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Abstract

In this paper we consider fractional differential equations, with dependence on a
Caputo fractional derivative of real order. Using real experimental data of Blood Alcohol
Level we obtain a system of fractional differential equations that model the problem.
A numerical optimization approach based on least squares approximation is used to
determine the order of the fractional operator that better describes real data as well
as other related parameters. We prove that it describes better the dynamics than the
classical one.
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1 Introduction

We start with a review on fractional calculus, as presented in e.g. [4, 9, 10]. Fractional
calculus is an extension of ordinary calculus, in a way that derivatives and integrals are
defined for arbitrary real order. In a famous letter dated 1695, L’Hopital’s asked to Leibniz
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what would be the derivative of order α = 1/2, and the responde of Leibniz ”An appar-
ent paradox, from which one day useful consequences will be drawn” became the birth of
fractional calculus. Along the centuries, several attempts were made to define fractional
operators. For example, in 1730, using the formula

dnxm

dxn
= m(m− 1) . . . (m− n+ 1)xm−n =

Γ(m+ 1)

Γ(m− n+ 1)
xm−n,

Euler obtained the following expression

d1/2x

dx1/2
=

√
4x

π
.

Here, Γ denotes the Gamma function,

Γ(t) =

∫ ∞
0

st−1e−s ds, t ∈ R \ Z−0 ,

which is an extension of the factorial function to real numbers. Two of the basic properties
of the Gamma function are

Γ(m) = (m− 1)!, for all m ∈ N,

and
Γ(t+ 1) = tΓ(t), t ∈ R \ Z−0 .

However, the most famous and important definition is due to Riemann. Starting with
Cauchy’s formula∫ t

a
ds1

∫ s1

a
ds2 . . .

∫ sn−1

a
y(sn) dsn =

1

(n− 1)!

∫ t

a
(t− s)n−1y(s)ds,

Riemann defined a fractional integral type of order α > 0 of a function y : [a, b]→ R as

aI
α
t y(t) =

1

Γ(α)

∫ t

a
(t− s)α−1y(s)ds.

Fractional derivatives are defined using the fractional integral idea. The Riemann–Liouville
fractional derivative of order α > 0 is given by

aD
α
t y(t) =

(
d

dt

)n
aI
n−α
t y(t) =

1

Γ(n− α)

(
d

dt

)n ∫ t

a
(t− s)n−α−1y(s)ds

where n ∈ N is such that α ∈ (n− 1, n). These definitions are probably the most important
with respect to fractional operators, and until the 20th century the subject was relevant
in pure mathematics only. Nowadays, this is an important field not only in mathematics
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but also in other sciences, engineering, economics, etc. In fact, using these more general
concepts, we can describe better certain real world phenomena which are not possible using
integer-order derivatives. For example, in mechanics [1], engineering [6], viscoelasticity [7],
dynamical systems [11], ect. For real applications, another fractional operator, called the
Caputo fractional derivative, has proven its applicability due to two reasons: the fractional
derivative of a constant is zero and for initial value problems, it dependes on integer-order
derivatives only. The Caputo fractional derivative of a function y : [a, b]→ R of order α > 0
is defined by

C
aD

α
t y(t) = aI

n−α
t y(n)(t) =

1

Γ(n− α)

∫ t

a
(t− s)n−α−1y(n)(s)ds,

where n = [α] + 1. In particular, when α ∈ (0, 1), we obtain

C
aD

α
t y(t) =

1

Γ(1− α)

∫ t

a
(t− s)−αy′(s)ds.

This article is organized as follows. Next section solves a real application related to
Blood Alcohol Level using integer-order derivatives. Section 3 analyzes the same problem
but modeled by fractional derivatives. The MATLAB numerical experiments to find the
model parameters as well as the non-integer derivatives that fits better in the model are
carried out in Section 4. Finally the last section presents the conclusions of this work.

2 Blood Alcohol Level problem

In [5] we find a simple model to determine the level of Blood Alcohol, described by a system
of two differential equations. Let A represents the concentration of alcohol in the stomach
and B the concentration of alcohol in the blood. The problem is described by the following
Cauchy system: 

A′(t) = −k1A(t)
B′(t) = k1A(t)− k2B(t)
A(0) = A0

B(0) = 0,

where A0 is the initial alcohol ingested by the subject and k1, k2 some real constants. The
solution of this system is given by the two functions

A(t) = A0e
−k1t

and

B(t) = A0
k1

k2 − k1
(e−k1t − e−k2t).

Also, in [5] some experimental data is obtained in order to determine the arbitrary constants.
The Time is in minutes and the Blood Alcohol Level (BAL) in mg/l.
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Time 0 10 20 30 45 80 90 110 170

BAL 0 150 200 160 130 70 60 40 20

Using the data from the table, the values that minimize the Mean Absolute Error when
the values from B are fitted with the experimental data are:

A0 = 245.8769, k1 = 0.109456, k2 = 0.017727,

and the error is this approximation is

Eclassical = 775.2225,

and for comparison, and get the following results:

Time 0 10 20 30 45 80 90 110 170 Error
BAL

0 150 200 160 130 70 60 40 20
(Experiment)
BAL

0.0000 147.5379 172.9499 161.3813 130.0021 71.0018 59.4910 41.7418 14.4100 775.2225
(Model - classical)

3 Fractional Blood Alcohol Level problem

In this case we show that, if we consider the problem modeled by fractional derivatives, we
obtain a curve that fits better in the experimental results.

Let α, β ∈ (0, 2) and consider the system of fractional differential equations
C
0 D

α
t A(t) = −k1A(t)

C
0 D

β
t B(t) = k1A(t)− k2B(t)

A(0) = A0

B(0) = 0

Using the formula (cf. Lemma 2.23 [4])

C
0 D

γ
t Eγ(λtγ) = λEγ(λtγ), λ ∈ R, γ > 0

where Eγ is the Mittag–Leffler function

Eγ(t) =

∞∑
k=0

tk

Γ(γk + 1)
, t ∈ R,

we obtain that

A(t) = A0Eα(−k1tα)
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is the solution with respect to A, for any α > 0. To determine B, it can be found as the
solution of the fractional linear equation

C
0 D

β
t B(t) + k2B(t) = k1A0Eα(−k1tα). (1)

First, let β ∈ (0, 1), and consider the α-exponential function

eλ(t−a)α = (t− a)α−1
∞∑
k=0

λk(t− a)kα

Γ((k + 1)α)
.

By Theorem 5 in [2] (or Theorem 7.2 in [3]), and using the initial condition B(0) = 0, we
get that the solution is given by

B(t) =

∫ t

0
e
−k2(t−s)
β k1A0Eα(−k1sα)ds.

We remark that, considering α, β → 1−, the Mittag–Leffler function and the α-exponential
function are simply the exponential function and thus the solutions of the fractional differ-
ential system coincide with the solutions of the ordinary system of differential equations.

Let us re-write the function B. By definition,

B(t) = k1A0

∞∑
n=0

∞∑
m=0

(−k2)n(−k1)m

Γ((n+ 1)β)Γ(αm+ 1)

∫ t

0
(t− s)nβ+β−1smαds.

Using the Beta function,

B(a, b) =

∫ 1

0
ta−1(1− t)b−1dt, a, b > 0,

the following property

B(a, b) =
Γ(a)Γ(b)

Γ(a+ b)
,

and doing the change of variables u = s/t, we obtain∫ t

0
(t− s)nβ+β−1smαds = tnβ+β+mα

∫ 1

0
(1− u)nβ+β−1umαdu

= tnβ+β+mαB(nβ + β,mα+ 1) =
Γ(nβ + β)Γ(mα+ 1)

Γ(nβ + β +mα+ 1)
tnβ+β+mα

and so

B(t) = k1A0

∞∑
n=0

∞∑
m=0

(−k2)n(−k1)m

Γ(nβ + β +mα+ 1)
tnβ+β+mα, β ∈ (0, 1).
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Consider now β ∈ (1, 2). Using the relation (cf. Eq. (2.4.6) in [4])

C
0 D

β
t B(t) = 0D

β
t B(t)− B′(0)

Γ(2− β)
t1−β,

where 0D
β
t B(t) stands for the Riemann-Liouville fractional derivative of B of order β, we

obtain that the fractional differential equation (1) is equivalent to

0D
β
t B(t) + k2B(t) = k1A0Eα(−k1tα) +

B′(0)

Γ(2− β)
t1−β.

By Theorem 7.2 in [3], we obtain the solution with respect to B:

B(t) = B′(0)

∫ t

0
Eβ(−k2sβ) + β

(t− s)1−β

Γ(2− β)
sβ−1E′β(−k2sβ)ds

+βk1A0

∫ t

0
Eα(−k1(t− s)α)sβ−1E′β(−k2sβ)ds.

With similar calculations as done before, we arrive at the expression

B(t) = k1A0

∞∑
n=0

∞∑
m=0

(−k2)n(−k1)m

Γ(nβ + β +mα+ 1)
tnβ+β+mα

+2B′(0)
∞∑
n=0

(−k2)n

Γ(nβ + 2)
tnβ+1.

(2)

Differentiating both sides of Eq. (2) and putting t = 0, we get B′(0) = 0. In conclusion, for
any β ∈ (0, 2), the solution of the fractional differential equation is

B(t) = k1A0

∞∑
n=0

∞∑
m=0

(−k2)n(−k1)m

Γ(nβ + β +mα+ 1)
tnβ+β+mα. (3)

4 Numerical experiments

The numerical experiments were done in MATLAB [8] using the routine lsqcurvefit that
solves nonlinear data-fitting problems in least-squares sense. This routine is based on an
iterative method with local convergence, i.e., depending on the initial approximation to the
parameters to estimate. In the computational tests the trust-region-reflective algorithm was
selected. For computational purposes we consider the upper bound n = m = 45 in (3).

Using the available data, we obtain

A0 ≈ 373.0295, k1 ≈ 0.0643, k2 ≈ 0.0088,
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with fractional orders

α ≈ 1.1771, β ≈ 1.0052,

and the error in this approximation is

Efractional ≈ 321.9677.

In the following table we sumarize the results, comparing the standard approach, using
first-order derivatives, with ours using fractional-order derivatives.

Time 0 10 20 30 45 80 90 110 170 Error
BAL

0 150 200 160 130 70 60 40 20
(Experiment)
BAL

0.0000 147.5379 172.9499 161.3813 130.0021 71.0018 59.4910 41.7418 14.4100 775.1745
(Model - classical)
BAL

0.0000 155.7458 187.1950 169.6587 128.4871 69.3254 59.3669 43.7670 16.2108 321.9677
(Model - fractional)

The graph of figure below illustrates the blood alcohol level with experimental data, classical
model and fractional model.
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5 Conclusions

Fractional differential equations can describe better certain real world phenomena. This is
understandable since systems are not usually perfect, and can be perturbed (like friction,
manipulation, external forces, etc) and because of it integer-order derivatives may not be
adequate to understand the trajectories of the state variables. By considering fractional
derivatives, we have an infinite choices of derivative orders that we can choose, and with it
determine what is the best fractional differential equation that fits better in the model. We
have seen this in our experimental data, where non-integer derivatives allow the solution
curve to fit better with the available data.

Acknowledgements

This work was supported by The Portuguese Foundation for Science and Technology (FCT):
first and second authors through CIDMA - Center for Research and Development in Math-
ematics and Applications, within project PEst-UID/MAT/04106/2013; third author by the
ALGORITMI R&D Center and project PEst-UID/CEC/00319/2013.

References

[1] T.M. Atanackovic, S. Pilipovic, B. Stankovic and D. Zorica, Fractional Calculus with
Applications in Mechanics: Vibrations and Diffusion Processes. Wiley-ISTE, 2014.

[2] B. Bonilla, M. Rivero and J.J. Trujillo, On systems of linear fractional differential
equations with constant coefficients, Appl. Math. Comput. 187, 68–78 (2007).

[3] K. Diethelm, The Analysis of Fractional Differential Equations. An Application-
Oriented Exposition Using Differential Operators of Caputo Type, LNM Springer,
Volume 2004, 2010.

[4] A.A. Kilbas, H.M. Srivastava and J.J. Trujillo, Theory and Applications of Fractional
Differential Equations. North-Holland Mathematics Studies, 204. Elsevier Science B.V.,
Amsterdam, 2006.

[5] C. Ludwin, Blood Alcohol Content, Undergrad. J. Math. Model.: One + Two 3 (2)
Article 1 (2011).

[6] J.A.T. Machado, M.F. Silva, R.S. Barbosa, I.S. Jesus, C.M. Reis, M.G. Marcos
and A.F. Galhano. Some Applications of Fractional Calculus in Engineering, Math-
ematical Problems in Engineering, vol. 2010, Article ID 639801, 34 pages, 2010.
doi:10.1155/2010/639801.

c©CMMSE ISBN: 978-84-617-2230-3



R. Almeida, N.R.O Bastos, M.T.T. Monteiro

[7] F.C. Meral, T.J. Royston and R. Magin, Fractional calculus in viscoelasticity: An
experimental study, Commun. Nonlinear Sci. Numer. Simul. 15 (4), 939 –945 (2010).

[8] C. Moler, J. Little, and S. Bangert, Matlab User’s Guide - The Language of Technical
Computing, The MathWorks, Sherborn, Mass. (2001).

[9] I. Podlubny, Fractional differential equations, Mathematics in Science and Engineering,
198. Academic Press, Inc., San Diego, CA, 1999.

[10] S.G. Samko, A.A. Kilbas and O.I. Marichev, Fractional integrals and derivatives, trans-
lated from the 1987 Russian original, Gordon and Breach, Yverdon, 1993.

[11] V.E. Tarasov, Applications of Fractional Calculus to Dynamics of Particles, Fields and
Media, Nonlinear Physical Science, Springer, 2010

c©CMMSE ISBN: 978-84-617-2230-3


