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Abstract. This note, reporting the homonym keynote presented in the
International Symposium on Molecular Logic and Computational Synthetic Biology 2018, traces an informal roadmap on Dynamic Logic (DL)
field, focusing on its versatility and resilience to be adjusted and adopted
in a wide class of application domains and computational paradigms.
The exposition argues the room for developments on tagging DL to the
analysis of synthetic biologic domain.
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Introduction

Dynamic Logic [8] was introduced in the 70’s by Pratt in [28] as a suitable logic
to reason about, and verify, classic imperative programs. Since then, it evolved
to an entire family of logics, which became increasingly popular for assertional
reasoning about a wide range of systems and scenarios.
This talk guides an overview on this path prepared to the broad audience
of this symposium, with interests and backgrounds ranging from formal Logics,
control and systems theory to Synthetic Biology. Rather than to introduce technical aspects on the mentioned formalism, this presentation aims to raise the
attention of the reader to the ‘camaleonic’ nature of DL, on its adoption on the
verification of novel computational domains and paradigms, and in the way it
can be yet extended to fit on the new challenges of synthetic biology.
This exposition starts by revisiting the roots of the topic, namely by (i) the
generic ideas of the calculus of Floyd and Hoare on classic imperative programs
and, by (ii) introduce Modal Logic, with its Kripke semantics, as the natural
formalism to reason about state transition systems. Then, recalling the seminal
ideas of Pratt of using a modal logic to perform Floyd-Hoare reasoning, we
briefly introduce the propositional and first order versions of DL (see [29] for an
historical perspective on the development of the topic).
Then, we overview some of contributions on the topic developed by our group.
The dynamisation method [21, 23] contributed on this direction with a systematic procedure to construct Multi-valued Dynamic Logics able to handle systems
where the uncertainty is a prime concern. The method is parametric, and follows
our own pragmatic approach to the application of logics to a wide range of complex computational systems: on the place of defining a dedicated logic for each

specific application, we develop parametric methods to derive logics tailored to
each situation or domain. The specificities involved in each situation should be
taken in account on the definition of the parameter adopted for each derivation.
The method reviewed in this talk, generates logics suitable to deal with systems
involving graded computations. The grading of these logics is reflected in the
costs, weight and certainty degrees of programs; but also in the assertions we
can do, due to their multi-valued semantics (rather than the standard bivalent
one). Beyond of standard Propositional Dynamic Logic [8], we can capture with
this method, for instance, the Fuzzy Dynamic Logics presented in [12, 16]. But
other logics capable to reason with systems involving resource consuming computations, or assertions graded in discrete truth spaces, can also be achieved as
well (cf. [21]).
This generic method have been also adjusted to build multi-valued variants of
other families of logics. We discuss in this talk two possible specialisations: one to
reason with systems involving knowledge - with its tuning to a method to build
Multi-valued Dynamic Epistemic Logics (developed in collaboration with M.
Martins and M. Benevides [2]; and, another one. to reason on weighted programs
on means of intervals of weight, rather than points (developed in collaboration
with R. Santiago, M. Martins and B. Bedregal [30, 31]).
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The seminal roots

Floyd-Hoare Calculus
As mentioned above, the works of Floyd and Hoare were determinant on the
adventure of the formal verification discipline in software engineering. The standard concept of software corrections emerged from the ideas of [7, 11], by means
of the notion of Hoare triple:
{φ} π {ϕ}
Formally, a triple {φ} π {ϕ} is valid if any terminating execution of π from a state
satisfying φ, results in a state satisfying ϕ. Actually this notion of the program
correctness w.r.t. a specification underlies, not only the modern techniques of
software verification, but also the principles design-by-contract development and
specification methods based in the state transitions with pre and post conditions.
The Floyd-Hoare logic (Fig. 2) is a syntactic calculus to prove the correctness of
a complex program by decomposing it into simpler ones. The intuitions for the
set of axioms and inference rules is easy. For instance, the axiom (assign) just
states that a condition ϕ is satisfied after an assignment x := e, whenever before
of this assignment, the formula obtained by replacing in ϕ all the occurrences of
x by the expression e, was already true. Axiom (empty) is also natural, since the
program skip does not change states. As in the other natural deduction systems,
the idea of this calculus is to decompose the proof of compound programs, into a
set of simpler proof obligations, by creating a proof tree which leafs are axioms.
This is clearly reflected in the (comp) and (if _then_else) inference rules.
The rule (weak) allows to manipulate the triple conditions by strengthening

Axioms:
(assign)

{ϕ[e/x]} x := e {ϕ}

(empty)

{φ} skip {φ}

Inference rules:
(weak)

φ → φ0 {φ0 }S{ϕ0 } ϕ0 → ϕ
{φ}S{ϕ}
(if _then_else)

(comp)

{φ}S{ξ} {ξ}T {ϕ}
{φ}S; T {ϕ}

{φ ∧ α}S1 {ϕ} {φ ∧ ¬α}S2 {ϕ}
{φ}if α then S1 else S2 {ϕ}

Fig. 1. Fragment of the Floyd-Hoare Calculus

preconditions and weakening postconditions. Using this rules we are able to
validate Hoare triples. For instance,
{x = 1}if x < 2 then x := x + 1 else x := x ∗ x{x = 2}
can be proved with the deduction:
{x=1}x:=x+1{x=2}

{x=1∧x<2}x:=x+1{x=2}

{x=1∧x≥2}x:=x∗x{x=2}

{x = 1}if x < 2 then x := x + 1 else x := x ∗ x{x = 2}
The left leaf is closed by axiom (assign), since (x = 2)[x + 1/x] ⇔ x = 1. For
the right one, we just have to note that x = 1 ∧ x < 2 ⇔ f alse, and therefore the
triple is vacuously satisfied, since there is no any state satisfying the precondition
f alse.
Modal Logic
The long tradition in the study of logics to reasoning in scenarios involving
change, come since the age of Aristotle. This family of logics, known as Modal
logics represents a classic topic in Logic and Philosophy. The developments of
Kripke in the 60’s in semantics for these logics, based in transition structures,
endow such formalisms with the suitable ingredients to reasoning about statebased systems. This section briefly review the basic definition of propositional
multi-modal logic.
Signature for of this logic are pairs (Prop, A) where Prop, A are disjoint sets of
propositions, and modalities. The (Prop, A)-formulas are defined by the grammar
ϕ ::= p | haiϕ | [a]ϕ | ¬ϕ | ϕ ∨ ϕ | ϕ ∧ ϕ
where p ∈ Prop and a ∈ A.
Models of this logic are state transition structures, with propositions locally
assigned to states. Formally, a (Prop, A)-model is a tuple M = W, V, R where
– W is a set

– V : Prop → P(W ) is a function
– R = (Ra ⊆ W × W )a∈A is an A-family of binary relations
Finally, we recall the notion of modal satisfaction. The satisfaction of a
(Prop, A)-formula ϕ in a state w of a (Prop, A)-model M is recursively defined
as follows:
–
–
–
–
–
–

M, w
M, w
M, w
M, w
M, w
M, w

|= p iff w ∈ V (p)
|= haiϕ iff there is a w0 ∈ W such that (w, w0 ) ∈ Ra and M, w0 |= ϕ
|= [a]ϕ iff for any w0 ∈ W such that (w, w0 ) ∈ Ra we have M, w0 |= ϕ
|= ¬ϕ iff it is false that M, w |= ϕ
|= ϕ ∧ ϕ0 iff M, w |= ϕ and M, w |= ϕ0
|= ϕ ∨ ϕ0 iff M, w |= ϕ or M, w |= ϕ0

Propositional Dynamic Logic
Being programs a paradigmatic example of state-transition systems, modal logic
emerged as natural formalism to reason about it. Particularly, it provided solid
theoretic field, to support the verifications in Floyd-Hoare triples. Moreover,
as observed by V. Pratt in the seminal work [28] Floyd-Hoare logic is purely
syntactic, and Modal logic can be considered as an alternative to Floyd-Hoare
logic.
In a first view, the multi-modal logic presented above would be enough to
reason about programs, by considering the class of possible programs as the set
of modalities. Fortunately programs are structured terms. This allows us to deal
with these objects in a systematic way, a key factor on the definition of dynamic
logics. Assuming a set of atomic programs Π, the universe of the (composed)
programs can be defined with the following grammar:
π ::= π0 | π + π | π; π | π ∗ | ?χ
for π0 ∈ Π and χ a formula in the logic. The connectives of the terms are
the usual Kleene operators, namely + represents the non-deterministic choice,
; the sequential composition and ∗ the reflexive iterative operator. Additionally
we have the operator ? for tests, that is necessary to represent conditionals.
Note that this grammar actually provides an abstract computational language,
able to represent the standard imperative language commands. For instance we
have that if χ then π fi ≡ (?χ; π) + (?¬χ), that if χ then π else π 0 fi ≡
(?χ; π) + (?¬χ; π 0 ) and that while χ do π od ≡ (?χ; π)∗ ; ?¬χ.
Fixing this abstract model of computation, we are in condition to adjust multimodal logic into a formalism to reasoning about programs. Firstly, signatures
are pairs (Prop, Π) where Prop is a set of propositions and Π is
 a set of atomic
programs names. Models are Kripke structures tuples W, V, R where:
– W is a set
– V : Prop → P(W ) is a function
– R = (Rπ ⊆ W × W ), π ∈ Π

Observe that these models only interprets atomic programs, since R can be
extended to the interpretation of composed programs, with the usual relational
+ π 0 ) = R(π) ∪ R(π 0 ), R(π; π 0 ) =
operators. Namely, we have R(π0 ) =
S Rπ0 , R(π
0
∗
?
n
R(π) · R(π ) and R(π ) = R(π) = n∈N R(π ), where π n+1 = π; π n . Finally we
have the interpretations of tests as the co-reflexive R(χ?) = {(w, w)|M, w |= χ}.
Now, we defined the satisfaction relation as above, just replacing the cases of
modal operators by
– M, w |= hπiϕ iff there is a w0 ∈ W such that (w, w0 ) ∈ Rπ and M, w0 |= ϕ;
– M, w |= [π]ϕ iff for any w0 ∈ W such that (w, w0 ) ∈ Rπ we have M, w0 |= ϕ.
Shifting to the first-order case
As suggested, propositional dynamic logic provides the essential machinery to
reason about abstract programs. The regular modalities reflect the abstract
structure of the programs control, where the standard imperative commands
can be easily accommodated. We observe here that above freedom on what an
atomic program is a key factor to the versatility of this logic, to be adapted to
new computational domains. Let us firstly focus in the verification of a classic
imperative programs. For this case atomic programs are, naturally, variables assignments. As usual, the states in our models should correspond to valuations of
program data variables. Hence, the atomic propositions used in the propositional
case are here replaced by data predicates. For sake of simplicity, we assume that
all the programs variables are numerical R variables.
Formally, signatures are sets of data variables Var. The set of programs is
defined as in the propositional case, but considering assignments x := θ, with θ
a term defined with Var and the arithmetic operations {+, −, ×, · · · },on place of
atomic programs π ∈ Π. As mentioned, semantic states are variables assignments
w ∈ RVar . The interpretation of programs is now given by an interpretation
ρ ⊆ RVar × RVar exactly defined as the propositional R̄, but considering the
interpretation of base programs ρx:=θ = {(u, v)|v(x) = θ and for any y ∈ V \
{x}, u(y) = v(y)}.
Hence, we can use this modal logic to support the verification of Floyd-Hoare
triples. For instance the validity of formula
x = 1 → [(x < 2)?; x := x + 1 + (¬ (x < 2))?; x := x ∗ x]x = 2
or, equivalently
x = 1 → [if x < 2 then x := x + 1 else x := x ∗ x]x = 2
corresponds to the verification of the triple
{x = 1}if x < 2 then x := x + 1 else x := x ∗ x{x = 2}
done above. This is an useful fact that relates Floyd-Hoare logic and first-order
dynamic logic: for any Floyd Hoare triple {ψ}π{ϕ}, {ψ}π{ϕ} is verified iff the
formula ψ → [π]ϕ is valid.

Note that this principle can be extended to other variants of Hoare and
dynamic logics. Whenever a new dynamic logic is defined, a new Floyd-Hoare is
created for free.
Less conventional variants
As stated in the introduction, the resilience of dynamic logic on being adjusted
to new computational paradigms and domains is a key factor for its adoption in
a wide multitude of contexts. Actually, the way we construct the first-order dynamic logic from its propositional version, by preserving all of its structure, with
the exception of its atomic programs (and respective interpretation), not only
justify the big family of dynamic logics we have today, but opens the door for
further versions and variants. Actually, as it will be discussed, the DL adequacy
and resilience on being adapted to a wide range of computational systems, relies
on real understanding of what is the nature of the atomic programs involved in
each context. On place of considering programs as the standard variables assignments, we can consider, for instance systems of differential equations flowing in a
given domain (e.g. a time constraint or a data predicate). This is the base idea of
differential dynamic logic of A. Platzer [27]. By considering as atomic programs
these evolutions, we are in the presence of a logic to reason and verify continuous
systems. But if we consider also discrete assignments we have a suitable logic to
reason in hybrid systems.
A logic to reason about quantum programs and quantum protocols can be
also achieved if we consider, as basic programs, quantum measurements and
unitary transformations. Such is the idea behind the works of S. Smets and
A. Baltag in Quantum Dynamic Logic [1]. The game logics of Parikh [26] and
the Dynamic Epistemic logics (revisited bellow)[6] are two well established logic
fields, where the same analogy can be done.
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Parametric Generation of Dynamic Logics

This section overviews the dynamisation method, a systematic method to construct Multi-valued Dynamic Logics that we introduced in [22, 23]. This method
is parametrized by an action lattice [13]. Despite of its distinct original purposes,
this algebraic structure showed to be very useful in the context of our work, on
providing a generic support for the computational space (as a Kleene algebra)
and for the truth spaces (as residuated lattice) of the logics build trough our
constructions.
Definition 1 ([13]). An action lattice is a tuple
A = (A, +, ; , 0, 1, ∗, →, ·)
where A is a set, 0 and 1 are constants, * is an unary operation in A and +, ; , →
and · are binary operations in A satisfying the axioms enumerated in Figure 1,
where the relation ≤ is induced by +: a ≤ b iff a + b = b.

a + (b + c) = (a + b) + c

(1)

a; x ≤ x ⇒ a∗ ; x ≤ x
∗

(11)

a+b = b+a

(2)

x; a ≤ x ⇒ x; a ≤ x

(12)

a+a = a

(3)

a; x ≤ b ⇔ x ≤ a → b

(13)

a+0 = 0+a=a

(4)

a; (b; c) = (a; b); c

(5)

a → b ≤ a → (b + c)
(x → x)∗ = x → x

(14)
(15)

a; 1 = 1; a = a

(6)

a · (b · c) = (a · b) · c

(16)

a; (b + c) = (a; b) + (a; c)

(7)

a·b = b·a

(17)

(a + b); c = (a; c) + (b; c)

(8)

a·a = a

(18)

a; 0 = 0; a = 0

(9)

a + (a · b) = a

(19)

(10)

a · (a + b) = a

(20)

∗

∗

∗

1 + a + (a ; a ) ≤ a

Fig. 2. Axiomatisation of action lattices

As discussed bellow, the structure of an action lattice plays a double role
in our method: it will support the model for computations, and of truth space.
The operation +, plays a double role, the non-deterministic choice, in the interpretation of programs, and the logical disjunction, in the interpretation of
sentences. Operations ∗ and ; are taken to interpret the iterative application
and sequential composition of actions and, the operations → and · interpret the
logical implication and conjunction.
We explore [22] an extensive set of action lattice. Here we will just recall four
of them. Firstly, we consider the two elements boolean algebra
2 = ({>, ⊥}, ∨, ∧, ⊥, >, ∗, →, ∧)
with the standard boolean connectives and with >∗ = ⊥∗ = >. Moreover, by
explicitly introducting a denotation for a truth value unknown, we can consider
the three elements linear lattice
3 = ({>, u, ⊥}, ∨, ∧, ⊥, >, ∗, →, ∧)
where
∨ ⊥ u>
⊥⊥ u>
u u u>
>>>>

∧ ⊥ u>
⊥⊥⊥⊥
u ⊥ u u
>⊥ u>

→⊥ u>
⊥ >>>
u ⊥>>
> ⊥ u>

∗
⊥>
u >
>>

In order to consider a linear discrete lattice with a finite number of points,
we can consider Wajsberg hoops [3] enriched with a suitable star operation.
For a fix natural k > 0 and a generator a, we define the structure Wk =
(Wk , + , ; , 0, 1,∗ , →, ·), where Wk = {a0 , a1 , · · · , ak }, 1 = a0 and 0 = ak , and
for any m, n ≤ k, am + an = amin{m,n} , am ; an = amin{m+n,k} , (am )∗ = a0 ,
am → an = amax{n−m,0} and am · an = amax{m,n} . For instace, the underlying
order of the Wajsberg hoop W5 is W5 is a5 < a4 < a3 < a2 < a1 < a0 .

Moreover, we can also consider continuous structures for the truth degrees
and weight for our logics. For instance, the Łukasiewicz arithmetic lattice is the
structure
Ł = ([0, 1], max, , 0, 1, ∗, → , min)
where x → y = min(1, 1 − x + y), x

y = max(0, y + x − 1) and x∗ = 1.

Now, fixing an action lattice A = (A, +, ; , 0, 1, ∗, →, ·) as parameter, we will
construct the multi-valued dynamic logic DL(A) (as proposed in [17]). Signatures of DL(A) are pairs (Π, Prop) where Π denotes the set of atomic computations and Prop the set of propositions. Then, the set of Π-programs Prg(Π),
are defined by the grammar
π ::= π0 | π; π | π + π | π ∗ , where π0 ∈ Π
Given a signature (Π, Prop), the set of formulas FmDL (Π, Prop) is given by the
grammar
ρ ::= > | ⊥ | p | ρ ∨ ρ | ρ ∧ ρ | ρ → ρ | ρ ↔ ρ | hπiρ | [π]ρ
with p ∈ Prop and π ∈ Prg(Π).
Now we have to introduce the models for DL(A). As expected, graded computations will be interpreted in state transition systems with weights in the
transitions, usually represented by adjency matrices. On this view, our method
takes advantage of the Conway matricial constructions over Kleene algebras i.e.
in the structure
Mn (A) = (Mn (A), +, ;, 0, 1, *)
defined as in [4, 14]. Namely with:
– Mn (A) is the space of (n × n)-matrices over A
– for any A, B ∈ Mn (A), define M = A+B by Mi,j = Ai,j + Bi,j , i, j ≤ n.
Pn
– for any A, B ∈ Mn (A), define M = A ; B by Mi,j = k=1 (Ai,k ; Bk,j ) for
any i, j ≤ n.
(
1 if i = j
– 1 and 0 are the (n × n)-matrices defined by 1i,j =
and
0 otherwise
0i,j = 0, for any i, j ≤ n.
*
∗
– for any M = [a]
1 (A), M = [a ];
 ∈M
AB
∈ Mn (A), n > 1, where A and D are square matrices,
for any M =
CD
define

 *
F
F * ; B ; D*
M* =
D∗ ; C; F ∗ D* +(D* ; C ; F * ; B ; D* )
where F = A + B ; D* ; C. Note that this construction is recursively defined
from the base case (where n = 2) where the operations of the base action
lattice A are used.

As showed in [14], the structure Mn (A) is also a Kleene algebra, and therefore,
figures as a suitable space to represent, manipulate and interpret programs.
Enriching the interpretation of basic programs with graded interpretations for
the propositions, we get the models for a signature (Π, Prop). Formally, the
DL(A) models for (Π, Prop) are tuples
A = (W, V, (Aπ )π∈Π )
where W is a finite set (of states), V : Prop × W → A is a function, and
Aπ ∈ Mn (A), with n standing for the cardinality of W .
As expected, the interpretation of a program π ∈ Prg(Π) in a model A ∈
ModDL (Π, Prop) is recursively defined, from the set of atomic programs (Aπ )π∈Π ,
with Aπ;π0 = Aπ ; Aπ0 , Aπ+π0 = Aπ + Aπ0 and Aπ∗ = A*π together with the constants interpretations A1 = 1 and A0 = 0.
The reader can easily observe that the models of DL(2) corresponds exactly
to the standard PDL. More interesting instantiations can be found in [22].
In order toillustrate the running concepts, let us consider the consider the
{p, q}, {π, π 0 } -model A = ({s1 , s2 }, V, (Ap )p∈{π,π0 } ) of DL(Ł) with V (p, s1 ) =
0.1, V (q, s1 ) = 0.5, V (p, s2 ) = π4 and V (q, s2 ) = 0.75 and
√

2
3

Aπ :

s1

0.7

* 


s2

√

0 32
0 0.7

√

2
2


Aπ0 :

s1 j

√

3
2

0.5

* 

"
s2

√

0√

3
2

2
2

#

0.5

Then, for instance the program Aπ+π0 is interpreted by
"
√ #!
√ #
 √  "
2
2
2
0
0
0
3
Aπ+π0 = max(Aπ , Aπ0 ) = max
, √3 2
= √3 2
0 0.7
2 0.5
2 0.7

(21)

(22)

The last ingredient for the definition of DL(Ł) is the graded satisfaction.
Here, on place of being a satisfaction relating each state with the formulas there
satisfied, we have a function that assigns the ‘satisfaction degree’ of a formula
in a given state state. The operations of the action lattices have to play the
truth space role, on the interpretation of logic connectives. Formally, the graded
satisfaction relation for a model A ∈ ModDL (Π, Prop), with A complete, consists
of a function
|= : W × FmDL (Π, Prop) → A
recursively defined as follows:
–
–
–
–
–
–

(w
(w
(w
(w
(w
(w

|= >) = >
|= ⊥) = ⊥
|= p) = V (p, w), for any p ∈ Prop
|= ρ ∧ ρ0 ) = (w |= ρ) · (w |= ρ0 )
|= ρ ∨ ρ0 ) = (w |= ρ) + (w |= ρ0 )
|= ρ → ρ0 ) = (w |= ρ) → (w |= ρ0 )

0
– (w |= ρ ↔ ρ0 ) =
|= ρ0 → ρ)

P(w |= ρ → ρ ); (w
0
– (w |= hπiρ) = w0 ∈W Aπ (w, w ); (w0 |= ρ)

Q
– (w |= [π]ρ) = w0 ∈W Aπ (w, w0 ) → (w0 |= ρ)

We say that ρ is valid when, for any any model A, and for each state w ∈ W ,
(w |= ρ) = >.
Returning to our running example, we can calculate the satisfaction degree of
the formula hπ + π 0 i(p → q)) in the state s1 as follows:
√
(s1 |= hπ + π 0 i(p → q)) = max(0
(0.1 → 0.5), 22 (0.75 → π4 ))
√
= √22 (0.75 → π4 )
= √22 min(1, 1 − 0.75 + π4 )
= 22
√

Therefore, we conclude with a degree of certainty
from the state s1 , we have p → q.

2
2

that, after executing π + π 0

Reasoning with systems involving knowledge
The complexity of the current information systems, involving processes with
complex network of heterogeneous learning agents, raises for further generalisations of Multi-agent Epistemic Logics, including weighted versions. Hence, the
building logics on-demand principle, inherent to dynamisation, appear as an adequate technique to be used is this domain. In this section, we review a variant
of dynamisation tailored to the generation of graded dynamic epistemic logics
introduced in [2].
Firstly let us recall the basis of Multi-agents Epistemic Logic (DEL). Signature
of DEL are pairs (Prop, Ag) where Prop is a set of propositions and Ag a finite
set of agents. Note that this can be seen as propositional dynamic logic signatures which atomic programs are the agent knowledge relations. The (Prop, Ag)
formulas of DEL are defined by the grammar
ϕ ::= p | > | ¬ϕ | ϕ1 ∧ ϕ2 | ϕ1 ∨ ϕ2 | Ka ϕ | Ba ϕ | CG ϕ
where p ∈ Prop, a ∈ Ag and G ⊆ Ag. The intuitive meaning of the epistemic
modalities is the following: Ka ϕ means that agent a knows ϕ; Ba ϕ means that
agent a believes that ϕ; and the common knowledge operator CG ϕ - means that
all the members of the group of agents G knows ϕ and each member of the group
knows that all the members of the groups know ϕ, etc.
The models are just special models of PDL. Formally, multi-agent epistemic
model is a tuple E = (W, (Ra )a∈Ag , V ) defined as in PDL but assuming that, for
any agent a ∈ Ag, Ra is an equivalence relation. The interpretation of knowledge
modalities is defined by
– M, s |= Ka φ iff for all s0 ∈ S : sRa s0 ⇒ M, s0 |= φ
– M, s |= Ba φ iff there is ans0 ∈ S such that sRa s0 and M, s0 |= φ

∗ 0
– M, s |= CG φ iff for all s0 ∈ S, sRG
s ⇒ M, s0 |= φ

The similarities with PDL are straightforward. Modality Ka corresponds to the
modality [a] for an atomic program a. Its dual, the modality Ba , corresponds
to the modality
P hai for an atomic program a. Modality CG is captured by the
modality [( a∈G a)∗ ].
In order to get some intuitions on this logic, let us recall the well know
example of the envelops used in [6]. Three envelopes containing 0, 1 and 2 euros
are given to the agents ana, bob and clara.
 Each agent just knowns the content of
her envelop. Using proposition Prop = Ex |E ∈ {1, 2, 3}, x ∈ {a, b, c} referring
that “agent x has envelop E, and representing states by the order of envelops,
e.g. the state 012 represents the case that agent a has 0, agent b has 1 and c
has 2, we can represent epistemic state of each agent as follows1 :

012
c

102

021

a
c

b

b

120

a
c

b

201

a

210

Fig. 3. anna’s, bob’s and clara’s epistemic model [6]

Hence, we have, for instance, that 012 |= Bb 0a and 012 |= Ba Kc 2c hold.
Redefining our dynamisation method for this specific seetings we obtain a method
to build graded dynamic epistemic logics. The satisfaction relation for the epistemic modalities takes now the form:

V
– (w |= Ka ϕ) = w0 ∈W Ra (w, w0 ) → (w0 |= ϕ)

W
– (w |= Ba ϕ) = w0 ∈W Ra (w, w0 ); (w0 |= ϕ)

V
∗
– (w |= CG ϕ) = w0 ∈W RG
(w, w0 ) → (w0 |= ϕ)
These logics are prepared to deal with agents with graded beliefs (on place of
bivalent ones). Let us revisit the example above, by supposing that the agent ana
‘suspect’ that the envelop of bob has a higher amount than the one of herself. In
a scale from 0 to 5, her belief is 4; Conversely, her belief that the envelop received
by bob has a smaller value is 1. The epistemic perception of ana is depicted in
the following picture. Again, we omit the reflexive loops in the picture (with
value 5):2
1
2

We omit the reflexive loops in the picture
The complete treatment of this illustration is in [2];

4

012^

021
1
4

(
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120

1
4

201^

210
1

Fig. 4. anna’s beliefs

Reasoning with interval approximations
There are some situations where only approximations for the transition weights
are possible (e.g. when dealing weights over irrational numbers, we have no
machine representation of transition weights; or due impreciseness in some measurements). On this purpose, for the specific case of Fuzzy Dynamic logic, we adjusted the dynamisation constructions to deal with intervals, rather than points.
This results in a new family of dynamic logics whose assertions, and the satisfaction outcomes, are also intervals. This section informally overviews our work
in Interval Dynamic Logic presented in [30, 31]. The presentation is guided to
the case Ł but the same principle can be extended to other continuous action
algebras.
In the sequel, for any closed interval X, we use X and Y to denote its left
and right bounds, i.e. for X = [a, b], X = a and Y = b.
Our first concern is about the structure to interpret such kind of programs.
The following result presented in [30] provides a Kleene algebra for that end:
Theorem 1 ([30]).
b = U, M ax,
K(Ł)

K


, [0, 0], [1, 1], b
∗

where
–
–
–
–
–

U = {[a, b] | 0 ≤ a ≤ b ≤ 1}
M ax(X, Y ) = [max(X, Y ), max(X, Y )]
M in(X, Y ) = [min(X, Y ), min(X, Y )]
J
X
Y = [(X Y ), (X Y )] = [max(0, X + Y − 1), max(0, X + Y − 1)]
∗
X b∗ = [X ∗ , X ] = [1, 1].

is a Kleene algebra.

For instance, we can consider interval approximations of the weight transition
structure presented above as
[0.7,0.7]

*

[0.4,0.5]

Aπ :

s1

[0.5,0.5]


s2

(0, 0) (0.4, 0.5)
(0, 0) (0.7, 0.7)

*

[0.6,0.8]


Aπ 0 :

s1 j

[0.7,0.9]


s2

(0, 0)
(0.6, 0.8)
(0.7, 0.9) (0.5, 0.5)

b operations, we can also interpret (composed) programs. For
Using the K(Ł)
instance Aπ+π0 is

 
 

(0, 0) (0.4, 0.5)
(0, 0)
(0.6, 0.8)
(0, 0)
(0.6, 0.8)
max
,
=
(0, 0) (0.7, 0.7)
(0.7, 0.9) (0.5, 0.7)
(0.7, 0.9) (0.7, 0.7)
b with an interpretation of the
It is expected to extend the structure K(Ł)
implication, in order to have an action lattice for intervals. The natural candidate
is X⇒>Y = [(X → Y ), (X → Y )] = [min(1, 1 − X + Y ), min(1, 1 − X + Y )].
However, the reader can easily observe that axioms (13) and (15) does not hold
b (c.f. [30] for a complete discussion) . Hence, despite of its Kleene algebra
in Ł
b it is not an action lattice. We studied in [30], an weakness of action
structure, Ł
b Fortunately, this structures
lattices, called quasi-action lattice, that capture Ł.
still have good properties to serve as parameter of dynamisation method. For
instance, by considering a valuation V : Prop → U with V (p, s1 ) = [0.1, 0.1],
V (q, s1 ) = [0.5, 0.5], V (p, s2 ) = [0.7, 0.8] and V (q, s2 ) = [0.75, 0.75], we can
calculate the degree of satisfaction of the sentence hπ + π 0 i(p → q) from the
state s1 as:
(s1 |=Łb hπ + π 0 i(p → q))
= max([0, 0] ([0.1, 0.1] ⇒>[0.5, 0.5]), [0.6, 0.8] ([0.5, 0.5]⇒>[0.7, 0.8]))
= max([0, 0], [0.6, 0.8] [0.5 → 0.7, 0.5 → 0.8])
= [0.6, 0.8] [1, 1]
= [0.6, 0.8].

4

Further extensions and applications?

As suggested along the paper, the pattern of changing the atomic programs to
adapt the computing paradigm is not only recognised in our methods to build
graded dynamic logics, but in most of variants of dynamic logics in the literature.
This motivates our position that the shape of dynamic logic provides the de
facto essence of what a logic for programs is. When invited to make a personal
overview in dynamic logic in the International Symposium on Molecular Logic
and Computational Synthetic Biology 2018, the authors main motivation was to
open the discussion of what should be the suitable atomic programs, for a further
dynamic logic tailored to synthetic biology. The same exercise have been done
by the group on finding new dynamic logics for other domains and applications,
including reactive processes [17, 9, 10], petri-nets with failures [15]. We have also
explored this ‘logic-on-demand’ strategy in other modal logics. Our long term



research in the parametric generation of hybrid logics [24, 19, 25] supports the
formal development of a wide range of reconfigurable systems from the design
to the verification stage [20]. Moreover, we extended the parametric generation
of Dynamic Epistemic Logics in [18] by considering structured representation of
states.
Exploiting the limits of our methods on building dynamic logics prepared
to deal with paraconsistencies in behaviours or in knowledge acquirement, is a
research line that we intend to develop. This will certainly be useful for the application domains of this symposium. The recent contributions within the group
in paraconsistent hybrid logic [5] provides an interesting starting point for this
agenda. Shifting the paraconsistency of atomic modalities to composed programs
is, however, challenging. Specific questions as ‘what is a paraconsistent program’
should be answered. More precisely, the understanding of what is a paraconsistent execution of a program, if the paraconsistency is inherent to the atomic
programs, or if it results from a ‘paraconsistent control’, due non conventional
interpretation of the Kleene operators, are questions to be studied in this line.
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