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resumo 
 

 

Na última década, a crescente preocupação global com a saúde, tratamento e 
prevenção de doenças levou a uma rápida expansão do mercado dos 
compostos bioativos, o que induziu as indústrias farmacêutica, cosmética e 
alimentar a investir na extração e recuperação dessas moléculas. 
O mercado global dos compostos bioativos ultrapassou os 27 mil milhões de 
dólares em 2015 e estima-se que em 2024 atinja os 51.71 mil milhões. 
Muitas separações industriais, tais como extrações sólido-líquido e extrações 
supercríticas, são frequentemente limitadas por fenómenos de transferência de 
massa e, portanto, há uma grande necessidade de conhecer os coeficientes de 
difusão para poder modelar, projetar e otimizar esses processos 
adequadamente. Nesse sentido, a presente dissertação tem como objetivo a 
medição e modelação do coeficiente de difusão de dois compostos bioativos de 
interesse, nomeadamente, licopeno em etanol e astaxantina em acetato de etilo. 
 
Para realizar a medição das difusividades a diluição infinita utilizou-se o método 
cromatográfico de abertura de pico (CPB), num intervalo de temperaturas de 
303.15 a 333.15 K e num intervalo de pressão de 1 a 100 bar. Os valores de 
difusividade obtidos encontram-se entre 3.447×10-6 e 6.679×10-6 cm2 s-1 para o 
licopeno e entre 8.172×10-6 e 1.223×10-5 cm2 s-1 para a astaxantina.  
 
Posteriormente, os valores de difusividade obtidos foram analisados em função 
da sua dependência com a temperatura, pressão, densidade do solvente e as 
coordenadas de Stokes-Einstein. Por fim, os resultados foram modelados 
usando vários modelos da literatura. Os coeficientes de difusão calculados e 
experimentais foram comparados com base no desvio relativo absoluto médio 
(AARD). Os valores apresentam desvios que variam entre 5.00 e 91.29 % para 
o licopeno e 3.94 e 79.38 % para a astaxantina. 
Para ambos os compostos constatou-se que as equações empíricas e semi 
empíricas de Magalhães et al., com desvios de 5.00 a 8.92 % e 3.94 a 7.29 %  
(para o licopeno e astaxantina, respetivamente), o modelo de volume livre de 
Dymond-Hildebrand-Batchinsky (DHB), com desvios de 9.78 e 4.80 % (para o 
licopeno e astaxantina, respetivamente) e o modelo híbrido Tracer Liu-Silva-
Macedo com 1 parâmetro (TLSMd), com desvios de 6.92 e 6.37 % (para o 
licopeno e astaxantina, respetivamente) são as mais adequadas para descrever 
a difusividade dos compostos estudados. 
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abstract 

 
 
Over the last decade, the growing concern about global health, treatment and 
disease prevention has led to a rapid expansion of the market of bioactive 
compounds, which induced the pharmaceutical, cosmetics and food industries 
to invest in the extraction and recovery of such molecules. 
The global market for bioactive compounds has exceeded 27 billion dollars by 
2015 and it is estimated to reach 51.71 billion dollars by 2024. 
Many industrial separations, such as solid-liquid and supercritical extractions, 
are often limited by mass transfer phenomena, and thus there is a great need to 
know diffusion coefficients in order to model, design and optimize these 
processes properly. In this sense, the main objective of this dissertation was the 
measurement and modeling of diffusion coefficients of two bioactive compounds 
of interest, namely, lycopene in ethanol and astaxanthin in ethyl acetate. 
 
To perform the diffusivity measurements at infinite dilution, it was used the 
chromatographic peak broadening (CPB) method, in the temperature range of 
303.15 to 333.15 K and pressure range of 1 to 100 bar. The diffusivity values 
obtained are between 3.447×10-6 and 6.679×10-6 cm2 s-1 for lycopene and 
between 8.172×10-6 and 1.223×10-5 cm2 s-1 for astaxanthin. 
 
Subsequently, the measured diffusivities were analyzed as a function of their 
dependence on temperature, pressure, solvent density, and in Stokes-Einstein 
coordinates. Finally, the results were modeled using several models from the 
literature, The calculated and experimental diffusion coefficients were compared 
based on the average absolute relative deviation (AARD). The values exhibit 
deviations varying between 5.00 and 91.29 % for lycopene and 3.94 and 79.38 
% for astaxanthin. 
For both compounds it was verified that the empirical and semi-empirical 
equations of Magalhães et al., with deviations of 5.00 to 8.92 % and 3.94 to 7.29 
% (for lycopene and astaxanthin, respectively), the free volume model of 
Dymond-Hildebrand-Batchinsky (DHB) with deviations of 9.78 and 4.80 % (for 
lycopene and astaxanthin, respectively) and the hybrid 1-parameter Tracer Liu-
Silva-Macedo correlation (TLSMd), with deviations of 6.92 and 6.37 % (for 
lycopene and astaxanthin, respectively) are most suitable to describe the 
diffusivity of the studied compounds.  
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Chapter 1  
 

Motivation and thesis structure 
 

Over the last decade, the growing concern about global health, the increase in 

consumers’ demand for naturalness and the trend towards plant based-food have led to a 

higher demand for bioactive compounds and a renewed interest in fruits and vegetables from 

the industry and the scientific community [1-3]. 

Bioactive compounds are molecules that show certain biological effects and act as 

functional ingredients when present in low concentrations in an organism. These metabolites 

are different from the primary ones because they are not essential for the growth, 

development and reproduction of the organism. However, they still play an important role, 

since their presence improves the overall health of the organism [4]. Based on their chemical 

structures, bioactive compounds can be classified into several different groups, such as 

phenolic acids and polyphenols, alkaloids, carotenoids, terpenes and terpenoids, flavonoids, 

tannins, anthocyanins, amino acids and proteins, fatty acids and lipids, polysaccharides and 

essential oils [5-7]. 

Over the years, the benefits of the consumption of bioactive compounds in a regular 

basis have been shown, due to their antiaging [8], anticancer [6], antidiabetic [9], 

antihypertensive [10], antimicrobial [11], antioxidant [8,9,11,12], cardioprotective [6,8,11, 

12], neuroprotective properties and immunoregulatory activity [11].  

Due the above-mentioned properties, the market of the bioactive compounds has 

suffered a rapid expansion, leading the pharmaceutical, cosmetic and food industries to 

invest in the extraction and recovery of these compounds from a wide range of sources, such 

as fruits, vegetables, herbs, algae, eggs and many others [5,9,13].  

In 2015, the global market of the bioactive compounds had exceeded 27.0 billion dollars 

and it is expect to reach 51.71 billion dollars by 2024 [14].  
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Notwithstanding the environmental and economic sustainability, industries are always 

looking to reduce manufacturing costs by the valorization of by-products. Since the 

agroindustry and fishing industry produce a high amount of waste, the resulted by-products 

of these industries can be used as a reliable, cheap, sustainable, profitable and eco-

compatible source to obtain bioactive compounds. However, the extraction process is the 

key point for a successful recovery of bioactive compounds [5].  

Extraction of natural products has been used since ancient times. Many different 

civilizations, such as Egyptians, Greeks, Romans and Aztecs, possessed extraction processes 

to produce perfumes, medicines or food. Nowadays, it is almost impossible to find a 

production process in the food, cosmetic, perfume, pharmaceutical or fine chemicals 

industries, which does not use extraction processes [15]. 

The competitiveness and the globalization of the markets and the environment 

protection require constant technological innovations, allowing modern extraction 

techniques, such as supercritical fluids extraction (SFE) and pressurized liquid extraction 

(PLE), to replace traditional extraction methods. These modern extraction techniques can be 

more selective, ecofriendly, fast and present better extraction yields than the traditional ones 

[5]. 

It is shown below on Figure 1.1 the typical system’s schematics of the SFE and the PLE. 

Many industrial separations, such as supercritical fluid and solid-liquid extractions, are 

often limited by film and/or intraparticle mass transfer. This means that there is a big 

necessity of knowing the transport properties in order to model, design and optimize these 

processes properly, specially the diffusion coefficient (𝐷12).  

Figure 1.1– Diagram adaptation of a typical supercritical fluid extraction (SFE) system (left panel) [16] and 

of typical pressurized liquid extraction (PLE) system (right panel) [17]. (1) Solvent’s tank, (2) high pressure 

pump, (3) pre-heater, (4) main heater with a reactor, (5) chiller, (6) solid/liquid separator and (7) back 

pressure regulator. 

 1 

 2 

 3 

 4  5 

 6 
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Mass transfer can be defined as the molecular movement of a species in a mixture from 

one location to another. This phenomenon can occur through two main mechanisms, by 

diffusion or convection. While diffusion consist in random and spontaneous microscopic 

movements of molecules, convection can be described as the macroscopic fluid motion [18]. 

Mass diffusion can occur in liquids, gases and solids, but since it is heavily influenced 

by the average intermolecular distance (and temperature), diffusion is faster in gases, than 

in liquids and than in solids [19]. This phenomenon is mathematically described by Fick’s 

first law, which was derived by Fick in 1855, as an analogy to Fourier’s first law of heat 

conduction [20]. This law uses concentration gradient as driving force, which is an 

approximation. In fact, the accurate driving force to mass transfer is the chemical potential 

gradient [21]. 

Fick’s law applied to binary mixtures is described by: 

J2,𝑧 = −𝐷12

𝑑𝑐2

𝑑𝑧
 (Eq. 1.1) 

where J2,𝑧 is the molar flux of a solute 2 in the z direction, 𝑐2 is molar concentration of the 

solute 2 and 𝐷12 is the diffusion coefficient of a solute 2 through the solvent 1. 

Fick’s law resumes the three basic principles of mass diffusion. These principles are 

[18]: 

i. Mass transfer occurs because there are concentration gradients; this mean that in 

a binary mixture, the species diffuse from higher to lower concentration regions. 

ii. The mass transfer rate is proportional to the area normal to the mass transfer 

direction. Thus, the rate can be express as a flux. 

iii. Once there are no concentration gradients, which means the concentration 

uniformity was reached, the mass transfer stops (in the case of binary mixtures). 

Despite the great advances in modern extraction techniques over the past decade, there 

is still a lack of accurate 𝐷12 data. In this sense, the present dissertation aims to respond to 

this absence of data through the measurement and subsequent modeling of the diffusion 

coefficient of lycopene in ethanol and the diffusion coefficient of astaxanthin in ethyl 

acetate. In this study, the 𝐷12 values were measured in the range 1-100 bar and 303.15-

333.15 K. 

Lycopene (C40H56) is an open chain, unsaturated, red-colored carotenoid that occurs 

naturally in fruits and vegetables such as tomatoes, watermelons, papayas, asparagus and 
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pink grapefruits [12,22]. This compound is solid at atmospheric conditions and is currently 

approved as a food coloring in the European Union (EU) [23] and in the United States of 

America (USA) [24]. Lycopene is particularly interesting to the chemical, food and 

pharmaceutical industries due its bioactive properties. Several studies have shown that 

lycopene consumption can prevent heart diseases and many types of cancer [12,22,25-29]. 

According to the last report of the European Commission, Portugal is the third highest 

producer of tomato in the EU [30]. The recovery of lycopene from tomato wastes can be a 

good opportunity to valorize by-products and minimize the waste produced by this industry. 

Astaxanthin (C40H52O4) is also an interesting bioactive compound with relevant 

antioxidant properties. Over the years, the benefits of this compound have been associated 

with reduced risk of diseases, such as age-related macular degeneration and ischemic 

diseases. This xanthophyll carotenoid is a violet solid at atmospheric conditions that can be 

found in many microorganisms and marine animals, such as shrimp, crayfish, salmon, trout, 

krill, microalgae or even in yeast [10,29,31-33]. According to the European Commission, 

Portugal is the country that consumes the most fishery products in the EU. On average, a 

Portuguese citizen eats 56.8 kg of fish per year, while the average EU citizen only eats 24.9 

kg per year [34]. The residues of the fishing industry can be a profitable, reliable and 

sustainable source to obtain astaxanthin. 

Thesis structure 

The present dissertation is divided into six chapters. In Chapter 2 it is described the 

different experimental methods to measure the 𝐷12, as well as an analysis of the theoretical 

background of the method used in the current work. In Chapter 3 are presented the models 

used to represent/estimate the obtained data. In Chapter 4 it is described the experimental 

procedure followed during this work as well as the equipment and chemicals used. In 

Chapter 5, the obtained results are presented and discussed. These values are also compared 

with calculations from literature models. At last, in Chapter 6 are presented the main 

conclusions of this thesis and suggestions for a future work.  
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Chapter 2  
 

Methods for binary diffusion coefficients 

(𝑫𝟏𝟐) measurement 
 

The binary diffusion coefficient (𝐷12) of organic compounds in pressurized systems 

cannot be determined with the traditional methods of measuring transport properties, since 

these methods do not adapt well at high pressures. Thus, there are five different methods to 

obtain diffusivity data in pressurized systems [35]: solid dissolution (SD) technique; 

chromatographic peak broadening (CPB) method; photon correlation spectroscopy (PCS); 

nuclear magnetic resonance (NMR) spectroscopy; radioactive tracer response (RTR). 

In the current work, the technique used to measure the 𝐷12 was the CPB method. Its 

theoretical background is discussed below. It is also focused the basis of the modified Taylor 

dispersion method and the chromatographic impulse response (CIR) method, which are 

improvements to the original CPB technique [36]. 

 

2.1 Chromatographic peak broadening (CPB) method 
 

The chromatographic peak broadening (CPB) method is also called Taylor dispersion 

method and is the most used experimental technique to measure diffusion coefficients 

[35,37,38]. 

This method is based on the fundamental work of Taylor [39-41] that was further 

developed later by Aris [42]. Taylor’s study was focused on the dispersion of a solute in a 

laminar steady-state flow of a mobile phase through a tube of uniform diameter. 

Although this method was not specifically thought to be used as a basis for the 

measurement of diffusion coefficients [43], this technique was firstly used by Giddings and 

Seager [44] to measure 𝐷12 values of gases at low pressures. Later it was extended to dense 
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gases by Balenovic et al. [45], to liquids by Ouano [46] and to supercritical fluids (SCF) by 

Swaid and Schneider [47]. 

In the CPB method, a sharp and small pulse is injected into a carrier fluid or mixture 

that is flowing under laminar steady-state through a tube of uniform diameter [35,43,48] as 

it is shown in  Figure 2.1.  

 

 

 

 

 

 

 

 

 Figure 2.1- Adaptation of the schematic diagram of the CPB method [36]. 

Taylor showed that the injected peak would broaden along the tube due to the combined 

action of the solvent’s axial convection and the molecular diffusion in the radial direction. 

The axial dispersion is negligible due to the long tubes implied [41]. 

If mutual diffusion was insignificant, the pulse would exhibit a parabolic profile, 

meaning that molecules near the tube wall would been almost stagnant while particles in the 

center would be moving much faster (twice the average linear velocity), resulting in a widely 

dispersed peak registered at the detector [43]. At the other extreme, if 𝐷12 had a very large 

value, the detector would record the original injected peak because the solute would 

experience all different streamlines very quickly, making them to move at the average 

solvent velocity. Thus, when a widely dispersed peak is recorded, it is expected that the 

diffusion coefficient of the solute is very small while large values are expected for narrower 

pulses [48].  

The dispersion of the injected pulse can be mathematically described by Eq. 2.1 [41], 

𝜕𝑐

𝜕𝑡
= 𝐷12 [

1

𝑟
∙
𝜕

𝜕𝑟
∙ (𝑟

𝜕𝑐

𝜕𝑟
) +

𝜕2𝑐

𝜕𝑧2
] − 2�̅� ∙ (1 −

𝑟2

𝑅0
2) ∙

𝜕𝑐

𝜕𝑧
 (Eq. 2.1) 

where 𝐷12 is the binary diffusion coefficient, 𝑐 is the concentration of the solute (also called 

tracer), 𝑅0 is the internal radius of the tube, �̅� is the average solvent velocity, 𝑡 is the time, 

and 𝑟 and 𝑧 are the radial and axial distances, respectively. 
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As mentioned before, the axial dispersion is neglected, since the time necessary to 

observe relevant concentration variations due to this mechanism is very long when compared 

to radial diffusion. The longitudinal or axial Peclet number, 𝑃𝑒𝑥 = �̅� 𝐿 𝐷12
−1, relates 

characteristic convective and diffusion times [49]. Thus, the axial diffusion term in Eq. 2.1 

is neglected when this dimensionless number assumes very high values. To be more precise, 

Taylor defined Eq. 2.2 as the limiting condition to neglect the axial dispersion term [41], 

where 𝐿 is the length of the tube. 

𝐿

�̅�
≫

𝑅0
2

3 ∙ 82𝐷12
 (Eq. 2.2) 

Applying this approximation to Eq. 2.1, it is obtained: 

𝜕𝑐

𝜕𝑡
= 𝐷12 [

1

𝑟
∙
𝜕

𝜕𝑟
∙ (𝑟

𝜕𝑐

𝜕𝑟
)] − 2�̅� ∙ (1 −

𝑟2

𝑅0
2) ∙

𝜕𝑐

𝜕𝑧
 (Eq. 2.3) 

The initial and boundary conditions are shown below, where 𝑚 is the injected amount 

of tracer and 𝛿(𝑧) is the Dirac’s function. 

at 𝑡 = 0,  𝑐 =
𝑚

𝜋𝑅0
2 𝛿(𝑧) (Eq. 2.4) 

at 𝑟 = 0 and 𝑟 = 𝑅0,  
𝜕𝑐

𝜕𝑟
= 0 (Eq. 2.5) 

at 𝑧 = ±∞,  𝑐 =  0 (Eq. 2.6) 

The average concentration over cross sectional area of tubing is calculated by: 

𝑐̅ (𝑧, 𝑡) =
2

𝑅0
2 ∫ 𝑐 (𝑟, 𝑧, 𝑡) 𝑟 𝑑𝑟

𝑅0

0

 (Eq. 2.7) 

Taylor and Aris showed the asymptotic behavior of Eq. 2.3 is described by [49]: 

𝜕𝑐̅

𝜕𝑡
+ �̅�

𝜕𝑐̅

𝜕𝑧
= 𝐷

𝜕2𝑐̅

𝜕𝑧2
 (Eq. 2.8) 

where 𝐷 is a dispersion coefficient. In his solution, Taylor neglected axial diffusion but Aris 

showed that it can be incorporated into Taylor’s model by adding the molecular diffusion 

coefficient to the coefficient calculated by Taylor, as shown below in Eq. 2.9 [36,50,51]. 

This simplification restricts the mathematical validity of the model to tubes of infinite length. 

𝐷 = 𝐷12 +
𝑅0

2�̅�2

48𝐷12
 (Eq. 2.9) 

Taking a closer look at Eq. 2.9 it is possible to see that any increase in the solvent 

velocity or the tube radius leads to an increase in the dispersion. On the other hand, the 

dispersion value reduces with the increase of 𝐷12, as long as 𝑅0
2 �̅�2 (48𝐷12)

−1 ≫ 𝐷12. 
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Defining a new axial variable, 𝑧′, as axial distance variable on the moving coordinate at 

the average solvent velocity, 𝑧′ = 𝑧 − �̅�𝑡, and applying it to Eq. 2.8 it is obtained:  

𝜕𝑐̅

𝜕𝑡
= 𝐷

𝜕2𝑐̅

𝜕𝑧′2
 (Eq. 2.10) 

where the initial and boundary condition are: 

at 𝑡 = 0,  𝑐̅ =
𝑚

𝜋𝑅0
2 𝛿(𝑧′) (Eq. 2.11) 

at 𝑧′ = ±∞,  𝑐̅ = 0 (Eq. 2.12) 

The analytical solution is given by [49,51]: 

𝑐̅

𝑐0
=

1

2√𝜋𝐷𝑡
𝑒𝑥𝑝 [−

(𝑧 − �̅�𝑡)2

4𝐷𝑡
] (Eq. 2.13) 

 

The concentration profile at the end of the column, resulting from the solute’s injection, 

can be mathematically described in terms of a peak variance in units of length by: 

𝜎2(𝑧) =
2𝐷𝐿

�̅�
=

2𝐷12𝐿

�̅�
+

𝑅0
2�̅�𝐿

24𝐷12
= 𝐿𝐻 (Eq. 2.14) 

where 𝜎2 is the variance and 𝐻 is the theoretical plate height [35]. This theoretical plate 

height can be calculated by Eq. 2.15, where 𝑊0.607 is the half width of the peak in time units, 

measured at 60.7 % of the peak height [35,49] and 𝑡𝑟 is the retention time. 

𝐻 =
𝐿𝑊0.607

2

𝑡𝑟
2 =

�̅�𝑊0.607
2

𝐿
 (Eq. 2.15) 

According to Levenspiel and Smith [52], the concentration profile at the end of the tube 

is essentially gaussian if the following condition is fulfilled [43]: 

𝐷

𝑢𝐿
< 0.01 (Eq. 2.16) 

Both Eqs. 2.14 and 2.16 were derived for straight tubes. However, since the length of 

the tube required, for the application of the chromatographic methods to be accurate, is quite 

long [47,48], the tube has to be coiled. This way, the tube can be placed at constant 

temperature inside an oven or a bath. Due to the coiling, the velocity profile inside the tube 

is elongated. Additionally, once the velocity at the center of the tube hits the maximum value, 

the fluid is thrown out, and since mass accumulation cannot occur, it is generated a flow in 

centrifugal way causing a  double helix where the fluid moves, as shown in Figure 2.2 [49]. 
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These centrifugal effects increase the mixing inside the tube, resulting in higher 

diffusional effects, that are traduced in narrower peaks and larger apparent values of 𝐷12 

[48]. 

Figure 2.2- Schematic representation of the velocity profile inside a coiled tube. In (a) is a schematic 

representation of the secondary circulatory motion in the tube cross section (adapted from [53]). In (b) is a 

schematic representation of the velocity profile of a laminar flow inside the tube (adapted from [49]). (R0 is 

the internal radius of the tube and Rc is the radius of the coil). 

Due to the tube’s coiling, there are deviations to Taylor-Aris model. These deviations 

can be expressed as functions of Reynolds (𝑅𝑒) and Schmidt (𝑆𝑐) numbers and by a 

geometric factor, the curvature ratio (휁). These values can be calculated by Eqs. 2.17, 2.18 

and 2.19 respectively. Under certain conditions, 𝑅𝑒 and 휁 are not independent variables; in 

fact, Dean’s number (𝐷𝑒), which is defined by Eq. 2.20, expresses the relation between 

centrifugal forces and inertial forces and determines the dispersion behavior [43,49]. 

𝑅𝑒 =
𝜌�̅�2𝑅0

𝜇1
 (Eq. 2.17) 

𝑆𝑐 =
𝜇1

𝜌𝐷12
 (Eq. 2.18) 

휁 =
𝑅𝑐

𝑅0
 (Eq. 2.19) 

𝐷𝑒 =
𝑅𝑒

√휁
 (Eq. 2.20) 

Nunge et al. [54] showed that the peak broadening effect is proportional to 𝑅𝑒2𝑆𝑐휁−2 

and this effect dominates at lower Reynolds numbers if 휁 < 10. In contrast, the peak 

narrowing effect is proportional to (𝐷𝑒2𝑆𝑐)2 and dominates at higher Reynolds numbers 

[48,55]. 

(a) (b) 
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Focusing on the secondary flow effects, Moulijn et al. [50] and Alizadeh et al. [55] 

showed that these effects can be neglected if the following restriction is fulfilled [43,56]: 

𝐷𝑒√𝑆𝑐 < 10 (Eq. 2.21) 

In order to ensure an error below 1 %, Funazukuri et al. suggested that the previous 

restriction should be lower than 8 instead of 10 [56]. 

Since small temperature or pressure changes can occur on connection between the 

dispersion column and detector, van der Laan showed that these perturbations can be 

neglected if Eq. 2.22 is fulfilled [57]. 

𝑢𝐿

𝐷
> 1000 (Eq. 2.22) 

If the conditions imposed by Eqs. 2.16, 2.21 and 2.22 are satisfied, the Taylor-Aris 

model is valid for coiled tubes, and rearranging Eq. 2.14 is possible to calculate 𝐷12 through 

Eq. 2.23. On this equation, 𝐻 is calculated by Eq. 2.15 [35]. 

𝐷12 =
�̅�

4
[𝐻 ± √𝐻2 −

𝑅0
2

3
] (Eq. 2.23) 

According to Giddings and Seager [44], the negative root of Eq. 2.23 only has physical 

meaning when the fluid velocity inside the tube is higher than the optimal velocity, 𝑢𝑜𝑝𝑡; 

this velocity is the one that minimizes 𝐻 and is calculated by Eq. 2.24. 

Taking into consideration that the optimal velocity is usually very small for liquids and 

supercritical fluids, and that it can be easily exceeded when working with dense fluids, the 

negative root should be used in these cases. For velocities below 𝑢𝑜𝑝𝑡, it should be chosen 

the positive root of the equation [43]. 

𝑢𝑜𝑝𝑡 = √48
𝐷12

𝑅0
 (Eq. 2.24) 

In order to process the registered peak and calculate 𝐷12, several different techniques 

can be used, but the main approaches for this calculation are the moments method, the fitting 

method and the previously described graphical method, that consists in applying Eq. 2.23. 

Alternatively, in the moments method, 𝐷12 is calculated through a simplification that 

results from the combination of Eq. 2.14 and Eq. 2.25. The equation that results from this 

simplification, Eq. 2.26, is valid if 𝐷12 𝑡 ̅𝑅0
−2 > 10 and can be used since the error 

associated to it is no more than ±1 %. 
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𝜎2 =
2𝐷𝑡̅

�̅�2
 (Eq. 2.25) 

𝐷12 =
𝑅0

2𝑡̅

24𝜎2
 (Eq. 2.26) 

In the equations shown above, the use of 𝑡̅ instead of 𝑡 assumes that there is no dispersion 

of the pulse while it passes through the detection system. Additionally, 𝑡̅ and 𝜎2 can be 

calculated using the zeroth, first and second temporal moments of the concentration 

distribution curve. These temporal moments are described by [58]: 

𝑆 = ∫ 𝑐̅(𝑡)𝑑𝑡
∞

0

 (Eq. 2.27) 

𝑡̅ =
1

𝑆
∫ 𝑡𝑐̅(𝑡)𝑑𝑡

∞

0

 (Eq. 2.28) 

𝜎2 =
1

𝑆
∫ (𝑡 − 𝑡̅)2𝑐̅(𝑡)𝑑𝑡

∞

0

 (Eq. 2.29) 

At last, in the fitting method, 𝐷12 is calculated by non-linear fitting of the obtained peak, 

by minimizing the square root of the mean square error, 휀, which is defined by: 

휀 = 100 × √
∫ [𝑐̅(𝑡) − 𝑐𝑒𝑥𝑝(𝑡)]2𝑑𝑡

𝑡2
𝑡1

∫ [𝑐𝑒𝑥𝑝(𝑡)]2
𝑡2
𝑡1

𝑑𝑡
 (Eq. 2.30) 

In the previous equation, 𝑐𝑒𝑥𝑝 is the experimentally measured concentration profile at 

column end, 𝑐̅ is the calculated concentration profile, given by Eq. 2.31 (after substituting 

𝑧 = 𝐿 in Eq. 2.13), and 𝑡1 and 𝑡2 are the interval limits for the chosen fitting period. The 

fitting period is selected so the measured response curve is higher than 10 % of the peak 

height and 𝑡1 < 𝑡2 [36,59,60]. 

𝑐̅ =
𝑚

𝜋𝑅0
2 ∙

1

2√𝜋𝐷𝑡
𝑒𝑥𝑝 [−

(𝐿 − �̅�𝑡)2

4𝐷𝑡
] (Eq. 2.31) 

According to Funazukuri et al, for values of ε lower than 1 % this method performs a 

good fit and for values lower than 2 % or 3 %, the fit is also acceptable [36,56,61]. Besides 

that, if the peak has asymmetric factors higher than 1.2 or 1.3 they should be rejected. 

After obtaining the values of 𝑡̅ and 𝜎2 that correspond to a good fit, the value of 𝐷12 is 

calculated using Eq. 2.26 [62]. 

Funazukuri et al. also stated that the value of 𝐷12 obtained through the fitting method is 

more accurate when compared with the moments method. This happens because the 
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moments method overestimates the errors related to the frontal and tailing portions of the 

response curve in the higher moments [36]. 

Later in 2010, Lin and Tavlarides [63] concluded that the linearity of the UV detector is 

crucial to the accuracy of the measurements performed by the CPB method. It was found the 

best linearity results correspond to the maximum diffusion coefficients, and for that reason, 

the wavelength which gives maximum diffusion coefficients should be selected for 

dispersion peak detection [64]. In this thesis, similarly to other researchers [36,59,65], a 

distinct approach is adopted (see Chapters 5.2 and 5.3). 

The CPB method is an attractive technique to measure diffusion coefficients since it is 

precise, allows to obtain the experimental data in a short time [35] and requires very small 

quantities of solute [66]. On the other hand, the injection of solutes is very restricted, since 

viscous liquids or solid solutes may adsorb on the column walls and cause difficulties in the 

system [67]. The biggest disadvantage of the chromatographic method is the fact that only 

diffusion coefficients at infinite dilution are measured, since the injected solute quantity do 

not exceed 1 μL [49]. 

In order to overcome the difficulties related to the injection of solids or viscous solutes, 

two other impulse responsive methods were developed: the chromatographic impulse 

response (CIR) technique and the modified Taylor-Aris technique [36]. 

 

2.2 Chromatographic impulse response (CIR) 

technique 
 

The chromatographic impulse response (CIR) technique is a widely used method to 

measure solubilities and retention factors for gases, liquids and supercritical fluids, which 

was firstly used by Funazukuri et al. [36] and is based on the work of Lai and Tan. In this 

technique, a diffusion column coated with poly(ethylene glycol) or other polymers film is 

used, instead of the regular empty column used in the CPB method [38,65,68]. Due to this 

alteration, the problems of using viscous liquids or solid solutes can be overcome, since their 

solubility in the carrier solvent can be ensured by adding an organic solvent. This addition 

is only possible because the solute and the added organic solvent are chromatographically 

separated in the polymer-coated column, making it easy to eliminate the effect of the solvent, 
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as shown in Figure 2.3. Besides that, the choice of the polymer coating helps to minimize 

the distortion or tailing of the response curves for polar compounds [59]. 

 

 

 

 

 

 

 

Figure 2.3- Schematic diagram of the CIR technique [36]. 

This separation occurs due to the different retention factors, 𝑘, or capacity factors, that 

are defined as the ratio of a compound in the polymer phase to that in the fluid phase. 

Practically, 𝑘 values are calculated by Eq. 2.32, which uses the measured peak retention 

times. In this equation, 𝑡𝑡𝑟 and 𝑡0 are the retention times of the tracer and the inert species 

(𝑘 = 0), respectively. 

𝑘 =  
𝑡𝑡𝑟 − 𝑡0

𝑡0
 (Eq. 2.32) 

As can be seen in Figure 2.3, the CIR technique is very similar to the CPB method, 

being different only on the type of column used. In fact, the dispersion of the injected pulse 

in the CIR technique is mathematically described by the same equation presented for the 

CPB method, Eq. 2.1. However, the boundary first condition is different [36]: 

at 𝑟 =  𝑅0,  𝑘
𝜕𝑐

𝜕𝑡
= −

2𝐷12

𝑅0
∙
𝜕𝑐

𝜕𝑟
 (Eq. 2.33) 

at 𝑟 = 0,  
𝜕𝑐

𝜕𝑟
= 0 (Eq. 2.34) 

at 𝑧 = ±∞, 𝑐 = 0 (Eq. 2.35) 

where the retention factor, 𝑘, is assumed to be constant regardless of the axial position in the 

column and the time, but is affected by the temperature and pressure. It is also presumed that 

the adsorption isotherm is linear and the tracer component instantaneously reaches 

equilibrium between the fluid and the polymer layer on the wall [59]. 

Assuming the tracer component reaches the equilibrium on the wall at the exact same 

time of the injection (𝑡 = 0), the initial condition for the pulse input is given by Eq. 2.36. 
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at 𝑡 = 0,  𝑐 =
𝑚

𝜋𝑅0
2

𝛿(𝑧)

1+𝑘
 (Eq. 2.36) 

Since the average concentration over cross sectional area of tubing is defined by Eq. 2.7 

just as in the CPB method, Golay derived a gaussian like approximate solution from Eqs. 

2.1, 2.33 and 2.34. This approximation is given by: 

𝜕𝑐̅

𝜕𝑡
= 𝑎

𝜕2𝑐̅

𝜕𝑧′2
− 𝑏

𝜕2𝑐̅

𝜕𝑧′ 𝜕𝑡
 (Eq. 2.37) 

where, 

𝑎 =
𝐷12

1 + 𝑘
+

1 + 6𝑘 + 11𝑘2

1 + 𝑘

𝑅0
2𝑈2

48𝐷12
 (Eq. 2.38) 

𝑏 =
𝑘(1 + 4𝑘)

1 + 𝑘

𝑅0
2𝑈

24𝐷12
 (Eq. 2.39) 

𝑧′ = 𝑧 − 𝑈𝑡 (Eq. 2.40) 

𝑈 =
�̅�

1 + 𝑘
 (Eq. 2.41) 

Under the general conditions of diffusion measurements for liquids and supercritical 

fluids, the second term of Eq. 2.37 can be set to zero, resulting in the simplification described 

by Eq. 2.42 and the new boundary conditions described by Eqs. 2.43 and 2.44 [59,68]. 

𝜕𝑐̅

𝜕𝑡
= 𝑎

𝜕2𝑐̅

𝜕𝑧′2
 (Eq. 2.42) 

at 𝑡 = 0,  𝑐̅ =
𝑚

𝜋𝑅0
2

𝛿(𝑧′)

1+𝑘
 

(Eq. 2.43) 

at 𝑧′ = ±∞,  𝑐̅ = 0 (Eq. 2.44) 

By solving Eq. 2.42, it is obtained the gaussian like analytical solution for the CIR 

method with linear adsorption model. This solution is given by [36,59]: 

𝑐̅ =
𝑚

𝜋𝑅0
2 ∙

1

(1 + 𝑘)2√𝜋𝑎𝑡
𝑒𝑥𝑝 [−

(𝑧 − 𝑈𝑡)2

4𝑎𝑡
] (Eq. 2.45) 

The experimental values of 𝐷12 and 𝑘 can be determined by the same adjusting 

numerical methods discussed in Chapter 2.1 for the CPB method. 

 In the fitting method, the values of 𝑎 and 𝑈 are obtained by minimizing the square root 

of the mean square error, ε, described by Eq. 2.30. 

By knowing the values of 𝑎 and 𝑈 and using Eqs. 2.41 and 2.46, the values of 𝐷12 and 𝑘 

are obtained. It is important to remember that just as in the CPB method, a good fit 

correspond to values of ε lower than 1 % [36,59,68]. 
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𝐷12 =
[
1 + 6𝑘 + 11𝑘2

1 + 𝑘
] [

𝑅0
2𝑈2

24𝑎 ]

1 + √1 − [
1 + 6𝑘 + 11𝑘2

(1 + 𝑘)2
𝑅0

2𝑈2

12𝑎2 ]

 
(Eq. 2.46) 

On the other hand, in the moments method 𝐷12 and 𝑘 are obtained by: 

𝐷12 =
2𝛽

𝛼 + √(𝛼2 + 4𝛽)
𝐿�̅� (Eq. 2.47) 

𝑘 =
4 − 2 (

𝜎2

𝑡̅2
)

3 + √[1 + 4 (
𝜎2

𝑡̅2
)]

�̅�𝑡̅

𝐿
− 1 (Eq. 2.48) 

The values of 𝑡̅, 𝜎2, 𝛼 and 𝛽 are obtained through the equations shown below [68]: 

𝑡̅ =
∫ 𝑡𝑐𝑒𝑥𝑝 𝑑𝑡

∞

0

∫ 𝑐𝑒𝑥𝑝 𝑑𝑡
∞

0

 (Eq. 2.49) 

𝜎2 =
∫ (𝑡 − 𝑡̅)2𝑐𝑒𝑥𝑝𝑑𝑡

∞

0

∫ 𝑐𝑒𝑥𝑝𝑑𝑡
∞

0

 (Eq. 2.50) 

𝛼 =
2(

𝜎2

𝑡̅2
) − 1 + √1 + 4(

𝜎2

𝑡̅2
)

8 − 4 (
𝜎2

𝑡̅2
)

 (Eq. 2.51) 

𝛽 =
1 + 6𝑘 + 11𝑘2

(1 + 𝑘)2

𝑅0
2

48𝐿2
 (Eq. 2.52) 

 

2.3 Modified Taylor-Aris technique 
 

As previously mentioned, the modified Taylor-Aris technique was developed to 

overcome difficulties of solute injection into the diffusion column [36]. 

In this method, a polymer-coated column is placed before the diffusion column to 

separate the solute from the organic solvent. This particular column disposition, presented 

in Figure 2.4, makes this method suitable to measure diffusivities of volatile compounds. 

To calculate the binary diffusion coefficients, the solute concentration is measured at 

the inlet and the outlet of the uncoated column in order to determine the difference in 

variance at these two points [65].  
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Figure 2.4- Schematic diagram of the modified Taylor-Aris technique [36]. 

As in the CPB method, the cross-sectional average concentration of an injected tracer 

species with asymptotic behavior is described by Eqs. 2.8 and 2.9. However, the boundary 

conditions are given by: 

at 𝑡 = 0,  𝑐̅ = 0 (Eq. 2.53) 

at 𝑧 = 0,  𝑐̅ = 𝑐𝑒𝑥𝑝
𝐼(𝑡) (Eq. 2.54) 

Combining Eqs. 2.8, 2.9, 2.12, 2.53 and 2.54, one obtains: 

 𝑐̅ 𝐼𝐼(𝑡) = ∫ 𝑐𝑒𝑥𝑝 𝐼(𝜉)
𝑡

0

𝑓(𝑡 − 𝜉)𝑑𝜉 (Eq. 2.55) 

where 𝐷 is given by Eq. 2.9 and 𝑓(𝑡) is given by Eq. 2.56. 𝑓(𝑡) is the Laplace inversion of 

the transfer function 𝐹(𝑠). 

𝑓(𝑡) =
𝐿

√4𝜋𝐷𝑡3
𝑒𝑥𝑝 [−

(𝐿 − �̅�𝑡)2

4𝐷𝑡
] (Eq. 2.56) 

As shown in Eq. 2.57, 𝐹(𝑠) is the ratio of the Laplace transform of the output signal 

 𝑐𝑒𝑥𝑝 𝐼𝐼(𝑡) to that of the input signal 𝑐𝑒𝑥𝑝 𝐼(𝑡). 

𝐹(𝑠) =
∫ 𝑐𝑒𝑥𝑝 𝐼𝐼(𝑡) 𝑒−𝑠𝑡𝑑𝑡

∞

0

∫ 𝑐𝑒𝑥𝑝 𝐼(𝑡) 𝑒−𝑠𝑡𝑑𝑡
∞

0

= 𝑒𝑥𝑝

[
 
 
 
 𝐿�̅�  (1 − √1 + 4(

𝐷 𝑠
�̅�2 ))

2𝐷

]
 
 
 
 

 (Eq. 2.57) 

The value of 𝐷12 is determined by minimizing the square root of the mean square error, 

using Eq. 2.30, as in the CPB method, but instead of using 𝑐𝑒𝑥𝑝(𝑡) and 𝑐̅(𝑡) it is used 

𝑐𝑒𝑥𝑝 𝐼𝐼(𝑡) and 𝑐̅ 𝐼𝐼(𝑡), respectively [36,65].  
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Chapter 3  
 

Modeling tracer diffusion coefficients 
 

The transport properties play a big role in the design and optimization of rate-controlled 

extraction and separation processes in general, either in industry or in the research field. 

Thus, the capacity of having reliable values of diffusivity for various systems is of extreme 

importance, and, therefore, its rigorous determination  using literature models is a great asset 

to describe and know better the behavior of dense fluids and supercritical fluids. 

In the current work, several models were selected to estimate and correlate the tracer 

diffusivities, which are used later for comparison with the experimental data. However, it is 

important to note that only a small fraction of the existing models were selected since there 

are innumerous, as shown on the review of Medina [64]. Each model has their own 

limitations and applicability restrictions [69-71]. 

The selected models can be grouped in five different categories: models based on the 

free volume theory; models based on the hydrodynamic theory; models based on the rough 

hard sphere theory; hybrid models; empirical and semi-empirical correlations.  

The models performance was assessed by the average absolute relative deviation, 

AARD, which is defined by [49]: 

𝐴𝐴𝑅𝐷 =
100

NDP
∑ |

𝐷12
𝑐𝑎𝑙𝑐 − 𝐷12

𝑒𝑥𝑝

𝐷12
𝑒𝑥𝑝 |

𝑖

NDP

i=1

 (Eq. 3.1) 

3.1 Models based on the free volume theory 
 

Free volume theories have a high interest in the calculation of transport properties, 

namely the self-diffusion coefficient (𝐷11), the viscosity (𝜇) and the thermal condutivity (𝜅) 

[49]. These theories state that such properties depend on the relative expansion from an 

intrinsic molar volume (𝑉𝑖𝑛) [72]. These theories are very important due to the following 

reasons [49]: 
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i. Their equations are simple and involve a small number of parameters (usually 

between two and four). 

ii. The parameters involved have, almost always, a precise physical meaning. 

iii. Their equations can be used over wide ranges of temperature and pressure. 

iv. The main theories have a very solid theoretical background since they are based 

on statistical mechanics. 

v. They can be easily extended to multicomponent systems. 

One of the major free volume equations is the Dymond-Hildebrand-Batschinski (DHB), 

which is frequently used to describe non-polar compounds with negligible attractive forces 

at moderate densities [72]. 

Dymond-Hildebrand-Batschinski (DHB) correlation 

Based on the work of Batschinski for real liquids, Hildebrand studied self-diffusivities 

and suggested a dependency between diffusion coefficients and the free molar volume [73]. 

In 1974, Dymond found the computer results that he obtained for hard sphere systems 

could be fitted into an equation almost similar to the one proposed and reestablished by 

Batschinski and Hildebrand, respectively. He ended up proposing Eq. 3.2, which includes 

dependency on the square root of the temperature [74,75]. 

𝐷12 = 𝐵𝐷𝐻𝐵 √𝑇 (𝑉𝑖 − 𝑉𝐷) (Eq. 3.2) 

In Eq. 3.2, 𝑉𝑖 is the molar volume (cm3 mol-1) and 𝑉𝐷 is the minimum molar volume for 

which no diffusion occurs (cm3 mol-1). This parameter varies from solvent to solvent and is 

also called maximum packing volume. 𝑇 is the temperature (K) and 𝐵𝐷𝐻𝐵 is a model 

parameter that depends on the system in study (cm-1 mol-1 s-1 K-0.5) [75-77]. 

It is important to note that in some systems, the value of 𝑉𝐷 may depend on the 

temperature. Simple relations, such as a linear dependency (𝑉𝐷 = 𝑚𝑉𝐷
𝑇 + 𝑏𝑉𝐷

), have been 

used in previous works to describe this behavior [72,78]. 

 

3.2 Models based on the hydrodynamic theory 
 

The hydrodynamic theory considers the diffusion of large spherical molecules through 

a dilute solution. The basis of this theory is the relation of Nernst-Einstein, which is traduced 

in Eq. 3.3, and relates the diffusion coefficient (𝐷12) and the mobility (𝜈) of the diffusing 
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particles. The mobility of a particle can be expressed as, 𝑢 ∙ 𝐹−1, where 𝑢 is the velocity of 

a particle subjected to the action of a force 𝐹 [35,79,80]. 

𝐷12 = 𝜈𝑘𝐵𝑇 =
𝑢

𝐹
𝑘𝐵𝑇 = 𝜈

𝑅𝑇

𝑁𝐴
 (Eq. 3.3) 

where, 𝑘𝐵 is the Boltzmann constant, 𝑅 is the ideal gas constant and 𝑁𝐴 is the Avogadro's 

number. 

The hydrodynamic theory is the base of many models used to calculate the diffusion 

coefficient such as the Stokes-Einstein relation, the Wilke-Chang equation, the Scheibel 

equation, the Tyn-Calus equation, the Lai-Tan equation, the Reddy-Doraiswamy model and 

many others presented [64,70]. 

Stokes-Einstein relation 

This relation, based on the hydrodynamic theory, considers that the diffusion occurs 

through a continuous medium of viscosity 𝜇. Due to this consideration, the particle’s 

mobility can be calculated using the Stokes law, as shown in Eq. 3.4, where 𝑅𝑝 is the radius 

of the particle [81]. 

Combining Eqs. 3.3 and 3.4 it is obtained the Stokes-Einstein equation, presented in Eq. 

3.5, which can be accurately applied to the diffusion of large unhydrated molecules in low 

molecular weight solvents or when the molar volume of the solute is greater than 500 cm3 

mol-1. This equation is only applicable to macroscopic systems [70,82]. 

𝜈 =
1

6𝜋𝑅𝑝𝜇1
 (Eq. 3.4) 

𝐷12 =
𝑘𝐵𝑇

6𝜋𝑅𝑝𝜇1
 (Eq. 3.5) 

Wilke-Chang equation 

Despite being proposed in 1955, this equation still is one of the most widely used. It 

consists in an empirical modification of the Stokes-Einstein equation, introducing the 

molecular weight of the solvent (𝑀1) in g mol-1, the molar volume of the solute at its normal 

boiling temperature (𝑉2) in cm3 mol-1, and the association factor of the solvent (𝜙), which is 

dimensionless. Wilke-Chang equation is presented in Eq. 3.6. 

If there is no experimental data available to obtain the value of 𝑉2, it can be used the 

Tyn and Calus method, shown below as Eq. 3.7, to estimate it [69,70]. 
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𝐷12 =
7.4 × 10−8(𝜙𝑀1)

1/2𝑇

𝜇1𝑉2
0.6  (Eq. 3.6) 

𝑉2 = 0.285 × 𝑉𝑐
1.048 (Eq. 3.7) 

Wilke and Chang recommend that 𝜙 should be 2.6 if the solvent is water, 1.9 if the 

solvent is methanol, 1.5 for ethanol, 1.2 for propanol and 1 for other solvents. Although the 

original value of 𝜙 stated for water was 2.6, when the original data were reanalyzed, the 

empirical best fit was 2.26 [70,82]. 

When it is not used only one solvent, but a mixture of many, Wilke-Chang equation can 

still be used, but 𝜇1 has to be replaced by the viscosity of the mixture and the 𝜙𝑀1 parameter 

is calculated by [82]: 

𝜙𝑀1 = ∑𝑥𝑖𝜙𝑖𝑀𝑖

𝑁

𝑖=1

 (Eq. 3.8) 

Scheibel equation 

Scheibel’s equation results from an attempt to generalize the correlation of Wilke-Chang 

involving the molar volumes of the solute and the solvent, 𝑉2 and 𝑉1 respectively. This 

equation, shown in Eq. 3.9, is only valid when the condition expressed in Eq. 3.10 is fulfilled 

[69,83,84]. 

𝐷12 = 8.2 × 10−8
𝑇

𝜇1

1 + (
3𝑉1

𝑉2
)
2/3

𝑉2
1/3

 (Eq. 3.9) 

2 ≤
𝑉2

𝑉1
≤ 3 (Eq. 3.10) 

In order to use Eq. 3.9 properly, the temperature (𝑇) must be in K, the viscosity (𝜇1) 

must be in cP, the molar volumes (𝑉𝑖) must be in cm3 mol-1 and the diffusion coefficient is 

calculated in cm2 s-1 

Tyn-Calus equation 

Also based on the hydrodynamic theory and the Stokes-Einstein relation, Tyn and Calus 

proposed an equation to estimate the binary diffusion coefficient that introduces the 

parachors of the solute and solvent. This equation is given by Eq. 3.11. 

Parachor is a parameter related with the compound liquid surface tension and it is 

calculated by Eq. 3.12. 
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𝐷12 = 8.93 × 10−8 (
𝑉2

𝑉1
2)

1/6

(
𝑃1

𝑃2
)
0.6 𝑇

𝜇1
 (Eq. 3.11) 

𝑃𝑖 = 𝑉𝑖𝛾𝑖
0.25 (Eq. 3.12) 

where 𝑃𝑖 is the parachor of species i in cm3.25 g0.25 s-0.5 mol-1, 𝑉𝑖 is the molar volume in cm3 

mol-1, 𝛾𝑖 is the surface tension in g cm s-2 and 𝜇1 is solvent viscosity in cP. 

In order to estimate the surface tension, Eq. 3.13 can be used. In this equation 𝑝𝑐 is the 

critical pressure in bar, 𝑇𝑐 is the critical temperature in K, 𝑇𝑏𝑟 = 𝑇𝑏  𝑇𝑐
−1, where 𝑇𝑏 is the 

temperature at the atmospheric boiling point in K, and 𝛼𝑐 is calculated by Eq. 3.14. 

𝛾 = 𝑝𝑐
2/3

𝑇𝑐
1/3(0.132𝛼𝑐 − 0.279)(1 − 𝑇𝑏𝑟)

11/9 (Eq. 3.13) 

𝛼𝑐 = 0.9076 [1 +
𝑇𝑏𝑟 ln (

 𝑝𝑐

1.013)

1 − 𝑇𝑏𝑟
] (Eq. 3.14) 

When using Eq. 3.11, Tyn and Calus noted that this equation should not be used for 

solvents that have a viscosity above 20 cP. 

For organic liquids is possible to have a simplified version of Eq. 3.11 after combining 

it with Eq. 3.12. The combined equation is presented below in Eq. 3.15 and the simplified 

version is Eq. 3.16. This simplification results from the fact that most organic liquids at 𝑇𝑏 

have similar surface tensions, making it possible to approximate its ratio to one [70,82]. 

𝐷12 = 8.93 × 10−8
𝑉1

0.267

𝑉2
0.433

𝑇

𝜇1
(
𝛾1

𝛾2
)
0.15

 (Eq. 3.15) 

𝐷12 = 8.93 × 10−8
𝑉1

0.267

𝑉2
0.433

𝑇

𝜇1
 (Eq. 3.16) 

Lai-Tan equation 

Based on the Wilke-Chang model, Lai-Tan proposed an empirical modified equation 

that takes into account the nonlinear variation of 𝐷12 with 𝜇1
−1. This equation, specially 

developed to supercritical carbon dioxide systems, is given by: 

𝐷12 = 2.50 × 10−7
𝑇√𝑀1

(10𝜇1)0.688𝑉𝑐,2
0.284 (Eq. 3.17) 

where 𝑀1 is the molar mass of the solvent in g mol-1, 𝑉𝑐,2 is the critical molar volume of the 

solute in cm3 mol-1 and the viscosity (𝜇1) is in cP [38]. 
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Reddy-Doraiswamy model 

In an attempt to generalize the Wilke-Chang equation, by removing the association 

factor of the solvent (𝜙), Reddy and Doraiswamy developed Eq. 3.18 [62,85]. 

𝐷12 = 𝛽
𝑇√𝑀1

𝜇1(𝑉1𝑉2)1/3
 (Eq. 3.18) 

The value of 𝛽 is determined by the following conditions: 

if 
𝑉1

𝑉2
≤ 1.5 𝛽 = 10 × 10−8 (Eq. 3.19) 

if 
𝑉1

𝑉2
> 1.5 𝛽 = 8.5 × 10−8 (Eq. 3.20) 

 

3.3 Models based on the rough hard sphere theory 
 

So far, the discussed models are based on theories that are limited to systems that have 

much larger solute molecules than the molecules of the solvent or to systems where the 

solvent densities are greater than the critical density. Besides that, those correlations were 

developed from empirical work. Since the pressures studied in this work are quite high, it is 

not easy to present a rigorous theoretical interpretation of the transport properties. This 

happens because the fluids are too dense, which result in many body interactions, and the 

pair potential energy functions are only known for simple molecules [72]. 

Since in dense fluids the repulsive molecular interactions have a big impact on their 

properties, Enskog considered the particles as rigid spheres and proposed a new kinetic 

theory. The only assumptions that he considered were that: 

i. Only binary collisions occur between molecules. 

ii. The velocities of the colliding particles are uncorrelated and independent of the 

position. 

Due to computer simulation, since 1970, the theory of Enskog for self-diffusivity, 

viscosity and thermal conductivity for hard sphere fluids has suffered several corrections in 

order to represent the dynamic behavior of real fluids [86,87]. The modified Enskog-Thorne 

theory for self- and binary diffusion coefficients, which results from an attempt to improve 

the Enskog theory, is the base of Catchpole-King correlation. 
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Catchpole-King correlation 

Based on the modified Enskog-Thorne theory, Catchpole and King proposed a 

correlation to predict the self- and binary diffusion coefficients in near critical conditions, 

by correcting the self-diffusivity coefficient. According to them, the binary diffusion 

coefficient is calculated by: 

𝐷12 = 22/3𝐷11

𝐹

𝑋
 (Eq. 3.21) 

where 𝑋 is a size to mass ratio parameter calculated by Eq. 3.22. The correction parameter 

𝐹 is calculated by Eq. 3.23 or Eq. 3.24 according to the system in study. 

𝑋 =

[1 + (
𝑉𝑐,2

𝑉𝑐,1
)
1/3

]

2

√1 +
𝑀1

𝑀2

 (Eq. 3.22) 

For class one systems, where the solute is an aliphatic compound except ketones, 𝐹 is 

calculated by: 

𝐹 = 1.0 ± 0.1,   2 < 𝑋 (Eq. 3.23) 

For class two systems, where the solute is an aromatic compound, a ketone or carbon 

tetrachloride, 𝐹 is calculated by: 

𝐹 = 𝑋0.17 ± 0.1,   2 < 𝑋 < 10 (Eq. 3.24) 

The final correlation that Catchpole and King obtained is shown below in Eq. 3. 25. 

𝐷12 = 5.152 × 104𝐷𝑐,11𝑇𝑟(𝜌𝑟,1
−2/3 − 0.4510)

𝐹

𝑋
,   1 < 𝜌𝑟,1 < 2.5 (Eq. 3.25) 

In the previous equation, 𝐷𝑐,11 is the self-diffusion coefficient of the solvent at the 

critical point, that is calculated by Eq. 3.26, 𝑇𝑟 = 𝑇 𝑇𝑐
−1 is the reduced temperature of the 

system, 𝜌𝑟,1 is the reduced density of the solvent. The calculated value of 𝐷12 is in cm2 s-1 

[37,82,88]. 

𝐷𝑐,11 =
4.300 × 10−7√𝑀𝑇𝑐

0.75

∑𝑉𝑑
2/3 𝜌𝑐

 (Eq. 3.26) 

The previous equation was obtained from a modified empirical correlation developed 

by Fuller, Schettler and Gidding. In Eq. 3.26, 𝑀 is the molar mass in g mol-1, 𝑇𝑐 is the critical 

temperature in K, 𝜌𝑐 is the critical density of the compound in kg m-3 and 𝑉𝑑 are the atomic 

diffusion volumes, and can be found in the literature [70].  
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3.4 Hybrid models 
 

In order to have a better representation of the behavior of real dense fluids, hybrid 

models were developed. These models consider, at the same time, the free volume available 

to diffusion and the activation energy involved due to particles interactions. 

Predictive model TLSM 

The Tracer Liu-Silva-Macedo (TLSM) is a predictive model (zero parameters) that has 

its origin in the Liu-Silva-Macedo (LSM) model for the prediction of self-diffusion 

coefficients [76]. This model allows the estimation of 𝐷12 at temperature 𝑇 and solvent 

number density 𝜌𝑛,1 by only knowing three input parameters per molecule: the molecular 

weight, the Lennard-Jones (LJ) diameter and the LJ energy [89]. 

The TLSM model, which is represented by Eq. 3.27, is a hybrid model since it presents 

an exponential term of free volume (the reduced density of the solvent) and a term involving 

the activation energy (the reduced temperature). 

𝐷12 =
21.16

𝜌𝑛,1𝜎12,𝑒𝑓𝑓
2 (

1000𝑅𝑇

2𝑀12
)
1/2

exp (−
0.75𝜌𝑟𝑛,1

∗

1.2588 − 𝜌𝑟𝑛,1
∗
−

0.27862

𝑇𝑟,12
∗ ) (Eq. 3.27) 

Here, 𝐷12 is calculated in cm2 s-1, 𝜌𝑛,1 is the solvent number density that is calculated by Eq. 

3.28 in cm-3, 𝜎12,𝑒𝑓𝑓 is the effective hard sphere diameter in cm that is calculated by Eq. 

3.29, 𝑅 is the ideal gas constant (8.3144 J mol-1 K-1), 𝑇 is the temperature in K, 𝑀12 is the 

reduced molar mass of the system that is calculated by Eq. 3.30 in g mol-1, 𝜌𝑟𝑛,1
∗ is the 

reduced number density of the solvent that is calculated by Eq. 3.31 and 𝑇𝑟,12
∗ is the reduced 

temperature that is calculated by Eq. 3.32. 

𝜌𝑛,1 = 𝜌1

𝑁𝐴

𝑀1
 (Eq. 3.28) 

𝜎𝑖,𝑒𝑓𝑓 = 𝜎𝑖,𝐿𝐽2
1/6[1 + √1.3299𝑇𝑟,𝑖

∗]
−1/6

,   𝑖 = 1 or 12 (Eq. 3.29) 

𝑀12 =
𝑀1𝑀2

𝑀1 + 𝑀2
 (Eq. 3.30) 

𝜌𝑟𝑛,1
∗ = 𝜌𝑛,1𝜎1,𝑒𝑓𝑓

3  (Eq. 3.31) 

𝑇𝑟,𝑖
∗ =

𝑇

휀𝑖,𝐿𝐽/𝑘𝐵
 (Eq. 3.32) 



 

25 

The Lennard-Jones parameters necessary in Eq. 3.29 and Eq. 3.32, can be calculated by 

Eq. 3.33 and Eq. 3.34.  

𝜎12,𝐿𝐽 =
𝜎1,𝐿𝐽 + 𝜎2,𝐿𝐽

2
 (Eq. 3.33) 

휀12,𝐿𝐽

𝑘𝐵
=

√𝜎1,𝐿𝐽
3 휀1,𝐿𝐽

𝑘𝐵
× 𝜎2,𝐿𝐽

3 휀2,𝐿𝐽

𝑘𝐵

𝜎12,𝐿𝐽
3  (Eq. 3.34) 

Since the LJ energies and diameters are often unknown for several compounds, these 

values can be estimated by Eq. 3.35 and Eq. 3.36 or Eq. 3.37, respectively.  

휀𝑖,𝐿𝐽

𝑘𝐵

(𝐾) = 0.774𝑇𝑐 ,   𝑖 = 1,2 (Eq. 3.35) 

𝜎𝑖,𝐿𝐽
3 (Å3) = 0.17791 + 11.779 (

𝑇𝑐

𝑝𝑐
) − 0.049029 (

𝑇𝑐

𝑝𝑐
)
2

, for  
𝑇𝑐

𝑝𝑐
≤ 100 (Eq. 3.36) 

𝜎𝑖,𝐿𝐽(Å) = 0.809𝑉𝑐
1/3

, for 
𝑇𝑐

𝑝𝑐
> 100 (Eq. 3.37) 

It is important to note that, since this model is based on the LSM one, it cannot be 

successful applied to hydrogen bonding solvents like water or alcohols. The LSM equation 

is not applicable in these cases because, in what concerns to molecular interactions, it only 

considers van der Waals forces, which are much weaker than the ones that exist in hydrogen 

bonding solvents [72,76,89]. 

TLSMd correlation (one parameter) 

From the TLSM model it is possible to generate a one parameter correlation by inserting 

an interaction constant 𝑘12,𝑑 into the diameter combining rule. This constant is an adjustable 

parameter of the model. Thus, the binary LJ parameters are given by [76]: 

휀12,𝐿𝐽

𝑘𝐵
=

8√𝜎1,𝐿𝐽
3 휀1,𝐿𝐽

𝑘𝐵
× 𝜎2,𝐿𝐽

3 휀2,𝐿𝐽

𝑘𝐵

(𝜎1,𝐿𝐽 + 𝜎2,𝐿𝐽)
3  (Eq. 3.38) 

𝜎12,𝐿𝐽 = (1 − 𝑘12,𝑑)
𝜎1,𝐿𝐽 + 𝜎2,𝐿𝐽

2
 (Eq. 3.39) 

Using this model, 𝐷12 can be predicted with good accuracy, since there is a decrease of 

AARD from 15.71 % (for TLSM model) to 3.89 % (for TLSMd model) showed by 

Magalhães et al [89] for a database of 5279 experimental points from 296 binary systems. 

Many values of the binary interaction constant 𝑘12,𝑑 are already tabled for various binary 

systems [71,89]. 
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3.5 Empirical and semi-empirical correlations of 

Magalhães et al. 
 

Magalhães et al. proposed several simple but very accurate, empirical and semi-

empirical correlations, which express the diffusion coefficient as a dependency on the 

temperature, viscosity and density. These correlations are applicable over wide ranges of 

temperature and density, for systems composed of polar and non-polar, symmetrical and 

asymmetrical, small and large, light and heavy molecules without exception. They can be 

divided in four groups: 

i. Group 1, represented by Eq. 3.40, relates the diffusion coefficient with the 

temperature and the solvent viscosity. 

ln (
𝐷12

𝑇
) = 𝑎3 ln 𝜇1 + 𝑏3 (Eq. 3.40) 

ii. Group 2, represented by Eq. 3.41, relates the diffusion coefficient only with the 

solvent viscosity. 

𝐷12 = 𝑎5

1

𝜇1
+ 𝑏5 (Eq. 3.41) 

iii. Group 3, represented by Eq. 3.42, relates the diffusion coefficient with the 

temperature and the solvent density. 

𝐷12

𝑇
= 𝑎7𝜌1 + 𝑏7 (Eq. 3.42) 

iv. Group 4, represented by Eq. 3.43, relates the diffusion coefficient with the 

temperature, the solvent density and the solvent viscosity. 

𝐷12

𝑇
= 𝑎9𝜌1 +

𝑏9

𝜇1
 (Eq. 3.43) 

In all of these correlations, the temperature is in K, the solvent viscosity is in cP, the 

solvent density is in g cm-3 and 𝐷12 is calculated in cm2 s-1. The values of 𝑎𝑖 and 𝑏𝑖 represent 

the adjusted parameters of the equations [90].  
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Chapter 4  
 

Experimental section 
 

In this chapter are presented the experimental setup and chemical compounds used in 

the present work, the followed procedure and the conditions the measurements took place. 

It is also described the models used to estimate the density and viscosity of the solvents, that 

are later necessary to model the obtained data.  

 

4.1 Equipment and procedure 
 

As previously mentioned, in the current work, the technique used to measure the 𝐷12 

was the CPB method [35-38]. A schematic representation of the utilized equipment is shown 

in Figure 4.1. Although in this work only ethanol and ethyl acetate have been used as 

solvents, the equipment is adapted to perform measurements with supercritical carbon 

dioxide (SC-CO2). 

The equipment includes two syringe pumps (2 and 4), that pump the solvents at constant 

flow rate from the reservoirs (1) and (5). The pumps are the Teledyne ISCO model 260D 

with a capacity of 266.06 cm3 for CO2 and the Teledyne ISCO model 100 DM with a capacity 

of 102.97 cm3 for liquid solvent (ethanol or ethyl acetate). The CO2 pump is coupled with a 

Julabo F12 thermostatic bath (3) to ensure there are no temperature oscillations that could 

cause flow rate fluctuations when working with SC-CO2. 

The equipment also includes a stainless-steel column (7) placed inside a LSIS-B2V/IC 

22 oven (Venticell, MMM Group) (9) to pre-heat the solvents. This column is connected to 

an open capillary column with poly(ether ether ketone) (PEEK) coating (8) that is followed 

by a UV-visible detector (10) (UV Detector 2500, Knauer). The characteristics of the PEEK 

column are shown below in Table 4.1.  
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 Additionally, there is a C74H-1674 injector (6) from Valco Instruments Co. Inc. used 

to inject the small pulses of solutes (0.1 μL) and a Jasco BP-2080 back pressure regulator 

(12) (BPR) to control the pressure inside the column. Coupled with the above-mentioned 

equipment, is a computer (11) with software that allows the acquisition of the absorbance 

data measured with the UV-visible detector. 

Figure 4.1- Schematic representation of the equipment used to perform the measurements of the 𝐷12. (1) CO2 

cylinder, (2) CO2 syringe pump, (3) thermostatic bath, (4) ethanol or ethyl acetate syringe pump, (5) ethanol 

or ethyl acetate reservoir, (6) injector, (7) pre-heating column, (8) diffusion column (with PEEK coating), (9) 

oven, (10) UV-visible detector, (11) computer with data acquisition software, (12) back pressure regulator – 

BPR, (a) on/off valves and (b) non return check valves. 

Table 4.1- Characteristics of the diffusion column used in the experimental work. 

Description Diffusion column 

Coating Poly(ether ether ketone) (PEEK) 

Length (cm) 1118.2 

Internal radius (cm) 0.0261 

Coiling radius (cm) 15.0 

To ensure that the data of the measurements in pressurized ethanol or ethyl acetate are 

trustworthy, the procedure, which is described below, was followed carefully.  

Firstly, it is necessary to turn on the oven, the UV-visible detector and the BPR, setting 

the desired operating conditions of temperature and pressure. The UV-visible detector has 

1 

2 

3 

5

3 
4 

6 

 7 
 

9 

8 

10

0 

11 

 12 
(a) 

(a) 

(b) 

(b) 



 

29 

to be set in the proper wavelength according to the system in use. This wavelength had to be 

previously studied. 

After that, it is necessary to turn on the syringe pump that is connected to the reservoir 

of ethanol or ethyl acetate and do its refill. Once the syringe pump is full, it should be 

guaranteed that both in and out solvent valves are closed and the system should be 

pressurized up to the desired pressure. When the diffusion column reaches the desired 

pressure, it is time to insert in the syringe pump the desired flow rate to the operation, which 

in the current work was 0.150 mL min-1. 

Since the correct operability of the experimental equipment is very important to ensure 

the measured data are reliable, every time the equipment is started for one operating 

condition, the whole system has to stabilize for 1-2 hours, to ensure a steady-state operation 

of all components of the equipment. This guarantees that the temperature, the pressure, the 

flow rate and the absorbance signal (chromatogram baseline) are stable. 

After the whole equipment has stabilized, it is finally possible to insert the solute in the 

diffusion column using the injector. It is important that the solute is injected quickly into the 

system to ensure that it is introduced as a pulse. 

At last, it is only necessary to use the software present in the computer to register the 

absorbance data that is measured with the UV-visible detector and proceed to the treatment 

of the data. 

 

4.2 Solutes and measurement conditions 
 

The measurement of the diffusion coefficients of lycopene in ethanol and astaxanthin in 

ethyl acetate took place at 303.15, 313.15, 323.15 and 333.15 K, and at pressures of 1, 50 

and 100 bar, at a wavelength of 255 nm for lycopene and 460 nm for astaxanthin. The 

selection of these wavelengths is further discussed in Chapters 5.2 and 5.3, respectively. It 

is also important to note that these solvents were chosen according to their solvent power 

and availability for industrial extractions [91,92]. 

The lycopene (CAS number 502-65-8) with purity of 85.00 % (HPLC) was purchased 

from AKSci while the astaxanthin (CAS number 472-61-7) with purity of 99.00 % (HPLC) 

was purchased from Sigma-Aldrich.  
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Regarding the solvents, absolute ethanol (CAS number 64-17-5) with purity of 99.99 % 

was supplied by Fisher Chemical and the ethyl acetate (CAS number 141-78-6) with purity 

of 99.99 % was supplied by CARLO ERBA Reagents S.A.S. More information about these 

compounds and their properties can be found in Appendices A and B, respectively. 

 

4.3 Properties of the solvents 
 

In order to analyze the experimental diffusion coefficients and model them with 

literature equations, it was necessary to estimate the density and viscosity of the solvents. 

The models used for this purpose are described below.  

Density of liquid ethanol 

The density of ethanol was estimated using the Tait equation [93,94], which presents 

very accurate results for alcohols: 

𝜌 − 𝜌0

𝜌
= 0.202 × log (

𝐵 + 𝑝

𝐵 + 𝑝0
) (Eq. 4.1) 

where, 𝜌 and 𝜌0 are densities (in g mL-1) at pressures 𝑝 and 𝑝0 (in MPa). The parameter 𝐵 

is calculated by Eq. 4.2, where the temperature is used in K. In Eq. 4.3, 𝐶𝑛 is the number of 

carbons of the molecule. 

𝐵 = 520.23 − 1240 ×
𝑇

𝑇𝑐
+ 827 × (

𝑇

𝑇𝑐
)

2

− 𝐹 (Eq. 4.2) 

𝐹 = 0.015 × 𝐶𝑛 × (1 + 11.5 × 𝐶𝑛) (Eq. 4.3) 

The density at atmospheric pressure (𝜌0) was calculated using Eykman correlation 

improved by Cano-Gómez et al. [95] (Eq. 4.4), where 𝑛𝐷 is the refractive index and 𝐾 is a 

characteristic constant.  

𝜌0 = 
𝑛𝐷

2 − 1

𝑛𝐷 + 0.4
×

1

𝐾
 (Eq. 4.4) 

𝐾 = 0.72719 − 0.39294 exp (𝐶𝑛
−0.89255 × 0.47272) (Eq. 4.5) 

𝑛𝐷 = 𝑎0 + 𝑎1𝐶𝑛
𝑎2 + 𝑎3𝐶𝑛 +

𝑎4

𝐶𝑛
𝑎5

+ (𝑎6 + 𝑎7𝐶𝑛
0.5 + 𝑎8𝐶𝑛

0.75) × 𝑇) (Eq. 4.6) 
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In Eq. 4.6, the temperature (𝑇) is in ºC and 𝑎0 = 1.87961, 𝑎1 = -0.55029, 𝑎2 = -0.11935, 

𝑎3 = -0.00161, 𝑎4 = 0.01344, 𝑎5 = 13.54426, 𝑎6 = -0.00043235, 𝑎7 = 0.00000954 and 𝑎8 = 

0.00000220. 

Viscosity of liquid ethanol 

Based on the relation between viscosity and density proposed by Mamedov, Cano-

Gómez et al. [96] developed a correlation to estimate the viscosity of primary alcohols at 

high pressures. This correlation is given by: 

𝜇

𝜇0
= (

𝜌

𝜌0
)

𝐴

 (Eq. 4.7) 

While the density (𝜌) and the density at atmospheric pressure (𝜌0) were calculated by 

Eqs. 4.1 and 4.4, respectively, the parameter 𝐴 was calculated by Eq. 4.8 and the viscosity 

at atmospheric pressure (𝜇0) was calculated by Eq. 4.9 [97].  

In Eq. 4.9, 𝑇 is in K, 𝜇0 is in cP and 𝐴 = -6.4406, 𝐵 = 1117.6, 𝐶 = 0.013721 and 𝐷 = -

0.000015465. 

𝐴 = 10.4 + 0.00006 × 𝐶𝑛
3.5 −

5

𝐶𝑛
 (Eq. 4.8) 

log 𝜇0 = 𝐴 +
𝐵

𝑇
+ 𝐶 × 𝑇 + 𝐷 × 𝑇2 (Eq. 4.9) 

Density of liquid ethyl acetate 

To estimate the density of ethyl acetate it was used the previously mentioned Tait 

equation [93,94], Eq. 4.1. However, the parameters involved in this equation, 𝐵 and 𝜌0, are 

now calculated by Eqs. 4.10 and 4.11, respectively. The equation used to estimate the density 

at atmospheric pressure (𝜌0) is a modified form of the Rackett equation [97]. 

𝐵 = 494 − 1110 ×
𝑇

𝑇𝑐
+ 672 × (

𝑇

𝑇𝑐
)
2

− (𝐶𝑛 − 6) (Eq. 4.10) 

𝜌0 = 𝐴 × 𝐵
−(

1−𝑇
𝑇𝑐

)
𝑛

 (Eq. 4.11) 

Here, the temperature is in K, 𝜌0 is in g mL-1 and 𝐴 = 0.30654, 𝐵 = 0.25856 and 𝑛 = 

0.27800. 
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Viscosity of liquid ethyl acetate 

To estimate the viscosity of ethyl acetate it was used the previously mentioned 

correlation developed by Cano-Gómez et al. [96], Eq. 4.7.  

The calculation of the viscosity of this compound is similar to the calculation of ethanol 

since the parameters necessary in Eq. 4.7 are also calculated by Eqs. 4.8 and 4.9. However, 

for ethyl acetate, the parameters involved in Eq. 4.9 are 𝐴 = -3.6861, 𝐵 = 552.28, 𝐶 = 

0.0080018 and 𝐷 = -0.000010439. 
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Chapter 5  
 

Results and discussion 
 

In this chapter are presented and discussed the results of the experimental measurements 

of the diffusion coefficient of lycopene in ethanol and astaxanthin in ethyl acetate, as well 

as the results of the modeling. It is also shown the results that confirmed the validation of 

the equipment and experimental procedure of the 𝐷12 measurements. 

 

5.1 Experimental equipment validation 
 

Before measuring the diffusivity of lycopene and astaxanthin, it was necessary to ensure 

the experimental values registered by the equipment were reliable. With this purpose, the 

diffusion coefficient of gallic acid was measured at 1 and 100 bar and at 313.15 and 333.15 

K in pressurized ethanol, and later compared with existing values in the literature [98]. The 

measurement conditions, namely the concentration of injected solute (𝐶 = 1.76 mg mL-1) 

and the detector wavelength (𝜆 = 280 nm), were the same that were used on the measurement 

of the literature values. In Table 5.1 are listed the experimental and published values of 𝐷12 

of gallic acid, as well as the relative deviations between both values. These 𝐷12 values are 

also represented graphically in Figure 5.1 versus the temperature. 

Table 5.1- Experimental and literature values of 𝐷12 of the gallic acid and their relative error. 

Pressure 

(bar) 

Temperature 

(K) 

Measured 𝐷12 ± Δ𝐷12 

(10-5 cm2 s-1) 

Published 𝐷12 ± Δ𝐷12 [98] 

(10-5 cm2 s-1) 

Relative 

error (%) 

1 313.15 0.651 ± 0.008 0.624 ± 0.005 4.352 

1 333.15 0.910 ± 0.028 0.905 ± 0.011 0.508 

100 313.15 0.592 ± 0.002 0.592 ± 0.008 0.073 

100 333.15 0.850 ± 0.006 0.846 ± 0.003 0.518 
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Figure 5.1- Comparison between the measured values (●) and the literature values [98] (■) of 𝐷12 of the gallic 

acid. 

Taking a closer look at the Table 5.1 is possible to see that the maximum relative error 

between the measured value of 𝐷12 and the value presented in the literature is below 5 %, 

which proves the equipment and experimental procedure are accurate. This low relative error 

is traduced in almost overlapping dots in Figure 5.1, which present low variability, as is 

possible to see by the almost non-visible error bars. Each measured value in Table 5.1 and 

in Figure 5.1 is the average of seven individual injections. 

Thus, through the obtained results, it is possible to conclude that the values of 𝐷12 

obtained using the above-mentioned equipment and procedure are valid. 

 

5.2 Tracer diffusivity of lycopene in ethanol 
 

The measurements of the diffusion coefficient rely on the analysis of the experimental 

absorbance profiles recorded at the exit of the diffusion column by the UV-visible detector, 

and thus the selected wavelengths have extreme importance [63].  

In order to select the optimal wavelength, which is the one that offers the best linearity 

results and the minimum experimental noise and error, several pulses of lycopene were 

injected for wavelengths in the range 205-265 nm. This range was selected by using UV-

visible spectrophotometry to determine that this is the region where the maximum 

absorbance of lycopene is found, as can be seen in Appendix C. This preliminary study is 

0.5

0.6

0.7

0.8

0.9

1.0

310 315 320 325 330 335

D
1

2
(1

0
-5

cm
2

s-1
)

Temperature (K)



 

35 

shown below in Figure 5.2. It is important to notice that due the low absorbance values 

registered for lycopene, the fitting interval of the peak was fixed in order to contain 40 % of 

the peak height instead of the usual 90 % mentioned in Chapter 2.1 (after Eq. 2.30), to reduce 

the interference of noise with the real absorvance peak. 

Analyzing Figure 5.2 is possible to see a stable region that ranges from 235 to 255 nm 

that presents very small variations of 𝐷12 for the different wavelengths and low fitting errors. 

After a first analysis, more pulses were injected in this range of wavelengths to test the 

reproducibility of the results. The wavelength selected to perform the measurements was 

255 nm, due its higher reproducibility over the others. 

In Figure 5.2 is also possible to see a preliminar study of the relation between the 

injected concentration and the obtained 𝐷12.  

Figure 5.2- Determination of the optimal wavelength (λ) at 1 bar and 323.15 K, to study the diffusivity of 

lycopene in ethanol. (a) Root mean square error versus λ, (b) Ratio of maximum absorbance to peak area 

(Absmax Apeak
-1) versus λ, (c) Preliminary 𝐷12 versus λ and (d) Preliminary 𝐷12 versus λ for C = 0.049 mg mL-

1 (●), C = 0.49 mg mL-1 (▲) and C = 0.71 mg mL-1 (■). 
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Three different concentrations were analyzed, C = 0.049, 0.49 and 0.71 mg mL-1. Since there 

were no significant differences on the registered values of 𝐷12 for the various concentrations, 

it was decided to use C = 0.49 mg mL-1. This intermediate value ensures the peaks are high 

enough to be distinguished from the experimental noise (unlike C = 0.049 mg mL-1) and yet 

still not high enough to potentially cause obstructions inside the column (unlike C = 0.71 mg 

mL-1), since lycopene solubility in ethanol is quite low [99,100]. The amount of solute 

injected in the column was 9.127×10-4 μmol, which ensures infinite dilution conditions 

inside the column [59,61,68]. 

A typical response curve obtained in this work for lycopene is shown in Figure 5.3, at 1 

bar and 323.15 K. Similar curves were registered in all cases. The diffusivities obtained by 

the fitting method (Eqs. 2.9, 2.30 and 2.31) were almost identical to the ones obtained using 

the peak variance (Eqs. 2.15 and 2.23), due to the non-existence of tailing effects in the peak. 

It is important to notice that the applicability of the CPB method was assured in every 

measurement, since the previously mentioned restrictions were fulfilled, namely: (i) low 

laminar flow rates (𝑅𝑒 ranged from 2.19 to 3.92) caused by the low velocities of the solvent 

(�̅� ranged from 1.13 to 1.19 cm s-1); (ii) very high longitudinal Peclet numbers (𝑃𝑒𝑥 varied 

between 1.91×108 and 3.90×108), meaning the axial dispersion can be neglected; (iii) the 

registered peaks were gaussian (since 𝐷 (�̅�𝐿)−1 < 0.01); (iv) the secondary flow effects due 

to the coiling of the column were also neglected (since 𝐷𝑒√𝑆𝑐 < 10); (v) the values of the 

square root of the mean square error were small (ε ranged from 0.40 to 1.58 %); (vi) the 

asymmetric factors of the peaks were close to one. 

 

 

 

 

 

 

 

 

Figure 5.3- Experimental response curve (×) and calculated curve (−) for lycopene in ethanol (λ = 255 nm) at 

1 bar and 323.15 K. 
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The obtained diffusivities for lycopene in ethanol varied between 0.374×10-5 and 

0.668×10-5 cm2 s-1, for a temperature range of 303.15 to 333.15 K and a pressure range of 1 

to 100 bar. These values are reported in Table 5.2 and plotted in Figure 5.4 versus the 

pressure. 

Table 5.2- Experimental conditions, experimental 𝐷12 of lycopene in ethanol obtained through the CPB method 

and calculated density and viscosity of the solvent. 

Temperature 

(K) 

Pressure 

(bar) 

𝐷12 ± Δ𝐷12 

(10-5 cm2 s-1) 

Density 

(g cm-3) 

Viscosity 

(cP) 

303.15 

1 0.374 ± 0.008 0.965 0.782 

50 0.366 ± 0.005 1.063 0.791 

100 0.345 ± 0.009 1.166 0.801 

313.15 

1 0.443 ± 0.005 0.810 0.773 

50 0.436 ± 0.017 0.899 0.783 

100 0.425 ± 0.009 0.991 0.793 

323.15 

1 0.535 ± 0.011 0.687 0.764 

50 0.505 ± 0.011 0.767 0.775 

100 0.501 ± 0.010 0.850 0.785 

333.15 

1 0.668 ± 0.010 0.587 0.756 

50 0.663 ± 0.005 0.659 0.767 

100 0.624 ± 0.004 0.735 0.777 

Figure 5.4- 𝐷12 of lycopene in ethanol as function of pressure for several temperatures. 
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Analysing the data presented in Table 5.2 and Figure 5.4 it is noticeable a clear pressure 

depence of 𝐷12 at constant temperature. As expected, the 𝐷12 decreases as the pressure 

increases, which is in accordance with the free volume theories. An increase in pressure 

leads to higher densities, which in practice results in a more tightly packing of the solvent 

molecules. This packing reduces the free volume available for the molecules of solute to 

move as well as increases the energetic barrier that these molecules need to overcome in 

order to diffuse through the solvent [101,102]. The negative effect that the increase in density 

has on 𝐷12, explained by free volume theories, is most evident in Figure 5.5 

It is also possible to see in Figure 5.4 that under isobaric conditions an increase of 

temperature also increases the value of 𝐷12. This rise of 𝐷12 is explained not only by the 

decrease of the density (which increases the free volume available), but also by the increase 

of the kinetic energy of the molecules of solute, which in this way move more easily [64]. 

These behaviors recorded under isothermal and isobaric conditions are consistent with 

results reported in other works [43,78,98,103]. 

It was also studied the hydrodynamic behavior of the system adopting the Stokes-

Einstein coordinates. In Figure 5.6 are plotted the values of 𝐷12 versus 𝑇𝜇−1, where it is 

possible to observe a slightly linear relation. Additionally, the ordinate at the origin is not 

zero, which indicates the existence of deviations from hydrodynamic behavior. Small 

deviations of this behavior have already been published in others studies with aluminum 

acetylacetonate in ethanol [104], gallic acid in ethanol [98], among others [60,102], under 

similar conditions. 

Figure 5.5- 𝐷12 of lycopene in ethanol as function of the solvent density for several temperatures. 

0.30

0.35

0.40

0.45

0.50

0.55

0.60

0.65

0.70

0.75

0.74 0.75 0.76 0.77 0.78 0.79 0.80 0.81 0.82

D
1

2
(1

0
-5

cm
2

s-1
)

Density (g cm-3)

333.15 K

323.15 K

313.15 K

303.15 K



 

39 

Figure 5.6- 𝐷12 of lycopene in ethanol plotted in Stokes-Einstein coordinates for several temperatures. 

 

5.3 Tracer diffusivity of astaxanthin in ethyl acetate 
 

As mentioned before, the reliable measurement of 𝐷12 is heavily linked with the analysis 

of the experimental absorbance profiles. Therefore, in order to select the optimal wavelength 

for the measurements, a wavelength study, similar to the one that was carried out for 

lycopene, was realized. Taking into account the absorbance spectrum of astaxanthin, which 

is presented in Appendix C, it is clear to see that the maximum absorbance is in the range of 

420 to 500 nm. Accordingly, this was the range selected to conduct the study, which is 

compiled in Figure 5.7. 

Analyzing Figure 5.7 it is possible to see that the whole wavelength range is quite stable 

and the minimum fitting error is achieved at 460 nm. Also, the 𝐷12 has a maximum variation 

of 3 %. Similarly to what has been done for lycopene (Chapter 5.2), more pulses were 

injected in this range of wavelengths to test the reproducibility of the results. Due to the good 

reproducibility and lowest fitting error obtained, the wavelength selected to perform the 

measurements was λ = 460 nm. 

Beside the chosen concentration (C = 0.20 mg mL-1), a smaller concentration (C = 0.15 

mg mL-1) was also tested. The values obtained using this lower concentration showed a small 

reproducibility and due to that, it was decided not to use it. No higher concentration was 

tested because the solubility of astaxanthin is very low [105] and its precipitation inside the 

diffusion column would block the equipment. 
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Figure 5.7- Determination of the optimal wavelength (λ) at 1 bar and 313.15 K, to study the diffusivity of 

astaxanthin in ethyl acetate. (a) Root mean square error versus λ, (b) Ratio of maximum absorbance to peak 

area (Absmax Apeak
-1) versus λ, (c) Preliminary 𝐷12 versus λ and (d) Preliminary 𝐷12 versus λ for C = 0.15 mg 

mL-1 (●) and C = 0.20 mg mL-1 (◆). 

The amount of solute injected in the column was 3.351×10-4 μmol, which ensures the 

infinite dilution conditions inside the column.  

A typical response curve obtained for astaxanthin is shown in Figure 5.8, at 1 bar and 

333.15 K. Similarly to the measurement of the 𝐷12 of lycopene, the applicability of the CPB 

method was assured in every assay, since the previously mentioned restrictions were fulfilled 

(𝑅𝑒 ranged from 7.65 to 8.00; �̅� ranged from 1.14 to 1.20 cm s-1; 𝑃𝑒𝑥 varied between 

1.07×108 and 1.61×108; 𝐷 (�̅�𝐿)−1 < 0.01; 𝐷𝑒√𝑆𝑐 < 10; ε ranged from 0.52 to 2.10 % and 

the asymmetric factors of the peaks were close to one). 

The obtained diffusivities of astaxanthin in ethyl acetate varied between 0.817×10-5 and 

1.223×10-5 cm2 s-1, for a temperature range of 303.15 to 333.15 K and a pressure range of 1 

to 100 bar. These values are reported in Table 5.3 and represented graphically in Figure 5.9 

against pressure. 
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Figure 5.8- Experimental response curve (×) and calculated curve (−) for astaxanthin in ethyl acetate (λ = 460 

nm) at 1 bar and 333.15 K 

Table 5.3- Experimental conditions, experimental 𝐷12 of astaxanthin in ethyl acetate obtained through the CPB 

method and calculated density and viscosity of the solvent. 

Temperature 

(K) 

Pressure 

(bar) 

𝐷12 ± Δ𝐷12 

(10-5 cm2 s-1) 

Density 

(g cm-3) 

Viscosity 

(cP) 

303.15 

1 0.842 ± 0.009 0.782 0.965 

50 0.831 ± 0.005 0.791 1.063 

100 0.817 ± 0.005 0.801 1.166 

313.15 

1 0.955 ± 0.011 0.773 0.810 

50 0.950 ± 0.001 0.783 0.899 

100 0.925 ± 0.002 0.793 0.991 

323.15 

1 1.102 ± 0.009 0.764 0.687 

50 1.075 ± 0.003 0.775 0.767 

100 1.034 ± 0.013 0.785 0.850 

333.15 

1 1.223 ± 0.012 0.756 0.587 

50 1.204 ± 0.011 0.767 0.659 

100 1.169 ± 0.004 0.777 0.735 
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Figure 5.9- 𝐷12 of astaxanthin in ethyl acetate as function of pressure for several temperatures. 

Taking a closer look to the data presented in Table 5.3 and Figure 5.9 is possible to see 

that the 𝐷12 of astaxanthin in ethyl acetate has a similar behavior of 𝐷12 of lycopene in 

ethanol. The decrease of 𝐷12 when pressure increases is in accordance with the free volume 

theories. At isobaric conditions, an increment of the temperature increases 𝐷12. As explained 

in Chapter 5.2, this rise of 𝐷12 is due to the lower density (which increases the available free 

volume) and by the increase of the kinetic energy of the molecules of solute [64]. These 

recorded behaviors are consistent with results obtained for the 𝐷12 of lycopene as shown 

before, as well as the results reported in other works [43,78,98,103]. In Figure 5.10 is plotted 

the values of 𝐷12 versus density, where the negative effect that the increase of the density 

has on 𝐷12 is evident. 

Figure 5.10- 𝐷12 of astaxanthin in ethyl acetate as function of the solvent density for several temperatures. 
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As well as for lycopene in ethanol, the hydrodynamic behavior of the system was also 

studied for astaxathin. In Figure 5.11 are presented the data of 𝐷12 versus 𝑇𝜇−1, where it is 

possible to see a slightly linear relation. Furthermore, the non-zero ordinate at the origin 

indicates the existence of deviations from hydrodynamic behavior. As mentioned before, 

small deviations of this behavior have already been noticed in others studies 

[60,98,102,104]. 

Figure 5.11- 𝐷12 of astaxanthin in ethyl acetate plotted in Stokes-Einstein coordinates for several temperatures. 

 

5.4 Modeling the experimental values of 𝑫𝟏𝟐 
 

To perform the modeling of the experimental 𝐷12, one used the models presented in 

Chapter 3, with the exception of the Stokes-Einstein relation, which is only applicable to 

macroscopic systems, the Scheibel equation, since the restriction expressed in Eq. 3.10 was 

not fulffiled, and the Lai-Tan, because it was developed to supercritical fluids. 

As mentioned before, the properties of the compounds of this thesis are presented in 

Appendix B.  

In Table 5.4 are shown the modeling results and in Figure 5.12 they are compared with 

the experimental values of 𝐷12. 
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Table 5.4- Modeling results of 𝐷12 of lycopene in ethanol and astaxanthin in ethyl acetate. 

Model 
No. 

parameters 

Equation 

number 

Lycopene in ethanol Astaxanthin in ethyl acetate 

Parameters AARD (%) Parameters AARD (%) 

DHB 2 3.2 
𝐵𝐷𝐻𝐵 = 4.800×10-8 mol cm-1 s-1 K-0.5 

𝑉𝐷 = 53.440 cm3 mol-1 
9.78 

𝐵𝐷𝐻𝐵 = 3.288×10-8 mol cm-1 s-1 K-0.5 

𝑉𝐷 = 82.830 cm3 mol-1 
4.81 

Wilke-Chang 0 3.6 – 3.8 - 91.29 - 8.32 

Tyn-Calus 0 3.11 – 3.14 - 63.67 - 72.96 

Reddy-Doraiswamy 0 3.18 - 3.20 - 48.16 - 79.38 

Catchpole-King 0 3.21 – 3.26 - 56.69 - 43.98 

TLSM 0 3.27 – 3.37 - 9.68 - 27.51 

TLSMd 1 
3.27 – 3.34 

3.38 – 3.39 
𝑘12,𝑑 = -4.822×10-2 6.92 𝑘12,𝑑 = 1.440×10-1 6.37 

Empirical and semi-

empirical correlations of 

Magalhães et al. 

2 3.40 
𝑎3 = -0.883 

𝑏3 = -6.661 
5.00 

𝑎3 = -0.600 

𝑏3 = -6.323 
5.06 

2 3.41 
𝑎5 = 4.185×10-6 cm2 cP s-1  

𝑏5 = -2.244×10-7 cm2 s-1 
6.35 

𝑎5 = 2.985×10-6 cm2 cP s-1  

𝑏5 = 2.422×10-6 cm2 s-1 
7.29 

2 3.42 
𝑎7 = -1.882×10-7 cm5 g-1 K-1 s-1 

𝑏7 = 1.619×10-7 cm2 K-1 s-1 
8.92 

𝑎7 = -1.821×10-7 cm5 g-1 K-1 s-1 

𝑏7 = 1.921×10-7 cm2 K-1 s-1 
3.94 

2 3.43 
𝑎9 = -1.865×10-8 cm5 g-1 K-1 s-1 

𝑏9 = 2.768×10-8 cm2 K-1 s-1 cP 
6.60 

𝑎9 = -4.928×10-8 cm5 g-1 K-1 s-1 

𝑏9 = 4.889×10-8 cm2 K-1 s-1 cP 
5.03 
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Figure 5.12- Calculated versus experimental values of 𝐷12 of lycopene in (a) and (b) and of astaxanthin in (c) 

and (d). 

Analysing Figure 5.12 it is clear that very good results were achieved with the models 

of DHB, TLSMd, and Magalhães et al. These models achieved AARDs of 9.78, 6.92 and 

5.00 – 8.92 % for lycopene in ethanol, and 4.81, 6.37 and 3.94 – 7.29 % for astaxanthin in 

ethyl acetate, respectively.  

The TLSM predictive model estimated the 𝐷12 of lycopene in ethanol reasonably well 

(AARD = 9.68 %), but not very well for astaxanthin in ethyl acetate (AARD = 27.51 %). 

This error is explained by the nature of the model, since it was developed for Lennard-Jones 
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fluids, i.e. when attractive forces are much weaker than the hydrogen bonds that astaxanthin 

can establish with ethyl acetate. It is also to notice that the introduction of one adjustable 

interaction parameter in the diameter combining rule, which produces the TLSMd model, 

allows the model to perform much better, since decreases the AARD from 27.51 to 6.37 % 

for astaxanthin. 

The TLSMd model and the four correlations of Magalhães et al., which require the 

knowledge of temperature and the density and viscosity of the solvent, achieved the best 

results, proving that these models are particularly appropriate to represent the diffusivity of 

either lycopene in ethanol or astaxanthin in ethyl acetate. 
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Chapter 6  
 

Conclusion and future work suggestions 
 

In this dissertation, the binary diffusion coefficient (𝐷12) of lycopene in ethanol and of 

astaxanthin in ethyl acetate were measured by the CPB method.  

The influence of the wavelength on the diffusivity was firstly studied, in order to 

determine the best conditions to perform the measurements, and it was found that the optimal 

wavelengths were λ = 255 nm for lycopene and λ = 460 nm for astaxathin. 

The measurement of the diffusion coefficients of both systems took place in the range 

of 1-100 bar and of 303.15-333.15 K. The obtained diffusivities vary between 3.45×10-6 to 

6.68×10-6 cm2 s-1 in the case of lycopene, and between 8.17×10-6 and 1.22×10-5 cm2 s-1 in 

the case of astaxanthin. 

The experimental 𝐷12 was analyzed in terms of its dependency on pressure, temperature, 

density and Einstein-Stokes coordinates, and both systems exhibited the same behavior. This 

behavior was already expected and it is in accordance with the free volume theories. 

In this work, the experimental results of 𝐷12 were also modeled using several predictive 

and correlation models, and relative deviations between 5.00 and 91.29 % were achieved for 

lycopene and between 3.94 and 79.38 % for astaxanthin. In general, very good results were 

obtained. The TLSMd, model and the empirical and semi-empirical correlations Magalhães 

et al. proved to be the best equations, by presenting very small deviations (6.92 and 5.00 – 

8.92 % for lycopene, respectively and 6.37 and 3.94 – 7.29 % for astaxanthin, respectively). 

Due to these low deviations, these models are particularly appropriate to represent the 

diffusivity of either lycopene or astaxanthin over the studied conditions. 

Considering the overall benefits of the bioactive compounds and that they can be 

extracted and recovered from a wide range of sources, such as fruits, vegetables, algae, or 

even waste produced by the agroindustry and fishing industry, and the fact that the diffusion 

coefficient is an important property for process and equipment design and simulation, the 
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diffusivity of these compounds needs to be further studied, in particular the diffusivity of 

lycopene and astaxanthin in supercritical carbon dioxide (SC-CO2) and in SC-CO2 modified 

with cosolvents. Only a continuous study of the properties of bioactive compounds will 

allow the industry to replace the traditional extraction methods by more ecofriendly and 

modern techniques.  
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Appendix A 
 

Chemical compounds 
 

In this section are presented the chemical compounds used in this work, as well as a 

brief summary of their information. 

Table A. 1- List of the chemical compounds used in the experimental work. 

Compound 
Molecular 

formula 

CAS 

number 

Molecular 

weight 

(g mol-1) 

Supplier 
Purity 

(%) 

Astaxanthin C40H52O4 472-61-7 596.84 Sigma-Aldrich 97.00 

Ethanol C2H5OH 64-17-5 46.069 Fisher Chemical 99.99 

Ethyl acetate C4H8O2 141-78-6 88.105 CARLO ERBA Reagents S.A.S 99.99 

Lycopene C40H56 502-65-8 536.89 AKSci 85.00 

 

Table A. 2- Structural formulas of the compounds used in the experimental work. 

Astaxanthin Ethyl acetate 

 

 

Lycopene Ethanol 

 

 



 

59 

 

 

 

 

Appendix B 
 

Properties estimation 
 

In this section are presented the properties of the compounds used in this work, which were used during the modeling of the obtained 

results. 

Table B. 1- Properties of the chemical compounds used in this work. 

Compound 𝑀𝑖 (g mol-1) 𝑝𝑐 (bar) 𝑇𝑏 (K) 𝑇𝑐 (K) 𝑉𝑐 (cm3 mol-1) 𝑉𝑑 (cm3) 𝑉𝑖 (cm3 mol-1) 𝜎𝐿𝐽 (Å) 
𝐿𝐽

𝑘𝐵
 (K) 

Astaxanthin 596.84 a 5.30 c 1047,00 c 1148.51 c 1877.50 c 539.30 d 768.34 e 9.9803 f 1004.60 f 

Ethanol 46.07 b 63.84 b 351.44 b 516.25 b 166.90 b 51.77 d 60.81 e 4.5180 f 399.58 f 

Ethyl acetate 88.11 b 38.80 b 350.21 b 523.30 b 286.00 b 94.30 d 106.93 e 5.3148 f 405.03 f 

Lycopene 536.87 a 7.02 c 934.00 c 1297.93 c 2023.50 c 765.36 d 831.08 e 10.2325 f 888.96 f 

a Taken from the safety data sheet from the supplier, b Taken from the “Chemical Properties Handbook” [97], c Estimated through the 

Joback’s method [97], d Taken from “The Properties of Gases and Liquids” [70], e Estimated through Eq. 3.7 and f Taken from “Modelling 

of Transport Properties of Hard Shpere Fluids and Related Systems, and its Applications” [72]. 
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Appendix C 
 

Absorbance spectra 
 

In this section are presented the absorbance spectra of lycopene and astaxanthin. 

Figure C. 1- Lycopene absorbance spectrum ranging from 190 to 440 nm. 

Figure C. 2- Astaxanthin absorbance spectrum ranging from 190 to 690 nm. 
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