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Abstract

Regular oriented hypermaps are triples (G;a,b) consisting of a finite 2-generated
group G and a pair a, b of generators of G, where the left cosets of (a), (b) and (ab)
describe respectively the hyperfaces, hypervertices and hyperedges. They generalise
regular oriented maps (triples with ab of order 2) and describe cellular embeddings
of regular hypergraphs on orientable surfaces. In [5] we have classified the regular
oriented hypermaps with prime number hyperfaces and with no non-trivial regular
proper quotients with the same number of hyperfaces (i.e. primer hypermaps with
prime number of hyperfaces), which generalises the classification of regular oriented
maps with prime number of faces and underlying simple graph [13]. Now we classify
the regular oriented hypermaps with a prime number of hyperfaces. As a result of this
classification, we conclude that the regular oriented hypermaps with prime p hyperfaces
have metacyclic automorphism groups and the chiral ones have cyclic chirality groups;
of these the “canonical metacyclic” (i.e. those for which (a) is normal in G) have
chirality index a divisor of n (the hyperface valency) and the non “canonical metacyclic”
have chirality index p. We end the paper by counting, for each positive integer n and
each prime p, the number of regular oriented hypermaps with p hyperfaces of valency
n.

1 Introduction

Hypermaps (surface embeddings of hypergraphs), introduced by Cori [10] in 1975, have ac-
quired great importance in recent years as a connection between permutations, extended
triangle groups, Riemann surfaces, algebraic curves and Galois groups. As highlighted by
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Grothendieck [14], the absolute Galois group of the field of algebraic numbers acts faith-
fully on dessins d’enfants (hypermaps), combinatorial objects that, by Belyi’s theorem [1],
characterise the Riemann surfaces defined (as projective algebraic curves) over the field of
algebraic numbers. The correspondence between hypermaps and Riemann surfaces is in gen-
eral difficult to study, but becomes more manageable if the hypermaps are uniform (that
is, if all hyperfaces have the same size n, all hypervertices have the same degree k and all
hyperedges have the same size m) and particularly better handled when they are regular.

In this paper we concentrate on regular oriented hypermaps, which are algebraically
characterised by triples H = (G a, b) consisting of a finite 2-generated group G and a pair a,
b of generators of G; such triples encode cellular embeddings of regular hypergraphs (bipartite
graphs') on compact orientable surfaces of genus

_ 2= (Ga0)| +1G/i{ab)| + |G /i(a)])
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where G/jH stands for the left cosets of the subgroup H in G and |X| the cardinality of X.
The left cosets of (a), (b) and (ab) determine the hyperfaces, hypervertices and hyperedges
of H. Regular oriented maps are regular oriented hypermaps (G;a,b) in which the product
ab has order 2.

Regular (cellular-) embeddings of graphs in orientable surfaces (regular orientable maps)
have been classified for certain classes of graphs. The closest to the present paper is the
classification of orientable regular embeddings of graphs of given order. This has been
achieved for simple graphs of prime order [13] and of order a product of two primes [12],
giving rise respectively to classifications of the regular oriented simple maps of prime order,
and of order a product of two primes. Regular oriented maps of type {|al, |b|} are regular
hypermaps of type (|b],2, |a|). Here |g| is the order of g.

Up to a duality a primer hypermap is a generalisation of a simple map (map with un-
derlying simple graph). In [5] we classified the primer hypermaps with prime number of
hyperfaces (left cosets of (a) in G) and now we extend the classification to regular oriented
hypermaps with prime number of hyperfaces — or, by duality, to a classification of the regular
oriented hypermaps with prime number of hypervertices (left cosets of (b) ) or hyperedges
(left cosets of (ab) ).

There has been some contributions to the classification of regular (oriented or non-
oriented) hypermaps by given number of hyperfaces; namely, on regular hypermaps (non-
oriented hypermaps, which include non-orientable hypermaps and hypermaps with border)
with one and two hyperfaces [2], on non-orientable regular hypermaps with a prime num-
ber of hyperfaces [18], on chiral hypermaps up to 4 hyperfaces [7], and on regular oriented
hypermaps up to 5 hyperfaces [4].

9

This paper has five sections. The first is the actual introduction which includes two
subsections, one giving a quick overview of the theory of regular oriented hypermaps and the
second giving an overview of “primer” hypermaps. In this subsection we write down the most
important results of [5] that are used in the third section. For a complementary reading on
these subjects we address the reader to [16, 15, 11, 7, 8, 5]. In the second section we introduce
some families of hypermaps, called “derivations”, that arise from a given regular oriented

!Graphs in this paper are pseudographs, that is, they may have multiple edges, loops and free-edges.



hypermap, and explore their properties. The third is the classification of the regular oriented
hypermaps with p (prime) hyperfaces, and this will be achieved by “lifting” the “primer”
hypermaps with p hyperfaces classified in [5]. In the fourth section, we compute the chirality
group and the “H-sequences” (an extension of type) of the regular oriented hypermaps with
p hyperfaces. And finally in the fifth section we compute the number of regular oriented
hypermaps with p hyperfaces of valency n.

Functions in this paper are read from right to left.

1.1 Regular oriented hypermaps

An (finite) oriented hypermap is a triple H = (£;a,b) consisting of a finite set Q (the
set of darts) and two permutations a and b that generate a transitive group G (called the
monodromy group) on Q. Hyperfaces, hypervertices and hyperedges of H are orbits of (a),
(b) and (ab) respectively. Here ab means a followed by b since functions and actions in
this paper are supposed to act from right. H is uniform if the permutations a, b and ab
are regular permutations; this means that all the hyperfaces have common valency, all the
hypervertices have common valency and all the hyperedges have common valency. In general
we have |Q] > |G|. If || = |G|, that is, if G acts regularly on 2, then we say that H is
a regular oriented hypermap. In such case ) can be replaced by G and the right actions
of a and b by right multiplication. Conversely, any finite two generated group G = (a,b)
determines a regular oriented hypermap (G’ a, 5) where the monodromy elements @ and b are
the respective right permutation representations of a and b on GG. The above triple describes
a cellular embedding of a hypergraph G in an oriented surface S (i.e., an orientable surface
with a fixed orientation). Viewing G as a bipartite graph, with the set of vertices partitioned
into black vertices and white vertices, the hypermap H can be seen as a bipartite map M
where the black vertices of G represent the hypervertices, the white vertices the hyperedges
and the faces of M the hyperfaces. In this representation the edges of G are the darts of H
and the permutations a and b locally permute the darts counter clockwise (CCW) around
hyperfaces and hypervertices respectively (actually in the literature it is more common a and
b be permutations of darts CCW around hypervertices and hyperedges, and usually denoted
by R and L).

Figure 2: The efect of the permutations a, b and ab on a dart w.



The type of a regular oriented hypermap # is a triple (k, m,n) where the positive integers
k =|b|, m = |ab|, n = |a| are the valencies of the hypervertices, hyperedges and hyperfaces,
in this order. An extended version of the type is the H-sequence [k,m,n; V, E, F'; |G|] where
(k,m,n) is the type, V, E and F are respectively the number of hypervertices, hyperedges
and hyperfaces, and |G| is the size of G (or the number of darts of ). The Euler charac-
teristic of the underlying surface S is the characteristic of H, and it is given by the formula
x=V+E+F—|G|

If H=(G;a,b) and H' = (G';d’, V) are two regular oriented hypermaps, then H covers
H' if the assignment a +— a', b — b can be extended to a (canonical) epimorphism of
monodromy groups G — G’ . The hypermap H is isomorphic to H', H = H', if the canonical
epimorphism G — G, is an isomorphism. A hypermap is reflezible if it is isomorphic to
its mirror image H = (G;a™ ', b "), otherwise it is chiral. The chirality group of H is the
smallest normal subgroup X (#H) of G such that H/X(H) is reflexible. This group ranges
from X (#H) = 1, when H is reflexible, to X(H) = Mon(H) when # is totally chiral [8, 9].
The Chirality index of H is the size k = k(H) = | X (H)|.

Let A denote the free product Cy x Cy x Cy generated by rg, 1 and ry, and I' be the
normal subgroup of index 2 in A generated by a = ror; and b = ryrs, a free group of rank 2.
Any regular oriented hypermap H corresponds an unique normal subgroup H in I, called
the fundamental hypermap subgroup, such that H = (I'/H; Ha, Hb). In this context the
chirality group of H is given by X (H) = HH/H, where H = H™. If {a,b | R(a,b)) is a
presentation of the monodromy group G, where R(a,b) denotes a set of relators on a and
b, then the chirality group of H is X(H) = (R(a"*,b7"))¢, the normal closure in G of the
subgroup generated by R(a™*,b7") [3].

The regular oriented hypermaps H = (G;a,b) with 1 and 2 hyperfaces are all reflexible
and the chiral hypermaps with 3 and 4 hyperfaces are all (face-)canonical metacyclic, that
is, the monodromy group G is the metacyclic group (a,b | " = 1, b™ = a*, bab™~' = a') with
(t—1)s =0 modn and t™ = 1 modn. Equally we say that (G} a, b) is vertez-canonical (resp.
edge-canonical) metacyclic if (b) (resp. (ab)) is normal in G. H is vertex-canonical (resp.
edge-canonical) metacyclic if and only if Hd; (resp. Hdp) is face-canonical metacyclic, where
81 is the dual operation a — b, b — a~! that transpose hypervertices with hyperfaces,
and dy is the dual operation a — ab, b — b~' that transpose hyperedges with hyperfaces.
Another dual operation is the mirror operation p : a — a', b — b~' that maps H to
its mirror image Hpu = H. Face-, vertex- and edge-canonical metacyclic hypermaps have

cyclic chirality groups with chirality index m; while the chirality group of a face-

canonical hypermap is generated by a* 1! 7], the chirality group of a vertex- or edge-canonical
metacyclic hypermap is generated by (at2_1(51)_1 =" Lorbya” '8, = (ab)tZ_l, respectively
[6, Lemma 2.1]. Therefore a (face-, vertex- or edge-) canonical metacyclic hypermap is chiral
if and only if t* # 1 modn.

By canonical metacyclic we just mean face-canonical metacyclic.

In contrast, most of the hypermaps appearing in the classification [4] are not canonical
metacyclic. However, we will show that all regular oriented hypermaps with a prime number
of hyperfaces have metacyclic automorphism groups, though not necessarily being (face-,
vertex- or edge-) canonical metacyclic hypermaps.



1.2 Primer hypermaps

We can use the equivalence of Proposition 11 of [5] for our definition of primer hypermap
as it gives a good general idea behind the concept. A (face-) primer hypermap is a regular
oriented hypermap with no non-trivial regular proper quotients with the same number of
hyperfaces.

Any regular hypermap H = (G;a,b) covers a unique primer hypermap P = P(H).
Particularly the hyperface valency [ of its primer hypermap divides the hyperface valency n
of ‘H. For consistence we reserve the letter ¢ to denote the valency of a hyperface of a primer
hypermap and set aside the letter n for the valency of a hyperface of a non necessarily primer
hypermap.

This primer hypermap can be constructed in the following way. When the elements of
G act on G (set of darts) on the right they act as monodromy elements, but when they
act on the left they act as automorphisms of H. Therefore each element v € G induces
an automorphism ¢, : g — 7vg of H. In particular the automorphisms ¢, : g — ag and
vy : g — bg, induced by a and b, correspond to one-step global counter-clockwise rotations
about the hyperface and the hypervertex (respectively) that contain the identity dart. Being
H regular we have Aut(H) = (¢aq, pp) = G and since functions in this paper act on the right,

Pyre = PraPy and thus py,,)-1 = ¢ -1, -1, and so,
H = (Gra,b) = (Aut(H); (ga) ™ (g0) ) -

The action of Aut(#) on H induces a transitive action of Aut(?) on the set of the hyperfaces
F = G/i{a) of H, where the symbol G/ K represents the left cosets of K in G. Under
this action, each ¢, € Aut(H), or equivalently each v € G, determines a permutation
7, € Sym(F) defined by g(a) — 7vg(a). In particular, the automorphisms ¢, and ¢, give
rise to permutations A = 7, ' and B = 7, on F. Labelling the hyperfaces of H by 1,
2, ..., I, the permutations A and B are elements of the symmetric group Sr. Let P be
the subgr of Sr generated by A and B. Then P = P(H) = (P; A, B) is the primer
hypermap[¥~Jermined by H [5]. The subgroup P of S generated by A and B is called the
(face-) primer group of H. We note that we are not adopting the notation P = (P; A™', B™1)
we have used in [5].

The function Il : G — P, vy = Il = 7,
epimorphism with kernel Kern(IT) = (") (Proposition 5 of [5]). Therefore it induces an
epimorphism Il : ‘H — P branched over hyperfaces. Moreover, since P = G/ (a|A|>, we get:
Corollary 7 [5]: for any word r(A, B) on A, B, r(A,B) =1 if and only if r(a,b) = a* for

some u =0 mod |A|”.

= my-1 which maps a — A and b +— B, is an

To recognise a canonical metacyclic hypermap from its primer we have the following propo-
sition:

Proposition 4 [5]: H is (face-) canonical metacyclic if and only if A = 1.

The chirality group of the primer hypermap is a factor group of the chirality group of the
hypermap (Proposition 9 of [5]), that is, X(P(H)) = X(H)/K for some K. Consequently,
the chirality index x(P(H)) divides x(#). Hence if P(H) is chiral then also H is chiral. The

converse is not true.
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The main theorem of [5] says:

Theorem 16 [5]: P is a primer hypermap with p (prime) hyperfaces (each of valency €) if and
only if P = P,f’e’t = (M(p,£,0,t);y, 2y*) for some £,t € {1,....,p—1} and k € {0,....£—1}
such that: (1) € is a divisor of p—1 , (2)t*=1 modp , (3)if £>1, t'#1 modp
for each i € {1,2, ..., £ —1}. Here M(p,(,0,t) is the metacyclic group (z,y | 2¥ = y* =
LY = 2"y = (x) x (y).  Different parameters k, { and t correspond to non-isomorphic
primer hypermaps with p hyperfaces of valency £.

Note that if H is a regular oriented hypermap with p (not necessarily prime) hyperfaces,
each of valency n, then H covers a unique primer hypermap P with p hyperfaces, each of
valency ¢ with ¢ dividing n. Also useful is the following corolloary:

Corollary 17 [5]:  The H-sequences of the primer hypermaps P,f’g’t given above are
(1) [p,p,1; L, Lp;p] if k=0andl=1 (=t=1);

(2) [p,6,0; p,p;lp] if k=0andl>1 (=p>2);

(3) [6,p,0;p,lipstp] if k=0—-1>0 (=p>2);

¢ 0
k) (k1)

(4) C;p(6 k), pll,k+1),p; dp| if 0<k<l—1 (=p>2),

where, for space saving, (u,v) stands for ged(u,v), the greatest common divider of u and v.

2 Derivations

Before we start with the classification, we introduce several families of regular oriented
hypermaps that are derived from a given hypermap. These families together with their
properties will be useful later on.

Let H = (G;a,b) be a regular (oriented) hypermap with F' hyperfaces of valency n. The
following regular hypermaps, which we call derivations of H, all have the same number of
hyperfaces F', and the same hyperface-valency n.

(1) The mirror H = (G;a™*,b7");

(2) The mid-mirror Mm(H) = (G;a,b™");

(3) The k-Left family Ly(H) := (G;a,a"b), for each k € {1, ..., n — 1},

(4) The k-Right family Ry(H) := Lk(’r'-[)a“lc = (G;a™, (d"D)™) = (G;a,ba"), and

(5) The (0,1)-dual Do 1)(H) = Mm(Li(H)) = (G;a, (ab)™"); this is the hypermap resulting
from H by swapping hypervertices with hyperedges.

One easily sees that H=", Mm(Mm(H)) =H, Do) (Do) (H)) =H, Ln—r(Le(H)) =
Lk(Ln_k(H)) = H and Rn_k(Rk<H>> = Rk(Rn_k(H)) =H.



Let D(H) denote one of the derivations of H. Then D defines an operation D : H +— D(H)
that takes a regular oriented hypermap with F' hyperfaces of valency n to a regular oriented
hypermap with F' hyperfaces of valency n. This operation has the inverse defined by

D if D is the mirror, mid-mirror or the (0, 1)-dual
D'={ L, if D=L,
R, if D=R.

Denote by II, TI, I, II;, and I the corresponding homomorphisms G — S, v
my-1. For example, II : a +— m,-1,b = m-1 and Il : a = w1, a*b — w1k, As
I, = (a *a*b)IIL = a 11 a"bIlL = moamy-14—5 = Tp-14—k ot = -1, then 1Ty = II. Similarly
we have I = IT = Il = II,,. Since the primer hypermap of H is P(H) = (GII; aIl, bII) and
‘H is primer if and only if Ker(II) = 1, we immediately have,

Proposition 1 Let H be a regqular hypermap and P(H) be its primer hypermap. Then
(1) P(D(H)) =D(P(H)), for any derivation D of H.
(2) H is primer if and only if any of its derivations is primer .

Let Fp denote the family of regular hypermaps with primer hypermap P. As an im-
mediate consequence of above, D(Fp) = Fp(p), and as a consequence of this we have
D(H) ceFp & HEe ./—':D—l('p).

Let H = (G;a,b) be a regular hypermap and (a,b | R(a,b)) be a presentation for the
monodromy group G. Let x = X(a,b) and y = Y (a,b) be another pair of generators of G.
Then the original generators a and b can be written as words in x and y, say a = A(z,y)

and b = B(z,y).

Proposition 2 If the change of generators a to x and b to y produce no extra relations, that
is, if v = X(A(x,y), B(z,y)) and y = Y(A(z,y), B(z,y)) are not new relations, and there
is a w € G such that the conjugations éw = w 'Aw and BY = w ' Bw coincide with their
inverse order words, in symbols AY = A and BY = %, then both hypermaps H = (G;a,b)
and @ = (G;x,y) have the same chirality group.

Proof:

The non-existence of any extra relations implies that (z,y | R(A(x,y), B(z,y)) is another
presentation of GG, this time as a function of the new generators z and y. By Theorem 1 of
[3] we have,

-1

R(A@™y™), B y™))C = (R(A(z,y) , B(a,y) ))°

X(Q) = (R(
R(A”(z,y) ™", B (z,y) ")) = (R(A(z,y) ", B(z,y)" )¢ = (R(a"", b))

We saw in Proposition 1 that H is primer if and only if any of its derivations D(H) is
also primer. Now we show that this is also true for chirality.



Corollary 3 Let D be a derivation of H. Then X(D(H)) = X(H), that is H and its
derivations D(H) all share the same chirality group. In particular, if some derivation of H
18 chiral then also H is chiral.

Proof:
In Proposition 2 take w = id if @ = H or Mm(H), and take w = a % if Q = Ly(H) or
Ri(H). n

Consider the families P, = Py, P = {Pg’[’t}e’t with ¢ > 1, P, = {Pg’f’f}“ with
¢ > 1, and va = {P,:’Z’t}k’/_,yt with ¢ > 1 and 0 < k < £ — 1, of the primer hypermaps with
H-sequences (1), (2), (3) and (4) respectively, of Corollary 17 [5]. Then P, = R,(P))

and va = Ri(P!). Taking into account Corollary 3 and [7, Corollary 9] for the chirality

II
group of canonical metacyclic hypermap, we have the following result shown in [5]:

Corollary 4 If P = P,f’e’t = (G, xyk) is a primer hypermap with p hyperfaces (p prime)

then
1 (reflexible) if P € 77:
X(P) = ,
(yt 1 if PeP, P orP

4
JA%

3 The classification

Let p be a prime number. We now proceed with the classification of the regular oriented
hypermaps with p hyperfaces. Let H = (G;a,b) be a regular oriented hypermap with p
hyperfaces (of valency n) and P = (GII; all, bIT) = (P; A, B) be its primer hypermap, which
also has p hyperfaces. In what follows,

M(n7p7 Uu, t) = <a, b | a" = 1, WP = au’ b_lab = CLt>
is the metacyclic group with parameters n, p, u, t, and

qr bt {a,b|a" =1, ¥ =a", [aﬁ,b] =1,bab™" =a").

n,u,v

Before we state and prove the main theorem, we first prove the following lemma,

Lemma 5 Let G = (a,b), p an odd prime and t,{ positive integers such that t % 1 modp,
t“ =1 modp and p = 1 modl. If (i) V¥ € (a"), (i) bab™" € (a‘)a, for any i =
1,2,...,p, thenb=a’, where the symbol = means “commutes with”.

Proof:

Ast’ =1 mod p, by (i) we have bl e (a*). On the other hand, takingi = 1,¢,¢%, ...t
(ii) yields the following informatior@b_t, pab™", . 0" ab ™t € (a")a. Multiplying the first
i of these words (in the same order as shown) and the last £ — i words we get ba’b™" € (a*)a’

and b a0 € (a")a’"", respectively. Then ba'b™" € (a’) and thus

ba'db™" = (ba’b™") bt = aV
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for some V' =0 mod/. On the other hand,
balb " = (b ) (ba'b ") = (ba'b ) (0" b = ba'b ™ = a”

for each 7 € {0, ..., £ — 1,¢}. Consequently, b Vgl = b 1qVh = o for every integer
i €{0, ..., 0—1,(}. Taking i = ¢ we get

[ 0" =1, i=0, .,

In particular,

b(t—1)+(t2—1)+...+(t‘v’*1—1) _ b(1+t+t2+...+t‘*1)—£ — 4t (1)

Ast#1 modpand t! —1=(t—1)(1+t+t>+..+t"1) =0 modp, one has (1 +t + 1> +
..+ t"1) =0 modp, and so by (1) we have b’ = a‘. As ¢ is a divisor of p — 1, we also have
W1 = . Consequently

[af,b] = 1. (]

Theorem 6 IfH = (G;a,b) is a reqular oriented hypermap with p (prime) hyperfaces, each
of valency n, then H is isomorphic to one of the following hypermaps:

(1) CMypur = (M(n,p,u,t);a,b) , forsome u,te{0,1,....,n—1} such that

(t—1)u=0 modn and t*=1 modn;

(2) HBLLE— (GPLE - ba®) (p odd prime) ,  for some £ € {2,...,n},

n,U,v n,u,)

u,v €{0,...,n—1}, k€{0, ..., 0 —1} and t € {2,...,p — 1} such that

(H1) gcd(p—1,n) =0 mod/,

(H2) t“*=1 modp and t' #1 modp for i€ {1,2, .., 0—1}
(that is, t has order € in Z, = Z,\{0}),

(H3) uw=0 mod/, v=1 modl and

(H4) (t—1)u+plv—1)=0 modn.

Ltk o »
Moreover, all these hypermaps Hyy " for £, t, k, n, u, v satisfying the above conditions,

have p hyperfaces of valency n, and different parameters (¢,t,k,u,v) correspond to non-
1somorphic hypermaps with p hyperfaces of valency n.

Proof:
Let H = (G;a,b) be a regular oriented hypermap with p (prime) hyperfaces and P
(P; A, B) be its primer hypermap where A = all and B = bIl. By Theorem 16 of |

P = P,f’g’t, for some k, ¢ and t. We treat separately the following cases: A=1 (Case
A#1and |B|=p (Case 2) and A#1and |B|#p (Case 3).

5,
1),

Case 1. If A = 1then H is canonical metacyclic and P = P is the spherical cyclic hypermap
C, = (Cy; 1, B) (Proposition 4 of [5]). Then # is isomorphic to CM,, .+ = (M(n,p,u,t);a,b)
for some u and ¢ such that (t —1)u =0 modn and t =1 modn. ¢



Case 2. |A| =(¢> 1 and |B| = p. By Theorem 16 of [5], and Corollary 17 of [5] (see also
§1.2), P(H) =PI = (P; A, B), where

P=(AB|A*'=1,B"=1, A"'\BA= B, (2)

for some t € {1,...,p— 1} such that * =1 modp and t' # 1 modp fori=1,2, .., ¢ —1.
By Proposition 15 of [5], £ is a divisor of p — 1 (that is, p = 1 mod¢).

From A™'BA = B' we deduce that, B°AB™" = A for each integer i. Applying Corollary
7 of [5] (see also §1.2), we derive the following relations in G:

(1) a" =1withn =0 mod/;
(i7) V¥ =a", u=0 mod¥;

(73i) b'ab™™ =a", v; =1 mod/l, i =1, ..., p — 1 (also true for i = p).

These equations define a group that is right factorised by K = (a) into p cosets. Indeed, on
the one hand K, Kb, ..., KtP~! are distinct cosets because p is the smallest positive integer
such that ¥ belongs to K = (A), and on the other hand, since {0,t, 2¢, ..., (p — 1)t} is a
complete set of residues modulo p, equation (iii) implies that the set of right cosets of K in
Gis G/,K = {K, Kb, ..., Kb’"'}. Hence the monodromy group of A is given by

G={a,bla"=1,0 =a" bab " =a",i=1,..,p—1)

for some integers n = 0 mod /¢, v = 0 mod? and v; = 1 mod/,i =1, ..., p— 1. We now
simplify this presentation.

From relation (iii) we have b'ab™" € (a‘)a, valid for any i. By Lemma 5 ,
[a®, D] = 1.

Adding the relation [ae ,b] = 1 to the presentation of GG, some relations of the previous pre-
sentation will turn out to be redundant. From (iii), i = 1, we deduce b?ab™* = b(bab )b~ =
ba’ b7t = @V hab Tt = o®1 7! = 217D+ and more generally

biab™" = ¢’V =1 .. p—1and p.

Thus all the relations in (iii) except the first one are redundant. Now for i = p we also have
Wab P = o179+ therefore o'+ = @P(1=D+1 which implies

(1 —=t)u=p(vy — 1) modn.

The hypermap H is then isomorphic to HP4H0 .= (GP4E -4 b)), where

n,U,U n,u,)

Gﬁ’ffv =(a,b|a" =1, b = a", [ag,b] =1,bab™" = a"),
for some £, t, n, u and v such that p = 1 mod¥¢, t* = 1 modp, t # 1 modp for each
ie{l,2, .., 0—1},u=0 modl,v=1 mod¥¢, n=0 modland (1—1t)u =p(v—1) modn.

p7£7t70
n,U,U

Conversely, we show that if H = H for some ¢, t, n, u, v satisfying the above

conditions, then H has p hyperfaces of valency n. Factoring G = GP%' by the normal

U,V
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subgroup (a‘) yields the monodromy group of the primer hypermap P = 730’“ with p
hyperfaces of valency ¢. Then ¢ divides |a| and so both P = H/(a") and H have the same
number of hyperfaces, p.

As ged(t — 1,p) = 1 there exist integers ¢ and d such that ¢(t — 1) + dp = 1. Then
the assignment a — a, b — a“"+% turn each of the relators of G into the identity of
C, = (a | a" = 1) and so it defines an epimorphism from G to the cyclic group C,. This
proves that the order of a in G is n. Consequently H has p hyperfaces of valency n. 4

Case 3. |A| ={> 1 and |B| # p. By Theorem 16 of [5], and Corollary 17 of [5],
P(H) = PP = (M(p, £,0,1); A, BA) = Bi(M(p, £,0,1); A, ) = Ri(P{")

for some k € {0,....,¢ — 1} and t € {1,2,...,p — 1}, where M(p,¢,0,t) = (3, A| B* = A* =
1,84 = B = (B) x (A) and (1) £ is a divisor of p — 1, (2) ¢ =1 modp and (3) if
(>1, t'#1 modp foreachic {1,2, ..., ¢—1}.

Then P(Ro_x(H)) = P24 By case 2, Ry_p(H) = HPLE0 = (GPAE - a,b). Thus

n,U,V n,u,v) )

H = HELE = Ry(HELL) = (GBS a, bab),

n,u,v n,u,v n,u,v?
for some k € {0,....,0 —1}. &

Finally we show that different parameters lead to different hypermaps.

(1) ICMypur = (M;a,b) =2 CM,ypwy = (M'5a,8) then p’ = p and n’ = n, since the
number of hyperfaces and their valencies should be the same. Then it becomes obvious that
we must have v’ = u and ¢ = ¢ since these parameters run from 0 to n — 1.

(2) If HPOLR HPUUF  then, as above, we must have p’ = p and n’ = n. Looking at the

n,u,v n’,u/,v’ ?

primer hypermaps,

P(Hp,é,t,k) _ ,Pk,é,t o P(Hp’£/7t/’kl) _ ,Pp;é,t/ ’

n,u,v n,u’ v’
this forces ¢/ = ¢, ¢ = t and k' = k (Theorem 16 [5]). But then we have HE4LEF = Ry (HE4E0)
p7€7tvk — p7é7t70 p,ﬁ,t,O ~ p,f,t,o : .
and H" o7 = Rk(Hn,u,,w,), SO we fnust also have /H"’“’}’ = H, o 1t is now clear that this
isomorphism implies v’ = u and v = v, since u,u’,v,v" are restrict to {0,...,n —1}. n

Each hypermap H with p hyperfaces, p prime, with each hyperface of valency n, covers
only one primer hypermap also with p hyperfaces of valency ¢ = |A| (a divisor of n). This
primer hypermap is

P(CMTLP,UJ) = CP = (va 17 B) s if H = CMn,p,u,ta or
P(HELE) = PP = (GR*a,bdb), if H = HELHE

n,U,U n,U,U

DLtk

U,V

Among the hypermaps in the family H many of them share the same group and are
distinguishedby different pairs of generators. In the previous proof we find the requisites

necessary thove that GP%! 'is a metacyclic group.

U,V
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Proposition 7 G2%' is a metacyclic group isomorphic to GZ’O’l = M(p,n,0,t) = (6, |
gr=1,a" =1, ofl@a = B" under the isomorphism ¢ : a — «, b Bal, where 6 =
c(1 —v) +du, for some c, d satisfying c(t —1) +dp = 1 = ged(t — 1, p). Moreover, HE:LF =

n,u,v

Roi(HESY), where HEY s the canonical metacyclic hypermap (Gno Lo, B).

Proof:
Consider the group

Grh = (a,B]a" =1,/ =1, af™ = a)
= <@7ayﬁp:1, anzl, a_lﬁa:@t>
= M(p7n707t)

Note that Baf™ = a & o 'Ba = ' implies that f'af™™ = « for any i; so by Lemma
5, [af, 8] = 1. This group, being metacyclic, has order np. Note also that the condition
t* = 1 mod p is stronger than the metacyclic condition " = 1 modp. Let ¢ and d be such
that ¢(t — 1) +dp =1, and let = ¢(1 — v) + du. Then
6 =0 mod ) o’ € Z(GH)
Op =cp(l —v) +pdu = c(t — Du+pdu = (c¢(t —1) + pd)u=u , and
01 —t) = (1—t)e(l —v)+ (1 —t)ud
= (1—t)c(1—=v)+plv—1)d
= (t—1)c(v—1)+plv—1)d
= (v—=1)((t = 1)c+ pd)
= v—1.
The assignment ¢ : a +— a, b+ fa, transfers the relators of Gfbffv to relators of GP* ’0 1 as
we can observe:
1) a" —a" =1,
2 (ﬁae)pa_“ = fPaPa™ = ata T =1,

) v
3) [a b] — [of, Ba’] = [, p] = 1,
)

4) bab~'a”" — Bla(pal)a" = BaB a0 = 0 Naa™ = a? ol =1,
By the Substitution Test [17, Theorem 4, pg 29], ¢ : G24! — Gfl’fjfl is an epimorphism.
As ]Gﬁ’}%’ﬁ\ = |Gf;ﬁ;fv , ¥ is indeed an isomorphism and thus Gf;ﬁ;fv is metacyclic. This
isomorphism also shows that Hflffv = Hﬁitvo is isomorphic to Rg(HP*"). Then Hﬁitvk =

Ri(HL%L) = Royn(HL™). u

Corollary 8 If H is a reqular oriented hypermap with a prime number of hyperfaces then
its automorphism group is metacyclic, though H 1is not necessarily canonical metacyclic.

4 Chirality groups and H-sequences

Theorem 9 The chirality groups of CM,, ;. and Hflitvk are the cyclic groups (at2_1> and

(bt2’1> respectively. The chirality index of CM,, s 1S while the chirality index of

_n
(n,t2—1)
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HELLE s
P 1, t=p-1
ged(p, t2 — 1) p, te{2,....p—2}
Proof:
2
The canonical metacyclic hypermap CM,, ;. has chirality group (a* B[

By Proposition 7, HP4* = Ryyp (’H%g’t) and, by Proposition 3, HP%"* has the same

U,V U,V

chirality group as the vertex-canonical metacyclic hypermap Hﬁ’“ = (G’,’L’Z’t; a,b), where
GPY = M(p,n,0,t) = (bya | 0P =1, a" =1, a 'ba = b').

Hence HP“5* has chirality group (bt2_1) [7], a subgroup of the cyclic group (b) of order p

(prime). If HE4F is not reflexible ("' 41 <t # —1 modp, since ¢ > 2), it must has
order p, and thus Hﬁﬁf{]k has chirality index x = p. |

Corollary 10 If H is a reqular oriented hypermap with a prime number of hyperfaces and
its primer hypermap is P = (P; A, B), with A # 1, then H is reflexible if and only if |A| = 2.

Theorem 11 The H-sequences of the hypermaps of Theorem 6 are

. pn pn ) 1 )
CMn,p,u,t- (n’u)> (n,tp_l—i-...-l-l—i—u)’ n; (H,U), <n>tp —|—+1+u),p,pn}
[ pn n

A | gty () gl 84 1), i
H%ﬁt{f?l : i ) (( I 7E))7 n; p(”ve +£ - 1)7 f—nna b pn

v e -1 w7 (25,5
HPALE __n n n; p(n,0+k), p(n,0+k+1), p; pn

n,u,v ° _(n,0+k’)’ (n,0+k+1)7 ’ ’ ’ Y I ) )
(0<k<t—1)

where, for space saving, (u,v) stands for ged(u,v), (u,v)) stands for lem(u,v), the least
common multiple of u and v, § = ¢(1 —v) + du, and ¢ and d are integers such that c(t —
)+dp=1=(t—1,p).

Proof:

Recall that the H-sequence of H = (G} a, b) is a sequence of numbers [|b], |ab|, |a|; V, E, F'; |G|]

where |b| (the order of b) is the hypervertex-valency, |ab| is the hyperedge-valency, |a| is

the hyperface-valency, V = % is the number of hypervertices, £ = % is the number of
G|

hyperedges and F' = Tl is the number of hyperfaces.
- For the canonical metacyclic hypermap CM,, .+ = (G;a,b), where G = M (n,p,u,t) =

{a,b | a™ =1, =a" b tab = a'), it is clear that |a| = n, |b] = sedimmy and |G| = pn. We
only need to calculate |ab| = |ba|. From the relation b 'ab = a' we get: a™b = ba™ and

ab™ = b™a'", for any positive integer m. From this we easily derive

(ba)™ = bmat" L

13



Now as CM,, .+ covers P = (Cp; 1, B), the order of ba is a multiple of p. As (ba)? =

P4t 14 _ pn
a , then |ba| = PN e E

7 The rest of the H-sequence is easily determined
from these values.

- For H = Hﬁfﬁo (G;a,b), where G = Gﬁffv, we also have [a| = n, [b] = {7 and
by Proposition 7, |G| = pn. Therefore we only need to calculate |ab| = |bal.

- For H = HIUL! = (G a,ba""), where G = GEY',, we have |a| = n, |aba""| = |ba’| =
lem(|b], |a’]) = lem( 47—+ %), where |G| = pn. Therefore we only need to calculate ba" .

-For H = Hﬁitvk = (G;a,ba"), where G = G’T’Litm we have |a| = n, |aba”| = |ba*"!| and

|G| = pn. Therefore we only need to calculate |bak+1|.

To complete the H-sequence in the last three cases, we need to calculate the order of
a’b for j € {1, ...,¢ — 1}, within the group G = Gfl’i’fv. This group is isomorphic to the
metacyclic group M (p,n,0,t) = (B,a | f* = 1,a™ = 1,5% = B') under the isomorphism
Y G — M(p,n,0,t), a— a, b+ Ba’ (Proposition 7), where § = ¢(1 — v) + du (which is a
multiple of £), and ¢ and d are integers such that c¢(t — 1) + dp = 1. Then the order of a’b is
the order of a/Ba’ = a3 = o', where i = 6 + j # 0 mod¢. We now follow the proof of

Corollary 17 of [5] to compute the order of 3a’.
The third equation of M(p,n,0,t) implies that B =" = Bat = aipr. By induction
we get
(ﬁai)m _ aimﬂtim+ti<m—1>+-~+ti _ aimﬁV(m)
where V(m) = t"" /0" oot = (00 ot 41). Let U(m) = 70"V ot 41
Now the order of Sa' is the least positive integer m such that

Ba )" =1 amp" ™ =1 am=3"YMc )N =1cam=p3"" =1,

Hence m is multiple of |a’|. On the other hand, 8 has order p and V™ =1 < V(m) =
0 modp < t'U(m) = 0 modp < U(m) = 0 modp, since t € Z; = {1,2,...,p —1}. Now
(|p—1andt =1 modp and t # 1 modp, for any ¢ < ¢, that is t¢ # 1 modp for any
q# 0 mod/. Since i =6+ j # 0 mod/, then U(m) = an , and so

U(m)=0 modp < t"™ =1 modp.

Thus, if m is just the order of o, that is, if m = , then 7m is a multiple of n and so a

gcd(n i

multiple of £ (n = 0 mod ¢), and consequently m also satisfies 3™ = 1. Hence |8a| = ||,
that is,

Wbl = (8o = [of ] = —

b = 8] = o] = e .

5 Number of hypermaps with p hyperfaces
To count the number of regular oriented hypermaps with p (prime) hyperfaces of valency

n it suffices to count the different parameters appearing in items (1) and (2) of Theorem
6. Let NHy(p,n) be the number of regular oriented hypermaps CM,, ;.. in item (1) with

14



p hyperfaces of valency n, and NHp)(p,n) be the number of regular oriented hypermaps
HPLER i item (2) with p hyperfaces of valency n. Then

U,V

(1)

Denote by U,(n) the subgroup of the units of Z,, whose elements ¢ satisfy ¥ = 1 modn.
Let p(t) be the number of solutions u of (t — 1)u = 0 modn. Then

NHy(p,n)= > plt)= > ged(t—1,n).

teUp(n) teUp(n)

Now let NRHp)(p,n) and NCHp)(p,n) be the number of reflexible and chiral (respec-
tively) regular oriented canonical metacyclic hypermaps H = CM,, .+ in item (1) with
p hyperfaces of valency n. By Theorem 9, H is reflexible if and only if t* = 1 mod n.
This implies that t™ = 1 modn for any even m, and so, combining with ¥ =1 modn,
we get t =1 modn. Then

NRHyy(p,n) = ged(0,n) = n

and

NC}I(l)(pan) = Z ng(t_ 1,”),

teUy(n)

where Uy (n) = {t € Up(n) |t # 1 modn}.

Denote by p(t,¢) the number of pairs (u,v) satisfying the equations u = 0 mod,
v—1=0 mod/ and (H4). Since k freely ranges in {0,1,...,¢ — 1}, then

NH(Z)(p> n) = Z Z Z p(ta 6) = Z Z Eg)(t, E) )

liged(p—1,n) te€G, k lged(p—1,n) t€G,
>1 >1
where Gy is the set of elements of order ¢ in the cyclic group Z," = C,_;. Since p and

t — 1 are coprimes, the number of pairs of solutions (u,v — 1) mod n of (H4) is exactly
n; so the number p(t, ) of solutions pairs (u,v — 1) modn which are multiple of ¢,

where n = 0 mod/, of (H4), is the number of solutions pairs (%, *-t) mod% of

u v —
—(t—1
(=1 +

which is exactly p(t,¢) = 7. Therefore

NHg(pn)= ZE%:H > ),

lged(p—1,n) teG, lged(p—1,n)
>1 >1

1
7 p=20 mod%,

where ® is the Euler Phi-function. In the special case when p is a Fermat prime, p — 1
is a power of 2 and so N Hz)(p,n) = 0 for n odd. The total number N H (p,n) of regular
oriented hypermaps with p (prime) hyperfaces of valency n is then given by:

NH(p,n) = NHuy(p,n) + NHg(p,n) = Z ged(t —1,n) + Z nd(?).
teUy(n) £lged(p—1,n)
0>1

15



Denote by NRH)(p,n) and NC H)(p,n) the number of reflexible and chiral (respec-
tively) regular oriented hypermaps H = Hﬁﬁf{,’“ in item (2). By Theorem 9, H is
reflexible if and only if £t = —1 modp. This is equivalent to ¢ = 2 (and this implies n
even). Hence

0, ifnisodd,

n, if n is even.

NRHq)(p,n) = {

NCHg(pn) = n Yy ®(0).
£)ged(p—1,n)
0>2

Note that if n is odd then HP%4* is chiral with chirality index p.

n,U,V

Denoting by NRH(p,n) and NCH (p,n) the number of reflexible and chiral regular
oriented hypermaps with p (prime) hyperfaces of valency n, then

NRH (p,n) = NRHqu)(p,n) + NRHp)(p,n) = o
2n, if n is even.

{n, if n is odd,

and NCH (p,n) = NCHpu)(p,n) + NCHg)(p,n).
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