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studied. The corresponding domain of existence has a broader frequency range than the fundamental 
m = 1 family; moreover, larger ADM masses, M and angular momenta J are allowed. Amongst other 
salient features, non-uniqueness of solutions for fixed global quantities is observed: solutions with the 
same M and J co-exist, for consecutive values of m, and the ones with larger m are always entropically 
favoured. Our analysis demonstrates, moreover, the qualitative universality of various features observed 
for m = 1 solutions, such as the shape of the domain of existence, the typology of ergo-regions, and the 
horizon geometry, which is studied through its isometric embedding in Euclidean 3-space.

© 2019 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction

Kerr black holes (BHs) with synchronised scalar hair [1] are 
a counterexample to the no-hair conjecture [2] – see [3–5] for 
reviews – occurring in a simple and physically sound model: 
Einstein-(complex and massive-)Klein-Gordon theory. Many related 
solutions, relying on a similar synchronisation mechanism, have 
been found in the last few years, in different setups and approx-
imations. An incomplete list of references, including also various 
studies of physical properties, is [6–66].

These hairy BH solutions have a relation with the physical phe-
nomenon of superradiance [67], from which they can form dy-
namically from the Kerr solution [45–47] – see also [54,57] for 
a discussion on the metastability of these solutions against super-
radiance. They also reduce to Kerr BHs and boson stars [68,69], 
in appropriate limits. Boson stars are a sort of gravitating soliton 
interpreted as a Bose-Einstein condensate of an ultra-light scalar 
field, that could be a dark matter candidate [70,71]. Moreover, the 
existence of the hairy BH solutions does not rely on particular 
choices of scalar field potentials that violate energy conditions, un-
like other examples of asymptotically flat BHs with scalar hair, see 
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e.g. [72,73]. Thus, besides the issue of the no-hair conjecture in BH 
physics, these hairy BHs contain different angles of interest.

Kerr BHs with synchronised hair comprise a family that, besides 
the continuous parameters mass, angular momentum and Noether 
charge, is labelled by two discrete numbers: the azimuthal har-
monic index of the scalar field m ∈ Z+ and its node number n. 
Most of the studies of the solutions have focused on the funda-
mental solutions, n = 0, with the smallest value of m = 1. Recently, 
excited solutions (n �= 0) have also been constructed [63]. Solu-
tions with m > 1, on the other hand, have only been considered in 
the solitonic (boson star) limit [14,74], with the exception of the 
non-minimal model studied in [16]. The purpose of this work is 
to construct solutions with m > 1 in the minimal, simplest model, 
and to study some of the basic physical properties of these new 
solutions.

One motivation to study the higher m solutions is that the 
superradiant instability of a given m solution could drive it to mi-
grate to an m + 1 solution, in an asymptotic cascading process 
leading to m → ∞ [6]. This process is, likely, non-conservative, 
ejecting some energy and, especially, angular momentum towards 
infinity; but for particular solutions with a given m, if a neighbour-
ing solution (in terms of global quantities) exists for m + 1, the 
process could be approximately conservative. In fact, this approx-
imate conservativeness has been observed in the transition from 
the Kerr BH (which corresponds to m = 0) to the m = 1 hairy so-
 under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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lution in [45–47]. For this approximately conservative migration to 
be possible, the higher m neighbouring solution would have to be 
entropically favoured. As we shall see herein, this is always the 
case: comparing solutions with consecutive values of m with the 
same global quantities, the higher m solution has a larger horizon 
area.

Another motivation for studying this higher m solutions is to 
assess the universality of some physical properties. For instance, 
it was observed in [11] that, when scanning the domain of exis-
tence, these BHs exhibit a more diverse structure of ergo-regions 
than the standard one of the Kerr BH. The existence of these ergo-
regions is at the origin of the superradiant instability. So, a natural 
question is if a similar structure is present for higher m. We shall 
see here that this is the case. Moreover, the horizon geometry of 
these hairy BHs has been recently studied in [60], where it was 
found that the key property for deciding whether the horizon is 
embeddable in Euclidean 3-space is the horizon sphericity. Again, 
we shall see that this is also the case for the higher m solutions. 
Both these analyses provide evidence that the properties observed 
for m = 1 solutions are universal throughout the whole discrete 
family labelled by m.

This paper is organised as follows. The model is presented in 
Section 2, together with some of the most relevant physical quan-
tities for our study. The construction of the domain of existence 
of the m = 2, 3 solutions is presented in Section 3, where they are 
compared with the m = 1 case. In Section 4 the phase space is 
discussed and the entropy comparison shown. In Section 5 other 
physical properties, in particular, the ergo regions and horizon ge-
ometry, are discussed. Section 6 wraps up the paper with a discus-
sion.

2. The model

Kerr BHs with synchronised scalar hair [1] are solutions of the 
Einstein-Klein-Gordon equations,

Rab − 1

2
gab R = 8πG

c4
Tab , �� = μ2� , (1)

where the energy-momentum tensor is Tab = 2∂(a�
∗∂b)� −

gab
(
∂c�

∗∂c� + μ2�∗�
)

and μ is the mass of the (complex) scalar 
field.1 Such solutions represent a Kerr BH in equilibrium with a 
massive scalar field configuration and they were obtained numeri-
cally using the following ansatz,

ds2 = −e2F0 Ndt2 + e2F1

(
dr2

N
+ r2dθ2

)

+ e2F2 r2 sin2 θ (dϕ − W dt)2 ,

� = φ ei(mϕ−ωt) ,

(2)

where F0, F1, F2, W and φ are ansatz functions that only depend 
on (r, θ) coordinates, ω and m = ±1, ±2, . . . are the angular fre-
quency and azimuthal harmonic index of the scalar field, respec-
tively, and N ≡ 1 − rH/r, in which rH is the radial coordinate of the 
event horizon, which sits at r = rH = constant. An existence proof 
of these solutions was provided in [22].

The existence of these solutions relies on the so-called synchro-
nisation condition. This condition can be interpreted as a synchro-
nisation between the horizon angular velocity of the BH, 	H , and 
the phase angular velocity of the scalar field, ω/m, hence justifying 
its name:

1 Henceforth we shall use units such that G = c = h̄ = 1.
ω = m	H . (3)

Our goal here is to study solutions with larger azimuthal har-
monic index, namely m = 2, 3, as all previous studies for the 
model (1) have focused on m = 1 solutions.

2.1. Physical quantities

Most physical quantities of interest can be obtained, as in pre-
vious works, through the metric functions at the event horizon or 
spacial infinity. At the horizon, one computes the Hawking tem-
perature, T H , and horizon area, AH , as [1],

T H = 1

4πrH
e(F0−F1)|rH , AH = 2πr2

H

π∫
0

dθ sin θe(F1+F2)|rH .

(4)

The entropy follows from the Bekenstein-Hawking formula, S =
AH/4, and the horizon angular velocity is found evaluating the 
ansatz function W at the event horizon, 	H = W |rH .

At spatial infinity, on the other hand, the ADM mass, M , and 
total angular momentum, J , are computed from the asymptotic 
behaviour of the metric functions:

gtt = −e2F0 N + e2F2 W 2r2 sin2 θ → −1 + 2M

r
+ . . . ,

gφt = −e2F2 W r2 sin2 θ → −2 J

r
sin2 θ + . . . .

(5)

The above quantities, together with two new ones, are related 
by a Smarr-type formula [75],

M = 2T H S + 2	H ( J − mQ ) + M� , (6)

where two new quantities appear: the scalar field energy (mass), 
M� ,

M� =
∫



dSa(2T a
bξb − T ξa)

= 4π

∞∫
rH

dr

π∫
0

dθ r2 sin θ eF0+2F1+F2

×
[
μ2 − 2e−2F2

ω(ω − mW )

N

]
φ2 , (7)

(with the Killing vector ξ = ∂t ), and the Noether charge associated 
to the global U (1) symmetry of the scalar field, Q ,

Q = 4π

∞∫
0

dr

π∫
0

dθ r2 sin θ e−F0+2F1+F2
ω − mW

N
φ2 . (8)

The Noether charge is, moreover, related with the scalar field an-
gular momentum as J� = mQ . This has suggested the definition 
of a dimensionless parameter that quantifies how hairy a given BH 
is:

q ≡ J�

J
= mQ

J
. (9)

If q = 0 the BH has no scalar hair; this is the Kerr BH limit. On 
the other end of the spectrum, if q = 1, all angular momentum 
is in the scalar hair; in fact, this is no longer a BH but rather an 
everywhere regular solitonic solution, corresponding to the boson 
star limit. In this case, all angular momentum is quantised in terms 
of the Noether charge [76–78]. In between, when 0 < q < 1, hairy 
BHs exist.
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Fig. 1. Domain of existence in an ADM mass vs.: (a) Event horizon angular velocity, 	H ; (b) Scalar field angular frequency, ω. The red line represents the boson star line, 
the blue dotted line is the existence line, and the green dashed line is the line of extremal hairy BHs. Solutions exist in the domain (shaded blue regions) bounded by these 
three lines. The black solid line (left panel) describes extremal Kerr BHs: the Kerr family of BHs exists on and below that line. The colour scheme is kept in the subsequent 
figures.
3. Domain of existence

Fixing n = 0, the domain of existence spanned by the hairy 
BHs is a 2-dimensional space. In our framework to construct the 
solutions, with dimensionless natural units set by μ [14], this do-
main is scanned by varying the angular frequency of the scalar 
field, ω, and the radial coordinate of the event horizon, rH . Such 
2-dimensional region can, however, be exhibited in several more 
physically meaningful ways, as rH is not physically meaningful per 
se. In Fig. 1, following previous literature, the domain of existence 
is shown in an ADM mass vs. horizon angular velocity (Fig. 1a) and 
in an ADM mass vs. scalar field angular frequency (Fig. 1b) plots. 
Both panels exhibit the domain of existence of the hairy BHs with 
m = 1, m = 2 and m = 3. For the m = 3 case, only a part of the do-
main of existence is shown, corresponding to a region of interest 
for the entropic comparison. The left panel shows, moreover, the 
region where vacuum Kerr BHs exist – below the black solid line 
in Fig. 1a.

The domain of existence of the hairy BHs is shown in Fig. 1
as the shaded blue regions, corresponding to the extrapolation to 
continuum of isolated numerical points. It is bounded by three 
curves:

• The boson star line – corresponding to the solitonic limit, in 
which both the event horizon radius and the horizon area 
vanish, rH = 0 and AH = 0, and the solution has no BH, thus 
q = 1. Such line is represented in both subfigures in Fig. 1 as a 
red solid line.

• The extremal line – corresponding to extremal hairy BHs, 
which, by definition, have a vanishing Hawking temperature, 
T H = 0. Such line is represented in both subfigures in Fig. 1 as 
a green dashed line.

• The existence line – corresponding to specific subset of vac-
uum Kerr BHs which can support scalar clouds. These solu-
tions have q = 0. Such line is represented in both subfigures in 
Fig. 1 as a blue dotted line.

Firstly, consider the right panel (Fig. 1b). As m increases, the 
domain of existence broadens up in its frequency range, allowing 
hairy BHs with lower angular frequencies and larger ADM masses. 
Each m family can overlap with the previous m − 1 family, where 
is possible to have hairy BHs with the same angular frequency and 
ADM mass but with different m. Observe, however, that the regions 
of overlap for m = 1, 2 and m = 2, 3 solutions are distinct. Thus, 
three consecutive m families do not overlap.

In Fig. 1a, on the other hand, one observes that there is no 
region of overlapping m = 1, 2 solutions. Two hairy BHs with dif-
ferent m, and m = 1, 2, can have the same ADM mass, but not 
the same horizon angular velocity. The same can not be said for 
m = 2, 3 solutions: there is a region of overlap. Nonetheless, by 
cross-checking information from Fig. 1b and Fig. 1a one can estab-
lish that no two hairy BHs with the same ADM mass, angular fre-
quency, ω, and horizon angular velocity, 	H exist, in the m = 2, 3
overlap. This overlap in Fig. 1b occurs for large angular frequen-
cies, which correspond to solutions close to 	H ∼ 0.5; in Fig. 1a, 
for m = 2, 3, on the other hand, one can see that the overlapping 
solutions occur only around 	H ∼ 0.3.

In Fig. 1 m = 2 (m = 3) solutions have an horizon angular ve-
locity which is half (one third) of the allowed angular frequency – 
cf. Fig. 1b. For m = 1, the scalar field angular frequency is equal to 
the horizon angular velocity, and the domain of existence of hairy 
BHs with m = 1 is exactly the same in both plots.

4. Phase space

Let us now analyse the domain of existence in the total (M, J )
space, i.e. phase space. This is represented in Fig. 2a and Fig. 3a. 
Fig. 1 already made manifest that solutions with higher m are 
allowed to be more massive; this is confirmed in Figs. 2a and 
Fig. 3a. The latter, moreover, show that higher m solutions can 
have larger angular momentum, thus broadening the domain of 
existence. Furthermore, a region of overlapping solutions is again 
manifest: there are hairy BHs with different m but with the same 
(M, J ). A natural question is then, which amongst these degen-
erate solutions, in terms of global quantities, is entropically pre-
ferred.

In Fig. 2b the reduced horizon area, aH ≡ AH/16π M2 is shown 
as a function of the reduced spin, j ≡ J/M2, for hairy BHs belong-
ing to the m = 1, 2 families (orange lines represent m = 1; black 
lines represent m = 2), with two illustrative values for the ADM 
mass, Mμ = 0.3 (dashed lines) and Mμ = 0.5 (solid lines). Ob-
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Fig. 2. (a) ADM mass vs. total angular momentum for the m = 1 and m = 2 families; (b) Reduced horizon area, aH , vs. reduced spin, j. The (orange, for m = 1 and black, for 
m = 2) curves correspond to solutions with constant ADM mass: dashed (solid) lines correspond to Mμ = 0.3 (Mμ = 0.5).

Fig. 3. (a) ADM mass vs. total angular momentum for the m = 2 and m = 3 families; (b) Reduced horizon area, aH , vs. reduced spin, j. The (black, for m = 2 and pink, for 
m = 3) curves correspond to solutions with constant ADM mass: dashed (solid) lines correspond to Mμ = 0.7 (Mμ = 0.9).
serve that the existence line (dashed blue line) is common to both 
families. These lines follow the Kerr relation,

aKerr
H = 1

2

(
1 +

√
1 − j2

Kerr

)
. (10)

The extremal BH line (dashed green lines) of both m families, on 
the hand, overlap only at the point wherein they touch the ex-
istence line. Beyond this point, both lines are close but do not 
overlap and most of the green line seen in Fig. 2b corresponds 
to the m = 1 solutions. The figure also exhibits two illustrative 
pairs of lines corresponding to sequences of hairy BHs with the 
same M (solid black and orange lines for Mμ = 0.5, or dashed 
black and orange line for Mμ = 0.3), demonstrating that the solu-
tions with m = 2 will always have a larger horizon area and hence 
a larger entropy, when both solutions have the same j. A simi-
lar analysis is performed in Fig. 3b, for m = 2, 3 solutions with 
similar conclusions. We remark that in this case only the m = 2
extremal line is shown, as this line was not computed in the m = 3
case.
5. Other physical properties

Let us now briefly consider other salient properties of the hairy 
BHs with m > 1.

5.1. Temperature distribution and Kerr bound violation

In Fig. 4a we exhibit the horizon area, AH of m = 1, 2 hairy 
BHs vs. their Hawking temperature, T H . Fixing T H , there are al-
ways hairy BHs with m = 2 with larger horizon area and hence 
entropically preferred. Likewise, fixing AH , there are always m = 2
solution with a larger Hawking temperature than m = 1 solutions.

In Fig. 4b, the reduced spin, j = J/M2, is exhibited in terms 
of the ADM mass of the hairy BHs. This confirms a result already 
manifest in Fig. 2b. For Kerr BHs there is a limit to the reduced 
spin they can carry; if a Kerr BH rotates too fast, no event horizon 
is possible. This is the Kerr bound, j � 1. Figs. 2b, 3b and Fig. 4b, 
confirm that the existence line (vacuum Kerr BHs that can support 
scalar clouds) only extends to j = 1, obeying the Kerr bound, but 
hairy BHs of both m families, can violate the Kerr bound. In fact, 
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Fig. 4. (a) Horizon area, AH vs. the Hawking temperature, T H ; (b) Reduced spin, j = J/M2 vs. the ADM mass. The black dotted line corresponds to the Kerr bound where 
j = 1. Hairy solutions with both m = 1 and m = 2, can violate this bound.
for constant M , larger m solutions have stronger violations of the 
bound.

5.2. Ergoregions

Kerr BHs are well known to possess an ergoregion [79], wherein 
the asymptotically timelike Killing vector field becomes spacelike 
outside the event horizon. In such region, the BH has to perform 
work on any causally moving object [80], which by energy conser-
vation means the BH transfers some of its rotational energy to such 
an object. The existence of an ergoregion is at the source of the 
Penrose process, superradiant scattering and superradiant instabil-
ities; the latter trigger the migration of the Kerr BH and hairy BH 
solutions towards higher m in Einstein-(massive, complex-)Klein-
Gordon models.

The typology of ergoregions in the m = 1 hairy solutions is 
richer than in Kerr [11]. In the former case, BHs can have two 
different types of ergoregions: an ergo-sphere – the same as Kerr 
BHs; or an ergo-Saturn. The latter is the superposition of the stan-
dard BH ergo-sphere and an ergo-torus known to be present in 
some fast rotating boson stars [81].

In Fig. 5 we show how the typology of ergoregions is dis-
tributed in the domain of existence of hairy BHs with m = 1, 2. 
The distribution is qualitatively similar in both cases. Ergo-spheres 
exist in the hairy BHs that connect to boson stars without ergore-
gions and also in the vicinity of the Kerr limit. Ergo-Saturns, on 
the other hand, only exist in the parts of the domain of existence 
of lower frequency, in the neighbourhood of the boson star solu-
tions that possess an ergo-torus. The transition from solutions that 
possess only an ergo-sphere to the ones with the composite struc-
ture of an ergo-Saturn is similar to that found in the m = 1 case 
and which is detailed in Fig. 3 in [11]. Similar ergo-Saturns were 
recently reported in a different model of BHs with synchronised 
hair [82].

5.3. Horizon isometric embedding

As a final physical aspect let us consider the horizon geometry 
of the higher m hairy BHs. This can be analysed by isometrically 
embedding the spatial sections of the horizon in Euclidean 3-space, 
E3. We will follow [60] and focus on the m = 2 solutions. Let us 
start with a brief summary of the procedure.
Fig. 5. Ergo-regions typologies. Hairy BHs develop an ergo-sphere in the dark blue 
shaded region and an ergo-Saturn in the light blue shaded region.

From eq. (2), the induced metric on the spatial sections of the 
horizon is,

dσ 2 = r2
H

(
e2F1(rH ,θ)dθ2 + e2F2(rH ,θ) sin2 θdϕ2

)
. (11)

To embed this 2-surface in E3, with a Cartesian metric,

dσ 2 = dX2 + dY 2 + dZ 2 , (12)

one uses the embedding functions, f (θ) and g(θ), which make use 
of the axi-symmetry of the 2-surface,

X + iY = f (θ)eiϕ , Z = g(θ) . (13)

For our case, the embedding functions can be chosen as:

f (θ) = eF2(rH ,θ)rH sin θ , g′(θ) = rH

√
k(θ) , (14)

in which the function k(θ) is defined as k(θ) = e2F1(rH ,θ) −
e2F2(rH ,θ)

[
F ′

2(rH , θ) sin θ + cos θ
]2, and the prime ′ denoted the 

derivative in order to the coordinate θ .
Following [60], it is possible to show that in order to have 

a global embedding, a necessary and sufficient condition is that 
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Fig. 6. Smarr line in the domain of existence, for both m = 1, 2 families. The dark 
(medium) blue regions correspond to embeddable (non-embeddable) solutions. The 
light blue region for m = 1 solutions corresponds to solutions that were not anal-
ysed due to numerical accuracy. Three illustrative solutions are highlighted (with 
crosses) all with the same ADM mass, Mμ = 1.65.

k(θ) � 0, ∀ θ ∈ [0, π ], and this is assured iff the second derivative 
of the k(θ) function evaluated at the poles is non-negative, i.e.,

k′′(0) � 0 . (15)

Solving this inequality yields,

F ′′
1 (rH ,0) − 3F ′′

2 (rH ,0) + 1 � 0 . (16)

On the other hand, the Gaussian curvature of the horizon at the 
poles is given by,

K|θ={0,π} = e−2F1(rH ,0)

r2
H

[
F ′′

1 (rH ,0) − 3F ′′
2 (rH ,0) + 1

]
. (17)

Thus a necessary and sufficient condition for a global embedding 
in E3 to exist is that the curvature at the poles is non-negative. 
This conclusion was first obtained in the Kerr-Newman case by 
Smarr [83]. Thus, the threshold of embeddability occurs when the 
Gaussian curvature vanishes at the poles. The sequence of hairy so-
lutions that occur at this threshold composed the Smarr Line [60].

In Fig. 6 we present the Smarr (black solid) line in the domain 
of existence of both m = 1, 2 solutions. The Smarr line divides the 
domain of existence into the embeddable region (medium blue) 
and non-embeddable region (dark blue). This division is qualita-
tively similar for both the m = 1, 2 families. Both Smarr lines start 
at the existence line, in the exact point where the Kerr BH is no 
longer embeddable, and both have an inspiral behaviour, attaining 
first a maximum value of the ADM mass, then a minimum value 
of the angular frequency of the scalar field and backbends into the 
opposite direction.

A visualisation of the isometric embedding of the horizon in E3

is shown in Fig. 7 for the three hairy BH solutions with the same 
ADM mass, Mμ = 1.65, highlighted in Fig. 6. The first solution is 
within the non-embeddable region, so the embedding misses the 
region close to the poles. The second solution is on the Smarr line, 
thus this solution will have a zero Gaussian curvature at the poles, 
therefore such region will appear flat. The third and final solution 
is within the embedding region, so it will be possible to draw com-
pletely the horizon. Concerning the latter, we remark that, as this 
solution is close to the boson star line, where the solutions have a 
vanishing horizon area, AH → 0, its horizon is smaller than that of 
the previous two solutions.
5.4. Horizon sphericity and linear velocity

To conclude the horizon analysis, following [60] we consider 
the sphericity, s, and the horizon linear velocity, v H , in order to 
assess what is the key property to determine the global embed-
dability of the horizon. The sphericity measures the deformation 
of a U (1) invariant compact and simply connected 2-surface when 
compared to a round sphere, and is defined as,

s = Le

Lp
, (18)

where Le and Lp are the proper length of the horizon measured 
around the equator and the poles, respectively. For the hairy BHs 
it amounts to,

s = π eF2(rH ,π/2)∫ π
0 dθeF1(rH ,θ)

. (19)

The horizon linear velocity [84] measures how fast the null 
geodesics generators of the horizon rotate relatively to a static ob-
server at spatial infinity and is defined as,

v H = R	H , (20)

where R ≡ Le/2π is the perimetral radius of the circumference at 
the equator. For a hairy BH,

v H = eF2(rH ,π/2)rH	H . (21)

Both quantities are exhibited in Fig. 8 as a function of the ra-
dial coordinate of the horizon, rH . In this representation all hairy 
solutions are enclosed by the existence line and the vertical line 
rH = 0, which correspond to both the extremal line – green dashed 
line – and the boson star line – red cross. The Smarr line is 
also plotted in both figures, as well as its Kerr limit (the Smarr 
point). The value at the Smarr point is then extrapolated as a 
benchmark – Smarr point value (dashed pink) line. For the spheric-
ity, the Smarr point has a value of s(S) = π√

3
1

E(1/4)
≈ 1.23601, 

where E(k) is the complete elliptic integral of second kind, E(k) =∫ π/2
0 dθ

√
1 − k sin2 θ ; and for the horizon linear velocity, the Smarr 

point has a value of v(S)
H = 1√

3
≈ 0.57735.

Consider first Fig. 8a. We see that the Smarr line has the same 
value of sphericity as the Smarr point, within numerical accu-
racy. Therefore, the sphericity is a faithful diagnosis for embed-
dability also for m = 2 solutions: if s is lower or equal than s(S)

than the hairy BH will be embeddable; otherwise, it will be non-
embeddable. The same was seen for hairy BHs with m = 1.

Now consider Fig. 8b. None of the hairy solutions exceeds v H =
1, i.e. the speed of light. The limit of v H = 1 is only attained by the 
extremal vacuum Kerr BH. Concerning the Smarr line, unlike what 
we saw in Fig. 8a, the Smarr line only matches the Smarr point 
value at in the Kerr limit. The remaining Smarr line solutions will 
always have a lower v H than the one obtained at the Smarr point, 
v(S)

H . Thus, the value of horizon linear velocity of the Smarr point – 
pink dashed line on Fig. 8b – is an upper bound, above which all 
hairy solution with m = 2 are non-embeddable. Below that bound, 
both embeddable and non-embeddable solutions exist. The same 
results were found for m = 1.

6. Discussion

In this paper, we have constructed and analysed Kerr BHs with 
synchronised hair and higher azimuthal harmonic index m. Specif-
ically, solutions with m = 2, 3 were constructed and contrasted 
with the m = 1 solutions.
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Fig. 7. Isometric embedding in E3 of the three highlighted solution in Fig. 6. Left panel: Non-embeddable solution; Middle panel: Solution on the Smarr Line; Right panel: 
Embeddable solution.

Fig. 8. (a) Sphericity, s, and (b) horizon linear velocity, v H , vs. the radial coordinate of the event horizon, rH . As before, the dark blue region corresponds to embeddable 
solutions, and the medium blue represent non-embeddable solutions. The new region of light blue corresponds to solutions that were not analysed due to numerical accuracy.
There are two results from the analysis that should be empha-
sised. Firstly, consecutive m families can have degenerate solutions 
in terms of the global quantities (M, J ). When this occurs, the 
higher m solutions are entropically favoured. This supports the 
possibility that migrations between such families, triggered by the 
superradiant instability, could be approximately conservative. This 
possibility, however, is by no means guaranteed to occur dynami-
cally, as significant gravitational radiation and scalar ejection could 
take place in this migration. Secondly, there is a high degree of 
universality in all physical properties that have been unveiled for 
m = 1 solutions, that our analysis shows extend mutatis mutandis
for the higher m solutions. These properties include, in particu-
lar, the typology of ergo-regions and the event horizon geometry. 
There is no reason to expect new qualitative features concerning 
these physical properties would emerge for even higher m values.

Similar solutions will also exist in other models of BHs with 
synchronised hair, for instance including self-interactions [18], or 
with a Proca field [25]. The results herein indicate no significant 
differences are to be expected with respect to the m = 1 case in 
these models. It would, nonetheless, be interesting to study some 
phenomenological properties of this higher m solutions, such as 
BH shadows [17,28], X-ray spectrum [31], accretion disk morphol-
ogy [64] or star trajectories [38], since these higher m solutions 
could play a role in the dynamical evolution of the BH/fundamen-
tal field system, in case such fundamental, ultra-light, scalar or 
vector fields exist in Nature.
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