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We construct electrically charged Kerr black holes (BHs) with scalar hair. Firstly, we take an uncharged 
scalar field, interacting with the electromagnetic field only indirectly, via the background metric. The 
corresponding family of solutions, dubbed Kerr–Newman BHs with ungauged scalar hair, reduces to 
(a sub-family of) Kerr–Newman BHs in the limit of vanishing scalar hair and to uncharged rotating 
boson stars in the limit of vanishing horizon. It adds one extra parameter to the uncharged solutions: 
the total electric charge. This leading electromagnetic multipole moment is unaffected by the scalar hair 
and can be computed by using Gauss’s law on any closed 2-surface surrounding (a spatial section of) 
the event horizon. By contrast, the first sub-leading electromagnetic multipole – the magnetic dipole 
moment –, gets suppressed by the scalar hair, such that the gyromagnetic ratio is always smaller than 
the Kerr–Newman value (g = 2). Secondly, we consider a gauged scalar field and obtain a family of Kerr–
Newman BHs with gauged scalar hair. The electrically charged scalar field now stores a part of the total 
electric charge, which can only be computed by applying Gauss’ law at spatial infinity and introduces a 
new solitonic limit – electrically charged rotating boson stars. In both cases, we analyze some physical 
properties of the solutions.

© 2016 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
1. Introduction

The Kerr metric [1] is the fundamental BH solution in General 
Relativity, believed to describe an untold number of BHs in (or 
near) equilibrium in the Cosmos. It is straightforward to generalize 
this solution to include an electric (or magnetic) charge, yielding 
the Kerr–Newman (KN) solution [2]. The latter is, perhaps, of a 
more limited astrophysical interest, as electric charge is expected 
to be residual in astrophysical BHs, due to efficient discharge 
mechanisms (but see the discussion in [3]). Theoretically, how-
ever, the KN solution introduces some qualitatively new features, 
with respect to its vacuum counterpart, including: a (Komar) en-
ergy and angular momentum component outside the horizon [4]; 
a more general extremal limit with different (including supersym-
metric, when embedded in supergravity [5–7]) properties, depend-
ing on the electric charge; and a dipole magnetic moment, induced 
by the electric charge and the rotation. The corresponding gyro-
magnetic ratio turns out to have precisely the (non-anomalous) 
electron value, g = 2 [8]. Moreover, the KN solution provides an 
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arena for the study of the fully non-linear interplay between elec-
tromagnetism and gravity, in the framework of Einstein’s theory, 
with often challenging properties, as for instance its stability – see, 
e.g., the discussions in [9–11].

As recently discovered, the Kerr solution admits also families of 
generalizations with scalar hair [12–16] (and also Proca hair [17]). 
In its simplest guise [12,13], a non-trivial distribution of a com-
plex, massive scalar field can be added to Kerr BHs, keeping them 
asymptotically flat and regular on and outside the event horizon. 
Such a scalar field carries a conserved Noether charge, but which, 
unlike the electric charge, is not associated to a Gauss law. As such, 
it cannot be computed as a flux integral at infinity; it must be 
evaluated by a volume integral, summing up the appropriate com-
ponent(s) of the conserved Noether current, from infinity up to the 
horizon. These solutions have an intimate connection to the super-
radiant instability of Kerr BHs [18], in the presence of a massive 
scalar field (see [19] for a review). They bifurcate from Kerr for par-
ticular backgrounds that can support a stationary scalar cloud in 
the linear theory [20,21,12,22–24], and reduce to boson stars [25], 
horizonless gravitating solitons, when the horizon area vanishes. 
Kerr BHs with scalar hair (KBHsSH) can have phenomenological 
properties distinct from Kerr, for instance their shadows [26]. This 
fact, in view of the various observations/experiments that promise 
to deliver detailed information on BH candidates and strong gravity 
le under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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in the near future, makes their analysis in the astrophysical context 
quite timely – see [27,28] for recent examples of such phenomeno-
logical studies.

It is expectable that KBHsSH, just like the Kerr solution, admit 
electrically charged generalizations. Again, the astrophysical inter-
est of such solutions is, perhaps, more limited, but understanding 
their existence and their physical properties is of relevance to fully 
grasp the impact of this scalar (or other) hair on the paradigmatic 
BHs of General Relativity. The purpose of this paper is, precisely, to 
construct examples of such electrically charged generalizations of 
KBHsSH and to examine some of their physical properties.

We shall focus on Einstein–Maxwell–(complex)Klein–Gordon 
theory, where the scalar field is massive and has no self-interac-
tions. All couplings, moreover, are minimal. We start by consid-
ering an ungauged (hence electrically uncharged) scalar field. In 
this case, the family of solutions – Kerr–Newman BHs with un-
gauged scalar hair (KNBHsUSH) – is described by four continuous 
parameters (with one non-trivial constraint between them): (1)

the ADM mass, M , which can be split into the horizon and ex-
terior matter/energy contribution (composed of the scalar � plus 
electromagnetic fields), M = MH + M� + MEM; (2) the total an-
gular momentum, J , which can also be split in a similar fashion, 
J = JH + J� + J EM; (3) the Noether charge, Q , associated to the 
global U (1) invariance of the complex scalar field, which obeys 
Q = J�/m, where m is the azimuthal winding number; (4) and 
the total electric charge, Q E . All electric charge is contained within 
the BH horizon, Q E = Q H

E , whereas all Noether charge is contained 
outside the horizon. By Gauss’s law the former can be computed 
by the flux of the electric field on any closed 2-surface surrounding 
the horizon, and is unaffected by Q . The magnetic dipole moment, 
on the other hand, which is induced by the electric charge in the 
rotating spacetime, is affected by the Noether charge, with respect 
to the KN value. This is appropriately described by the gyromag-
netic ratio, which is g = 2 for KN and it is g � 2 for the hairy BHs. 
Thus, for the same amount of total mass, angular momentum and 
electric charge, KNBHsUSH have less magnetic dipole moment, a 
suppression of the magnetic dipole due to the scalar hair. The do-
main of existence of KNBHsUSH is bounded by (a particular set of) 
KN BHs, when Q = 0; a set of extremal (zero temperature) BHs; 
and (electrically uncharged) rotating boson stars, when Q E = 0, for 
which M = M� and J = J� = mQ . As for the uncharged KBHsSH, 
there is no static limit for KNBHsUSH.

Gauging the scalar field, with a gauge coupling qE , hence en-
dowing the scalar particles with electric charge, leads to a family 
of KN BHs with gauged scalar hair (KNBHsGSH), which exhibits 
some changes with respect to the previously discussed KNBHsUSH. 
Firstly, as in the ungauged case, both the mass and the angular 
momentum can be split into the horizon and exterior contribution. 
However, the corresponding parts for the electromagnetic and the 
scalar � fields cannot be rigorously separated since here they in-
teract directly, not only via the spacetime geometry. Moreover this 
time the total electric charge has both a horizon and a contribu-
tion sourced by the scalar field, Q = Q H

E + Q �
E , and needs to be 

calculated by the asymptotic flux. Q �
E is determined by the total 

Noether charge, which counts the number of the scalar particles, 
multiplied by their individual electric charge: Q �

E = qE Q /(4π). 
This redistribution of the electric charge, does not, however change 
the qualitative behaviour of the gyromagnetic ratio. For all solu-
tions constructed so far we still observe that it is always g � 2, 
with equality attained for the KN case. The boundaries of the do-
main of existence of KNBHsGSH are sensitive to the gauging. Both 
the KN, extremal and solitonic limits are different. In particular, 
the latter is a set of rotating boson stars with nonzero electric and 
magnetic fields, for which Q E = qE Q /(4π) = qE J/(4πm).
This paper is organized as follows. In Section 2 we describe 
the ungauged scalar field model, the boundary conditions, physi-
cal quantities of interest and the numerical results for the domain 
of existence of the solutions, as well as some physical properties, 
including the gyromagnetic ratio. A similar, albeit less extensive 
analysis, is performed in Section 3 for the gauged case, emphasiz-
ing the differences with respect to the ungauged one. Finally, in 
Section 4 we present some closing remarks.

2. The ungauged scalar field model

2.1. Action, equations of motion and ansatz

We start by considering Einstein–Maxwell theory, minimally 
coupled to a complex, massive (mass μ) ungauged scalar field � . 
The corresponding action is

S = 1

4πG

∫
d4x

√−g

[
R

4
− 1

4
Fab F ab − gab�∗

,a�,b − μ2�∗�
]

,

(1)

where Fab are the components of the Maxwell 2-form, F , related 
to the 1-form potential A = Aadxa as F = dA. The Einstein–Klein–
Gordon–Maxwell equations, obtained by varying the action with 
respect to the metric, scalar field and electromagnetic field, are, 
respectively,

Gab = 2
(

T �
ab + T EM

ab

)
, �� = μ2� , Da F a

b = 0 , (2)

where the two components of the energy–momentum tensor are

T �
ab ≡ �∗

,a�,b + �∗
,b�,a

− gab

[
1

2
gcd(�∗

,c�,d + �∗
,d�,c) + μ2�∗�

]
,

T EM
ab ≡ F c

a Fbc − 1

4
gab Fcd F cd . (3)

This model is invariant under a global transformation � → �eiα , 
where α is constant.

KNBHsUSH are obtained using the metric, scalar field and elec-
tromagnetic potential ansatz given by

ds2 = −e2F0 Ndt2 + e2F1

(
dr2

N
+ r2dθ2

)

+ e2F2 r2 sin2 θ (dϕ − W dt)2 , (4)

� = φ(r, θ)ei(mϕ−wt) , (5)

Aadxa = (
At − Aϕ W sin θ

)
dt + Aϕ sin θdϕ , (6)

where N ≡ 1 − rH/r and rH is a constant describing the event 
horizon location in this coordinate system; the metric ansatz func-
tions Fi, W , i = 0, 1, 2, as well as φ, At and Aϕ , depend on the 
spheroidal coordinates r and θ only; w ∈ R

+ is the scalar field 
frequency and m = ±1, ±2. . . is the azimuthal harmonic index. In 
the following we shall focus on the case m = 1 as an illustrative 
set of solutions, and also nodeless solutions for the scalar field 
profile φ. Solutions with nodes will also exist, corresponding to 
excited states with higher ADM mass.

2.2. Boundary conditions

In order to find KNBHsUSH, we use the numerical strategy and 
code already discussed in some of our previous works (see, e.g. [13,
17]). To obtain these solutions, appropriate boundary conditions 
must be imposed, that we now summarize.
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At spatial infinity, r → ∞, we require that the solutions ap-
proach a Minkowski spacetime with vanishing matter fields:

lim
r→∞ Fi = lim

r→∞ W = lim
r→∞φ = lim

r→∞ Aϕ = lim
r→∞ At = 0 . (7)

(Observe that the last equality could be changed to a constant, 
rather than zero, in a different gauge.) On the symmetry axis, i.e.
at θ = 0, π , axial symmetry and regularity require that

∂θ Fi = ∂θ W = ∂θ At = φ = Aϕ = 0 . (8)

Moreover, all solutions herein are invariant under a reflection in 
the equatorial plane (θ = π/2). The event horizon is located at a 
surface with constant radial variable, r = rH > 0. By introducing a 
new radial coordinate x =

√
r2 − r2

H the boundary conditions and 
numerical treatment of the problem are simplified. Then one can 
write an approximate form of the solution near the horizon as a 
power series in x, which implies the following boundary conditions

∂x Fi
∣∣
x=0 = ∂xφ

∣∣
x=0 = 0, W

∣∣
x=0 = 	H , At

∣∣
x=0 = 
H ,

∂x Aϕ

∣∣
x=0 = 0, (9)

where 	H is the horizon angular velocity and 
H is the hori-
zon electrostatic potential. Similarly to the uncharged case, the 
existence of a smooth solution imposes also the synchronization 
condition

w = m	H . (10)

2.3. Physical quantities

Axi-symmetry and stationarity of the spacetime (4) guarantee 
the existence of two conserved global charges, the total mass M
and angular momentum J , which can be computed either as Ko-
mar integrals at spatial infinity or, equivalently, from the decay of 
the appropriate metric functions:

gtt = −e2F0 N + e2F2 W 2r2 sin2 θ → −1 + 2GM

r
+ . . . ,

gϕt = −e2F2 W r2 sin2 θ → 2G J

r
sin2 θ + . . . .

These quantities can be split into the horizon contribution – com-
puted as a Komar integral on the horizon – and the matter contri-
butions, composed of the scalar field and electromagnetic parts, 
computed as the volume integrals of the appropriate energy–
momentum tensor components:

M = M� + MEM + MH , J = J� + J EM + J H , (11)

where MH and J H are the horizon mass and angular momentum. 
M� and J� are the scalar field energy and angular momentum 
outside the horizon, with

−M� ≡
∫
�

dSa(2T �
abξ

b − T �ξa)

= 4π

∞∫
rH

dr

π∫
0

dθ r2 sin θ eF0+2F1+F2

×
(
μ2 − 2e−2F0

w(w − mW )

N

)
φ2 , (12)

while J� = mQ , where Q is the Noether charge associated with 
the global U (1) symmetry of the complex scalar field
Q = 4π

∞∫
rH

dr

π∫
0

dθ r2 sin θ e−F0+2F1+F2
(w − mW )

N
φ2 . (13)

To measure the hairiness of a BH, it is convenient to introduce the 
normalized Noether charge

q = mQ

J
, (14)

with q = 1 for solitons and q = 0 for KN BHs. Also, MEM and 
J EM are the mass and angular momentum stored in the electro-
magnetic field outside the horizon. The solutions possess also an 
electric charge Q E that can be computed using Gauss’s law, on 
any closed 2-surface covering the horizon. Alternatively, Q E can 
be computed from the decay of the 4-potential, together with the 
magnetic dipole moment μM :

At ∼ Q E

r
+ . . . , Aϕ ∼ μM sin θ

r
+ . . . . (15)

As with the KN BHs, the gyromagnetic ratio g defines how the 
magnetic dipole moment is induced by the total angular momen-
tum and charge, for a given total mass:

μM = g
Q E

2M
J . (16)

The BH horizon introduces a temperature T H and an entropy S =
AH/(4G), where

T H = 1

4πrH
e(F0−F1)|rH , AH = 2πr2

H

π∫
0

dθ sin θ e(F1+F2)|rH .

(17)

The various quantities above are related by a Smarr mass formula

M = 2T H S + 2	H ( J − mQ ) + 
H Q E + M�. (18)

The solutions satisfy also the 1st law

dM = T HdS + 	Hd J + 
HdQ E . (19)

Finally, observe that (18) and (11) are consistent with a different 
Smarr relation, only in terms of horizon quantities

MH = 2T H S + 2	H J H , (20)

together with the electromagnetic relation MEM = 
H Q E +
2	H J EM.

2.4. The results

As in the previous work [13,17] the numerical integration is 
performed with dimensionless variables introduced by using nat-
ural units set by μ and G . The global charges and all other 
quantities of interest are also expressed in units set by μ and G
(we set G = 1 in what follows). In particular this means we set 
μQ E → Q E ; note that 
H is dimensionless (in units such that 
4πε0 = 1).

Let us start by getting an overview of the domain of existence 
of KNBHsUSH. This requires fixing the new degree of freedom, 
related to electric charge. An important observation here is that, 
similarly to the KN case, no solitonic limit exists, for a nonzero Q E . 
Thus, for most of the numerical solutions we have chosen to fix the 
electrostatic potential on the horizon 
H and vary the remaining 
input parameters 	H and rH . This allows these two-dimensional 
sections of the full domain of existence to reach the solitonic limit, 
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Fig. 1. The (	H , M) domain of existence for a sample of KNBHsUSH. (Main left panel) Diagram for 
H = 0.3 with the boson star envelope (red solid line), the existence line 
on the domain of KN BHs (blue dotted line) and the line of extremal KNBHsUSH (green dashed line). The black solid line corresponds to the extremal KN BHs; non-extremal 
solutions exist below. The black dotted lines have constant normalized Noether charge q. (Inset) diagram for 
H = 0, for comparison. (Right panel) Detail around the 
intersection of the existence lines with the extremal KNBHsUSH lines and the extremal KN lines for 
H = 0, 0.6 and 0.8. (For interpretation of the references to colour in 
this figure legend, the reader is referred to the web version of this article.)

Fig. 2. (Left panel) The ratio M�/M is shown as a function of 	H for a sample of KNBHsUSH. The inset shows the electric charge as a function of 	H , where the blue dotted 
line is the existence line. (Right panel) The (q, g) space. The inset show g as a function of �, that determines the KN bound.
wherein the horizon area vanishes and the electrostatic potential 
becomes constant everywhere and pure gauge.

In Fig. 1 (left panel), we exhibit the (	H , M) domain of exis-
tence of the solutions, where we have fixed the horizon electro-
static potential to be 
H = 0.3. Observe that the domain therein 
was obtained by extrapolating into the continuum the results from 
discrete sets of around two thousand numerical solutions; we also 
remark that a qualitatively similar picture has been found for 

H = 0.6. As shown in the main panel (the inset is for 
H = 0), 
this domain of existence is bounded by boson stars (red solid line), 
the KN limit (blue dotted line – dubbed existence line) and the 
extremal KNBHsUSH limit (green dashed line). The last two lim-
its vary with the electrostatic potential whereas the first one does 
not; this can be observed in the right panel, where part of the line 
of extremal KNBHsUSH is shown for 
H = 0; 0.6 and 0.8, as well 
as the corresponding existence line and the line for extremal KN 
BHs (black solid lines). The trend is that the larger the electrostatic 
potential becomes, the lower the mass of the extremal KN BH is, 
along the existence line (henceforth dubbed as Hod point, follow-
ing [15]), whence the line of extremal KNBHsUSH starts. This is 
the expected result from the known behaviour of KN BHs. Another 
trend, illustrated by comparing the main left panel with the in-
set, is that for higher 
H , there are extremal hairy BHs with lower 
horizon angular velocity.

In Fig. 2 (left panel), we exhibit the ratio M�/M , which gives 
another measure of hairiness as a function of 	H , for 
H = 0.3. 
The figure shows that small fractions of the total energy in the 
hair are only allowed for sufficiently large horizon angular velocity. 
When the angular velocity is small, equilibrium between the hair 
and the horizon is only possible for solutions with q close to unity, 
i.e., boson star-like. The inset in this figure shows the (	H , Q E )

domain of existence of the KNBHsUSH solutions. It illustrates that 
the electric charge of the solutions, for fixed 	H between that of 
the Hod point and the maximum allowed frequency, 	H = μ, is 
maximized along the existence line (and in particular at the Hod 
point). But for lower values of the frequency, slightly larger charges 
than that found at the Hod point are possible, occurring along the 
extremal hairy BHs line.

2.4.1. Gyromagnetic ratio
Rotating charges give rise to a magnetic dipole moment, μM . 

In classical electromagnetism, a generic relation of the form (16), 
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between μM and the total angular momentum, mass and charge 
can be derived, for systems with constant ratio of charge to mass 
density, yielding g = 1. When experiments such as that performed 
for Stern and Gerlach in the early XXth century, showed that the 
electron should have g = 2, it became clear that a new fundamen-
tal description for the electron was necessary, beyond the scope of 
the non-relativistic quantum theory. Such a description appeared 
with the Dirac equation, which, from first principles predicts g = 2, 
a value that is corrected by loop diagrams in Quantum Electrody-
namics (QED), yielding the so called anomalous magnetic moment, 
whose agreement with experiment is one of the outstanding suc-
cesses of QED.

In BH physics, Carter first observed that g = 2 for the KN solu-
tion. Since then many other studies considered the gyromagnetic 
ratio of rotating charged BHs, for instance with different asymp-
totics and in higher dimensions (see e.g. [29,7,30–32]). Here we 
show that the addition of scalar hair leads to a suppression of 
the gyromagnetic ratio, and of the corresponding magnetic dipole 
moment, with respect to that of a comparable KN BH. A novel as-
pect is that g can be smaller than 1, a rather unsual feature in 
other models of relativistic, charged and spinning compact objects, 
cf. [33].

In Fig. 2 (right panel), we exhibit the gyromagnetic ratio in a 
(q, g)-diagram, for KNBHsUSH with 
H = 0.3. The diagram shows 
that the gyromagnetic ratio, g , of both the extremal and non-
extremal hairy BH solutions, is always less than 2. As expected, 
it does approach 2, for both cases, in the limit of vanishing hair. 
Further insight is obtained by considering the quantity

� ≡ M2

Q 2
E + J 2/M2

, (21)

which determines the KN bound � � 1. Indeed, all KN BHs 
have � > 1. This bound is, however, violated by a large set of 
KNBHsUSH, in particular by those close to the BS limit. This is rem-
iniscent of what has been found for KBHsSH – see the discussions 
in [12,13,15,4]. Our results show that solutions with g < 1 pre-
dominantly exhibit � < 1 and thus violate the KN bound – cf. the 
inset of Fig. 2 (right panel).

3. Gauged scalar field model

3.1. Main differences in the model

Let us now consider the model described in Section 2 but with 
a gauged scalar field, that couples minimally to the electromagnetic 
field, with gauge coupling qE . This coupling is implemented by re-
placing the partial derivatives of the scalar field in the action (1)
as

∂a� −→ Da� = ∂a� + iqE Aa� . (22)

The Einstein equations still take the form (2), but with the substi-
tution (22) in the scalar field energy–momentum tensor (3). Then, 
the scalar and Maxwell equations of motion become

Da Da� = μ2� ,

∇b F ba = iqE
[
(Da�∗)� − �∗(Da�)

] ≡ qE ja . (23)

Physically, the scalar field is now electrically charged (its quanta, 
the scalar particles, carry a charge qE ), and thus the scalar field 
sources the Maxwell field.

This model is invariant under the local U(1) gauge transforma-
tion

� → �e−iqEα , Aa → Aa + ∂aα , (24)
where α is a real function. One consequence of this gauge invari-
ance is that the (t, ϕ)-dependence of the scalar field ansatz (5), 
can now be gauged away by applying the local U (1) symmetry 
(24) with α = (mϕ− wt)/qE . This, however, also changes the gauge 
field, as At → At − w/qE , Aϕ → Aϕ + m/qE . Consequently, the so-
lutions cannot be constructed starting with the configurations in 
the previous sections and increasing qE . Thus, in order to be able 
to consider this approach, we keep the (t, ϕ)-dependence in the 
scalar field ansatz and fix the corresponding gauge freedom by set-
ting At = Aϕ = 0 at infinity.

One major difference with respect to the case discussed in the 
previous section is that the solitonic limit of the solutions car-
ries now a nonzero electric charge. Self-gravitating charged boson 
stars were first considered, in spherical symmetry, in [34] (see also 
the recent work [35]). To the best of our knowledge, no rotating 
generalizations of these static solutions have been reported.1 The 
Noether charge Q of the solitons, i.e. the total particle number, is 
now intrinsically related to the electric charge Q E . The former can 
be computed as

Q =
∫

jt√−gdrdθdϕ

= 4π

∞∫
0

dr

π∫
0

dθ r2 sin θ e−F0+2F1+F2(w − qE At − mW )φ2 ,

(25)

whereas the latter is read from the asymptotics of the electric po-
tential At , as given in (15). A straightforward computation shows 
that both the Noether charge and the electric charge of the spin-
ning solitons are proportional to the total angular momentum,

J = mQ = 4πmQ E

qE
. (26)

3.2. Features of the gauged scalar field solutions

The construction of the gauged scalar field solutions is similar 
to that described above for the ungauged case (qE = 0 limit). In 
particular, the KNBHsGSH are subject to the same set of boundary 
conditions used in the ungauged case. The synchronization condi-
tion, however, is different,

w − qE
H = m	H , (27)

in agreement with the result found in the linear theory [37,22].
The electrically charged boson stars also form a part of the 

domain of existence of KNBHsGSH. Thus we have paid special at-
tention to this limiting case. These solutions are obtained by con-
sidering the ansatz (4)–(6) with rH = 0 and replacing the boundary 
conditions at the horizon (9) by the following boundary conditions 
at the origin

∂r Fi |r=0 = W |r=0 = 0 , φ|r=0 = 0 , ∂r At |r=0 = Aϕ |r=0 = 0 .

(28)

Some results of the numerical integration are shown in Fig. 3
(left panel). The basic properties of the spinning gauged boson 
stars solutions can be summarized as follows. First, for all values of 
the gauge coupling considered so far, the frequency dependence of 
the solutions is qualitatively similar to the ungauged case. The so-
lutions exist for a limited range of frequencies 0 < wmin < w < μ. 

1 Some properties of the spinning charged solitons, with a self-interacting (Q -ball 
type) scalar field model, were addressed in [36].
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Fig. 3. (Left panel) The (w, M) diagram for spinning boson stars with qE = 0 (red curve), qE/μ = 0.2, 0.3, 0.4, 0.5 and 0.6 (top curve). (Right panel) The mass M is shown as 
a function of the gauge coupling constant qE for several frequencies, w/μ = 0.7, 0.8, 0.9 and 0.95 (as an inset). (For interpretation of the references to colour in this figure 
legend, the reader is referred to the web version of this article.)

Fig. 4. (Left panel) The (AH , q) diagram is shown for three sets of KNBHsGSH solutions with fixed values of 	H and qE/μ = 0.2, 
H = 0.1. (Right panel) Energy density (and 
angular momentum density in the inset) along three different slices of constant θ for an illustrative example of a KNBHGSH.
In particular, we observe that the minimal frequency increases 
with qE . After this minimal frequency, a backbending towards 
larger values of w occurs, yielding a second branch of solutions. 
A second backbending, towards smaller values of w , is observed as 
the frequency reaches a maximal value along the second branch, 
w → wmax , whose value increases again with qE . Then, similarly 
to the ungauged limit, a third branch of solutions develops – not 
shown in Fig. 3 (left panel). Subsequently, we expect the existence 
of an inspiraling behaviour of the solutions, in analogy with un-
charged boson stars, towards a limiting configuration.

Although only the mass is displayed in Fig. 3 (left panel), the 
J (w) diagram has a very similar shape. Consequently, the axially 
symmetric gauged boson stars do not possess a static limit. Ob-
serve also that the maximal mass of spinning gauged boson stars 
solutions increases with qE .

As shown in Fig. 3 (right panel), the solutions possess also 
a nontrivial dependence on the gauge coupling constant qE . For 
given values of w , spinning solutions exist up to a maximal value 
of the gauge coupling constant only, qE = (qE)max . The physics ra-
tionale behind this behaviour is similar to that discussed for the 
spherically symmetric case [34,35]. For qE > (qE )max the charge re-
pulsion becomes bigger than the scalar and gravitational attraction 
and localized solutions cease to exist (note that the maximal value 
of qE increases with frequency). Also, as seen in Fig. 3 (right panel), 
all global charges stay finite as qE → (qE )max .

KNBHsGSH are obtained by adding a horizon at the center of 
the spinning gauged boson star we have just described, which can 
be done for any such solution. One way to construct the BHs is 
to start from boson stars and slightly increase the horizon size via 
the parameter rH . In this approach, the other input parameters 	H , 
qE , 
H and m are kept fixed. We recall that for BHs, the frequency 
w is fixed by the synchronization condition (27). Then one finds 
three possible behaviours for the resulting branches of BH solu-
tions – see Fig. 4 (left panel). First (i), for small enough values 
of 	H , the branch of BHs connects two different boson stars; as 
rH → 0 the horizon area vanishes, q → 1, while the temperature 
diverges. For intermediate values of 	H , the branch of solutions 
ends in an extremal KNBHsGSH solution (ii). These limiting config-
urations have finite horizon size and global charges, 0 < q < 1 and 
appear to possess a regular horizon. Finally (iii), for large values of 
	H , the branch of KNBHsGSH interpolates between a charged bo-
son star and a set of critical KN solutions (with q = 0 and AH > 0), 
which lies again on an existence line.

In Fig. 4 (right panel) we exhibit the (Komar) energy den-
sity and angular momentum density (in the inset) for an illus-
trative example of a KNBHGSH with physical input parameters 
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rH = 0.24, w = 0.86, qE = 0.2, 
H = 0.1. These densities have a 
contribution from both the electromagnetic and the scalar field. 
The main feature we wish to emphasize is the composite struc-
ture revealed by the plots. KN BHs have an (electromagnetic) en-
ergy and angular momentum density that decays with the radial 
coordinate, whereas KBHsSH (and boson stars) have toroidal-like 
distributions for the (scalar) energy and angular momentum densi-
ties. Consequently, KNBHsGSH exhibit a superposition of these two 
behaviours, with decaying densities from the horizon but which 
exhibit a local maximum, in the neighbourhood of the equatorial 
plane, at some finite radial coordinate. A similar energy and angu-
lar momentum distribution can be found for KNBHsUSH.

The behaviours illustrated in Fig. 4 supports the expectation 
that the domain of existence of KNBHsGSH will fill in the domain 
delimited by the boson star curves exhibited in Fig. 3 (left panel), 
together with the existence line of KN BHs and a line of extremal 
KNBHsGSH, in a qualitatively similar fashion to that shown in Fig. 1
(left panel). Having established these solutions exist, and that their 
domain of existence will be analogue to the case of KNBHsUSH, 
we will not enter further details here; its systematic and detailed 
study will be reported elsewhere. Here we mention only that, sim-
ilar to the ungauged case, the gyromagnetic ratio of KNBHsGSH 
constructed so far is always smaller than g = 2.

4. Remarks

The Kerr solution [1], which describes the paradigmatic BH ge-
ometry in General Relativity, allows a generalization with electric 
(or magnetic) charge [2], discovered shortly after the Kerr metric. 
Much more recently, it was found that the Kerr solution also al-
lows a generalizations with scalar [12–16] or Proca hair [17]. The 
former are known as Kerr BHs with scalar hair (KBHsSH). In this 
paper we have added electric charge to KBHsSH, both considering 
an ungauged and a gauged scalar field and analyzed some basic 
properties of the solutions. In both cases, their domain of exis-
tence is qualitatively similar to the of the uncharged hairy BHs. In 
particular it is bounded by three curves, corresponding to the soli-
tonic limit (boson stars), extremal hairy BHs, and bald (KN) BHs. In 
the gauged case, the solitonic limit corresponds to rotating charged 
boson stars, which hitherto have not been studied in the litera-
ture.

As an example of a novel physical property of these solutions 
we have considered the gyromagnetic ratio, g . This quantity mea-
sures how a magnetic dipole moment is induced by the charge 
and angular momentum of the BH. It is well known the relativistic 
(Dirac) value holds for the KN BH, g = 2 [8]. We have shown that 
the gyromagnetic ratio of these hairy charged BHs is always g � 2, 
with equality attained only in the “bald” case. Thus, the scalar 
hair leads to a suppression of the magnetic dipole moment. Pre-
liminary work (not reported herein), analyzing the electromagnetic 
field lines of the BHs, suggests that the scalar hair also suppresses 
the higher electric multipole moments. We hope to give a detailed 
account of this behaviour in the near future.

There are other interesting applications for these solutions. As 
an example we mention testing the no-short hair conjecture. As 
originally stated [38], this conjecture suggested that, when hair 
exists around a spherically symmetric BH, the ‘hair’ should ex-
tend beyond 3r+/2, where r+ is the areal radius of the event 
horizon. This radius coincides with the location of the circu-
lar null geodesic for the Schwarzschild solution, which led to 
an improved version of the conjecture that the hair must ex-
tend beyond the null circular orbit of the spacetime [39]. For 
rotating BHs, an analysis of linearized hair suggested the no-
short hair conjecture holds for uncharged BHs [40], but may be 
violated for electrically charged ones [41,42]. The latter possi-
bility can be tested using the fully non-linear solutions of the 
Einstein–Maxwell–Klein–Gordon field equations reported in this 
paper.

Finally, we emphasize that all of the analysis presented herein 
is classical. At the quantum mechanical level, the introduction of 
electric charge can lead to new phenomena, such as the pair pro-
duction of oppositely charged particles (a.k.a. Schwinger pair pro-
duction [43]). In the context of BH physics, it has been argued 
that this phenomenon sets an upper bound on the electric field 
strength outside the horizon and on the BH’s electric charge [44]. 
It will be very interesting to analyze the physical properties of 
KNBHsGSH and KNBHsUSH in relation with this quantum mechan-
ical bound (see e.g. [45] for a related discussion in the gauged case 
and test field approximation).
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