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We consider d � 4 Einstein–(extended-)Yang–Mills theory, where the gauge sector is augmented by 
higher order terms. Linearising the (extended) Yang–Mills equations on the background of the electric 
Reissner–Nordström (RN) black hole, we show the existence of normalisable zero modes, dubbed non-
Abelian magnetic stationary clouds. The non-linear realisation of these clouds bifurcates the RN family 
into a branch of static, spherically symmetric, electrically charged and asymptotically flat black holes 
with non-Abelian hair. Generically, the hairy black holes are thermodynamically preferred over the 
RN solution, which, in this model, becomes unstable against the formation of non-Abelian hair, for 
sufficiently large values of the electric charge.

© 2017 Published by Elsevier B.V. This is an open access article under the CC BY license 
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1. Introduction

According to the uniqueness theorems [1], the Kerr–Newman 
solution [2] is the most general asymptotically flat, non-singular 
(on and outside the event horizon), single black hole (BH) so-
lution in electro-vacuum General Relativity (GR). Such theorems 
have shaped the appealing worldview that the multitude of BHs 
in the Cosmos is well described by the Kerr metric [3], when 
near equilibrium (assuming their electric charge is negligible). This 
worldview, however, relies deeply on another ingredient: the cele-
brated BH perturbation theory, developed in the 1970s. This frame-
work allowed establishing that uncharged rotating [charged non-
rotating] BHs, described by the Kerr [Reissner–Nordström (RN)] 
metric, are stable against vacuum [4] [electro-vacuum [5,6]] lin-
ear perturbations, in a mode analysis.1

A follow-up question is if Kerr or RN BHs are still stable when 
other matter fields are considered (beyond electro-vacuum). The 
relevance of this question is illustrated by the superradiant instabil-
ity of Kerr BHs, triggered by massive bosonic fields, which are most 
commonly taken to be scalar or Proca fields (see [10] for a review). 
In the presence of appropriate seeds of these fields, the instabil-
ity develops, extracting rotational energy and angular momentum 

* Corresponding author.
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1 Extremal BHs (both Kerr and RN) were outside the scope of these proofs and 
have been recently shown to be unstable against linear perturbations [7]. The sta-
bility of the Kerr–Newman BH is still under study – see e.g. [8,9].
http://dx.doi.org/10.1016/j.physletb.2017.06.041
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from the BH, that piles up into a bosonic cloud around the hori-
zon. For a single superradiant mode, this growth stops when the 
BH’s angular velocity decreases sufficiently to synchronise with 
the phase angular velocity of the superradiant mode [11], form-
ing a Kerr BH with synchronised bosonic hair [12–15]. The existence 
of these new BH solutions, that bifurcate from the Kerr solution, 
could be inferred prior to this dynamical analysis, by analysing the 
linearised bosonic wave equation around the Kerr BH and observ-
ing the existence of zero modes, dubbed stationary bosonic clouds, 
precisely at the threshold of the unstable modes [12,16–21]. The 
hairy BHs are the non-linear realisation of these zero modes [22]
and they are thermodynamically favoured over Kerr BHs [12].

The above considerations for the Kerr case can be extended 
to the generic Kerr–Newman case: the superradiant instability ex-
ists [23], there are zero-modes [17,18] and Kerr–Newman BHs with 
scalar hair have been constructed [24]. But the same does not ap-
ply in the particular case of the RN BH. Even though superradiant 
scattering exists around RN BHs, these are not afflicted by the su-
perradiant instability of massive bosonic fields.2 As such, massive 
bosonic hair does not grow around the asymptotically flat RN BH, 
in contrast to the Kerr case, and in agreement with known no-hair 
theorems [31]. The purpose of this paper is to point out that in the 
presence of a class of non-Abelian fields, it is possible to grow hair 

2 This has been proven for scalar fields in [25,26]. Still, an instability can be ob-
tained by confining the bosonic field in a box around the RN BH [27,28], with 
an analogous dynamical development of the instability to that seen in the Kerr 
case [29,30].
 BY license (http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
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around the asymptotically flat RN BH, and the process resembles 
the aforementioned discussion of the Kerr superradiant instability.

BHs with non-Abelian hair were initially discovered in d = 4
Einstein–Yang–Mills (EYM) SU (2) theory [33]. These so called 
coloured BHs are asymptotically flat and their global YM charge is 
completely screened, endowing them with a single global “charge” 
– the ADM mass. Since for a given value of the mass there can be 
infinitely many different solutions, the no-hair conjecture is vio-
lated. This discovery triggered an extensive search for hairy BHs in 
various other models – see [32,34,39,40] for reviews.3

The coloured BHs in [33] are, however, unstable against spher-
ical linear perturbations within the EYM model [41,42]. This in-
stability can be (partly) attributed to the fact that they possess a 
purely magnetic gauge field and to the absence of a global YM 
charge (a.k.a ‘baldness’ theorem [43–45]). This also signifies that 
the (EYM embedded, Abelian) RN BHs and the coloured BHs in 
[33] form disconnected ‘branches’ of the EYM SU (2) model.4

Analogous coloured BHs, with a purely magnetic field, perturba-
tively unstable and with a solitonic limit, exist in more than four 
spacetime dimensions [47–49]. For d > 4, however, a Derrick-type 
virial argument implies that no finite mass solutions can be found 
in standard EYM theory. The path taken in [47–49], was to ex-
tend the YM action with particular higher order terms which yield 
a YM version of Lovelock’s gravity [50]. The resulting Einstein-
extended-YM (EeYM) model [52] has the desirable property that 
equations of motion are still second order and Ostrogradsky insta-
bilities [51] are avoided.

In d � 4 EeYM, it turns out to be possible to circumvent the 
no-go results in [43–45] and obtain coloured, electrically charged 
BHs continuously connected to the RN solution (embedded in this 
model) [53]. Moreover, as we shall show: 1) the RN solution be-
comes unstable against eYM perturbations; 2) threshold eYM lin-
ear perturbations correspond to static eYM clouds on the RN back-
ground (as test fields); and 3) the non-linear realisation of these 
clouds corresponds to coloured, electrically charged BH solutions 
in EeYM theory, which are thermodynamically favoured over the 
RN BHs. Thus, we argue, eYM “matter” triggers an instability of RN 
BHs that parallels the familiar superradiant instability of Kerr BHs, 
likely leading to a similar outcome: the dynamical formation of a 
RN BH with non-Abelian hair, of the type we present below.

2. The model

2.1. The general framework

The d � 4, EeYM action reads:

S = − 1

16πG

∫
M

ddx
√−g

⎛
⎝R −

P∑
p=1

τ(p) Tr {F (2p)2}
⎞
⎠ , (1)

where G , that will be set to unity, is Newton’s constant and τ(p)

are a set of P -input constants whose values are not constrained a 
priori.

The 2p-form F (2p) is the p-fold antisymmetrised product 
F (2p) = F ∧ F ∧ ... ∧ F of the YM curvature 2-form Fμν =

3 The original examples of BHs with non-Abelian hair [33] are not known 
in closed form. More recent investigations of supersymmetric models with non-
Abelian fields have led to closed form examples of d = 4 asymptotically flat hairy 
BHs – see [35–38].

4 This ‘baldness’ result can be circumvented by considering a larger gauge 
group [46], which allows for electrically charged coloured BHs in EYM theory. These 
solutions are, however, superpositions of a RN BH and the SU (2) BHs in [33], the 
electric charge being carried by the U (1) subgroup of the larger gauge group. Con-
sequently, they do not violate the spirit of the ‘baldness’ theorem and are also 
perturbatively unstable.
∂μ Aν − ∂ν Aμ . The always present p = 1 term corresponds to 
the usual YM action, F (2)2 = Fμν F μν , with τ(1) = 1/e2 (e be-
ing the gauge coupling constant). For p = 2 one finds5 F (4)2 =
6 
[
(Fμν Fρσ )2 − 4(Fμρ Fρν)2 + (F 2

μν)2
]

, which for d = 4 can be 

written in the simpler form F (4)2 = − 1
2 (εμνρσ F μν F ρσ )2. Similar 

results are found for higher p, with increasingly longer expres-
sions. In d spacetime dimensions, requiring antisymmetry of F (2p)

implies that the highest order curvature term F (2P ) has P = [d/2]
(i.e. in four and five dimensions only the first two YM terms con-
tribute, the p = 3 term starts contributing in d = 6, etc.). A review 
of these aspects can be found in [54].

Apart from providing a natural YM counterparts to Lovelock 
gravity and its mathematical elegance, another reason of inter-
est for this EeYM model is the occurrence of such F (2p)2 terms 
in non-Abelian Born–Infeld theory [55] or in the higher loop cor-
rections to the d = 10 heterotic string low energy effective action 
[56]. Here, however, we adopt a ‘phenomenological’ viewpoint and 
choose the basic action (1) primarily for the purpose of identifying 
the new features induced by such terms.

The field equations are obtained by varying the action (1) with 
respect to the field variables gμν and Aμ

Rμν − 1

2
Rgμν = 1

2

P∑
p=1

τ(p) T (p)
μν , (2)

Dμ Pμν = 0, with Pμν =
P∑

p=1

τ(p)

∂

∂ Fμν
Tr {F (2p)2}, (3)

where we define the p-stress tensor pertaining to each term in the 
matter Lagrangian as

T (p)
μν = Tr{F (2p)μλ1λ2...λ2p−1 F (2p)ν

λ1λ2...λ2p−1

− 1

4p
gμν F (2p)λ1λ2...λ2p F (2p)λ1λ2...λ2p }. (4)

The solutions reported herein are spherically symmetric, ob-
tained with the metric Ansatz

ds2 = dr2

N(r)
+ r2d
2

d−2 − N(r)σ 2(r)dt2, with

N(r) = 1 − 2m(r)

rd−3
, (5)

the function m(r) being related to the local mass-energy density 
up to some d-dependent factor. r, t are the radial and time coordi-
nate, respectively, while d
2

d−2 is the line element of a unit sphere. 
The choice of gauge group compatible with the symmetries of the 
line element (5) is somewhat flexible. In this work we choose to 
employ chiral representations, with a S O (d +1) gauge group. Then 
a spherically symmetric gauge field Ansatz is [57,58]:

A = w(r) + 1

r
�i j

xi

r
dx j + V (r)�d,d+1 dt, with

i, j = 1, . . . ,d − 1 , (6)

�i j being the chiral representation matrices of S O (d − 1), and 
�d,d+1 of the S O (2), subalgebras in S O (d + 1), while xi are the 
usual Cartesian coordinates, being related to the spherical coordi-
nates in (5) as in flat space.

5 Note the analogy with the corresponding expression for the Gauss–Bonnet den-
sity in Lovelock gravity.
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2.2. The equations and known solutions

Plugging (5) and (3) into the equations of motion (2) results in6

m′ = 1

2(d − 2)
rd−2

P∑
p=1

τ(p)W p−1
[
(2p − 1)(d − 2p)

(
2pN

w ′ 2

r2

+(d − [2p + 1]) W

)
+ 2p

V ′ 2

σ 2

]
, (7)

σ ′

σ
= 2

(d − 2)

w ′ 2

r

P∑
p=1

p(2p − 1)(d − 2p)τ(p)W p−1, (8)

P∑
p=1

τ(p)p(d − 2p)(2p − 1)

{
d

dr

(
rd−4σ W p−1N w ′)

−1

2
(p − 1)rd−2σ W p−2

(
N w ′ 2

r2
+ (d − 2p − 1)

2(p − 1)
W

− 1

(d − 2p)(2p − 1)

V ′ 2

σ 2

)
2w(w2 − 1)

r4

}
= 0, (9)

P∑
p=1

τ(p)p
d

dr

(
rd−2W p−1 V ′

σ

)
= 0, (10)

where we use the shorthand notation

W =
(

w2 − 1

r2

)2

. (11)

The d-dimensional RN BH is a solution of the model for a purely 
electric field, in which case only the p = 1 YM term in (1) con-
tributes. It has:

w = ±1, σ = 1, m = m(RN) = M0 − 4(d − 3)

d − 2

τ(1)q2

rd−3
,

V = V (RN) = q

rd−3
h

− q

rd−3
, (12)

with M0 and q two integration constants fixing the mass and elec-
tric charge,

M = 1

2
(d − 2)Vd−2M0, Q = 4(d − 3)τ(1)V(d−2)q, (13)

where V(d−2) is the area of the unit (d −2)-sphere. These solutions 
possess an outer event horizon at r = rh , with rh the largest root of 
the equation N(r) = 0, a condition which imposes an upper bound 
on the charge parameter, q � q(max) = rd−3

h /(8τ(1)
d−3
d−2 )1/2. Saturat-

ing this condition results in an extremal BH.
The electrically uncharged, coloured BHs of [33,47–49] are a 

second set of solutions. They possess nontrivial magnetic field on 
and outside the horizon, while the electric field vanishes V (r) = 0. 
Their mass is finite being the only global charge, since the YM 
fields leave no imprint at infinity. These solutions do not trivialise
in the limit of zero horizon size, becoming gravitating non-Abelian 
solitons.

The d = 4 BHs in [46] are yet another set of solutions of the 
above equations, being found for τ(2) = 0 and an S O (3) × U (1)

gauge group. They possess a nonzero magnetic field, and approach 
the limit (12) in the far field. Similar to Ref. [33], the magnetic 

6 There is also a constraint Einstein equation which is, however, a differential 
consequence of (7)–(10) and we shall not display it here. Also, to simplify the ex-
pressions, some (d, p)-factors were absorbed in the expression of τ(p) .
potential w(r) possesses at least a node, with the absence of solu-
tions where it becomes infinitesimally small.

We also note that the eqs. (7)–(10) are not affected by the 
transformation:

r → λr, m(r) → λd−3m(r), V → V /λ, τ(p) → λ4p−2τ(p), (14)

while σ and w remain unchanged. Thus, in this way one can al-
ways take an arbitrary positive value for one of the constants τ(p) . 
In this work this symmetry is used to set τ(1) = (d − 2)/2. Also, to 
simplify some relations, we shall introduce τ ≡ ((d − 2)/8)2τ2/τ

3
1 .

3. Zero and unstable EeYM modes on the RN BH

In contrast to the EYM model in [46], the presence of a p > 1
term in the EeYM action leads to a direct interaction between the 
electric and magnetic fields, a feature which holds already in the 
d = 4 version of the model. This, as we shall see, makes the RN BH 
unstable when considered as a solution of the full model. At the 
threshold of the unstable modes, a set of zero modes appear, as 
we now show.

Let us investigate the existence of a perturbative solution 
around the RN BH background, with w(r) = ±1 + εw1(r) + . . .

(ε being a small parameter). Similar perturbative expression are 
written also for m, σ and V ; however, to lowest order, the equa-
tion for w1(r) decouples, taking the simple form

d

dr

(
rd−4N w ′

1

)
− 2(d − 3)rd−6

[
1 − 4τ

(d − 2)(d − 3)
V ′ 2

(RN)

]
w1

= 0, (15)

with N = 1 − 2m(RN)/rd−3. Observe that only the p = 1 and p = 2
terms enter this equation; other terms only start to contribute at 
higher order in perturbation theory.7

The second term in (15) can be seen as providing an effective 
mass term, μ2

(ef f ) = 1 − 4(d−3)τ
d−2

q2

r2(d−2) for the gauge potential per-
turbation w1. This mass term becomes strictly positive for large r, 
μ2

(ef f ) → 1 while it possesses no definite sign near the horizon. In 
fact, μ2

(ef f ) becomes negative for large enough values of the elec-
tric charge, and this turns out to be a necessary condition for the 
existence of w1 solutions with the correct asymptotic behaviour.8

Requiring μ2
(ef f ) < 0 at the horizon, together with the existence 

of a horizon (which puts an upper bound on the electric charge), 
actually implies the existence of a maximal value of the electric 
charge for a given τ , if one wishes normalisable zero mode pertur-
bations to exist:

Q (max)

τ (d−3)/2
= 1

8π

2d−3
√

d − 3

(d − 2)(d−5)/2
V(d−2) . (16)

For charges smaller than Q (max) , we have found that the equa-
tion (15) possesses nontrivial solutions, with w1(r) starting from 
some nonzero value at the horizon and vanishing at infinity. In 

7 More specifically, due to the presence of the factor W p−2 multiplying the 
(square of the) electric charge in (9), the contribution of a p > 1 YM term in a 
perturbative expansion is of order O(ε2p−3).

8 Multiplying by w1 the eq. (15), results in the equivalent form

d

dr

(
rd−4 N w1 w ′

1

)
= rd−4 N w ′ 2

1 + 2(d − 3)rd−6μ2
(ef f ) w2

1.

Normalisable modes have w1 vanishing at infinity. Then, integrating this equation 
between horizon and infinity, the left hand side vanishes and the first term in the 
right hand side is strictly positive. Thus, one finds that μ2

(ef f ) is necessarily negative 
for some range of r.



66 C. Herdeiro et al. / Physics Letters B 772 (2017) 63–69
this study, eq. (15) implies the existence of the natural control pa-
rameter Q /τ (d−3)/2, other quantities being also expressed in units 
set by τ . Then, for a given value of this parameter between zero 
and (16), the solutions exist for a subset of RN backgrounds, spec-
ified e.g. by the ratio M/τ (d−3)/2, which result from the numerical 
analysis. This set of solutions can be indexed by an integer n, cor-
responding to the node number of w1(r). The results displayed in 
this work correspond to the n = 0 (i.e. fundamental) set of solu-
tions.

Following the terminology for scalar fields, [12,16,18], these 
configurations with infinitesimally small magnetic fields are
dubbed non-Abelian stationary clouds around RN BHs. The corre-
sponding subset of RN BHs span an existence line in the parameter 
space of solutions.9 This set is shown below, in Figs. 3, 4 (the 
blue dotted line); the plotted results are for d = 4, 5 but a simi-
lar picture has been found for d = 6, . . . , 9 and we expect a similar 
pattern to occur for any d.

Even though eq. (15) does not appear to be solvable in terms of 
known functions, an approximate expression of the solutions can 
be found by using the method of matched asymptotic expansions. 
For example, for d = 4, the solution in the near horizon region 
[w(h)

1 ] and in the far field [w(inf )
1 ], as expressed in terms of the 

compactified coordinate x = 1 − rh/r, reads

w(h)
1 (x) = b + 2b(r4

h − 2Q 2τ )x

r2
h(r2

h − Q 2)
+O(x2),

w(inf )
1 (x) = J

rh
(1 − x) +O[(1 − x)2], (17)

where b and J are free parameters. These approximate solutions 
together with their first derivatives are matched at some interme-
diate point, which results in the constraint 3r4

h − Q 2(r2
h + 4τ ) = 0. 

This condition can be expressed as a relation between the event 
horizon area and the electric charge of the RN BHs on the exis-
tence line:

AH = 2

3
π Q 2

(
1 +

√
1 + 48τ

Q 2

)
, (18)

a result which provides a good agreement with the numerical 
data.10

The RN solutions supporting these zero modes or marginally sta-
ble mode separate different domains of dynamical stability in the 
parameter space. We have investigated this issue for the (physi-
cally most interesting) d = 4 case. Starting with a more general 
Ansatz than (5), (6) with a dependence of both time and radial co-
ordinate, which includes more gauge potentials and an extra grt

metric component, one considers again fluctuations around the RN 
BH, with a value of non-Abelian magnetic gauge potential close 
to the vacuum value everywhere, w = ±1 + εw1(r)e
t + . . . , and 
real 
. Again, it turns out that, to lowest order in ε , the coupled 
equations separate, w1(r) being a solution of the equation

d2 w1

dρ2
−

[

2 + 2N

r2

(
1 − 2τ Q 2

r4

)]
w1 = 0, (19)

where we have introduced a new ‘tortoise’ coordinate ρ defined 
by dr

dρ = N , such that the horizon appears at ρ → −∞.
This eigenvalue problem has been solved by assuming again 

that w1 is finite everywhere and vanishes at infinity. Restricting 

9 A rigorous existence proof for the existence of solutions of the eqs. (15) for a 
number d = 4 of spacetime dimensions can be found in [59].
10 The corresponding expressions for d = 5, 6 are much more complicated and not 

so accurate.
Fig. 1. The square of 
2 is plotted as a function of the scaled mass for d = 4 solu-
tions, and for several values of the parameter Q /

√
τ – black solid lines – between 

0.1414 (left) and 0.577 (right). A curve with constant Q /
√

τ interpolates between 
an extremal RN solution and a point on in the existence line, 
 = 0. RN BHs with 

2 > 0 are unstable. (For interpretation of the references to colour in this figure 
legend, the reader is referred to the web version of this article.)

again to the fundamental mode, we display in Fig. 1 the square of 
the frequency as a function of the mass parameter M for several 
values of Q . One notices that, given Q , the RN BH becomes unsta-
ble for all values of M below a critical value, or equivalently, when 
the horizon is sufficiently small. Also, the solutions with 
2 → 0
corresponds precisely to the d = 4 existence line discussed above.

4. The hairy BH solutions

The instability of the RN solution found above can be viewed 
as an indication for the existence of a new branch of BH solutions 
within the EeYM model, having nontrivial magnetic non-Abelian 
fields outside the horizon, and continuously connected to the RN 
solution.11 This is confirmed by numerical results obtained for 4 �
d � 8, that we now illustrate.

Let us start our discussion by noticing that the total deriva-
tive structure of the equation for the electric potential (10) allows 
treating the value of the electric charge as an input parameter. 
However, the same equation excludes the existence of particle-
like configurations with a regular origin and Q 	= 0. Thus, the only 
physically interesting solutions of this model describe BHs, with an 
event horizon at r = rh > 0, located at the largest root of N(rh) = 0. 
The metric and the gauge field must be regular at the horizon, 
which, in the non-extremal case implies an approximate solution 
around r = rh of the form

N(r) = N1(r − rh) + . . . , σ (r) = σh + σ1(r − rh) + . . . , (20)

w(r) = wh + w1(r − rh) + . . . , V (r) = v1(r − rh) + . . . ,

all coefficients being determined by wh and σh . It is also straight-
forward to show that the requirement of finite energy implies the 
following asymptotic behaviour at large r

m(r) = M0 − (d − 3)q2

2rd−3
+ . . . , σ (r) = 1 − (d − 3)2 J 2

2r2(d−2)
+ . . . ,

(21)

w(r) = ±1 + J

rd−3
+ . . . , V (r) = � − q

rd−3
+ . . . .

11 This branching off of a family of solutions at the onset of an instability is a 
recurrent pattern in BH physics. Examples include the Gregory–Laflamme instability 
of d � 5 black strings [60,61], the d = 4 BHs with sinchronyzed hair discussed in 
the Introduction or the bumpy BHs in d � 6 dimensions [62,63].
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Fig. 2. The profiles of a typical d = 5 non-Abelian solution (black line) is shown 
together with the corresponding RN BH (red line) with the same mass and electric 
charge parameters, M = 4.186 and Q = 2, respectively. One notices that the hairy 
solution is entropically favoured, its horizon radius being larger than in the RN case. 
(For interpretation of the references to colour in this figure legend, the reader is 
referred to the web version of this article.)

Once the parameters σh, wh and J , M, q are specified, all 
other coefficients in (20), (21) can be computed order by or-
der. The mass and electric charge of the solutions are given by 
M = V(d−2)(d − 2)M0/8π , Q = V(d−2)q/8π . Other quantities of in-
terest are the Hawking temperature T H = 1

4π σ (rh)N ′(rh), the event 
horizon area AH = V(d−2)r

d−2
h and the chemical potential �. The 

constant J in (21) is an order parameter describing the deviation 
from the Abelian RN solution.

The solutions of the field equations interpolating between the 
asymptotics (20), (21) were constructed numerically, by employ-
ing a shooting strategy. For a F (2)2 + F (4)2 model (the only case 
shown here), the input parameters are Q , rh and τ . Then the so-
lutions are found for discrete values of the parameter wh , labeled 
by the number of nodes, n, of the magnetic YM potential w(r). 
However, as mentioned above, in this work we shall restrict to the 
fundamental set of solutions which possess a monotonic behaviour
of the magnetic gauge potential w(r).

The profile of a typical d = 5 solution is shown in Fig. 2 (a sim-
ilar pattern has been found for other spacetime dimensions). This 
figure shows that, for the same values of the mass and electric 
charge, the RN solution has a smaller event horizon radius (and 
thus a smaller entropy), than the non-Abelian BH. Consequently, 
as expected, the hairy solutions are entropically favoured.

In Figs. 3, 4 the mass and horizon area of all set of d = 4, 5
hairy BH solutions are shown as functions of the electric charge.12

In these plots, the region where the hairy BHs exist is delimited 
by i) the subset of RN solutions that support the fundamental ex-
istence line of non-Abelian clouds13 (blue dotted line); ii) the set of 
extremal (i.e., zero temperature) hairy BHs (green dashed line). For 
d = 4, the extremal solutions are constructed directly; for d = 5, 6
they were found by extrapolating the data for near-extremal con-
figurations. In four dimensions there is one extra boundary formed 
by iii) the set of critical solutions. These d = 4 solutions are found 
by extrapolating the numerical data. They possess zero horizon 

12 The shaded hairy BHs region is obtained by extrapolating to the continuum the 
results from a large set of numerical solutions. The picture for d = 6 (the only other 
case where we investigated extensively the domain of existence of hairy BHs) is 
very similar to that found for d = 5.
13 This demonstrates that these hairy BHs are the non-linear realisation of non-

Abelian clouds.
size and appear to be singular, as found e.g. by evaluating the value 
of the Ricci scalar at the horizon.

This special behaviour can be partially understood by studying 
the near horizon limit of the extremal hairy BHs. The condition of 
extremality implies N(r) = N2(r − rh)2 + . . . , as r → rh , while the 
expansion of w(r), σ(r) and V (r) is similar to that in (20). Then, 
restricting for simplicity to a F (2)2 + F (4)2 model, eqs. (7)–(10)
reduce to two algebraic relations14

(d − 2)(d − 3) + 2(5d2 − 37d + 72)Y − 4(d − 3)X

+18(d − 4)(d − 5)Y 2 = 0, (22)√
d − 2

d − 3

1 + 2Y

2
√

X

√
1 + 6Y (d − 4)(d − 5)

(d − 2)(d − 3)
− q

rd−3
h

= 0, with

X = τ

r2
h

, Y = τ
(1 − w(rh)2)2

r4
h

.

After eliminating the w(rh) parameter, one finds15 that the ex-
tremal BHs satisfy the following charge-area relations:

Q√
τ

= 1√
2

(
1 + AH

8πτ

)
, for d = 4, (23)

Q

τ
= 3

16π

√
3

2

(
AH

τ 3/2
+ 4

3
22/3π4/3 A1/3

H√
τ

)
, for d = 5,

Q

τ 3/2
= AH

6
√

2πτ 2

⎛
⎝

√
13+ 8

√
6πτ√
AH

−2

⎞
⎠

√√√√
1+

√
13+ 8

√
6πτ√
AH

,

for d = 6.

Therefore, the d = 4 extremal hairy BHs are special, stopping to 
exist for a minimal value of Q = √

τ/2, where the horizon area 
vanishes. As seen in Figs. 3, 4, the set of critical solutions connect 
this point with the limiting configuration with vanishing (scaled) 
quantities. No similar solutions are found for d > 4, since the limit 
Q → 0 is allowed in that case.

Let us remark that the domains of existence for RN BHs and 
hairy BHs overlap in a region, see Figs. 3, 4. Therein, we have 
found that the free energy F = M − T H AH/4 of a hairy solution is 
lower than that of the RN configurations with the same values for 
temperature and electric charge. Finally, we notice the existence of 
overcharged non-Abelian solutions, i.e. with electric charge to mass 
ration greater than unity, which do not possess RN counterparts 
(e.g. for d = 5 those between the extremal RN and the extremal 
hairy BH lines). These solutions cannot arise dynamically from the 
instability of RN BHs.

5. Further remarks

The paradigmatic coloured BHs are disconnected from the RN 
solution and are unstable against linear perturbations.16 By con-
sidering a simple model with higher order curvature terms of the 

14 As expected, the near horizon structure of the extremal hairy solutions can be 
extended to a full AdS2 × Sd−2 exact solution of the field equations, their properties 
being essentially fixed by (22).
15 Although one can write a general (Q , AH )-relation valid for d � 6, its expres-

sion is very complicated; however, one finds Q → 0 as AH → 0.
16 Strictly speaking, even in the simplest SU(2) case, this holds for the static case 

only. The spinning solutions necessarily possess an electric charge [39,64,65] but 
their instability has never been established.
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Fig. 3. The domain of existence for d = 4 and d = 5 hairy BHs (HBHs, shaded dark blue region) in a mass vs. electric charge diagram. (For interpretation of the references to 
colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 4. The domain of existence for d = 4 and d = 5 hairy BHs (shaded dark blue region) in a event horizon area vs. electric charge diagram. (For interpretation of the 
references to colour in this figure legend, the reader is referred to the web version of this article.)
gauge field (dubbed EeYM model), we have constructed here a 
qualitatively different set of electrically charged, coloured BHs. The 
extended YM terms can provide a tachyonic mass for the eYM 
magnetic perturbations around the embedded RN BH. This leads 
to the existence of unstable modes. At the threshold of the unsta-
ble spectrum lies a zero mode, whose non-linear realisation is the 
family of hairy BHs. The similarity with the more familiar superra-
diant instability of Kerr BHs is clear, and, as in that case, we expect 
a dynamical evolution to drive the unstable modes into forming 
condensate of non-Abelian magnetic field around the RN BH, and 
saturating when an appropriate hairy BH forms.

We remark that, for d = 5, a rather similar picture is found 
when considering instead solutions in a Einstein–Yang–Mills–
Chern–Simons model [66], the Chern–Simons term providing an 
alternative to the higher order curvature terms of the YM hierar-
chy employed here. Again, the hairy BHs emerge as perturbations 
of the RN solution, being thermodynamically favoured over the 
Abelian configurations.

As a possible avenue for future research, it would be interesting 
to consider the stability of the hairy solutions in this work. Since 
they maximise the entropy for given global charges, we expect 
them to be stable. This is indeed confirmed by the d = 4 results 
reported in [53], which were found, however, for an SU(3) gauge 
group. The corresponding problem in the S O (d + 1) case appears 
to be more challenging and we leave it for future study.

Let us close by remarking on some similarities with yet another 
class of solutions: the coloured, electrically charged BHs in Anti-de 
Sitter (AdS) spacetime. As found in [67], the RN-AdS BH becomes 
unstable when considered as a solution of the pure EYM theory, 
the ‘box’-type behaviour of the AdS spacetime providing the mech-
anism for the appearance of a magnetic non-Abelian cloud close to 
the horizon. Similarly to the situation here, this feature occurs for 
a particular set of RN-AdS configurations which form an existence 
line in the parameter space. Again, the hairy BHs are the nonlinear 
realisation of the non-Abelian clouds. Their study via gauge/grav-
ity duality has received a considerable attention in the literature 
(see e.g. the review [68]) leading to models of holographic super-
conductors. It would be interesting to explore the possibility that, 
despite the different asymptotic structure, the hairy BHs in this 
work could also provide connections to phenomena observed in 
condensed matter physics.
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