |G : H| = 2ab, and
(4) H = (u) ¥ (po, p2) is core-free and |G : H| = 2s.

Proof. (1) We have that HNH?* = (u®,v®)N{u®, v®) is trivial. Hence H is core-free.
The order of H is Z—z thus |G : H| = 8ab.

(2) Suppose that x € H N HP* = (u®,v®) x (po) N (ub,v%) x (pf*). If x ¢ T then
popht € T, a contradiction. Thus @ € T and therefore as in (1) we conclude that
2 = 1. The order of H is % thus |G : H| = 4ab.

(3) Suppose that z € H N HP = (u®v®) x {pg, p2) N (u®,v®) x (pf*, ph*). If
x ¢ T then pipb (o) F (o5 € K := (u®, v, u,v®) for some i, j, k, [ € {0,1}. This
is only possible for (i, j, k, 1) € {(0,1,1,0),(1,1,1,1),(1,0,0,1)}. Then we get
either v € K, u € K or v~ 'u € K which is possible only if s = ab, a contradiction.
Thus « € T and therefore, as in (1), we conclude that z = 1. The order of H is %
thus |G : H| = 2ab.

(4) We have that (u, po, p2) N (v, i, p5*) = (pa2, p5') that is core-free. O

Theorem 4.2. Let s > 2. There exists a CPR graph of a toroidal map {4,4} 0
with n vertices if and only if n = s> or n is either 2ab, 4ab or Sab where a and b
are positive integers with s = lem(a,b).

Proof. The number of vertices of {4,4} s oy is 52, hence, as observed before, {4, 4}(s,0)
has a faithful permutation representation of degree s2, corresponding to the core-

free subgroup (p1, p2). The rest follows from Lemma 3.2 and 3.4 and Proposition
4.1. O

4.2. The possible degrees for the map {4,4} ). The group of {4,4} ) is
isomorphic to a subgroup of {4, 4}(2_,0), in addition it is not possible to have a CPR
graph for {4,4}; 1) with only 4 points, hence the possible degrees for {4,4}( 1) are
8 and 16. Let us now consider s > 1. By Corollary 3.5 and Theorem 4.2 there are
faithful permutation representations for {4,4}, ) for n € {252, 4ab, 8ab, 16ab} with
s = lem(a,b). In what follows we prove that those are the unique possibilities for
n. By Proposition 3.3 and Lemma 3.4 the possibility to rule out is n = 2ab with
s = lem(a,b) and n # 2s2. Moreover in that case G is embedded into Sy 1S, where
the blocks are the orbits of T'= (g, h). That is the case we need to deal with.

Lemma 4.3. If m = 2 then n = 2s2.

Proof. Let G be the group of {4,4} ) acting faithfully on n points. Suppose
that T = (g, h) has two orbits. Consider the group K, isomorphic to the group
of symmetries of {4,4} (25,0, containing G. We have that K acts faithfully on two
copies of the set of n points. Let H = (u,v) < K be the translation group for
{4,4} (25,0), as in Section 2. We have that |u| = |v| = 2s. Moreover, if z is a point
on one of the copies, z(uv)?® is on the other copy. In addition T is a proper subgroup
of H, thus H must be transitive on 2n points and therefore it acts regularly on 2n
points. Hence, H has order (2s)?, 2n = (2s)?, as wanted. O

Theorem 4.4. Let s > 1. There exists a CPR graph of a toroidal map {4,4} )
with n vertices if and only if n is 252, or either 4ab, 8ab or 16ab where a and b are
positive integers with s = lem(a,b).
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Proof. This result follows from Proposition 3.3, Lemma 3.4, Corollary 3.5, Theo-
rem 4.2 and Lemma 4.3. [l

4.3. CPR graphs of {4,4} ).

Proposition 4.5. The following graphs are CPR graphs of {4,4}(s,0) of degree 2s
(s >3).
sodd: o e 0 o ! o 2 o 1 o 0 o1 o 24 ol o 2 o 1

1 2 1 0 1 2 1 0 1 2 1
S even: H—0—0—0—0—0—0—0—0 ® ® ®

Moreover the stabilizer of a point is, up to a conjugacy, {(u) X {pg, p2).

Proof. Let G = {(pg, p1, p2) be the group with one of the given permutation rep-
resentation graphs. Let x be the vertex of degree 1 on the left. Note that,
when s is odd, pgpip2p1 fixes z, fixes all the s — 1 vertices that are swapped
by p2 and cyclicly permutes the remaining vertices. When s is even, pgp1p2p1
fixes all the s vertices that are swapped by po and cyclicly permutes the re-
maining vertices. This shows that, in both cases, (pop1p2p1)® = 1. In addition
2 = p? = p3 = (pop1)* = (p1p2)* = (pop1)? = 1. Hence G is a quotient of the
group of symmetries of {4,4}, ). Let us prove that |G| = 8s2.

First consider the case s odd. The stabilizer G, of x contains pg, p2 and u =
pop1p2p1- Hence G, contains (po, pa2, u) = (p2) X Dag, thus |G| > 4s and therefore,
|G| > 8s2.

Now let s be even. The stabilizer G, of x contains pg, p2 and v := p1pop1p2 =

P As before |G| > 8s2.
This concludes the proof that the given graphs are CPR graphs of {4,4}, ). O

Proposition 4.6. The following graph is a CPR graph of {4,4} ) of degree 4s
(s >2).

1 2 1 0 0 1
® ® {2

0 2

1 2 1 0 0 1
® ® L ® ® ®

Moreover the stabilizer of a point is, up to a conjugacy, {(u) X {po).

Proof. Let G = {pg, p1, p2) be the group with the given CPR graph. First we have

p5 = P = p3 = (pop1)* = (p1p2)* = (pop2)® = (pop1pepr)® = 1. Hence G is
a quotient of the group of symmetries of {4,4}, o), particularly |G| < 8s?. Now
consider a vertex x not fixed by ps. The stabilizer G, of x contains pg and u. Thus
G, contains (pg,u) that is a group of order 2s. Thus |G| > 2s, which proves that
|G| = 8s2. Consequently the graph is a CPR graph of {4, 4} (5,0)- O

Proposition 4.7. The following graph is a CPR graph of {4,4} ) of degree 4s
(s >2).

/\/\/\2
e JG
\/\/\/2

Moreover the stabilizer of a point is, up to a conjugacy, {pop2, P1P2p1)-
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Proof. Let G = (po, p1, p2) be the group with the given permutation representation

graph. First we have (pop1)* = (p1p2)* = (pop1)? = (pop1p2p1)® = 1. Hence G is a
quotient of the group of symmetries of {4,4}, o), particularly |G| < 8s2. Consider

the vertex x of the graph. The stabilizer G, of = contains pgp2, p1p2p1 and u2.
Thus |G| > 8s*. Consequently the graph is a CPR graph of {4,4}, o). O

Lemma 4.8. A tiling on the torus by octagons and squares, as in the following
example, is CPR graph of {4,4} 0y of degree n = 8ab with s =lcm(a,b) (s > 2).
Moreover the stabilizer of a point is, up to a conjugacy, (u®,v®).

a

1 0

=)

In the example above a = 3 and b = 2.

Proof. Let G be the group generated by the involutions pg, p1 and ps with the
permutation given by a tiling of octagons and squares (as above) with n = 8ab.

First we have (pop1)* = (p1p2)* = (pop1)? = (pop1p2p1)® = 1 with s = lem(a,b).
Consider any vertex x of the tiling. We have that either (u®, v®) < G, or (v®,u®) <

G,. Hence |G| > Z—i Thus |G| = 8s2, which shows that the graph gives a
permutation representation of a toroidal map {4, 4} o). O

4.4. CPR graphs of small degree for {4,4}, ,).

Lemma 4.9. The following graph is a CPR graph of {4,4}(s.s) of degree n = 4s
(s >2).

SN N N

TN AT TN

Moreover the stabilizer of a point is, up to a conjugacy, {pop2, PoP1pP2)-

Proof. Let G = {pog, p1, p2) be the group with the given permutation representation
graph (s > 2). First we have (pop1)* = (p1p2)* = (pop1)? = (pop1p2)** = 1. Let
x be the second vertex starting from the left of the graph. The stabilizer G, of x
contains pgp2 and pop1pe. Hence G, contains (pgpa, pop1p2) = Dys, thus |G| > 4s
and therefore |G| > 16s2. O
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Lemma 4.10. The following graph is a CPR graph of {4,4} s s) of degree 8s (s >
2).

N 2 N AN NIV NIV AN
N VAN

[ J L]
1

Moreover the stabilizer of a point is, up to a conjugacy, (g) x {p1).

Proof. Let G = {po, p1, p2) be the group with the given permutation representation
graph (s > 2). First we have (pop1)* = (p1p2)* = (pop1)? = (pop1p2)* = 14.
Consider a vertex x that is not fixed by p;. The permutation g = (pgp1p2)? is in
the stabilizer of z. Hence G, thus |G| > s and therefore |G| > 1652, which proves
that indeed G is the group of the toroidal regular map {4,4} s ). O

5. THE MAPS OF TYPE {3,6}

In this section we consider the regular maps of type {3,6}, we determine all
possible degrees for these maps and we give CPR graphs for some of those degrees.

5.1. The possible degrees for the map {3,6} ). The smallest map of type
{3,6} has only one vertex, three edges and two faces. It does have a faithful
representation of degree 6 (on the darts) and of degree 12 (on the flags) but not
on the vertices, edges and faces. The map {3,6},0) has a faithful permutation
representation on the edges, faces, darts and flags but not on the set of vertices.
Any other map {3,6} ) with s > 2 has faithful permutation representation of
degrees s?, 2s?, 3s%, 4s?, 6s® and 12s?, as the dihedral groups (p;, p;) and its
subgroups are core-free, with 7,7 € {0,1,2}. In what follows we describe core-free
subgroups of the groups of symmetries G of the map {3,6},,0) and we calculate
in each case the index of that subgroup, corresponding to the degree of a faithful
permutation representation of G.

Proposition 5.1. Let G be the group of {3,6} 5.0y (s> 2).
(1) H = (u®,v") is core-free and |G : H| = 12ab, where s = lem(a, b).
(2) If s = lem(a,b) and s # ab then H = (u®,v*) x (pops) is core-free and
G : H| = 6ab.
(3) If d is a divisor of s then H = (u?) x {pg, p2) and H' = (u) x {pops) are
core-free. Moreover |G : H| = 3ds and |G : H'| = 6ds.
Proof. The proof of (1) is similar the proof of Proposition 4.1 (1). Let us now prove
(2) and (3) separately.
(2) Suppose that
x € HNH = (u,0%) x {popz) N (u’, v%) 3 ((pop2)").
If x ¢ T then
(Pop2)'((pop2)*)’ € K := (u®, 0", u’, v°)
for some 7, j € {0,1}. This is only possible for ¢ = j = 1, implying that u € K,
which is only possible if s = ab, which is not the case. Thus x € T and therefore,
2 = 1. The order of H is 1(2;)2 thus |G : H| = 6ab.
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(3) Suppose that
z € HNH = (u) x (po, pa) N (v%) x (pg", p5").
If © ¢ T then there is a nontrivial element
Porb (g ) (p51) € K = (u?,v?)
for some i, j, k,1 € {0,1}. Which implies that (7, j, k,1) = (1,1,1,1) and that j € K,
which is only possible if d = 1. If x € T, then z € (u?) N (v?) = {1}. Hence H is
core free when d # 1.

Consider d = 1. In this case u='pops = v 1pf'ph' = (p1p2)? is the unique
nontrivial element in H N H**, hence H N HP* = {(p1p2)?) which is not a normal
subgroup of G. Thus also in this case H is core-free. As H' is a subgroup of H, it
is also core-free.

The order of H is ¥ and the order of H' is 2* thus |G : H| = 3ds and |G : H| =
6ds. O

Corollary 5.2. Let s > 2. There ezists faithful permutation representations of the
group of the toroidal map {3, 6}(5’0) when n is s2, 252, 4s2, or 3ds with d a divisor
of s, or n is either equal to 6ab or 12ab where a and b are positive integers with
s =lem(a, b).

Proof. This is a consequence of Proposition 5.1. (I

Note that to extend Corollary 5.2 to the case s = 2 only the possibility n =
52 (n = 4) needed to be excluded from the set of possibilities for the degree n.

In what follows we prove that the degrees given in Corollary 5.2 are the only
possible degrees for the group of symmetries of the map {3,6}, ) with s > 2. By
Lemma 3.4 we now consider that G is embedded into S S,, where n = km with
m € {2, 3, 4} being the number of orbits of T' = (u,v) where v and v are as in
Section 2. In what follows we also consider the translation ¢ defined in Section 2.

Proposition 5.3. If m = 2 then k = s2.

Proof. Let m = 2. Let B; and By denote the two blocks. The following graphs
represent all the possible block actions (determined by the fact that u and v fix the
blocks setwisely).

Case 1 Case 2 Case 3
2 1 {0,1,2}
o —O O$O o ———o

Let v and us be the action of w on the blocks By and By respectively. In any of the
three cases the action of u; and us have the same cyclic decomposition. Hence, by
Proposition 3.1, k € {s,s2}. Now we assume that k = s, then v = ujus, v = v1v2
and t = t1ty with u;, v; and t; being cycles of length s. We now analise each case
separately.

Case 1: We have that t; = u{* and to = ug? for some integers oy and ay coprime
with s. Thus,

1= tt71 — t(tpl) — uflllugz (ufl)al (ugl)az =
= ufluy?vitvg? = (ugvr)® (ugvz) 2.

1

But this implies that v = v™", a contradiction.
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Case 2: We have that (uv)fPor2 = (uv)~!. Let uv = (uv)i(uv)e with (uv);
being the respective actions of uv in blocks B; (i € {1,2}). There exist oy and ao,
coprime with s, such that (uv); = uf* and (uv)y = ug?. Thus

1 = (uw)(uw) ™! = (uv)(uv)?170P2 = uf ug® (uf?"0r2) o (uf! P02 oe =
= M uSPu] oy *? = (ugoy ) (uguy PO = t] M, 2,
But this implies that «; = 0 (mod s) for i € {1,2}, a contradiction.

Case 3: Let v = uf" and ve = ug?, with a; with ¢ € {1,2} being co-prime with

s. Note that uf® = uy ', uf* = vy and u§' = v;. We have that

_ =1 —1(,,—1\po — ,, @1, a2, =1 —1/ pPo\—ay(, P0\—a2 _
L=t —U71~L (v )’i =y upPuy g (u)”) T (uh?) =
=yt lygrtert — yaatee—1 Hence ag + ag — 1 = 0(mod s).
In addition
1 =wut=vut = (W) (uf)2u] tuy b = v 0f?u tuy =

= w327 Thus agan — 1 = 0 (mod s).

With this, we conclude that a? — a; +1 = 0(mod s) and a3 — as +1 = 0(mod s),
implying that s is odd. As (p1p2)® has a fixed point (otherwise s would be even)
at least one of the components of the CPR-graph G; » must be of the one of two
following forms.

Let § = (p1p2)®. As u’ = ™! and s is odd the action of v and § on a block, say
By, can be described by the following graph.

6

L

o=

Hence 0 has exactly one fixed point on B;. Note that if G; > contains a cycle of size
six (one component is the second possibility given before) then ¢ fixes three points on
each block, a contradiction. We may then conclude that there is a point x € B; that
is fixed by p1p2. In addition, pgp2 must also have a fixed point, or otherwise s would
be even. Thus (pop2)* fixes = for some i € {0,...,s — 1}. Moreover, v*2y~! =
ugg_l fixes By point-wisely. Hence, the group H = (v*2u~', (pop2)™, p1p2) must
be a subgroup of G,. Let K = (v®2u~1). We have that |K| = s and, as u ¢ K,

{K, K(pop2)"', Kpip2, K(p1p2)*, K(p1p2)®, K(p1p2)™", K(p1p2) 2} =1T.

Indeed if we assume that K(popg)“i = K(p1p2)" for some | € {0,...,5}, which
gives (p1p2)lpope € (ui,v*2u~1), a contradiction. Hence |H| > 7s, which is also
not possible as n > 2s and |G| = 1252

(Il

Proposition 5.4. If m = 3 then k = ds for some divisor d of s.
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Proof. In this case it can be easily checked in GAP [12] that there is only one
possibility for the action of G on the blocks (with T fixing the blocks) described by
the following graph.
1,2

0
We may assume that k # s, and therefore, by Proposition 3.1, both v and v act
intransitively on the blocks and k = ab with s = lem(a, b). Let By denote the block
corresponding to the vertex on the left, By := Byp; and B3 := Bapy = Bsps and
let u;, v; and t; denote the actions of u, v and ¢t on B;. Suppose that |u;| = a and
lv1] = b. AsuPt = v, |ug| = b and |vy] = a. AsuP° = u~t and uP? = u, |ug| = b. As
u and v have the same cyclic decomposition, |vz| = b. On the other hand v = ¢,
hence |v3| = |ta] = lem(a,b). Therefore lem(a,b) = b = s which implies that k = ds
for some divisor d (= a) of s. O

Proposition 5.5. If m = 4 then k = s°.

Proof. Tt can be checked with GAP [12] that in this case there is only one possibility
for the action of G on the blocks given by the following diagram.

2

o1 o1
2

Suppose that k£ # s. Then u and v are intransitive on the blocks and k& = ab with
s = Imc(a,b). The existence of a double with label 0 and 1 implies that a = b.
Thus we have only to rule out the case where u and v are both transitive on the
blocks of size s.

Suppose then that k = s. In this case neither u nor v have fixed points. Let u;
and v; be the actions of v and v on the block B;, i = 1,...,4. Let Bo = Bypg =
Bip1, B3 = Bipe and By = Bspg = Bspi. Let v = uf'uz?us®ug® where o,
i =1,...,4 is coprime with s. From the relation v”° = t we get that a; — 1 =
s (mods) and az — 1 = a4 (mod s). From vP* = u we get ajas = 1(mod s) and
azay = 1(mods). Particularly aj(aq — 1) = 1(mods) and s is even. As uf*”* =

— _ 3 7a3 . . .
vt = u ™, we have u; = ug”opl) = u; “', which implies that a3 = —1 (mod s).

As in addition a1(c; — 1) = 1(mods), we get 2a; = —2(mods), which gives
a1 = —1(mod s), a contradiction . O

Theorem 5.6. Let s > 2. There exists a CPR graph of a toroidal map {3,6} 0
with n vertices if and only if n is s2, 252, 452, or is equal to 3ds with d a divisor of
s, orn is either 6ab or 12ab where a and b are positive integers with s = lem(a,b).

Proof. This is a consequence of Lemmas 3.2 and 3.4, Corollary 5.2, Propositions 5.3,
5.4 and 5.5. O

5.2. The possible degrees for the map {3,6}, ). In this section we determine
the degrees of {3,6} ) using the degrees of {3,6}0) and {3,6} 5,0, given in
Theorem 5.6. Let G be the group of {3,6} (). Consider first the particular case
s = 1. In this case (p1p2)? is a normal subgroup of G hence the action on the set
of vertices is not faithful. On the other hand the group (pg, p1) is core-free, hence
G has a faithful action on the faces. All the other possible degrees for {3,6} 1)
are the degrees of {3,6} 1,0y multiplied by three. Contrarily to what happen with
the map {3,6} 2,0y, the map {3,6}(22) has a faithful action on the set of vertices.



FAITHFUL PERMUTATION REPRESENTATIONS OF TOROIDAL REGULAR MAPS 15

The remaining degrees for {3,6} (2 2) are obtained multiplying by three each degree
of the map {3,6}(2,0). In what follows we deal with the case s > 2.

Theorem 5.7. Let s > 2. There exists a CPR graph of a toroidal map {3,6} )
with n vertices if and only if n is 3s%, 652, 1252 or n is 9ds with d a divisor of s,
or is either 18ab or 36ab where a and b are positive integers with s = lem(a, b).

Proof. In what follows, for convenience, we use Greek letters «, § and ¢ for integers
dividing 3s (in a natural correspondence a, b and d in the main theorems). By
Theorem 5.6 and Lemma 3.5, using the embedding of {3, 6}, 0) into {3,6} s ) there
are faithful permutation representations with the degrees given in this theorem. By
Theorem 5.6 we have that the possible degrees for {3,6} 35,0y are

9s%, 185, 94, 3652, 603, 1203

with ¢ dividing 3s and lem(a, 8) = 3s. Moreover each of these degrees is attained
when the translation group H = (u,v) of order (3s)? has m = 1,2, 3,4, 6 or
12 orbits, respectively. Now using the embedding of {3,6} ;) into {3,6}ss,0) we
divide each of these degrees by three and we get that the possible degrees for
{3,6}(s,s) are in the set {352, 652, 3ds, 1252, 2a3, 4a3}.

Let H = (u,v) be the group G of translations of {3,6}(35,0y. The map {3, 6} 35,0
contain three copies of the map {3, 6}, ) whose group of translations is ' = (g, h)
where g = uv and h = u~2v where x = y means ry~! € {(uv)®). Note that when H
has m orbits on 3n points, the number of orbits of 7" on n points must be greater
than m. Recall also that m must be a divisor of 36 by Lemma 3.4.

Let us now consider separately the cases: (1) n = 3ds (m = 3); (2) n = 2af3
(m =6); and (3) n =4af (m =12) .

(1) Let n = 30s with 0 dividing 3s. In this case H has 3 orbits. But then T
must have at least 4 orbits, hence n > 4ab with lem(a,b) = s. Hence § cannot be
a divisor of s. Consequently n = 9ds with d being a divisor of s.

(2) Now let n = 2af. In this case H has 6 orbits, hence T has at least 9 orbits.
Thus « = 3a and 8 = 3b for some a and b with lem(a,b) = s, otherwise (if either
« or B divides s) n would be too small.

(3) Finally let n = 4a8. In this case H has 12 orbits, hence T has at least 18
orbits. As before @ = 3a and 8 = 3b for some a and b with lem(a,b) = s and
therefore n = 36ab with lem(a,b) = s. O

5.3. CPR graphs of small degree for {3,6}). We start by giving a CPR
graph of minimal degree for {3,6} ¢y when s > 3.

Proposition 5.8. [10] Let s > 3. The following graphs are CPR graphs of {3,6} (50
of degree 3s. Moreover the stabilizer of a point is, up to a conjugacy, {(u) x {pg, p2).

S even

o—¢ .\307070700/.\30—0—.—0 00/.\20—.
. /0 1 2 1 2\\. /0 1 2 1 2\\. /O 1

v
N
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s odd

/\777/\777, /\77.7.;.
2\./1 2 2\./0 2 1 2\./01 0

The following propositions give permutation representations of degree 6s. The
proofs are similar to those of Section 4.3 and for this reason will be omitted.

Proposition 5.9. Let s be even. Then the following graphs are CPR graphs of
{3,6}(s,0) of degree 6s. Moreover the stabilizer of a point is, up to a conjugacy,

(u?) x4 (po, p2).

s =0(mod4)
AN NN . N
1\/121\/121\/121 21\/1

0 0 0 0 0 0

] ] ] ]
N aN ZaN N

1\/121\/T?1\/121' 21'2\/01

s =2(mod4)
'*'/ \ 3/ \ —o—eo— / \ . o—o—o/ \
1\/121\/121\/121 212\/01

0 0 0 0 1 0|2

1]
/ \ 0/ \o—o—c—o/ \ . 0—0—02/ \Oo—

1.\/121\/121\/121' 210\\/21

Proposition 5.10. Lets > 3. The following graphs are CPR graphs of {3, 6} 5,0y of
degree 6s. Moreover the stabilizer of a point is, up to a conjugacy, either (u)x{popz2)

or (v) % (pop2).

AW /\ / WANEIVE UAN
N, el ll O
NN, \/ \ NN,

J %P

lil Ol i() ll
) WARANY

li )
RN GNP NG NP7
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111 0U2
NP

2

5.4. CPR graphs of small degree for {3,6} ). We start by giving a CPR
graph of minimal degree for {3,6}, ) when s > 3.

Proposition 5.11. Let s > 3. The following graphs are CPR graphs for {3, 6}, )
of degree 9s. Moreover the stabilizer of a point is, up to a conjugacy, (gh) x{pg, p2).

s =0(mod4) : s =1(mod4)

2/.\0 1 00/.1\03. 00/.1\0
NN kel
11 0 Jo il ./ 0\\./ \. ./ 0\./

AT N N
0\\. /2 1 1
ll

s =2(mod4) s =3 (mod4)

2 ' ) "'oiol/.ﬂ\\?o
) T
U e2d 0N 2 NS

e

Proposition 5.12. Let s be even. The following graphs show how CPR graphs for
{3,6}(s,5) of degree 18s. Moreover the stabilizer of a point is, up to a conjugacy,

((gh)?) = (po, p2)-
s =0(mod4)

: 0N, 0N, SN I
LN NG NG N NN N
N AN AN AN AN W
N0y N0y N0 N0y
el e b4 el
2 NNV AN AN
N’ Ny Nt N N NN
Zo N2 TN N2 o\ N2 N
0/ Neys eyt I8
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s =2(mod4)

YR AN
VANE /\ /\ /\ /\ /\ /\
\/ \/ \/ \/ \/ \/ \/
oo 1 100 ¢ 1 1 0./1 l
l l 2l |2 PRd 2o |t
N N ]
/\H/\ NN IN PN YN
N2 N0 N2 2N\ \/ \/ N2
l 1\0 1 \ / 1 0/1
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