INTEGER-VALUED SELF-EXCITING PERIODIC
THRESHOLD AUTOREGRESSIVE PROCESSES
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ABSTRACT. In this paper, the periodic self-exciting threshold integer-
valued autoregressive model of order one with period T driven by a
periodic sequence of independent Poisson-distributed random variables
is introduced and analyzed in detail. Basic probabilistic and statistical
properties of the model are discussed as well as parameter estimation
and forecasting.

1. INTRODUCTION

Modeling the temporal dependence and evolution of integer-valued (and in
particular low counts) time series is an area of research which is gaining im-
portance in time series analysis. The problem of developing models for integer-
valued time series is, indeed, very challenging because traditional approaches
based on Gaussian autoregressive-moving average processes, are of little use to
accurately describe time series defined over finite range of counts or exhibiting
features such low counts, over dispersion, asymmetric marginal distributions,
or excess of zeros. The need to analyze such data adequately led to a multi-
plicity of approaches and a diversification of models that explicitly account for
such features.

Recently, models for dealing with integer-valued time series exhibiting the so-
called piecewise phenomenon have been proposed in the literature. The funda-
mental reason for introducing such class of models is the need to model random
cyclic behavior that exists in many time series. In the continuous-valued case,
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threshold models are typically characterized by having a linear (ARMA) struc-
ture in each regime; see, e.g., Turkman et al. (2014) for details. However, in the
field of integer-valued time series modelling little research has been done so far
to develop models to cope with time series of counts exhibiting piecewise-type
patterns. For this purpose, Monteiro et al. (2012) introduced a class of self-
exciting threshold integer-valued autoregressive (SETINAR, in short) models of
order one and two regimes, defined by the recursive equation

X, — aroXy 1+ 7y, X4 1 <R
Pl moXi1+Zy, Xea >R

Here, (Z;) constitutes a sequence of integer-valued random variables (r.v’s),
and R represents the threshold level. The “a; o” is the binomial thinning op-
erator of Steutel and van Harn (1979). It is defined as a0 X := le:l Y;, for
X with range Ny = {0, 1,...}, where the Y;’s are independent and identically
distributed (i.i.d.) Bernoulli variables with probability a € (0;1). The authors
discussed probabilistic and statistical properties related with this class of mod-
els. Note that the SETINAR models fall within the state-dependent thinning
class.

In this article, we introduce the periodic self-exciting threshold integer-valued
autoregressive model of order one with two regimes (hereafter referred to as
PSETINAR(2;1,1)r) which generalizes the SETINAR model by considering peri-
odically varying threshold levels. For this class of models, we investigate some
basic probabilistic and statistical properties. Furthermore, parameter estima-
tion and forecasting are also addressed. Finally some concluding remarks are
given.

The PSETINAR(2; 1, 1) model is defined through the recursive equation

(1.1)

) (1)
Xt:{ o o X+ 20, X< R o

OZ§2> o Xt71 + Zt(z), thd > Rt
with Ry = rj, for t = j+ T, j = 1,...,T and s € Ny. Note that for the
jth-period we have

(1.2) Xjqor = (a§1) o XjtsT-1+ Zj(i)sT)I](l) + (a§-2) o XjtsT-1+ Z;?ST)I;Q)

with I{", for k = {1,2}, defined as

WL Xjpsr—a<ri @ _ 4 0)
(1.3) I { 0. X a> 1Y =1-1".
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The threshold parameter R; (which is assumed to be known) represents the
level of the process and the regime switch is triggered by the lag-d value of the
series.

Note that the model in (1.1) can be represented as
(1.4) Xi=¢i0Xi 1+ Zy,

where Z; = Z](.I)IJ(-I) + Z;Q)IJ(-Q), P = = aEI)IJ(-l) + 045-2)]](-2), such as a; €
0,1),t=45+sT,5j=1,...,T, and s € N. Furthermore, the thinning operator
(0, j . J T, ; g op

o is defined as

Xt,1 Xt—l
d
$r0 X1 £ > U (@I + 3" Ui el
=1 i=1

with (Ui7t(a§-1))) and (Ui,t(ozf))), i € IN, being periodic sequences of i.i.d.

Bernoulli r.v’s with success probabilities P(Ui,t(oék)) =1) = agk), for k €
{1,2}. Moreover, the innovation process (Z;) forms a periodic sequence of in-
dependent Poisson-distributed r.v’s with mean v, Z; ~ Po(v;), where v, = A,
t=j+sT,j=1,...,T, s € Ny. It is assumed that Z; is independent of X;_;
and a; o X;_1, for every t.

The PSETINAR(2;1,1)r process in (1.1) can be embedded in the following vec-
torial form

(15) Yt = AOYt_l —|—1\/.[,57
being Y; = [Xi1¢r Xogir -+ Xryer|', where  denotes matrix transpose
0 0 e (6731
0 0 . 109
A_ =
T-1
0 0 ar_j
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and
1 0 0 0
a2 0 0
302 [0 %3 e 0 0 Z1+tT
: .. : Za+tr
MtI:BOZt: . . . o
T—1-2 T—-1-3
ar_1—4 ar—_1-§ ... 1 0 ’
1'1;[0 T—-1 i T—-1 ZT+tT
T—1—-1 T—1-2
H (07 v H T4 . aT 1
=0 1=0

Note that, A oY is a T-dimensional random vector with i-th component

T-1 i
[AoY]; = ZOOXj+tT+ Haj o X1y,
j=1 j=1

fori=1,...,T. The components of B o Z can be defined similarly.

The rest of the paper is organized as follows: In Section 2, we demonstrate
the existence of a strictly ciclostationary PSETINAR(2; 1, 1)1 process satisfying
(1.5). Furthermore, the expression for the periodic mean is given. Parameter

estimation is covered in Section 3. Finally, forecasting is discussed in Section
4.

2. SOME PROPERTIES OF THE PSETINAR MODEL WITH TWO REGIMES

Let (X:) be the PSETINAR(2;1,1)r process defined in (1.2). We first prove
that there exists a strictly ciclostationary PSETINAR(2; 1, 1)1 process satisfying

(1.2). Note that, since Oeg»k) € (0,1) for j = 1,...,T and k = 1,2, and that
P(Z;?ST = 0) € (0,1), for k = 1,2, it follows by Lemma 3 in Franke and
Subba Rao (1995) that any solution (Y}) of (1.5) is an irreducible and aperiodic
Markov chain on INg. Thus, the existence of a ciclostationary solution of (1.5)
relies upon the largest eigenvalue of the A matrix in (1.5). The result is quoted
below.

Proposition 2.1. Let (Y:) be the PSETINAR(2;1, 1) process defined in (1.5).
If E||M¢|| < 400 and if the largest eigenvalue, say n, of A is less than one,
then there exists a strictly ciclostationary PSETINAR(2;1, 1) process satisfying

(1.5).

PROOF. Proposition B in Dion et al. (1995, p. 126) allows to concluded that

(2.6) VI PP <1 j=1,.  Tep<l.
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Conditions in (2.6) imply that all roots of the characteristic polynomial of A
lie inside the unit circle. Furthermore, if F||Z:|| < oo it follows by Theorem
1 in Franke and Subba Rao (1995) that there exists a strictly ciclostationary
PSETINAR(2;1, 1) process satisfying (1.5). O

Without employing any distributional assumption on the periodic sequences

Zt(l) and Zt(Q), the periodic mean of the process is given in the next result. For
simplicity in notation we define

U§721W‘2,] ) =F |: .9T|X1+5T7d S T5k1)7X2+sT7d S Tékz)y .. ~7Xj+5T7d € T; 7)] )
kq,ko,... k; ks

pizl,,ij =P |:X1+.5T d € 7‘1 k1) X2+sT d € T(k2)» an+sT7d S TJ(' '7)i| 5

for ki, ka,...,k; = {1,2}, where r; denotes the regime corresponding to the

period j, i.e.,

(2.7)

; - x. .
i { regime ;" Xjisr—a <1 teN.

. 2
regime r§ ), XjysT—a > 1

Lemma 2.2. Let (X;) be the PSETINAR(2;1, 1) process in (1.5). The mean of
the process takes the form

2 2 2
k1) (k2 kj k ,k - .k k1,ka,....k;
B = 2 5 e 3 [afal iyt sl |
ki=1ko=1 =1
J 2 2 ok (kj) kl+1’ JC
+ l;)‘l Z 1.”1@21 +1 T X Py 5

fort=44+sT,7=1,...,T and s € Ny.

3. PARAMETERS ESTIMATION

In this section, we consider the parameter estimation of the PSETINAR(2; 1, 1) 7
process. In particular, the conditional least squares (CLS) and conditional max-
imum likelihood methods are adopted. For this purpose, let (X1,...,X,) be a
sequence of r.v’s satisfying (1.4) and denote by

0 .= (agl),a(f),)\l,.. ag,}),aT) Ar),
the vector of unkown parameters. Recall that R; is assumed to be known.

3.1. Conditional least squares estimators. The CLS-estimators

h ) 1) ~(2) ~ (1) ~(2)
Ocrs = (a1 oLsy 0, CLSv)‘LCLSU Oy opgs O CLS7)‘T,CLS)7
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are obtained by minimizing the expression

-1

Q(0) = 3 Z(XJ+ST — gj(gj,xj+sT_1)>2

s=0j=1

with N and T denoting the number of complete cycles and number of periods,

(2), )\j) and the function g; takes the form

respectively. Moreover, 8 := (aEl), a;

95(05, Xjysr—1) = O‘;‘l)XjJrsTflIJ(’l) + Oég'z)XﬁquI](-Q) + A

Solving the systems of the form

(3.1) 9 —0,j=1,...,T,

we obtain the following set of CLS-estimators

N-1 ) N-—-1 N-—-1 )
N Z Xj+STXj+sT_1Ij - Z Xj-i,-sT Z Xj+sT—IIj
~(1) s=0 s=0 s=0

= (& )
NEOXﬁsT_Jj *(ZOXHST*IJ >

N-1 @ N N1 @)
@) N ZOXj+sTXj+sT71[j - ZOXj+sT OXj+sT71[j
. o= o= o=
5,MQC = N-1 ) N-1 ) ’
(N Z_:OX]?HT%I; - ( _OXJ-+ST_1I§ )>

R N-1 N-1 N-1
Ajamqe =N~ ( > Xjpor =l Y Xjpor Il — ol 3 Xj+sT711J(-2))
s=0 s=0 s=0

for j = 1,...,T. The consistent and asymptotic distribution of the CLS-
estimators is established in the result given below.

Theorem 3.1. The CLS-estimators are strongly consistent and asymptotically
normal, i.e.,

(3.2) V(6 —0) -5 N0, VWV,
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where V. and W are square matrices of order 3T defined by blocks of 3 x 3
given by

v 0 0 Q.4 0 0
0 v, ... 0 0 Qo ... 0

V = ] ) ] . and W = . . . . )
0 0 .. WU 0 0 . Qup

where

0 0
Wik = E [aeng(@w Xj“T‘l)aeT:jgj(ej’ Xj+sT—1)} ;

0 0
Qpy;j = E |:U72+ST({99ng(0j’Xj+ST_1)ael:jgj(9j’Xj+ST_1):|7

are the elements of the matrices W.; and Q.;,5 = 1,...,T, respectively, with
k1 € {1,2,3},] =1,...,T and 0]‘ = (91:]‘,92:]',93:]‘) = (OKE-I),O(;?),/\]'), are

the parameters associated to j-th period.

ProoOF. Consistency and asymptotic normality can be proved using the results
of Klimko and Nelson (1978, sec.3). It is easily checked that all regularity con-
ditions by Klimko and Nelson (1978, p. 634) are satisfied, and thus, by their
Theorem 3.1 it follows that the CLS-estimators are strongly consistent. Fur-
thermore, in proving asymptotic normality we have to check first conditions
(A)-(C) in Monteiro et al. (2012, p. 2725). To this extent, note first that con-
ditions (A) and (B) follow easily by the arguments given in Monteiro et al.
(2012). Finally, note that each block ¥.; of matrix V in (3.3) is defined as

(1, (1) (1), (1)

Rk (2)0 (2) qj@)ufz)
v = 0 5 m(j,z 95 Y )

e P

where
WSV = BIXj e Xjcrpar—a < 75] 6l = B[Xjo14er|Xjo14er—a > 1]
m{) = E [X;_1+3T|Xj—1+sT—d < Tj] m{? = E [X;—1+sT|Xj—1+sT_d > rj]
¢5" = P [Xjrer—a < 7] 4" i= P[Xjesr—a > 1]

Noticing that det|®.;| # 0, Vj = 1,...,T lead us to conclude that V is
invertible and condition (C) is thus fulfilled. Thus, Theorem 3.2 of Klimko
and Nelson (1978) is thereby satisfied implying that the CLS-estimators are
asymptotically normal. This concludes the proof. O
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3.2. Conditional maximum likelihood estimators. For a fixed value of g,
the conditional likelihood function for the PSETINAR(2;1,1)r takes the form

N—-1T
L(6) Ho Hlpj (Xjrs1 = Tjrsr| Xjo1157 = Tj—1457)
S= ]:
N—-1T
1 1 2 2
5H0ijJ (x] 14T Lj4sT, X ( )IJ( ) +Oé§- )IJ( ),)\j)

with
D) (zj—1+sT7Ij+sT7a§1)I](l) + 05‘2)[](‘2),>\j) =
ATi+sT—M

1)
(@jpsr —m)!

M* 2
— N Z Zcﬁf—“”ag-k)m (1 B a;k)> (Tj—14sT—m)

m=0k=1

1 1 2 2
Pj (fjflJrsTaijrsTaCé' )Ij(- )7>\j> +pj (xj71+sT,fL'j+sT»04§' )I]( ),Aj)
(2)

= P (@jortsrs Tipsr) )+ Dy (@187 TjrsT)
and M* := min(xj_14+s1, TjtsT)-
The CML-estimators

OcnL = (&ET)CML7OAZ§?)CML75‘LCML7 = O‘gl“l)CML’dg")CMLv)‘T,CML)v

are obtained by maximizing the conditional log-likelihood function

N-1T
1(0) = > > Inp; (Ij—1+sT,$j+sT,Oég»l)fj(»l) +a§»2)1§2),Aj) .

0j5=1

From the partial derivatives of first-order we obtain the set of systems

) R (k)
172 (.23 T — Tj_11sTQ )_
a;k)(l—ag.k)) Jts J SETg

s=0

N Dj (90] 14T LTjtsT — 1, a(l)f(l) 5'2)[]('2)7%) o

j ?
Dj (fcj—1+sT, Tj+sT> a§1)1§1) + ozg»Q)IJ(Q), )\j)

N=lp; (fﬂj71+sT7fﬂj+sT—17(1;1)13(-1)4-&;2)1;2),)\1)

1 22
s=0 Pj (Ij—1+sTa$j+sT70¢§1)IJ(- )-‘ra; )IJ( >7/\j>

=N
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fork=1,2and j=1,...,T. In order to solve those systems numerical proce-
dures have to be employed. Note, however, that the CML-estimates for the \’s,
are readily available from those for the a’s through the following expression

N—
1 .
NZ ('r]-i-sT ]C)’ML:CJ 1+9T) j=1...,T.
5=0
The following result establishes the consistency and the asymptotic distribution
of the CML-estimators.
Theorem 3.2. Let (X;) be the PSETINAR(2;1,1)r model in (1.1). The CML-

estimators are asymptotically normal, i.e

dgl) B agl)
(2 2
&y — g M; 0 0
A=A 0 M, 0
vn : &N(O,Ifl), where 1= ) ) )
) af) 0 0 .M
NERINC) T
T T
Ar — AT
is the Fisher information matriz with
3 2%1(0) B 2%1(0) B 2%1(0)
8(a§1))2 8a§1>8a§.2) 8a§.1)8/\j
91(6) 21(0) 21(0)
M= - {a&”aa@)} - [a(a@))z “Floa®on | |
J J J J J
0 | 20 5 {a%(e)]
I dalV oA, 9al?ax; 2%
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forj=1,....T, and
J
FE 6( (k) NZ ZP Jj+sT = (k)(l(k)){ |:(206j — l)b—aaj ] X
xpj(bla) +2(1 — (~k)))\]p] - 1|a)(k) + /\2173 (b— 2|a)(k)+

Py —1ja)®
+2(1 = af")p; (6 = 1) + Xpy (0 = 210) Y = N2 i — g

921(0) == *)
E[ | = e S =0 —pe- 10
J

9ol o),
(®)
o) oy PR = 1)
AJpJ( 2‘0‘) +)‘J p(b\a)(k) ’

:| + oo 400

2 *)
o #  Dpij(b—1a)
E{ oY N§ § P (Xjeor = b) {/\]pj(b 2la) ) — B 1

fork=1,2.

PROOF. In order to derive the large sample distribution of the CML-estimators,
we use the same arguments as in Franke and Seligmann (1993, pp. 324-325).
Note that the consistency and asymptotic distribution of the CML-estimators
for the INAR(1) process can be obtained by means of Theorems 2.1 and 2.2 in
Billingsley (1961, pp. 10-13). Since the innovation process is Poisson-distributed
the arguments used by Monteiro et al. (2010, 2012) for the periodic INAR of
order one and period T, PINAR(1)7, and the SETINAR(2;1,1) process can be
easily generalized for the SETINAR(2; 1, 1) with periodic structure. We omit the
details. (]

4. PoINT PREDICTION IN THE PSETINAR MODEL

In this section we consider the forecasting of future values X, ny74p, with
h = j + 1T, given past observations up through time i + N7, i.e,

(le7 oy Xy oo XieNT - - '7+Xi+NT)~

First note that by iterating equation (1.1) it follows that X; can be expressed
as

[

Xy H¢tg o X n+z H¢tg °oZy i+ Zy
=1 7=0
n—1

= BinoXent Y BrioZii

=0
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where, for t >

g, f Io®is >0 _ [ Bugbrp, i=j+ITj=1,....T
b 1,i=0 1,i=0 ’

leading to obtain

h—1
d
(4.1)  XiynT4h = BieNT4hh 0 XigNT + g Bit NT+h,m © Zit NT+h—m -

m=0

Since h = j 4+ IT, it follows that

T -1
d
XitNT+h = Bitjr (N+)T,j+iT © Xit NT + E Bitj+(N+)T,m © Zig j+(N+)T—m-

m=0

Due to the periodicity of 3’s, ﬂi+j+(N+l)T,j+lT = Bitj j+T = ﬂi+j7j/85—',T7 and
considering the relation

IT—1 -1 T—1
d l
g Bi+iT,m © ZjiT—m = E E BitiTmBr1 © Zjs (1—w)T—m>
m=0 w=0m=0

the expression in (4.1) takes the form

d
(4.2) Xisnt+n = (BitsjBrr) © Xisnt + Vigjpir

with

i—1 -1 T-1

Vitjtir i:E /Bi+j,mOZi+j—m+NT+§ E Bij+(N+DT,m+j+Tw © Lit (N+l—w)T—m -

m=0 w=0 m=0

In order to generate the h-step ahead prediction the mean, median or mode of
the predictive distribution of X; 1 n741| X4 N7 can be employed as a point fore-
cast. Note that the median and mode are considered as coherent (i.e., integer-
valued) predictions, whereas the mean is not. In order to evaluate the prediction
performance given by the mean, median or mode of the predictive distribution
we can use the square root of the mean squared error (RMSE), the mean
absolute error (MAE) or the loss function everything or nothing (LFEN), re-
spectively. Note that the h-step-ahead point predictor that minimizes the mean
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square error (MSE) is given by

Xignren = E[Xignrn|Xivn]
= E[(Bi+s.iBrr) © Xixnt| XiynT]

Jj—1
(1) (1) (2) (2)
+ Z Bitjm </\i+j—mpi+j—m + )‘i-i-j—mpi-i-j—m)
m=0

-1 T-1
+ Z Z 5i+j,m+j+Tw ()‘Elf)mpglf)m + /\gi)mpgi)m)
w=0m=0
with

1
pEJr)j—m = P (Xitjm+NT-1 < Titj—m);

2 1 . .
pgﬁj,m =1 —pgﬁj,m,z +j>m

pz(-l,)m = P (X (NtH—o)T—m—1 < Timm) ;

2 .
pz(-,)m =1 —pl(-,)m,z > m.

Turning now to the particular case h = 1, the one-step-ahead predictive func-
tion is given by

P(XjinT+1 = y|XjenT = )
AR

e 2 (k) )™ B = am ()T
A ()" (1-afth) e S

with )\yi)l = E[Z](i)NT+1}, k € {1,2}. Finally, from (4.2), the most commonly
used one-step-ahead predictor of X 741, takes the form

XjiNT+1 = (aﬁ_)lXjJrNT + /\5-21) P(XitnT < 7i41)

+ (a;i_)lXj_;,_NT + A;i)l) P(XisNT > Tig1)-
5. CONCLUDING REMARKS

This paper has presented the periodic self-exciting threshold integer-valued
autoregressive model of order one with period T, driven by a periodic sequence
of independent Poisson-distributed random variables. Basic probabilistic and
statistical properties of the model are established as well as parameter estima-
tion and forecasting.

We would like to stress here that an important issue when fitting PINAR models
lies with parsimony. Even every simple PINAR model can have an inordinately
large number of parameters. This is also true when dealing with PSETINAR
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models. Therefore, the development of procedures for dimensionality reduction
is an impeding problem. This remains a topic of future research.

(1]
2]

3]
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