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palavras-chave 
 

Fibra ótica, absorção, ótica não linear, mistura de quatro ondas, 
espalhamento de Raman, criptografia quântica, geração de fotões 
únicos e entrelaçados, estatística de fontes de fotões únicos. 

resumo 
 
 

As comunicações quânticas aplicam as leis fundamentais da física 
quântica para codificar, transmitir, guardar e processar informação. A 
mais importante e bem-sucedida aplicação é a distribuição de chaves 
quânticas (QKD). Os sistemas de QKD são suportados por tecnologias 
capazes de processar fotões únicos. Nesta tese analisamos a geração, 
transmissão e deteção de fotões únicos e entrelaçados em fibras óticas. 
É proposta uma fonte de fotões única baseada no processo clássico de 
mistura de quatro ondas (FWM) em fibras óticas num regime de baixas 
potências. Implementamos essa fonte no laboratório, e desenvolvemos 
um modelo teórico capaz de descrever corretamente o processo de 
geração de fotões únicos. O modelo teórico considera o papel das não-
linearidades da fibra e os efeitos da polarização na geração de fotões 
através do processo de FWM. 
Analisamos a estatística da fonte de fotões baseada no processo 
clássico de FWM em fibras óticas. Derivamos um modelo teórico capaz 
de descrever a estatística dessa fonte de fotões. Mostramos que a 
estatística da fonte de fotões evolui de térmica num regime de baixas 
potências óticas, para Poissoniana num regime de potências óticas 
moderadas. Validamos experimentalmente o modelo teórico, através do 
uso de fotodetetores de avalanche, do método estimativo da máxima 
verossimilhança e do algoritmo de maximização de expectativa. 
Estudamos o processo espontâneo de FWM como uma fonte 
condicional de fotões únicos. Analisamos a estatística dessa fonte em 
termos da função condicional de coerência de segunda ordem, 
considerando o espalhamento de Raman na geração de pares de 
fotões, e a perda durante a propagação de fotões numa fibra ótica 
padrão. Identificamos regimes apropriados onde a fonte é quase ideal. 
Fontes de pares de fotões implementadas em fibras óticas fornecem 
uma solução prática ao problema de acoplamento que surge quando os 
pares de fotões são gerados fora da fibra. Exploramos a geração de 
pares de fotões através do processo espontâneo de FWM no interior de 
guias de onda com suceptibilidade elétrica de terceira ordem. 
Descrevemos a geração de pares de fotões em meios com elevado 
coeficiente de absorção, e identificamos regimes ótimos para o rácio 
contagens coincidentes/acidentais (CAR) e para a desigualdade de 
Clauser, Horne, Shimony, and Holt (CHSH), para o qual o compromisso 
entre perda do guia de onda e não-linearidades maximiza esses 
parâmetros. 





 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 

  

keywords 
 

Optical fiber, absorption, nonlinear optics, four-wave mixing, Raman 
scattering, quantum cryptography, generation of single and entangled 
photons, statistics of single photon sources. 

abstract 
 

The quantum communications apply fundamental laws of quantum 
physics to encode, transmit, store and process information. The most 
successful and important application is the quantum key distribution 
(QKD). The QKD systems are supported by technologies capable of 
processing single photons. In this thesis we analyze the generation, 
transmission and detection of single and entangled photons in optical 
fibers. 
We propose a single photon source based on the classical four-wave 
mixing (FWM) process in optical fibers in a low power regime. We 
implement that source in the laboratory, and we develop a theoretical 
model able to correctly describe the process of generation of single 
photons. That theoretical model takes into account the role of fiber 
nonlinearities and polarization effects on the generation of the photons 
through the FWM process. 
We analyze the statistics of the photon source based on the classical 
FWM process in optical fibers. We derive a theoretical model capable of 
describe the statistics of that photon source. We show that the photon 
source statistics goes from a thermal one in a low power regime to a 
Poissonian in a moderate power regime. We validate experimentally the 
theoretical results, using avalanche photo-detectors, the maximum-
likelihood estimation method and the expectation-maximization 
algorithm. 
We study the spontaneous FWM process as a source of heralded single 
photons. We analyze the source statistics in terms of the conditional 
second-order coherence function, considering the impact of Raman 
scattering on the generation of the photon-pairs, and the loss during the 
evolution of the photon through a standard single mode fiber (SSMF). 
We identify appropriate regimes where that source is almost ideal. 
Optical fiber-based sources of photon-pairs provide a practical solution 
to the coupling problem that arises when the photon-pairs are obtained 
outside of the fiber. We explore the generation of photon-pairs through 
spontaneous FWM inside of waveguides with third-order electrical 
susceptibility. We describe the generation of the photon-pairs in a 
medium with non-negligible linear absorption coefficient, and we 
identified appropriates regimes for the coincidence-to-accidental ratio 
(CAR) and the CHSH inequality, for which the trade-off between 
waveguide losses and nonlinearities maximizes that parameters. 
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Chapter 1

Introduction

THE amount of Internet traffic transmitted over optical networks suffered a huge increase dur-

ing the last decade. This increase seems to continue considering the nowadays demand

for network services and faster download rates. In particular, services as businesses employing

Internet-based networks for banking, home banking, cloud computing and other related Internet

services are nowadays commonly used. This has made the security one of the most important is-

sues on the optical telecommunication networks. However, nowadays the security of the network

traffic is based on the limited computational power available [1]. Nevertheless, the continuous

increase of the number of interconnected computers around the world and the advances in grid

computing can, in principle, provide the necessary computational power needed to decipher the

protection schemes that we use everyday in Internet. Despite that, there exist a communication

protocol that is completely secure, the one-time pad protocol proposed in 1917 by Verman. In

that protocol, a plain-text is combined with a random key that is as long as the original plain-text

and used only once [1]. In 1949, Shannon proved mathematically that the Verman protocol pro-

vides perfect secrecy [2]. However, that protocol has serious drawbacks regarding its practical

implementation, namely requires a perfect random key, and the key must be used only once and

then must be discarded [1].

To solve the key distribution problem most of modern cryptographic systems adopt public

key cryptographic protocols, such as the Ron Rivest, Adi Shamir, and Leonard Adleman (RSA)

scheme. The RSA uses two different cryptographic keys: one public and one private [3]. The

public key is generated by the receiver (Bob) and sent to the message sender (Alice). Alice en-

crypt the message with the public key and send it to Bob, over an insecure public channel. The

RSA scheme was made in a such way that the encrypt message sent by Alice can only be decrypt

with the private key. However, there is no mathematical prove that this protection scheme is
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completely unbreakable. For instance, the RSA-155 with 155 decimal digit’s was already factor-

ized in 1999 [4]. Nowadays, 16 of the 54 RSA numbers were factorized, becoming obsolete that

algorithms. In 2009, it was announced the factorization of the RSA-768 number that contains

232 digit’s [5]. Since then, the recommendations for security have steadily grown from a few

hundred bits to 2048 bits length [6, 7], or even close to 15 kbits for certain operations that require

a high level of security [7, 8]. Nevertheless, the continuous increase of the computational power

and the number of networked computers will factorize bigger RSA numbers and in a shorter time

period.

In this context, the quantum cryptography, mainly the quantum key distribution (QKD), ap-

pears as a natural solution to the key distribution problem. Based on physics laws, QKD provides

a secure way to distribute random keys through insecure channels. Those keys can be applied in

encryption algorithms, such as the RSA, to enhance information security. In this case, the QKD

system allows the continuous refresh of the key used during the communication procedure. At

limit the QKD system can be seen as the Verman protocol, where each plain-text is combined

with a random key obtained from a QKD system and used only once. Moreover, QKD allows

the users to verify if there is an eavesdropper in the communication channel.

1.1 Quantum Key Distribution

Quantum information is a scientific area that exploits the quantum physics proprieties for coding,

transmit, store and processing information. Recently, this area has attracted enormous interest

due to the potential applications, such as quantum computation and cryptography. The first idea

of using the quantum physical fundamentals in cryptography was proposed by Stephen Wiesner

in the early 70’s [9]. That work was latter extended by C. Bennett and G. Brassard, and ap-

plied to the key distribution problem [10]. In 1984 C. Bennett and G. Brassard published the

first quantum protocol, the BB84, for application on QKD systems [10]. In 1989, the same au-

thors report the first experimental results regarding the implementation of the BB84 quantum

protocol [11]. A complete description of the BB84 protocol and the experimental apparatus

used in [10] was latter presented in [12]. In that work, [12], authors also study the impact of an

eavesdropper on the generation of the quantum key. Nowadays, several companies have brought

QKD into the commercial market. There devices are based in the ”plug & play” configurations,

mainly commercialized by Id Quantique in Switzerland, MagiQ in USA, SecureNet in France,

and QuintessenceLabs in Australia.

The security of the BB84 protocol is based in theorems and principles that the quantum
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Figure 1.1: Schematic representation of the BB84 quantum protocol.

physics establish, such the no-cloning theorem and the Heisenberg uncertain principle [1]. The

no-cloning theorem states that we can not duplicate an unknown quantum state, whereas the

Heisenberg uncertain principle states that we can not simultaneously measure the polarization

of a photon in the vertical-horizontal basis and simultaneously in the diagonal basis [13]. This

means that we can’t measure a quantum system without disturbing it. From the quantum infor-

mation point of view, this means that we can verify if there was an eavesdropper in the quantum

channel during the key exchange process from the measurement results [1, 13]. In this scenario

the eavesdropper will perturb the physical system that carries the key, and there will be no agree-

ment between the data used by the key sender and the measurements obtained by the receiver. In

that sense, the security of the BB84 can be proved mathematically [1, 13].

The BB84 protocol enables two legitimate users, typically known as Alice and Bob, to pro-

duce and share a secret key, see Fig. 1.1. In this protocol, Alice and Bob must be connect by

a quantum and a classical public channel. Usually the quantum channel is an optical fiber or a

free-space link. It is assumed that the quantum channel can be insecure, and the classical channel

is authenticated (a channel where the eavesdropper can listen but cannot interfere). In Fig. 1.1

it is presented a schematic representation of that protocol with photon polarization states. In

1992, C. Bennett noticed that in principle only two nonorthogonal states are need to implement

a QKD system. That new protocol is known as B92 [14]. In the B92 protocol, instead of Alice

using four polarization states, she uses only two. From an experimental point of view, the B92

quantum protocol is more simpler to implement than the BB84. The drawback of this protocol is
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the fact that in a real scenario the quantum channel has some optical losses, and an eavesdropper

can make use of that to break the security of the protocol. In that case, Alice and Bob would

have to monitor the attenuation of the quantum channel [13]. Although only two nonorthogonal

states are enough for QKD purposes, in 1998 a six states protocol was proposed [15]. The six

state protocol uses three basis which leads to an increases on the security of the key exchanging

process, due to the fact that an eavesdropper will introduce an error of 33% in the quantum sys-

tem. However, the probability that both Alice and Bob choose the same basis is only 1/3 [13].

Motivated by the work performed by C. Bennett and G. Brassard in the BB84 protocol, other

variations of that protocol were suggested. A special variation includes the possibility of imple-

ment a QKD system using entangled qubits pairs. This idea is due to A. Ekert that proposed a

protocol based on Einstein, Podolsky and Rosen (EPR) pairs, the Ekert91 [16]. In that protocol,

a source produces polarization entangled photon-pairs and sent one for Alice and another for

Bob. Alice and Bob perform a set of measurement of the incoming photons by randomly and

independently choosing the polarization basis among a set of angles [16, 17]. After that, they

announce the polarization basis that they have used to perform the measurement, and derive a

key from the measurements. The security of this protocol is obtained by testing the Bell’s in-

equalities, which guarantees that the photons where not measured before [13, 16, 17]. A simpler

version of the Ekert91 protocol that avoids the Bell’s theorem was proposed in [18], the BBM92

quantum protocol. In that protocol, Alice and Bob receive one photon from a polarization entan-

gled source and randomly select one of two conjugates basis, rectilinear or diagonal, to measure

their incoming photons. When they use the same basis they will obtain the same result, and when

their choice is different they obtain different results [13, 17]. Due to the quantum correlation of

the photon-pairs, empty pulses are removed in this protocol [17].

1.2 Experimental Implementations of QKD Systems

In a quantum cryptographic system, the information that we want to transmit is encoded in one

of the degrees of freedom of the single or entangled photons, such as polarization or phase.

Polarization encoding appears as a natural way of encoding the information since it is easy to be

controlled, analyzed, and requires only passive optical components. However, in optical fibers

due to the random evolution of the polarization state inside the fiber, usually phase encoding is

much simpler to implement in a real scenario. In that case, Mach-Zehnder interferometers are

used to generate different phase shifts between the two arms of the interferometer.
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1.2.1 Few-Photon Emitters and Receivers for QKD Systems

Most of the QKD protocols demand single or few-photon sources. However, true single pho-

ton sources (typically known as on-demand sources or photon guns) are very complex to realize

since must of them demands cryogenic temperatures or be operated in vacuum. Examples of true

single photon sources are implemented based on quantum dots and quantum wells, single atoms

or molecules, single ions and color centers [19]. Typically, those single photon sources use an

external control systems, such as a laser, to put the quantum system in an excited state, that will

emit a single photon during the relaxation process [19]. Although this kind of source allows to

obtain true single photon sources, they also demand the manipulation of quantum systems. Due

to that, they are difficult to implement and not easily integrable with other components of the

communication system. A different approach to obtain a single photon source is based on the

generation of quantum correlated photon-pairs in a nonlinear material. In this case, one photon of

the pair heralds the presence of the other photon [20]. This kind of sources are known as heralded

single photon sources, and uses a laser and a χ(2) or χ(3) material to obtain photon-pairs [20].

Nevertheless, due to the probabilist nature of the nonlinear process that give rises to the photon-

pairs, this source is not on-demand source. However, they are much simple to implement when

compared with true single photon sources. Although some applications on the field of quantum

information demand true single photon sources, there are other applications which requires only

weak coherent light fields, such as QKD [13, 21]. Those kind of sources are very simple to

obtain and implement in real world applications. A simple example is a highly attenuated laser

source [13]. Moreover, that probabilistic single photon source is fully integrable with nowadays

communication technologies, and could operate at very high repetition rate.

A different class of quantum protocols demands entangled photon sources. The firsts sources

of entangled photons were based on atomic cascades of calcium or mercury atoms [22]. How-

ever, that pioneer method to obtain entangled photon pairs is very complex to manipulate, and

collect the emitted pairs is very difficult, since the photons are emitted randomly to a whole

solid angle [22]. A different approach to obtain entangled photon pairs uses a laser source and

a nonlinear crystal. In a χ(2) nonlinear crystal the photon pairs are obtained through the spon-

taneous parametric down conversion (SPDC) process [22]. In that nonlinear process a photon

from a laser source is annihilated and two new photons are created (typically known as sig-

nal and idler photons), such that the energy and phase matching conditions are fulfilled [23].

Higher-order nonlinear processes are also applicable to obtaining entangled photon pairs. In that

sense, materials with χ(3) nonlinearities can also be used to generated entangled photons through
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the spontaneous four-wave mixing (FWM) process [24]. In that nonlinear process, two photons

from a laser source are annihilated and two new photons are created [25]. In this case, the entan-

gled photons pairs can be generated inside of an optical fiber, since the strong spatial-temporal

confinement of the light in those waveguides, and the presence of a zero-dispersion frequency

enhance the efficiency of the spontaneous FWM process [22, 25].

Encoding information in pulses with single or few-photons brings another challenge, the de-

tection of those pulses. The difficulty arises from the fact that the photon energy is of the order of

10−19 J, and the detector after receiving a photon typically convert that energy in a macroscopic

current [19]. The single photon detectors are typically divided in two main categories, depend-

ing if they are capable (or not) to discriminate the number of photons that arrives to the detector.

Nowadays, there are commercial available non-photon resolving detectors, mainly for QKD ap-

plications. There are several approaches to obtain that kind of detector, such as photomultiplier

tubes, quantum dots with field effect transistors, superconducting nanowires, up-conversion pro-

cesses, and avalanche photo-diodes [19]. The most common for QKD applications at telecom

wavelengths is the single photon avalanche photo-diodes working in the Geiger mode. This kind

of detector works at temperatures of 210 K to 250 K, with a detection efficiency of 75% in the

visible spectral region and 10% in the infrared one [19, 26]. The outcome of this detector is a

click, independently if one or more photon reaches the detector.

Although, non-resolving single photon detectors can be used in some applications of quan-

tum information science, others applications demand photon number resolving (PNR) detectors,

such as quantum computation. The most common PNR detectors are based on superconducting

tunnel junctions, quantum dots with field effect transistors, parallel superconducting nanowires,

superconducting transition edge sensors, visible light photon counters, and time-multiplexed or

arrays of avalanche photo-diodes [19]. A different approach uses only a single avalanche photo-

diode in conjugation with a self-differencing circuit, which allows to measure small currents at

the beginning of avalanche process [27]. More recently, authors divided electrically the area of

the single avalanche photo-diode into smaller zones, maintaining the self-differencing circuit.

With that, they were able to discriminate until four photons in a single pulse [28]. Since detec-

tors based on avalanche photo-diodes are nowadays a mature technology, this approach for PNR

detectors is promising for practical implementations.
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1.2.2 Polarization Encoded QKD

The first QKD system implemented experimentally was reported in [11], over a 30 cm free-space

link. Since them, many progresses were made in this research field. Typically in the BB84 pro-

tocol, Alice’s system consists of four strongly attenuated lasers polarized at 0◦, 90◦, 45◦, and

-45◦, that emits a very low average number of photons per pulse, of the order of 0.1 [13, 29]. It

is essential that the photons polarization be the same at quantum channel input/output, for Bob

be able to extract the information encoded by Alice. Bob randomly selects the polarization basis

with a symmetric optical coupler, and analyze the photons in rectilinear or diagonal basis with

the use of polarization beam splitters (PBSs) [13, 29]. Nevertheless, implementations of polar-

ization encoding QKD systems in optical fibers faces mainly two difficulties: (1) the polarization

mode dispersion (PMD); (2) the fiber intrinsic birefringence [30]. The first difficulty, PMD,

is due to the fact that in the fiber the fundamental mode has two orthogonal polarizations with

different group velocities. This phenomenons tends to depolarize the light, since PMD leads to

a spread or overlap of the light between the two orthogonal polarization modes [30, 31]. The

second difficulty, the fiber intrinsic birefringence, arises from the random change of the fiber

birefringence along the fiber length. This result in a random coupling between the polarization

axis, which produces an instability of the state of polarization of the light at the output of the

fiber [30, 31]. This difficulties can be overcome with the use of manual or electronic polariza-

tion controllers (PCs) [32]. Nevertheless, for both high speed and long transmission systems the

compensation of the polarization rotations inside the fiber can only be obtained with an active

real time polarization control scheme based on electronic polarization controllers (EPCs) with a

feedback system [33].

After the pioneer work [11], subsequent studies have been mainly focused on solutions for

the development of long-distance fiber optics QKD systems, and for the increase of the gener-

ation rate of quantum keys. In the early 1990s, the 30 cm of free space link used in [11] was

replaced by an optical fiber with length of 1 km [34]. After successful implementations in labora-

tory, QKD systems have evolve to real word implementations. The first real world scenario was

reported in [35] over 23 km of optical fiber installed under Lake Geneva, Swiss. In that work, the

receiver measured a quantum bit error rate (QBER) of 3-4% [35]. The random polarization ro-

tations that occurs inside the fiber were compensated using a manual PC at the fiber output [34].

The generation rate of quantum keys also suffered a high increase, from a few kbits/s [34] until

some Mbits/s [36, 37]. Moreover, the clock frequency that Alice transmit bits to Bob can be

nowadays of the order of 2 GHz, maintaining the QBER below 10% [37–39]. Nevertheless,
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due to the random polarization rotations of the photons inside the fiber the transmission distance

were kept below the 10 km. In order to overcome that difficulty, two active polarization control

schemes were proposed using in both cases a feedback polarization control scheme based on

EPCs: (1) a time domain multiplexing (TDM) technique; (2) a wavelength-division multiplex-

ing (WDM) compensation method. In the TDM technique the quantum communication between

Alice and Bob is interrupted in order to Alice sent to Bob two nonorthogonal reference signals

for polarization control and analysis. The optical intensity of the reference pulses will gave to

Bob the variation of the state of polarization (SOP) imposed by the optical fiber. With that infor-

mation Bob can compensate that transformations using an EPC. Using the TDM compensation

scheme it was possible implement the BB84 protocol over distances of 75 km [40]. In the WDM

compensation method, besides the quantum channel, it is sent to the optical fiber two wavelength

distinct nonorthogonal reference signals [41]. The remain procedure is the same that used for

TDM. Although the WDM method avoids interruption of the quantum communication system,

which allow a high generation rate of the quantum key, the polarization correlation between the

quantum and classical signals at different wavelengths is lost after few kilometers [33]. Never-

theless, with this two polarization control schemes it is possible to implement polarization based

QKD systems within a long-term operation. Recently, in [42] was described a different approach

to compensate the random polarization rotations in the fiber. In that work, the measured QBER

value is used to adjust the EPC at optical fiber output. In this case, no reference optical signals

are needed since this method applies a feedback software based control scheme [42].

1.2.3 Phase Encoding QKD Scheme

In this scheme, Alice and Bob sides are composed by two an unbalanced interferometers, and

they apply different phase shifts between the two arms of the interferometer. The use of un-

balanced interferometer by Alice allows to encode the quantum key in the phase of single pho-

tons [13]. When photons choose the combination short path in Alice side and long arm on Bob

interferometer (or vice versa) the photons will produce interference, and then Alice and Bob can

exchange the key using the phase of the photons. Alice can apply one of four phase shifts in its

interferometer 0, π/2, π, 3π/2. Bob performs the basis choice by randomly applying a phase

shift of 0 or π/2. When the phase difference is 0 or π, Alice and Bob have used compatible basis,

and they obtain deterministic results. When the phase difference is π/2 or 3π/2 the basis are

incompatible and the photon in the Bob side randomly chooses one of the two coupler ports [13].
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The first systems based on phase encoding were proposed in [43, 44]. Both prototypes were

implement over 10 km of optical fiber. Subsequent studies extend the distance over which it is

possible to distribute quantum keys. In [45] a distance of 30 km was reported with a QBER

smaller than 4% [45]. Nevertheless, due to thermal drifts the unbalanced interferometers at Al-

ice and Bob sides tend to misaligned every few seconds [45]. However, in [46] was presented a

QKD system using phase encoding photons over 23 km of installed optical fiber with an inter-

ferometer that does not need alignment or polarization control. In that work [46], authors used

an interferometric system with Faraday mirrors. With that, the phase coding setup at Alice side

does not need alignment of the interferometer. A QKD system that does not need any adjust-

ment in the interferometers used by Alice and Bob is known as ”plug & play” [47]. The ”plug

& play” configuration was described in [47]. An improved version of the QKD system in [47],

where the reflections on the interferometer were removed was described in [48]. Both proto-

types [47, 48] were tested over 23 km of optical fiber. After, the phase encoding QKD system

was tested in a WDM scenario where the quantum signal shares the same fiber with classical

data signals [49]. In that work, a 1300 nm quantum signal was added to a classical data optical

signal at 1550 nm over 28 km of optical fiber. Results showed no significant degradation on

the QBER of the quantum signal [49]. Nevertheless, the minimum value of the loss in standard

single mode fibers (SSMFs) is in the third telecom window around 1550 nm, and this translates

into a possible of 50% increase in transmission distance of the QKD system, when compared

with the 1300 nm window [25, 50]. In [50] it was reported the implementation of an interfero-

metric quantum cryptographic system for a transmission distance up to 40 km, with a QBER of

the order of 9%. After, in this new telecom window for QKD, a distance exceeding 100 km was

reported in [51]. This achievement required a careful optimization of the interferometers and

the single photon detector module (SPDM) [51]. Nowadays, distances longer than 200 km were

already achieved [52, 53].

A real world experiment was performed in [54] over 67 km of installed optical fiber between

two Swiss cities, Geneva and Lausanne, using the 1550 nm telecom window. In that work, au-

thors develop a QKD prototype that fits into two 19 inch boxes (48.3 cm), one for Alice and

one for Bob. The QBER measured in that work was about 6% [54]. More recently, the coexis-

tence between quantum and classical signals all at 1550 telecom window was studied [55, 56].

Although the fiber nonlinear impairments tends to degrade the QBER of the quantum system,

mainly for long transmission lengths, results have shown that even for fiber lengths of 90 km it

is possible to obtain a QBER smaller than 8% [55]. This can allow to bring the QKD system to

the classical optical network, instead of the need for a dedicated dark optical fiber exclusively
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reserved for the quantum channel [56].

1.2.4 Entanglement Based QKD

Motivated by the work performed by A. Ekert [16], three research groups independently demon-

strated quantum cryptography with entangled photons [57–59]. For implementations of QKD

systems with entangled photon-pairs the information can be encoded in one the of degrees of

freedom of the pairs such that polarization [57, 58], energy and time [59], orbital angular momen-

tum [60], or time-bin entanglement which is a special case of energy-time entanglement [61].

The first implementations of cryptographic systems with entangled photons were reported

in [57–59]. In these works, the entangled photon pairs were obtained through the SPDC process

in a nonlinear crystal, where both photons of the pair have the same frequency. In [57] the pho-

tons were distributed over 500 m of optical fiber with Alice and Bob are separated by 360 m. The

quantum cryptography system was based on the polarization of the photon pairs [57]. In [58],

the cryptographic system was implemented over a short free space link, and Alice and Bob were

separated by few meters. In that work [58], authors also use polarization entangled photon pairs

from SPDC in order to encode the quantum key, and they continuous cheeked the presence of

an eavesdropper by measuring Bell’s inequalities. Finally, in [59] was reported a quantum cryp-

tography system based on energy-time entangled photon pairs, in a back-to-back configuration.

In that configuration the QBER measure was smaller than 4%. Moreover, introducing a 6 dB

of loss, equivalent approximately to 20 km of optical fiber, the QBER increased only 1% [59].

Immediately after, a detailed analysis of quantum key distribution employing energy-time en-

tangled states was reported in [62]. The quantum key was distributed over 8.5 km of optical

fiber with a QBER of the order of 8.6%. After these first experimental demonstrations, it was

presented a complete QKD system using energy-time entangled photon pairs over a 30 km of

SSMF [63]. The obtained QBER was smaller than 11%. In [64] was tested the fidelity of a QKD

system based on polarization entangled photon-pairs in a WDM link. The quantum signals and

the synchronization classical signal gating the single photon detector were multiplexed in the

same optical fiber with 27 km of length [64]. Moreover, in [65] was demonstrated the possibility

of distributing entangled photon-pairs over 100 km of fiber length. Recently, was reported an

entanglement-based QKD experiment over 100 km of optical fiber [66]. In that work, authors

measure a QBER of 9.1% with a key rate of 0.15 bit/s. Nowadays, the distance over which the

entangled photon-pairs can be distributed is higher than 200 km [67, 68].

In 2004, was performed a pioneer experience using polarization entangled photon-pairs [69].
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In that work, they implement a QKD system based on photon-pairs in a real world scenario. In

Vienna, a secret key was distributed over 1.45 km long installed fiber, between a bank and the

City Hall.

1.2.5 Continuous Variables QKD Systems

Most of the QKD protocols encode the key information in one of the degrees of freedom of in-

dividual photons. In that sense, the quantum information used in that protocols is discrete, i.e.

described by qubits [13]. Recently, an alternative approach to discrete QKD has been suggested,

which is based on continuous variables (CVs) [70]. An example of continuous variables (CVs) is

the quantized harmonic oscillator (position and momentum), or the different degrees of freedom

of the electromagnetic field, such as phase and amplitude [71, 72]. This new approach to QKD

has been suggested in order to replace the single photon detectors (with low quantum efficiency)

with standard telecom detectors, which are faster and more efficient [73, 74]. Moreover, con-

tinuous variable quantum key distribution (CVQKD) protocols can be implemented with weak

coherent light fields, which are easy to generate and to practically implement [21]. CVQKD pro-

tocols can encode the key information on both quadratures or in the Stokes parameters of a light

pulse. Nevertheless, CVQKD protocols demands homodyne or heterodyne detection schemes

instead of direct detection used in most of discrete QKD systems [13, 71]. In CVQKD sys-

tems the security of the key generation process is ensured by the non-cloning theorem and the

Heisenberg uncertain principle [71, 74]. Due to that, it isn’t possible to measure simultaneous

the exact value of both quadratures or a pair of Stokes parameters of a light field, since they are

non-orthogonal states, so their commutator is a non-zero value [72, 75]. In that case, an eaves-

dropper can’t determine the prepared non-orthogonal state. When compared with the discrete

QKD scheme, detecting different quadratures or Stokes parameters in CVQKD corresponds to

measuring single photon states in two distinct non-orthogonal basis [13, 72, 73]

The first CVQKD protocols were proposed by Ralph [70], Reid [76], and Hillery [77]. Those

protocols were based on discrete modulation of Gaussian states, since a CV encodes a discrete

key [78]. In [70] was considered two variations of this protocol: (1) an implementation with a

bright coherent state; (2) an entanglement based scheme. In [76] and [77] authors focus on the

use of squeezed states rather than in coherent states. Subsequent studies were enable to present a

continuous Gaussian modulation based protocol [78]. In that protocol both the key and the carrier

are continuous. In 2002, Grosshans and Grangier [21] proposed a protocol based on Gaussian

modulated coherent states. The security of the protocol is based on the fact that coherent states
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are non-orthogonal. Since coherent states are much simply to generate in comparison with en-

tangled states, the protocol proposed in [21] opened the door to experimental implementation of

CVQKD systems based on coherent states, in both laboratory and real field tests.

Recently, the coherent state protocol [21] was implemented experimentally using homodyne

detection and reverse reconciliation [79]. This protocol starts with Alice generating random

two-dimensional Gaussian distribution with variance VA. After, Alice send to Bob the coherent

state, and he chooses randomly the quadrature to be measured with a homodyne detector. Later,

Bob informs Alice (over a public channel) about which quadrature he perform the measure-

ment. After repeat these steps many times, both Alice and Bob share two correlated Gaussian

variables, that they can use to obtain a key. In this practical implementation [79] was used re-

verse reconciliation instead of direct due to the fact that, reverse reconciliation allows to both

users Alice and Bob distribute security keys beyond the 3 dB channel loss limit of the direct

reconciliation protocol [79, 80]. Subsequent studies demonstrated the feasibility of CVQKD

over optical fibers [81–85]. Moreover, it was already presented a prototype that implement a

CVQKD system over optical fibers [86]. That prototype was tested in the network developed

by SECOQC [86, 87]. Recently, was implemented a point-to-point communication link between

the cities of Massy and Palaiseau, France [88]. The quantum keys were generated through the

implementation of a CVQKD system, and was operational during six months over a fiber link

of 17.7 km. The quantum keys were used to refresh a classical symmetric encryption system.

A different strategy to beating the 3 dB loss limit of the quantum channel was proposed in [89].

In the post-processing stage of the CVQKD system, instead of using reverse reconciliation au-

thors proposed the use of post-selection protocol [90]. Using this post-selection protocol, it was

implemented a CVQKD system using the Stokes parameters as encoding variables [75]. This

avoids the use of a local oscillator to perform homodyne detection [75]. Recently, was reported

the implementation of a CVQKD system over 80 km of optical fiber [91].

The fact that Bob uses homodyne detection in all of the previous protocols, implies that half

of the data generated by Alice is discarded. In order to overcome that drawback was proposed

a protocol, known as non-switching protocol, that uses heterodyne detection instead of homo-

dyne [92]. In that case, Bob measures the two conjugate bases simultaneously. This provides

higher secret key rates and bandwidths compared with protocols based on homodyne detection

schemes [92]. The non-switching protocol was implemented in [93], using post-selection strat-

egy for key distillation. Nevertheless, since heterodyne detection typically uses a beam splitter

at detection stage, the simultaneously quadrature measurements are more noisier than the single
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result of the homodyne strategy.

1.3 Thesis Objectives and Outline

This thesis is intended to provide a comprehensive study of the physical layer of a QKD system.

In that context, the main goal of this thesis is to study the generation and transmission of single

and entangled photons in optical fibers for QKD applications. As such, the work was carried out

targeting the following objectives:

1. Study of new processes that can lead to the development of novel few-photon sources for

QKD applications. We also intend to develop new theoretical models capable of describe

the generation rate of photons. Finally, we intend to access to the photon number distribu-

tion of the photon source.

2. Study the robustness of a quantum channel in a multi-wavelength lightwave system. We

intend to access the robustness of the quantum channel in a real world scenario, where the

quantum channel share the optical fiber with others classical signals. With this study we

expect to contribute for the insertion of the quantum channels in the optical networks that

are implemented nowadays, employing only C-band WDM technology.

3. Quantify the limitations on the propagation and generation of quantum correlated photon-

pairs in optical fibers. We intend to develop a theoretical model that will describe the

impact of fiber loss on the propagation of single photons in optical fibers. We also intend

to study the role of absorption on the generation of entangled photon-pairs. With this work

we expect to find solutions that overcomes the limitations imposed by the fiber absorption

coefficient.

The thesis is divided into nine Chapters, organized as follows:

• Chapter 2 provides a mathematical derivation of the general formalism used throughout

this thesis. The classical and quantum version of the generalized nonlinear Schrödinger

equation (GNLSE) is presented. The two formalisms are used to describe the propagation

of optical fields inside a χ(3) optical waveguide.

• Chapter 3 considers the generation of few-photons through the stimulated FWM process in

optical fibers, with the focus on the role of the nonlinear contribution to the phase matching

condition, and the polarization effects. The photon source is modeled theoretically, and is
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experimentally validated through the implementation of the stimulated FWM process in a

low power regime inside a dispersion-shifted fiber (DSF). The average number of photons

per pulse generated inside the DSF is measured using an avalanche photo-detector.

• Chapter 4 analyses the impact of the stimulated Raman scattering (SRS) on classical pro-

cess of FWM in high birefringent (HiBi) optical fibers. The influence of the SRS on FWM

is analyzed considering the single- and dual-pump configurations, for several different

pump polarization schemes. After, the theoretical model for the dual-pump configuration

is extended in order to consider the generation of two idler waves inside a HiBi optical

fiber through three FWM processes.

• Chapter 5 deals with photon statistics of the few-photon source based on the classical pro-

cess of FWM. The statistics of the source is quantified using the second-order coherence

function. After obtaining a theoretical model for the source statistics, are presented results

considering two case: (1) the idler wave is fully generated inside the fiber; (2) there exist

a low power optical field at fiber input, and idler photons are generated at that field. The

theoretical model is validated experimentally using avalanche photo-detectors assisted by

the maximum-likelihood estimation method and the expectation-maximization algorithm.

• Chapter 6 analyses the spontaneous FWM process as a heralded single photon source.

After modeling the spontaneous FWM in optical fibers, the quality of the source is studied

using the conditional second-order coherence function. Two scenarios are analyzed: (1)

a back-to-back configuration; (2) there exist a SSMF between the heralded single photon

source and the detection stage.

• Chapter 7 considers the generation of quantum-correlated photon pairs through sponta-

neous FWM in χ(3) waveguides, with non-negligible loss parameter. The impact of linear

loss on the generation of signal and idler photon pairs is analyzed in terms of the Cauchy-

Schwarz inequality, and in terms of the Clauser, Horne, Shimony, and Holt (CHSH) in-

equality.

• Chapter 8 considers the generation of polarization entangled photon pairs through spon-

taneous FWM in χ(3) waveguides, with high nonlinear coefficient and non-negligible loss

parameter. The trade-off between waveguide losses and nonlinearities is analyzed in terms

of the CHSH inequality.
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• Chapter 9 summarizes the main results obtained in this thesis, and presents suggestions for

future work.

Besides that nine Chapters, this thesis also comprises a List of Acronyms, a List of Figures, and

a List of Tables. A global List of Symbols is not included due to the large number of symbols

present in the thesis. The symbols used in the equations are defined in each Chapter.

1.4 Main Contributions

In the author opinion, the main achievements reported in this thesis are the following:

• Proposal of a new few-photon source based on the classical process of FWM. The source

was implemented experimentally [94, 95], and theoretically modeled considering linear

and nonlinear processes that occur simultaneously with the FWM inside the fiber [96, 97].

The photon source was used to transmit polarization encoded photons through a 20 km

of SSMF [98, 99]. After the transmission we decode correctly the information at receiver

stage using two single photon detector modules (SPDMs) [98, 99]. We describe the photon

statistics of the single photon source [100–102], and we model the impact of the FWM

process in a co-propagating quantum channel [100, 102].

• Detailed characterization of a heralded single photon source based on the spontaneous

FWM process. We analyze the statistics of the source in terms of the conditional second-

order coherence function. We identify regimes for the pump power and frequency that

minimizes the conditional second-order coherence function, which allow us to obtain an

almost perfect single photon source [103]. Moreover, we consider the presence of noise

photons from the Raman scattering process and from a room temperature absorption reser-

voir [103].

• Modeling the impact of the fiber absorption and nonlinearities on the generation of quan-

tum correlated photon pairs in optical fibers [104, 105]. It is shown that a strong violation

of the CHSH inequality happens for moderate values of nonlinear fiber parameter and for

high values of loss coefficient. This result can help to guide the implementation of on-chip

quantum technologies. We use the spontaneous FWM process and implement a source of

polarization entangled photon pairs. We test the CHSH parameter in optical fibers, and we

observe a violation of the CHSH inequality for a fiber with length 150 m and a nonlinear

parameter of 10 W−1km−1 [106, 107].
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Chapter 2

Low-Power Signal Propagation in χ(3)

Optical Waveguides

THE propagation of low-power signals in optical fibers requires a detailed analysis of the gen-

eralized nonlinear Schrödinger equation (GNLSE) in its classical and quantum versions.

In this Chapter, we derive the classical GNLSE which describes the evolution of optical fields

inside a fiber. Besides that, to deal with low-power optical signals we introduce the quantum

version of the GNLSE, that considers the particle nature of the photons, as well the background

noise reservoirs. This Chapter provides a general theoretical formalism which underlies all the

topics covered in this thesis.

This Chapter is organized as follows: In section 2.1 we derive the classical GNLSE, and we

discuss the linear and nonlinear parts of the induced polarization in the dielectric medium. Sec-

tion 2.2 considers the theory of pulse propagation in a quantum regime, where the optical signal

contains only few-photons. We also discuss the fundamental noise properties associated with the

propagation of low-power optical fields in optical fibers.

2.1 General Nonlinear Wave Propagation Equation

The propagation of optical fields in fibers is governed by the Maxwell’s equations. For a non-

magnetic medium without free charges or currents, such as an optical fiber, the equation that

describes the propagation of the electric field in the fiber, known as the wave equation, is given

by [1, 2]

∇
2E− 1

c2
∂2E
∂t2 = µ0

∂2P
∂t2 , (2.1)
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2.1 General Nonlinear Wave Propagation Equation

where E is the electric field vector, c = (ε0µ0)
−1/2 is the speed of light in vacuum, µ0 repre-

sents the vacuum permeability, ε0 is the vacuum permittivity, and t is the time. In (2.1), P is

the induced electric polarization, and considers the material response due to the presence of an

electromagnetic field.

We assume that the optical field is quasi-monochromatic. This assumption, also known as

the slowly varying envelop approximation (SVEA), is valid whenever the spectral spread ∆ω of

the field is much smaller than its central frequency, ω0. With that assumption, the electric field

can be written as [1, 2]

E(r, t) =
1
2
[x̂Ex(r, t)+ ŷEy(r, t)]e−iω0t + c.c. , (2.2)

where x̂ and ŷ are the polarization unit vectors, c.c. denotes the complex conjugate, Ex(r, t) and

Ey(r, t) are the two polarization components of the slowly varying envelope in the linear basis,

and r represents the space coordinates. The optical field is propagating along the z axis with an

unchanging transverse profile [1, 2].

The induced polarization P is typically a complicated function of the electric field. Neverthe-

less, such dependence can be studied by expanding the induced polarization in a Taylor series as

a function of the electric field strength [1, 2]

P(r, t) = P(1)(r, t)+P(2)(r, t)+P(3)(r, t)+ . . .= PL(r, t)+PNL(r, t) , (2.3)

where P(1)(r, t) represents the linear contribution, PL(r, t), and the other terms account for the

second, third, and higher order nonlinear effects, represented by PNL(r, t) in (2.3). The mate-

rial response of the fiber can also be separated into its slowly varying envelope and its rapidly

oscillating carrier frequency [1, 2]

P(r, t) =
1
2

{
x̂
[
P(1)

x (r, t)+PNL,x(r, t)
]
+ ŷ
[
P(1)

y (r, t)+PNL,y(r, t)
]}

e−iω0t + c.c. . (2.4)

2.1.1 First-Order Linear Polarization

The linear contribution for the total induced polarization, assuming that the electric-dipole ap-

proximation is valid and the material response is local, can be written as [2]

P(1)
i (r, t) = ε0

+∞∫
−∞

∑
j

R(1)
i j (t− τ)E j(r,τ)eiω0(t−τ)dτ , (2.5)
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2.1 General Nonlinear Wave Propagation Equation

where R(1)
i j (t−τ) is the linear response function of the fiber, with {i, j = x,y}. We have assumed

that R(1)
i j (t − τ) obeys the causality condition R(1)

i j (t − τ) = 0 for t < τ. Equation (2.5) can be

transformed into the frequency domain by introducing the Fourier transforms

E j(r, t) =
1

2π

+∞∫
−∞

Ẽ j(r,ω−ω0)e−i(ω−ω0)tdω , (2.6)

Ẽ j(r,ω−ω0) =

+∞∫
−∞

E j(r, t)ei(ω−ω0)tdt , (2.7)

where ω represents the optical frequency. In that case, the linear induced polarization can be

written as

P(1)
i (r, t) =

ε0

2π

+∞∫
−∞

∑
j

χ̃
(1)
i j (ω)Ẽ j(r,ω−ω0)e−i(ω−ω0)tdω , (2.8)

where we have introduced an explicit expression for the linear susceptibility given by [2]

χ̃
(1)
i j (ω) =

+∞∫
−∞

R(1)
i j (τ)eiωτdτ . (2.9)

Equation (2.8) gives the time-varying polarization in terms of the frequency components of the

applied field and the frequency dependent linear response function. The linear polarization can

be obtained in frequency domain by applying the Fourier transform to (2.8)

P̃(1)
i (r,ω−ω0) = ε0 ∑

j
χ̃
(1)
i j (ω)Ẽ j(r,ω−ω0). (2.10)

The linear susceptibility, χ̃
(1)
i j (ω), is in general a complex function and its real and imaginary

parts can be related to the refractive index n(ω) and the absorption coefficient α(ω) by the rela-

tions [1, 2]

ni(ω) = 1+
1
2

Re
[
χ̃
(1)
ii (ω)

]
(2.11)

αi(ω) =
ω

nc
Im
[
χ̃
(1)
ii (ω)

]
, (2.12)

where Re and Im stand for the real and imaginary parts, respectively.
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2.1 General Nonlinear Wave Propagation Equation

2.1.2 Nonlinear Properties of χ(3) Waveguides

The nonlinear part of the of the induced polarization in (2.3), PNL(r, t), is given by

PNL(r, t) = P(2)(r, t)+P(3)(r, t)+ . . . . (2.13)

In silica based waveguides, such as optical fibers, all the even-order nonlinear polarization terms

vanish, P(2n)(r, t) ≈ 0 with n = 1,2, . . . , due to the fact that fused silica exhibits an inversion

symmetry [1, 2]. In that case, the lowest-order nonlinear effect is of third order. Assuming

that the electric-dipole approximation is valid and the material response is local, the third-order

nonlinear polarization in a medium such as silica glass can be written as [3, 4]

P(3)
i (r, t) = ε0χ0 ∑

j,k,l
E j(r, t)

+∞∫
−∞

R(3)
i jkl(t− τ)E∗k (r,τ)El(r,τ)dτ , (2.14)

where χ0 is the magnitude of third-order susceptibility, i, j,k, l = x,y, and R(3)
i jkl(t−τ) is the third-

order response function of the waveguide. Note that, the nonlinear response function obeys the

causality condition with R(3)
i jkl(t−τ) = 0 for t < τ. The nonlinear response function in (2.14) gov-

erns the nonlinear process that occurs inside the waveguide, such as four-wave mixing (FWM),

Raman scattering, self-phase modulation (SPM) and cross-phase modulation (XPM) [1]. In time

domain, the nonlinear response function can be written as [4, 5]

R(3)
i jkl(τ) =

1− fR

3
δ(τ)(δi jδkl +δikδ jl +δilδ jk)+ fRRa(τ)δi jδkl +

fR

2
Rb(τ)(δikδ jl +δilδ jk) ,

(2.15)

where δi j represents the Kronecker delta function, Ra(τ) and Rb(τ) are normalized isotropic and

anisotropic Raman response, and fR represents their fractional contribution to the nonlinear re-

fractive index. The form of Ra(τ) and Rb(τ) is set by vibrations of silica molecules induced

by the optical field [1, 2, 4, 5]. The first term in right side of (2.15) accounts for the instanta-

neous electronic response of the waveguide, whereas the remain terms govern the delayed Raman

response. Applying the Fourier transform to (2.14) we obtain the time-varying nonlinear polar-

ization in terms of the frequency components of the applied field and the frequency dependent

nonlinear response function

P(3)
i (r, t) =

ε0χ0

(2π)3

+∞∫∫∫
−∞

dωdω1dω2 ∑
j,k,l

R̃(3)
i jkl(ω1−ω)Ẽ∗k (r,ω−ω0)Ẽl(r,ω1−ω0)

× Ẽ j(r,ω2−ω0)e−i(ω2+ω1−ω−ω0)t , (2.16)
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2.1 General Nonlinear Wave Propagation Equation

where R̃(3)
i jkl(Ω) is the Fourier transform of R(3)

i jkl(τ), and is given by

R̃(3)
i jkl(Ω) =

1− fR

3
(
δi jδkl +δikδ jl +δilδ jk

)
+ fRR̃a(Ω)δi jδkl +

fR

2
R̃b(Ω)

(
δikδ jl +δilδ jk

)
,

(2.17)

where Ω is the Stokes (Ω < 0) or anti-Stokes (Ω > 0) frequency shift. In frequency domain the

third-order nonlinear induced polarization can be written as

P̃(3)
i (r,ω−ω0) =

ε0χ0

(2π)2

+∞∫∫
−∞

dω1dω2 ∑
j,k,l

R̃(3)
i jkl(ω2−ω1)Ẽ∗k (r,ω1−ω0)Ẽl(r,ω2−ω0)

× Ẽ j(r,ω+ω1−ω2−ω0). (2.18)

2.1.3 The GNLSE in χ(3) Optical Waveguides

The lowest-order nonlinear effects in optical fibers are originate from the third-order suscepti-

bility χ(3), which is responsible for phenomena such as nonlinear refraction, a phenomenon re-

ferring to the intensity dependence of the refractive index [1]. The propagation of optical waves

inside silica fibers is described by a dynamic equation called generalized nonlinear Schrödinger

equation (GNLSE). We start the derivation of the GNLSE from the wave equation (2.1). Trans-

ferring (2.1) into frequency we obtain [1, 2]

∇
2Ẽ(r,ω−ω0)+

ω2

c2
↔
ε(ω) · Ẽ(r,ω−ω0) =−µ0ω

2P̃NL(r,ω−ω0) , (2.19)

where
↔
ε(ω) is the dielectric tensor and accounts for the linear dispersive and material birefringent

properties of the medium [1, 2]. Equation (2.19) can be solved using the method of separation of

variables [1, 6]

Ẽi(r,ω−ω0) = Fi(x,y,ω)Ãi(z,ω−ω0) , (2.20)

where Fi(x,y,ω) is the spatial distribution of the fiber mode in which the jth field propagates

inside the fiber, perpendicular to the direction of propagation, and Ãi(z,ω−ω0) is the amplitude

envelope of the electric field that is a slowly varying function of z [1, 2, 6]. Substituting (2.20)

in (2.19), multiplying by F∗i (x,y,ω) and integrating over the transverse plane, x and y, we obtain

∂2Ãi(z,ω−ω0)

∂z2 +
ω2

c2 ∑
j

↔
εij(ω)

∫∫
dxdyF∗i (x,y,ω)Fj(x,y,ω)∫∫

dxdy|Fi(x,y,ω)|2
Ã j(z,ω−ω0)

+

∫∫
F∗i (x,y,ω)∇

2
T Fi(x,y,ω)dxdy∫∫

dxdy|Fi(x,y,ω)|2
Ãi(z,ω−ω0) =−µ0ω

2
∫∫

dxdyF∗i (x,y,ω)P̃
(3)
i (z,ω−ω0)∫∫

dxdy|Fi(x,y,ω)|2
,

(2.21)

31



2.1 General Nonlinear Wave Propagation Equation

where P̃(3)
i (z,ω−ω0) is given by (2.18) in conjugation with (2.20), and ∇2

T denotes derivation

operation over the transverse coordinates x and y. We assume that the transverse profile of the

field distribution exhibits only a slight dependence on the frequency for the two fundamental

polarization modes [1, 6]. In that case, we obtain

∑
j

[
ω2

c2
↔
εij(ω)

∫∫
dxdyF∗i (x,y,ω)Fj(x,y,ω)∫∫

dxdy|Fi(x,y,ω)|2
+

∫∫
F∗i (x,y,ω)∇

2
T Fi(x,y,ω)dxdy∫∫

dxdy|Fi(x,y,ω)|2
↔
Iij

]
Ã j(z,ω−ω0)

+
∂2Ãi(z,ω−ω0)

∂z2 =

− χ0

c2 ω
2
∫∫

dxdyF∗i (x,y,ω)F
∗
k (x,y,ω)Fl(x,y,ω)Fj(x,y,ω)∫∫

dxdy|Fi(x,y,ω)|2
P̃NL

i (z,ω−ω0), (2.22)

where
↔
I is the second order unit tensor, and

P̃NL
i (z,ω−ω0) =

1
(2π)2

+∞∫∫
−∞

dω1dω2 ∑
j,k,l

R̃(3)
i jkl(ω2−ω1)Ã∗k(z,ω1−ω0)Ãl(z,ω2−ω0)

× Ã j(z,ω+ω1−ω2−ω0), (2.23)

In optical fibers, the modal index difference between the two polarization modes are at least three

orders of magnitude smaller than the modal indices themselves [1, 7, 8]. In that case [7, 8][
ω2

c2
↔
εij(ω)

∫∫
dxdyF∗i (x,y,ω)Fj(x,y,ω)∫∫

dxdy|Fi(x,y,ω)|2
+

∫∫
F∗i (x,y,ω)∇

2
T Fi(x,y,ω)dxdy∫∫

dxdy|Fi(x,y,ω)|2
↔
Iij

]
=

β
2(ω)

↔
I −β(ω)ω

↔
B , (2.24)

where β(ω) = ωn(ω)/c is the propagation constant with n(ω) representing the modal index, and
↔
B represents the birefringence properties of the waveguide [7]. We assume that Fi(x,y,ω) is

the same for both polarization modes, Fx(x,y,ω)≈ Fy(x,y,ω) = F(x,y,ω), since the anisotropic

contribution to the dielectric tensor is typically much smaller compared to the isotropic part [8, 9].

As result, equation (2.22) can be written as

∂2Ãi(z,ω−ω0)

∂z2 +∑
j

[
β

2(ω)
↔
Iij−β(ω)ω

↔
Bij

]
Ã j(z,ω−ω0) =

− χ0

c2 ω
2
∫∫

dxdy|F(x,y,ω)|4∫∫
dxdy|F(x,y,ω)|2 P̃NL

i (z,ω−ω0) , (2.25)

Using the SVEA as follows [1, 8]

∂2Ãi(z,ω−ω0)

∂z2 +β
2(ω)Ãi(z,ω−ω0)≈ 2iβ(ω)

[
∂Ãi(z,ω−ω0)

∂z
− iβ(ω)Ãi(z,ω−ω0)

]
,

(2.26)
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2.1 General Nonlinear Wave Propagation Equation

the wave equation (2.25) can be written as

∂Ãi(z,ω−ω0)

∂z
= iβ(ω)Ãi(z,ω−ω0)−

i
2

ω∑
j

↔
BijÃ j(z,ω−ω0)

+
i
2

χ0

β(ω)

ω2

c2

∫∫
dxdy|F(x,y,ω)|4∫∫
dxdy|F(x,y,ω)|2 P̃NL

i (z,ω−ω0) . (2.27)

Normalizing the field amplitude such that |Ai(z, t)|2 represents the optical power [10, 11]

Ai(z, t)→
Ai(z, t)

Nc
, (2.28)

where Nc is the normalization constant given by [10, 11]

Nc =

[
1
2

ε0n(ω0)c
∫∫
|F(x,y,ω)|2dxdy

] 1
2

, (2.29)

we obtain the GNLSE in frequency domain

∂Ãi(z,ω−ω0)

∂z
= iβ(ω)Ãi(z,ω−ω0)−

i
2

ω∑
j

↔
BijÃ j(z,ω−ω0)

+ iγ [1+(ω−ω0)η] P̃NL
i (z,ω−ω0), (2.30)

where γ is the fiber nonlinear parameter, given by [1]

γ =
ω0n2(ω0)

cAeff(ω0)
, (2.31)

and n2(ω0) = χ0/(ε0cn2(ω0)) is the nonlinear index coefficient [1], and Aeff(ω0) is effective

mode area defined as [1]

Aeff(ω0) =

[∫∫
dxdy|F(x,y,ω0]|2

]2∫∫
dxdy|F(x,y,ω0)|4

. (2.32)

In (2.30), η is related to the dispersion in the magnitude of fiber nonlinearity and is given by [1]

η =
1

ω0
− 1

n(ω0)

∂n(ω)
∂ω

∣∣∣∣
ω=ω0

− 1
Aeff(ω0)

∂Aeff(ω)

∂ω

∣∣∣∣
ω=ω0

+ · · · . (2.33)

Equation (2.30) can also include the waveguide linear loss if we perform the change

β(ω)→ β(ω)+
i
2

α(ω) . (2.34)

The GNLSE in frequency domain can now be written

∂Ãi(z,ω−ω0)

∂z
= i∑

j
R̃(1)

i j (ω)Ã j(z,ω−ω0)+ iγ [1+(ω−ω0)η] P̃NL
i (z,ω−ω0) , (2.35)
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2.1 General Nonlinear Wave Propagation Equation

where

R̃(1)
i j (ω)≡ β(ω)+

i
2

α(ω)− ω

2

↔
Bij , (2.36)

accounts for dispersive, loss and birefringence effects in the waveguide, and the nonlinear in-

duced polarization P̃NL
i (z,ω−ω0) is given by (2.23).

The GNLSE can be transformed to time domain, by expanding the propagation constant

around the carrier frequency ω0. In that case, we obtain

∂Ai(z, t)
∂z

= i∑
j

+∞∫
−∞

R(1)
i j (t− τ)A j(z,τ)dτ+ iγ

[
1+ iη

∂

∂t

]
PNL

i (z, t) , (2.37)

where R(1)
i j (t−τ) is the Fourier transform of R̃(1)

i j (ω), which obeys the causality condition defined

as R(1)
i j (t− τ) = 0 for t < τ. The nonlinear polarization in time domain is given by

PNL
i (z, t) = ∑

j,k,l
A j(z, t)

+∞∫
−∞

R(3)
i jkl(t− τ)A∗k(z,τ)Al(z,τ)dτ . (2.38)

Note that first term in right side of (2.37), can also be written as

i
+∞∫
−∞

R(1)
i j (t− τ)A j(z,τ)dτ≡

+∞

∑
n=0

in+1βn

n!
∂nAi(z, t)

∂tn −
t∫

−∞

α(t− τ)

2
Ai(z,τ)dτ

− i
2

↔
Bij

(
ω0 + i

∂

∂t

)
A j(z, t) (2.39)

where

βn =
dnβ

dωn

∣∣∣
ω=ω0

, (2.40)

is the nth-order dispersion coefficient [1].

The GNLSE in Frequency and Time Domains

The propagation of optical fields in χ(3) waveguides is governed by the GNLSE. Here we present

a summary of that nonlinear equation in frequency and time domains. In frequency domain the

GNLSE can be written as

∂Ãi(z,ω−ω0)

∂z
= i∑

j
R̃(1)

i j (ω)Ã j(z,ω−ω0)+ iγ [1+(ω−ω0)η] P̃NL
i (z,ω−ω0) , (2.41)
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where R̃(1)
i j (ω) describes the linear dispersive properties of the waveguide including its loss and

birefringence, given by

R̃(1)
i j (ω)≡ β(ω)+

i
2

α(ω)− ω

2

↔
Bij . (2.42)

In (2.41), the nonlinear polarization in frequency domain can be written as

P̃NL
i (z,ω−ω0) =

+∞∫∫
−∞

dω1dω2

(2π)2 ∑
j,k,l

R̃(3)
i jkl(ω2−ω1)Ã∗k(z,ω1−ω0)Ãl(z,ω2−ω0)

× Ã j(z,ω+ω1−ω2−ω0). (2.43)

In time domain we can write the GNLSE as follows

∂Ai(z, t)
∂z

= i∑
j

+∞∫
−∞

R(1)
i j (t− τ)A j(z,τ)dτ+ iγ

[
1+ iη

∂

∂t

]
PNL

i (z, t) , (2.44)

where R(1)
i j (t− τ) is the Fourier transform of R̃(1)

i j (ω), and the nonlinear induced polarization is

given by

PNL
i (z, t) = ∑

j,k,l
A j(z, t)

+∞∫
−∞

R(3)
i jkl(t− τ)A∗k(z,τ)Al(z,τ)dτ . (2.45)

Considerable simplification occurs if the nonlinear response is assumed to be instantaneous.

In that case the nonlinear polarization in (2.38) can be written as [1]

PNL
i (z, t) =

1
3 ∑

j

[
A∗i (z, t)A

2
j(z, t)+2Ai(z, t)|A j(z, t)|2

]
. (2.46)

The assumption of instantaneous nonlinear response allow us to neglect the Raman effect in the

waveguide. For silica fibers the vibrational the Raman response occurs over a time scale 60-70 fs.

This mean that this approximation is valid for optical pulse widths higher than 1 ps. Moreover,

the η parameter in (2.44) govern the effect of self-steepening [1]. However, for picosecond

pulses the impact of η is quite small, but must be considered for ultrashort pulses withs. In that

case, for optical pulse widths higher than 1 ps we can neglect that term in (2.44), making the

approximation η≈ 0. Under this approximations, we can write the GNLSE as [1]

∂Ai(z, t)
∂z

+
α(ω0)

2
Ai(z, t) =

+∞

∑
n=0

in+1βn

n!
∂nAi(z, t)

∂tn + i
γ

3 ∑
j

[
A∗i (z, t)A

2
j(z, t)+2Ai(z, t)|A j(z, t)|2

]
,

(2.47)

where we neglect the polarization effects, assuming that the fiber had no birefringence. This ap-

proximation is valid for very low birefringence fibers or polarization maintaining optical waveg-

uides [1].

35



2.1 General Nonlinear Wave Propagation Equation

2.1.4 Birefringence Effects in Long Optical Fibers

In long optical fibers the state of polarization (SOP) of an optical field does not remains the

same at fiber input/output, since internal manufacturing imperfections and external environmen-

tal factors introduce perturbations to fiber properties and result in residual birefringence inside

the waveguide [1, 12]. That residual birefringence not only randomizes the SOP in both its mag-

nitude and orientation along the fiber length, but also induces differential polarization variations

among waves of different frequencies through polarization mode dispersion (PMD)[1, 12].

The equations governing the evolution and interaction of the two polarization components of

the field can be written in a compact form in the Jones space [13]. In this notation, the GNLSE

in time domain, (2.44), for the field vector |A(z, t)〉 is given by [7]

∂|A(z, t)〉
∂z

+

t∫
−∞

α(t− τ)

2
|A(z,τ)〉dτ =

+∞

∑
n=0

in+1βn

n!
∂n|A(z, t)〉

∂tn − i
2

↔
B
(

ω0 + i
∂

∂t

)
|A(z, t)〉

+ iγ
[

1+ iη
∂

∂t

]
|PNL(z, t)〉 . (2.48)

In the Jones space, |A(z, t)〉 and |PNL(z, t)〉 are define as [13]

|A(z, t)〉=
[

Ax(z, t)
Ay(z, t)

]
, and |PNL(z, t)〉=

[
PNL

x (z, t)
PNL

y (z, t)

]
. (2.49)

The nonlinear polarization vector is given by [7]

|PNL(z, t)〉= 1− fR

3
[2〈A(z, t)|A(z, t)〉+ |A∗(z, t)〉〈A∗(z, t)|] |A(z, t)〉

+ fR


t∫

−∞

Ra(t− τ)〈A(z,τ)|A(z,τ)〉dτ

 |A(z, t)〉
+

fR

2


t∫

−∞

Rb(t− τ) [|A(z,τ)〉〈A(z,τ)|+ |A∗(z,τ)〉〈A∗(z,τ)|]dτ

 |A(z, t)〉 , (2.50)

where 〈A(z, t)| and |A∗(z, t)〉 are the Hermitian and complex conjugates of |A(z, t)〉, respec-

tively [14]. The birefringence tensor in (2.48) can be written in the form of Pauli spin vector
↔
B =B ·σ, whereB is a three dimensional Stokes vector, that governs the birefringence-induced

random SOP variations during the propagation of the optical field in the waveguide [7, 13–15].

Moreover, σ = σ1ê1 +σ2ê2 +σ3ê3, where ê1 , ê2 , ê3 are the three unit vectors in the Stokes

space [13], and

σ1 =

[
1 0
0 −1

]
, σ2 =

[
0 1
1 0

]
, and σ3 =

[
0 −i
i 0

]
, (2.51)
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2.1 General Nonlinear Wave Propagation Equation

are the Pauli spin matrices [13]. In this notation, we can define the following relations [7, 13]

|A∗(z, t)〉〈A∗(z, t)|= |A(z, t)〉〈A(z, t)|− 〈A(z, t)|σ3|A(z, t)〉σ3 (2.52)

|A(z, t)〉〈A(z, t)|= 1
2
(〈A(z, t)|A(z, t)〉+ 〈A(z, t)|σ|A(z, t)〉 ·σ) . (2.53)

The optical power at a given point z in the waveguide is given by [7]

Pp(z, t) = 〈A(z, t)|σ|A(z, t)〉 . (2.54)

The residual birefringence introduce rapid random polarization variations of the optical field

over short fiber distance, since the beat length of residual birefringence is of the order of 1 m and

the correlation length associated with residual birefringence is about 10 m [7]. We can remove

such rapid SOP variations by adopting a rotating frame through an unitary transformation [14, 15]

|A(z, t)〉=
↔
T(z)|A′(z, t)〉 , (2.55)

where
↔
T(z) is an unitary Jones matrix, that corresponds to random rotations of the Stokes vector

on the Poincaré sphere that do not change the vector length [13, 15]. As
↔
T(z) evolves only on a

length scale of the birefringence correlation length, the SOPs of optical waves vary so rapidly and

randomly during nonlinear interaction along the fiber that only the average SOPs have an effect

on the nonlinear interactions [13–15]. In the Jones space, the unitary transformation matrix can

be written in the form [13–15]

↔
T(z) =

[
cos(θ(z)/2)e−i(φ0(z)+φ(z))/2 −sin(θ(z)/2)ei(φ0(z)−φ(z))/2

sin(θ(z)/2)e−i(φ0(z)−φ(z))/2 cos(θ(z)/2)ei(φ0(z)+φ(z))/2

]
, (2.56)

where φ0(z) and φ(z) are uniformly distributed in the range [0,2π], and cos(θ(z)) is uniformly

distributed in the range [−1,1] [7, 14, 15]. In (2.56), φ0(z), φ(z), and cos(θ(z)) are three indepen-

dent random variables [7]. In this new rotating frame, the GNLSE can be written as [7, 14, 15]

∂|A′(z, t)〉
∂z

+

t∫
−∞

α(t− τ)

2
|A′(z,τ)〉dτ =

+∞

∑
n=0

in+1βn

n!
∂n|A′(z, t)〉

∂tn +
1
2

b ·σ|A′(z, t)〉

+ iγ
[

1+ iη
∂

∂t

]
|[PNL]′(z, t)〉 , (2.57)

where b =
↔
R
−1

B with
↔
R
−1

being a three-dimensional rotation matrix in the Stokes space with
↔
Rσ =

↔
T

†
σ

↔
T [7, 13–15]. The

↔
R matrix can be written as follows [7]

↔
R =

 cosθ −sinθcosφ0 sinθsinφ0
sinθcosφ cosθcosφ0 cosφ− sinφ0 sinφ −cosθsinφ0 cosφ− cosφ0 sinφ

sinθsinφ cosθcosφ0 sinφ+ sinφ0 cosφ cosφ0 cosφ− cosθsinφ0 sinφ

 . (2.58)
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2.1 General Nonlinear Wave Propagation Equation

The nonlinear polarization vector in (2.57) is given by [7, 14, 15]

|[PNL]′(z, t)〉= (1− fR)

3

[
3〈A′(z, t)|A′(z, t)〉−〈A′(z, t)|

↔
T

†
σ3

↔
T |A′(z, t)〉

↔
T

†
σ3

↔
T
]
|A′(z, t)〉

+ fR


t∫

−∞

Ra(t− τ)〈A′(z,τ)|A′(z,τ)〉dτ

 |A′(z, t)〉
+

fR

2


t∫

−∞

Rb(t− τ)

[
2 |A′(z,τ)〉〈A′(z,τ)|− 〈A′(z,τ)|

↔
T

†
σ3

↔
T |A′(z,τ)〉

↔
T

†
σ3

↔
T
]

dτ

 |A′(z, t)〉 .
(2.59)

After averaging over the fast variations induced by
↔
T , the GNLSE can be written as

∂|A′(z, t)〉
∂z

+

t∫
−∞

α(t− τ)

2
|A′(z,τ)〉dτ =

+∞

∑
n=0

in+1βn

n!
∂n|A′(z, t)〉

∂tn +
1
2

b ·σ|A′(z, t)〉

+ iγ
[

1+ iη
∂

∂t

]
|[PNL]′(z, t)〉 , (2.60)

where the nonlinear polarization is given by [7, 14, 15]

|[PNL]′(z, t)〉= 8(1− fR)

9
〈A′(z, t)|A′(z, t)〉|A′(z, t)〉+

fR


t∫

−∞

[
Ra(t− τ)+

1
6

Rb(t− τ)

]
〈A′(z,τ)|A′(z,τ)〉dτ

 |A′(z, t)〉
+

2 fR

3


t∫

−∞

Rb(t− τ)|A′(z,τ)〉〈A′(z,τ)|dτ

 |A′(z, t)〉 . (2.61)

In (2.61) we have used the result [14, 15]

〈
〈A′(z, t)|

↔
T

†
σ3

↔
T |A′(z, t)〉

↔
T

†
σ3

↔
T
〉
=

1
3
〈A′(z, t)|σ|A′(z, t)〉 ·σ , (2.62)

and 〈sin2(θ(z))〉= 2/3, 〈cos2(θ(z))〉= 1/3, 〈sin2(φ(z))〉= 〈cos2(φ(z))〉= 0.5, and similar rela-

tions [7]. Averaging over the random polarization variation induced by
↔
T allows to remove the

rapid variation of the SOP of the optical field [7, 14]. In that sense, that method is similar to the

SVEA used in (2.26).

For optical pulse widths higher than 1 ps, the GNLSE for long optical fibers can be written
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2.2 Quantum Version of the Nonlinear Wave Equation

as [1, 16]

∂|A′(z, t)〉
∂z

+
α(ω0)

2
|A′(z, t)〉=

+∞

∑
n=0

in+1βn

n!
∂n|A′(z, t)〉

∂tn +
1
2

b ·σ|A′(z, t)〉

+ i
8γ

9
〈A′(z, t)|A′(z, t)〉|A′(z, t)〉 . (2.63)

From (2.47) and (2.63) we can observe that rapid SOP variations along the propagation of the op-

tical field in the waveguide leads to a reduction of the nonlinear parameter, such that its effective

value is γeff = 8γ/9 [1]. That reduction arises from the fact that, if the polarization state changes

randomly along the fiber length, we measure an average value of γ that is reduced by a factor of

8/9, compared with the value expected for polarization maintaining waveguides. Averaging over

rapid variations of the SOP over the Poincaré sphere leads to a reduction of γ [1].

2.2 Quantum Version of the Nonlinear Wave Equation

In section 2.1 we derive the GNLSE for an optical field that can be treated classically. Never-

theless, a complete theory for describing the evolution of a electromagnetic field in a dielectric

waveguide, such as an optical fiber, must include a quantum description of the radiation field [17].

The effects of thermal vibration states of the fiber cause fluctuations on both the macroscopic and

molecular scales, which leads to a time delayed fiber response due to the Raman effect [17]. In

addition, the quantum description of the electromagnetic field propagation in the fiber accounts

also with the quantum noise terms arising from the interaction between photons and optical

phonons inside the waveguide, and arising from the coupling between photons and absorption

reservoirs [17, 18].

The interaction between photons in a fiber is mediated through the dielectric material that

constitutes the fiber [18]. The total Hamiltonian that describes that interaction takes into account

the waveguide dispersion and loss, the electronic Kerr effect and the Raman-like nonlinearity.

The optical fiber will be treated in this section as a single transverse mode waveguide with dis-

persion and nonlinearity [17, 18]. Moreover, we assume a single polarization direction. In the

infinite volume limit, we can define the annihilation field operator Â(z, t) associated with the

slowly varying envelope of the electromagnetic field as [19, 20]

Â(z, t) =
√vg

2π

∫
dkb̂(k, t)ei(k−k0)z+iω0t , (2.64)

where b̂(k, t) is the annihilation operator at time t for modes with wave vector k and angular

frequency ω(k), z is the waveguide longitudinal coordinate, k0 is the central wavenumber within
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2.2 Quantum Version of the Nonlinear Wave Equation

a frequency bandwidth, and ω0 = ω(k0) is the carrier frequency [17, 18, 20, 21]. We can expand

ω(k) around k0 until the m-th order [17, 18, 22]

ω(k)≈ ω0 +
+∞

∑
m=1

[
∂mω

∂km

∣∣∣∣
k=k0

(k− k0)
m

m!

]
, (2.65)

where vg = [∂ω/∂k]k=k0
is the group velocity. Moreover, it is assumed that ω(k) describes the

fiber linear response, in the limit of a spatially uniform environment [17, 18]. In (2.64), b̂(k) is a

boson annihilation operator for modes with wave vector k, with commutation relation [17, 18][
b̂(k, t), b̂†(k′, t ′)

]
= 2πδ(k− k′)δ(t− t ′) , (2.66)

where b̂†(k′, t ′) is the boson creation operator for modes with wave vector k′ at time t ′. The field

operator Â(z, t) in (2.64) obeys to the commutation relation [19, 20][
Â(z, t), Â†(z′, t ′)

]
= vgδ(z− z′)δ(t− t ′) . (2.67)

Under the rotating-wave approximation, where the rapidly oscillating terms of the Hamiltonian

are neglected, the fiber Hamiltonian can be written as [17, 18, 22]

ĤF =
~
2

∫ {
ivg

[
∂

∂z
Â†(z, t)Â(z, t)− Â†(z, t)

∂

∂z
Â(z, t)

]
+ω

′′
0

∂

∂z
Â†(z, t)

∂

∂z
Â(z, t)

− i
6

ω
′′′
0

[
∂3

∂z3 Â†(z, t)Â(z, t)− Â†(z, t)
∂3

∂z3 Â(z, t)
]}

dz
vg

+ ĤNL , (2.68)

where ~ is the Planck’s constant over 2π, Â†(z, t) is the creation field operator, and Â†(z, t)Â(z, t)

represents the flux of quanta (photons) at z [19, 20]. In (2.68) the waveguide dispersion was

included up to the third-order with ω′′0 =
[
∂2ω/∂k2]

k=k0
, and ω′′′0 =

[
∂3ω/∂k3]

k=k0
[17, 18, 22].

In (2.68), ĤNL describes the fiber nonlinearities, electronic and Raman, and is given by [19, 20]

ĤNL =−~κ

∫
n̂NL(z, t)Â†(z, t)Â(z, t)dz , (2.69)

where κ = −v−1
g [dω0/dn] with n representing the local index of refraction. The Hermitian

operator n̂NL(z, t) commutes at equal times with the envelope operators and represents the matter

degrees of freedom affecting the field [19, 20]. Since n̂NL(z, t) couples to the envelope operators

only through its intensity and since optical nonlinearities are very small, it is sufficient expand

n̂NL(z, t) up to first order in its dependence on the photon flux [19, 20]

κn̂NL(z,τ) =
τ∫

−∞

R(3)(τ− τ
′)Â†(z,τ′)Â(z,τ′)dτ

′+ m̂(z,τ) , (2.70)
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2.2 Quantum Version of the Nonlinear Wave Equation

where we introduce the retarded time τ = t− z/vg. The function R(3)(τ− τ′) describes the re-

sponse of n̂NL(z,τ) to the optical field, given by [17–20]

R(3)(τ− τ
′) = (~ω0)γR(3)

xxxx(t− τ) , (2.71)

with γ representing the nonlinear parameter of the waveguide (2.31), and R(3)
xxxx is given by (2.15).

The operator m̂(z,τ) in (2.70) describes the quantum and thermal fluctuations present in n̂NL(z,τ)

in the absence of optical field [19, 20]. Moreover, m̂(z,τ) describes the coupling of the field to a

collection of localized, independent, medium oscillators (optical phonon modes), given by [19–

21, 23]

m̂(z,τ) =
+∞∫
0

dΩ

√
W (Ω)

2π

{
d̂†

Ω
(z)eiΩτ + d̂Ω(z)e−iΩτ

}
, (2.72)

where W (Ω) is a spectral weighting function given by [23, 24]

W (Ω) = 2Im
[
R̃(3)(Ω)

]
, (2.73)

with R̃(3)(Ω) representing the Fourier transform of R(3)(τ− τ′). The operators d̂†
Ω
(z) and d̂Ω(z)

are independent from the envelope operators, and obeys to the commutation relation [19–21, 23][
d̂Ω(z), d̂

†
Ω′(z

′)
]
= δ(Ω−Ω

′)δ(z− z′) , (2.74)

and each phonon mode is in thermal equilibrium

〈d̂†
Ω
(z)d̂Ω′(z

′)〉= δ(Ω−Ω
′)δ(z− z′)nth(Ω) , (2.75)

with a mean phonon number given by

nth(Ω) =
1

e~|Ω|/kBT −1
, (2.76)

where kB is the Boltzmann’s constant, and T is the temperature. Note that the creation operator

at each Ω frequency, d̂†
Ω
(z), oscillates as eiΩτ, a Stokes detuning frequency. The annihilation

operator at each Ω frequency, d̂Ω(z), oscillates as e−iΩτ, an anti-Stokes detuning frequency [23].

We will call m̂(z,τ) the Raman noise source since Raman scattering is caused by the dynamics

of localized molecular oscillators [20].

A fully description of the evolution of the electromagnetic field inside a waveguide must

consider the absorption of light by the waveguide [17, 18, 22]. The presence of an absorption

coefficient is associated with the existence of noise sources in waveguide, an absorbing reser-

voir. This additional effect needs to included within the present Hamiltonian model for a fully
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2.2 Quantum Version of the Nonlinear Wave Equation

consistent quantum theory [17, 18, 22]. The absorption reservoir can be modeled by the field to

a collection of localized, independent harmonic oscillators at resonant frequency ω. In that case

the Hamiltonian that describes the absorption reservoir can be written as [17, 18, 22]

ĤA = ~
+∞∫
−∞

dz
+∞∫
0

dω

{
1
√vg

[
Â(z, t)â†(z, t,ω)G(z,ω)+ Â†(z, t)â(z, t,ω)G∗(z,ω)

]
+(ω−ω0)â†(z, t,ω)â(z, t,ω)

}
, (2.77)

where G(z,ω) provides the frequency-dependent coupling between the radiation modes and the

absorption reservoir. The reservoir annihilation and creation operators, â(z, t,ω) and â†(z, t,ω),

obey to the equal-time commutation relation [17, 18, 22][
â(z, t,ω), â†(z′, t,ω′)

]
= δ(z− z′)δ(ω−ω

′) . (2.78)

The time evolution for the annihilation operator of the absorbing photon reservoir is given by

∂â(z, t,ω)
∂t

=−i(ω−ω0)â(z, t,ω)− iv−1
g G(z,ω)Â(z, t) . (2.79)

Equation (2.79) can be solve analytically, and we obtain [17, 18, 22]

â(z, t,ω) = â(z, t0,ω)e−i(ω−ω0)(t−t0)− iv−1
g G(z,ω)

t∫
t0

e−i(ω−ω0)(t−t ′)Â(z, t ′)dt ′ , (2.80)

where â(z, t0,ω) represents the annihilation operator of the absorbing photon reservoir at initial

time t0. The initial correlations for the reservoir operators in the far past, t0 →−∞, are given

by [17, 18, 22]

〈â†(z, t0,ω)â(z′, t0,ω′)〉= nth(ω)δ(z− z′)δ(ω−ω
′) (2.81)

〈â(z, t0,ω)â†(z′, t0,ω′)〉〉= (nth(ω)+1)δ(z− z′)δ(ω−ω
′) . (2.82)

The total optical fiber Hamiltonian, ĤT , can be written as

ĤT = ĤF + ĤA . (2.83)

2.2.1 Generalized Quantum Nonlinear Schrödinger Equation

The evolution of the field operator propagating inside the fiber can be obtained from the Heisen-

berg equation of motion [19, 20]

dÂ(z, t)
dt

=
i
~
[
ĤF + ĤA, Â(z, t)

]
+

∂Â(z, t)
∂t

, (2.84)

42



2.2 Quantum Version of the Nonlinear Wave Equation

where the last derivative acts on the explicit time dependent of the envelope contained in the

overall phase in (2.64). Introducing the retarded time τ = t− z/vg we obtain [17–20]

∂Â(z,τ)
∂z

=−
τ∫

−∞

α(τ− τ′)
2

Â(z,τ′)dτ
′− i

β2

2
∂2Â(z,τ)

∂τ2 +
β3

6
∂3Â(z,τ)

∂τ3

+ i(~ω0)γÂ(z,τ)
τ∫

−∞

R(3)
xxxx(τ− τ

′)Â†(z,τ′)Â(z,τ′)dτ
′+ i
√

~ω0m̂(z,τ)Â(z,τ)+ l̂(z,τ) , (2.85)

where α(τ) = 2αA(τ) is the usual linear absorption coefficient, with αA(τ) being the net linear

response of the fiber that is due to coupling to linear absorption reservoirs, given by [18, 22]

αA(τ)≈
Θ(τ)

2π

+∞∫
−∞

|G(z,ω)|2e−i(ω−ω0)τdω , (2.86)

where G(z,ω) is defined in (2.77), and Θ(τ) is the Heaviside step function. In (2.85), l̂(z,τ)

represents the photon absorption reservoir. That operator describes the noise introduced by the

fiber loss mechanism, through the coupling of the optical field with a thermal photon reservoir

with a population following the Boltzman distribution, and spectral weight proportional to the

fiber loss coefficient [18, 22, 24]

l̂(z,τ) =
−i
2π

+∞∫
0

G∗(z,ω)e−i(ω−ω0)(τ−τ0)â(z,τ0,ω)dω , (2.87)

where â(z,τ0,ω) is defined in (2.80).

In frequency domain, the evolution of the field operator can be written as

∂Â(z,ω−ω0)

∂z
+

α(ω)

2
Â(z,ω−ω0) = i

[
(ω−ω0)

2

2
β2 +

(ω−ω0)
3

6
β3

]
Â(z,ω−ω0)

+ i
~ω0

(2π)2 γ

+∞∫∫
−∞

dω1dω2R̃(3)
xxxx(ω2−ω1)Â†(z,ω1−ω0)Â(z,ω2−ω0)Â(z,ω+ω1−ω2−ω0)

+ i
√
~ω0

2π

+∞∫
−∞

dω1m̂(z,ω−ω1)Â(z,ω1−ω0)+ l̂(z,ω) . (2.88)

Note that, the quantum version of the nonlinear Schrödinger equation (2.88), is similar to

the classical wave equation given by (2.41), excepted some minor changes related to a correct

description of the quantum effects.
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Vectorial Quantum Nonlinear Schrödinger Equation

A realist treatment of the waveguide eventually needs to take into account the mode structure,

since the single mode waveguide can support two orthogonal polarization modes. In that case the

evolution of the field operator inside the waveguide must be described by the vectorial nonlinear

Schrödinger equation, that is the quantum version of the GNLSE obtained in section 2.1.3. The

vectorial quantum nonlinear Schrödinger equation can be obtained from the Hamiltonian for a

three-dimensional dielectric waveguide [17]. It turns out that, as in last section, the vectorial

quantum version of the GNLSE exhibits a form quite similar to that presented in section 2.1.3,

except for some minor changes related to a correct description of the quantum effects for a single

mode waveguide that can support two orthogonal polarization modes [5, 17]. Here we provide

only the final equations for the vectorial quantum nonlinear Schrödinger equation. As result, that

equation in frequency domain can be written as [5, 17]

∂Âi(z,ω−ω0)

∂z
= i∑

j
R̃(1)

i j (ω)Â j(z,ω−ω0)+ i
√
~ω0

2π
∑

j

+∞∫
−∞

dω1m̂i j(z,ω−ω1)Â j(z,ω1−ω0)

+ i
~ω0

(2π)2 γ

+∞∫∫
−∞

dω1dω2 ∑
j,k,l

R̃(3)
i jkl(ω2−ω1)Â

†
k(z,ω1−ω0)Âl(z,ω2−ω0)Â j(z,ω+ω1−ω2−ω0)

+ l̂i(z,ω) , (2.89)

where i, j,k, l = x,y, R̃(1)
i j (ω) is given by (2.36) and accounts for, dispersion, loss and birefrin-

gence effects, and R̃(3)
i jkl(Ω) is given by (2.17) and accounts for the nonlinear processes that occurs

inside the waveguide [5, 17]. In (2.89), field operator satisfy the commutation relation [19, 20][
Âi(z,ω), Â

†
j(z
′,ω′)

]
= 2πδi jδ(z− z′)δ(ω−ω

′) . (2.90)

Moreover, the noise operators in (2.89) satisfy the commutation relations [5, 17][
m̂i j(z,Ω), m̂†

kl(z
′,Ω′)

]
= 2πδ(z− z′)δ(Ω−Ω

′)2γ Im
[
R̃(3)

i jkl(Ω)
]
, (2.91)

and [
l̂i(z,ω), l̂

†
j (z
′,ω′)

]
= 2πδi jδ(z− z′)δ(ω−ω

′)2Im
[
R̃(1)

i j (ω)
]
. (2.92)

The expectation values for the reservoirs are given by [5, 17]

〈m̂†
i j(z,Ω)m̂kl(z′,Ω′)〉= 2πδ(z− z′)δ(Ω−Ω

′)2γ Im
[
R̃(3)

i jkl(Ω)
]
(nth(Ω)+Θ(−Ω)) , (2.93)
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and

〈l̂†
i (z,ω)l̂ j(z′,ω′)〉= 2πδi jδ(z− z′)δ(ω−ω

′)2Im
[
R̃(1)

i j (ω)
]

nth(ω) (2.94)

〈l̂i(z,ω)l̂†
j (z
′,ω′)〉= 2πδi jδ(z− z′)δ(ω−ω

′)2Im
[
R̃(1)

i j (ω)
]
(nth(ω)+1) , (2.95)

where nth(ω) is given by (2.76).

In time domain the vectorial quantum nonlinear Schrödinger equation can be written as [5]

∂Âi(z,τ)
∂z

= i
τ∫

−∞

∑
j

R(1)
i j (τ− τ

′)Â(z,τ′)dτ
′+ i
√

~ω0 ∑
j

m̂i j(z,τ)Â j(z,τ)+ l̂i(z,τ)

+ i(~ω0)γ∑
j

Â j(z,τ)
τ∫

−∞

R(3)
i jkl(τ− τ

′)Â†
k(z,τ

′)Âl(z,τ′)dτ
′ , (2.96)

where R(1)
i j (τ− τ′) is the Fourier transform of R̃(1)

i j (ω) and is given by (2.39), and R(3)
i jkl(τ− τ′) is

given by (2.15).
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Chapter 3

Few-Photon Generation in Optical Fibers

SINGLE photon sources are basic elements for quantum key distribution (QKD) systems [1].

However, true or on-demand single photon sources are very complex to implement, since in

general they demand cryogenic temperatures or most be operated in vacuum [1, 2]. Due to that,

practical implementations of QKD in optical fibers rely on faint laser pulses as an approximation

to a single photon source. Recently, the four-wave mixing (FWM) has been used in quantum

optics experiments to generate single-photons and entangled photon-pairs [3–7]. Single-photons

and entangled photon-pairs have been used for quantum cryptographic experiments, mainly for

QKD. When compared with others techniques for single-photons and entangled photon-pairs

generation, FWM has the advantage of generating the photons already inside the optical fiber. In

these experiments, FWM is obtained with very low pump powers [8–10]. Therefore, an accurate

description of the FWM process in this low power regime is required in order to guide this new

kind of experiments.

In this Chapter we analyze theoretically and experimentally the classical process of FWM in

optical fibers. From the experimental data we propose a new parameter, the effective nonlinear

parameter, that accounts for the loss of efficiency in the FWM process due to the polarization

decorrelation between all the optical fields involved in that nonlinear process during the evolu-

tion in the fiber. This Chapter is based on the references [11–15], and is organized as follows:

Section 3.1 describes the experimental setup used to analyze the FWM process in a low power

regime. In section 3.2 a new theoretical model to describe the FWM process in a low power

regime is presented. We also discuss the role of the nonlinear contribution on the phase-matching

condition. We also analyze the efficient generation of the idler wave outside the zero-dispersion

of the fiber and with pump and signal far apart. In section 3.3 we analyze the polarization de-

pendent effects in the efficiency of the FWM process. In section 3.4 we use the classical process
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3.1 Stimulated Four-Wave Mixing Process in a Low Power Regime

of FWM to obtain a source of few-photons, and we use that photons to implement a fiber-optic

quantum channel. The main results presented in this Chapter are summarized in section 3.5. All

the theoretical results presented in this Chapter are confronted with experimental data, obtained

for a dispersion-shifted fiber (DSF).

3.1 Stimulated Four-Wave Mixing Process in a Low Power
Regime

The classical process of FWM occurs when light of two or more frequencies (known as pump

and signal fields) are launched into a fiber, giving rise to a new frequency (known as idler). At the

same time that the idler is generated the signal is amplified [8]. FWM is a nonlinear process, de-

scribed by the third-order nonlinear susceptibility, χ(3), and its origin is in the nonlinear response

of bound electrons to an applied optical field [8]. FWM is a major source of nonlinear crosstalk

in wavelength-division multiplexing lightwave systems [16]. Besides that, FWM can be used

to implement fiber-optic parametric amplifiers [17–19], wavelength converters [18, 20–22] and

single-photons and entangled photon-pairs sources [10, 23, 24].

In 1974, the phase-matched nonlinear mixing in a silica fiber was observed [25]. Since then,

generalized studies of FWM in optical fibers taking into account the stimulated Raman scatter-

ing (SRS) and polarization effects have been carried out [9, 26–29]. Most of the work related with

FWM in optical fibers has been done around the zero-dispersion wavelength of the fiber [30–33],

or with the pump and signal wavelengths placed very closely [34]. In these conditions the phase-

matching is easily achieved and efficient FWM is obtained [30–34]. All these experiments were

performed in a high power regime in order to enhance the FWM effect.

3.1.1 Experimental Setup and the Four-Wave Mixing Process

A schematic of our experimental setup is show in Fig. 3.1. This setup was used to measure the

optical power of the idler wave generated through the FWM process in a low power regime.

In the experimental setup, Fig. 3.1, a pump, λ1 from a distributed feedback (DFB) laser source

operating in a continuous mode passes through a polarization controller (PC)-1 before being

coupled to another optical signal, λ2 from a tunable laser source, that is modulated externally to

produce optical pulses with a width at half maximum of approximately 1.6 ns and repetition rate

of 610.3 kHz. The two optical fields are launched into a DSF, with incident powers P1(0) and

P2(0) for pump and signal fields, respectively. The DSF has a dispersion slope at zero-dispersion
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Figure 3.1: Experimental arrangement for measuring the optical power generated through FWM
in a low power regime. The dashed lines represent electrical signals and the solid lines the optical
path. Details of the experiment are presented in the text.

wavelength dDc/dλ = 0.069 ps/nm2-km, length L = 8865 m, zero-dispersion wavelength λ0 =

1547.34 nm, attenuation αdB/km = 0.2 dB/km and nonlinear coefficient γ = 2.36 W−1km−1. The

zero-dispersion wavelength and the dispersion slope of the fiber were measured with an Optical

Network Analyzer, 86038-90B01 from Agilent. At the fiber output, a filter blocks the pump

and signal waves. The idler wave, λ3 = λ1λ2/(2λ2−λ1) [8, 34], passes through the filter and

reaches a single-photon detector. The single-photon detector is based on an avalanche photo

diode (APD), operating in the so-called Geiger mode, being Tg = 2.5 ns the time during which

the gate of the detector is open. The detector quantum efficiency is ηdet = 10% and the dark

count probability per gate is Prdc = 5× 10−5 [35]. The noise equivalent power (NEQ) of the

detector is NEQ ≈ 2.56× 10−16 W/
√

Hz, and the probability of having a count when a single-

photon reaches the detector compared with the probability of having a count due to the dark

counts is Preff = 5× 10−4 [36]. The optical power of the idler wave can be obtained from the

average number of photons per pulse that arrive to the single-photon detector using

Pm =
〈n〉hc
λ3Tg

10αd/10 , (3.1)

where Pm represents the measured idler power at the exit of the fiber, 〈n〉 is the average number

of idler photons per pulse that arrive to the single-photon detector, h is the Planck constant, c is

the speed of light in vacuum and αd is the attenuation, in decibels, from the fiber output to the

detector. From (3.1) with αd = 0 and with 〈n〉 replaced by n ≡ 1 we obtain the minimum mea-

surable power of the detector, Pm ≈ 5× 10−11 W. In our experiment we perform the estimation

of 〈n〉 using a measurement period of 20 s. The average number of idler photons that reaches to
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the single-photon detector is given by [37, 38]

〈n〉= 1
ηdet

ln
(

Prdc−1
Prav−1

)
, (3.2)

where Prav is the measured probability of avalanche per gate, i.e. the detector counting rate

divided by the trigger frequency obtained from the pulse pattern generator, see Fig. 3.1.

The FWM process in optical fibers was investigated, theoretically and experimentally, by Hill

et al. [39], and their work was latter reformulated by Shibata et al. [40] to include the dependence

of the phase-matching. According with [30, 34, 40], the optical power evolution of the idler wave

in the single pump case can be described by

P3(z) = (γP1(0)zeff)
2P2(0)exp{−αz}η , (3.3)

with

zeff =
1− exp{−αz}

α
, (3.4)

where α is the fiber losses, and η is the efficiency of the process given by

η =
α2

α2 +(∆β)2

(
1+

4exp{−αz}sin2(∆βz/2)
(1− exp{−αz})2

)
, (3.5)

and ∆β is the phase-matching condition

∆β =−2πcλ3
0

λ3
1λ2

2

dDc

dλ

∣∣∣∣
λ0

(λ1−λ0)(λ1−λ2)
2 . (3.6)

3.2 Four-Wave Mixing in a Low Power Regime

We assume that all fields involved in the FWM process (pump, signal and idler) remain co-

polarized along the propagation in the fiber, and in order to avoid multiple FWM processes in

the optical fiber [41–43], the pump and signal powers are maintained in a low power regime.

Under the slowly varying envelope approximation, the evolution of the electrical field complex

amplitudes inside an optical fiber (A1 for pump, A2 for signal and A3 for idler) are governed by

the nonlinear Schrödinger equation (NSE) [8]

∂A
∂z

+
α

2
A =

+∞

∑
m=0

im+1βm

m!
∂mA
∂tm + iγ

[
1+

i
ω0

∂

∂t

]
PNL(z, t), (3.7)
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where βm is the mth order dispersion coefficient and PNL(z, t) is the third-order nonlinear polar-

ization given by

PNL(z, t) = A(z, t)
+∞∫
−∞

R(τ)|A(z, t− τ)|2dτ , (3.8)

where R(τ) is the fiber nonlinear response function [8]. Equation (3.7) is quite general in the

sense that it includes the effects of group-velocity dispersion, attenuation, self-phase modulation

(SPM), cross-phase modulation (XPM), SRS and FWM process. Equation (3.7) does not have

an analytical solution. However, with some considerations an approximated analytical solution

can be obtained. Assuming that each field component is not time dependent (continuous wave

(CW) condition), that |A1|2 � |A2,3|2, undepleted-pump approximation [8], and instantaneous

nonlinear response [8], we obtain

∂A1(z)
∂z

+
α

2
A1(z)≈ iγA1(z)P1(z) , (3.9a)

∂A2(z)
∂z

+
α

2
A2(z)≈ iγ

[
2A2(z)P1(z)+A2

1(z)A
∗
3(z)e

−i∆βz
]
, (3.9b)

∂A3(z)
∂z

+
α

2
A3(z)≈ iγ

[
2A3(z)P1(z)+A2

1(z)A
∗
2(z)e

−i∆βz
]
, (3.9c)

where

∆β = β(ω2)+β(ω3)−2β(ω1) . (3.10)

Equation (3.9a) has an analytical solution

A1(z) = A1(0)exp{iφ(z)}exp{−αz/2} , (3.11)

where P1(0) = |A1(0)|2 is the incident pump power, and

φ(z) =
z∫

0

γP1(z′)dz′ = γP1(0)
1− exp{−αz}

α
, (3.12)

is the nonlinear phase shift caused by the Kerr effect [44]. By introducing the substitutions [44]

A2(z) = As(z)exp
[

i
(

φ(z)− ∆β

2
z
)
− α

2
z
]
, (3.13a)

A3(z) = Ai(z)exp
[

i
(

φ(z)− ∆β

2
z
)
− α

2
z
]
, (3.13b)
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and assuming that only the signal and pump waves are incident at the fiber input, and considering

α = 0, the signal and idler waves at distance z are given by

As(z) = As(0)
(

cos(κz)+
i
κ

[
∆β

2
+ γP1(0)

]
sin(κz)

)
, (3.14)

and

Ai(z) = iγP1(0)A∗s (0)
sin(κz)

κ
. (3.15)

In (3.14) and (3.15) the parametric gain, κ, is given by

κ =

√
∆β

2

(
∆β

2
+2γP1(0)

)
. (3.16)

The effect of fiber losses is taken into account by replacing P1(0) in (3.14) and (3.15) with

P1(0)zeff/z, valid for low-loss fibers [44]. In this regime the parametric gain is written as

κ =

√
∆β

2

(
∆β

2
+2γP1(0)zeff/z

)
, (3.17)

where contributions from the phase-matching condition ∆β and nonlinear effects, γP1(0), are

included. If κ is real, the optical power of the idler wave can be express as

P3(z) = (γP1(0)zeff)
2P2(0)

∣∣∣∣sin(κz)
κz

∣∣∣∣2 exp{−αz} . (3.18)

From (3.6) and (3.17), κ is real for λ1 < λ0, or if λ1 > λ0 and

∆β

2
+2γP1(0)zeff/z < 0 . (3.19)

However, the parametric gain κ becomes imaginary if λ1 > λ0 and [5]

∆β

2
+2γP1(0)zeff/z > 0 . (3.20)

In that regime the parametric gain is written as

κ = i

√
−∆β

2

(
∆β

2
+2γP1(0)zeff/z

)
, (3.21)

and the optical power is expressed as

P3(z) = (γP1(0)zeff)
2P2(0)

∣∣∣∣sinh(κz)
κz

∣∣∣∣2 exp{−αz} . (3.22)
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Figure 3.2: Optical power of idler wave as a function of wavelength separation between pump
and signal fields.The circles represent the measured optical power, the dashed line represents
the theoretical model given by (3.3) and the solid line represents the theoretical model given
by (3.18). Incident pump and signal powers are P1(0) = 8.71 mW and P2(0) = 3.73×10−3 mW,
respectively, and the pump wavelength is λ1 = 1547.57 nm.

If fiber losses are neglected, equations (3.18) and (3.22) are equivalent to results presented

in [8, 18, 45]. Comparing (3.3) with (3.18), the efficiency of the FWM process is now given

by η = |sin(κz)/κz|2 and it is dependent of the nonlinear contribution γP1(0). For high values of

the nonlinear contribution (3.3) and (3.18) produce different results.

In Fig. 3.2 we plot the measured optical power and the theoretical predictions given by

(3.3), (3.18) and (3.22) for the idler wave as a function of wavelength separation between pump

and signal fields. From Fig. 3.2 we can see that for 2.8 nm < λ1− λ2 < 5 nm the theoretical

models and the experimental data does not coincide. That difference is analyzed in section 3.3.

From (3.18) and (3.22) if λ1 = λ0 or if λ1 = λ2 the phase-matching condition becomes null

(consequently κ = 0), and the optical power of the idler wave is maximum. However, efficient

generation of idler wave can be achieved even when ∆β 6= 0, making κ = 0. That particular case

of interest occurs when the incident pump power is sufficiently strong so that

P1(0) =−
∆β

4γ

z
zeff

, (3.23)

and the system is operating in the anomalous-dispersion regime, λ1 > λ0. In this case, although

λ1 6= λ0 the optical power of the idler wave grows as if λ1 = λ0.
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Figure 3.3: Optical power of idler wave as a function of incident pump power, in the zero-
dispersion wavelength of the fiber. The circles and the squares represent the experimental data,
and the line represents the theoretical model given by (3.3) or (3.18) with λ1 = λ0. The optical
fiber input signal power used was P2(0) = 4.81×10−3 mW.

In Fig. 3.3 we plot the optical power of the idler wave as a function of the pump power when

λ1 = λ0, for two fixed values of the signal wavelength: λ2 = 1544.725 nm and λ2 = 1545.322 nm.

We see from Fig. 3.3 that the idler power varies with the pump power quadratically (for the two

distinct values of λ2). This is expected from the theory, according with (3.3) and (3.18), when

∆β = 0. We can also see that the idler power is almost independent of the signal wavelength.

The fluctuations of the zero-dispersion wavelength along the fiber length can influence the FWM

process [30, 46, 47]. However, fluctuations with short coherence length, γP1(0)Lc� 1 (where

Lc is the length over which the fluctuations occurs), and narrow wavelength separations, can be

neglected. [46, 47]. Even if we assume that Lc ≈ L, we obtain in our case γP1(0)Lc ≈ 0.18.

Considering the good agreement between the theoretical predictions and the experimental data

present in Fig. 3.3, we assume that the fluctuations of the fiber zero-dispersion has almost no

impact in our experiment.

In Fig. 3.4 we analyze the possibility of efficient generation of the idler wave inside an optical

fiber outside the zero-dispersion of the fiber and with pump and signal far apart. Fig. 3.4 shows

the measured optical power for λ1 6= λ0 with the incident pump power given by (3.23) and the

theoretical model given by (3.18) with λ1 = λ0 for the idler wave as a function of incident pump

power. The experimental results show a good agreement with theoretical predictions. This means

that the generation of the idler field becomes the same as for the case when the pump wavelength
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Figure 3.4: Representation of the measured optical power of the idler field as a function of
incident pump power for λ1 = 1547.37 nm. The line represents the theoretical model given
by (3.18) when λ1 = λ0. The incident signal power used was P2(0) = 1.67× 10−2 mW and
the signal wavelength varies between 1543.532 nm and 1545.92 nm. The experimental incident
pump power was adjusted according with (3.23).

is in the zero-dispersion wavelength of the fiber or when the signal and pump wavelengths are

placed very closely. The explanation of this result is only possible due to the inclusion of the

nonlinear contribution in the parametric gain.

3.3 Polarization Effects on the Generation of the Idler Wave

The efficiency of the FWM process is dependent of the relative polarization of pump and sig-

nal fields [8]. The best efficiency is obtained when pump and signal are co-polarized, whereas

the orthogonal scheme leads to the worst efficiency [8]. When pump and signal are orthogonal

the optical power of the idler wave is about 1/9 of the power obtained with the co-polarized

scheme [8, 9]. In the results presented in Fig. 3.2, we can see that with the increase of the wave-

length separation between pump and signal, the idler power measured experimentally is smaller

than the theoretical predictions. In the theoretical model it was assumed that all fields remain co-

polarized along the propagation in the fiber. However, when the wavelength separation between

pump and signal is increased the fields go from an almost co-polarized situation to a decorrelated

state of polarization (SOP). The loss of efficiency in the FWM process due to the polarization

decorrelation can be seen as a reduction of the value of the nonlinear parameter γ [48–52]. This
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and signal fields. The data presented in the figure is obtained by fitting the experimental data
presented in Fig. 3.2 to (3.18) and (3.22), with γ replaced by γeff.

can be described through a new parameter called effective nonlinear parameter γeff, which is de-

pendent of the wavelength separation between pump and signal fields. If the nonlinear parameter

present in (3.18) and (3.22) is replaced by the effective nonlinear parameter, γeff, the loss of effi-

ciency in the generation of idler wave due to polarization effects can also be described by these

two equations.

It can be seen in Fig. 3.5 the variation of the effective nonlinear parameter with the wave-

length separation between pump and signal fields. The points represented in Fig. 3.5 were ob-

tained by fitting the experimental data present in Fig. 3.2 to (3.18) and (3.22), with γ replaced

by γeff. The results show that the effective nonlinear parameter is approximately equals to γ for

λ1−λ2 < 2.8 nm. However, with the increasing separation between pump and signal fields, the

value of γeff rapidly decreases to 8γ/9, and remains constant for λ1− λ2 > 5 nm. This value

for the effective nonlinear parameter is in agreement with theoretical predictions for polarization

dependent processes in a strong mode coupling [48–52].

In Fig. 3.6 we present the theoretical model given by (3.18) and (3.22) for two values of

γeff, γ and 8γ/9, and the measured optical power for the idler wave as a function of wavelength

separation between pump and signal. The comparison, between the two plots in Fig. 3.6, shows

that the polarization effects decrease the idler power approximately by 1 dB, due to the reduction

of γeff. The results also show that, until λ1−λ2 < 2.8 nm the experimental data and theoretical
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Figure 3.6: Measured optical power of the idler wave as a function of λ1−λ2. The solid and the
dashed lines represent (3.18) and (3.22) with γeff = γ and with γeff = 8γ/9, respectively.

prediction with γeff = γ present a quasi perfectly match. That means that for small wavelengths

detunings the pump and signal fields remain approximately co-polarized along the optical fiber.

According with the theory of the principal states of polarisation (PSP) [53, 54], exist a small

frequency range over which the polarization mode dispersion vector is reasonably constant

∆ωpsp ≈
π

4〈∆τ〉 , (3.24)

where 〈∆τ〉 is the mean differential group delay (DGD). To evaluate the mean DGD we perform

an experiment with the Optical Network Analyzer, and we find that 〈∆τ〉 ' 0.362 ps. For this

value of mean DGD, the frequency range over which the SOP is reasonably constant is, ∆ωpsp '
2.17 GHz. In terms of wavelength, the bandwidth is ∆λpsp ' 2.75 nm, which is in line with the

value mentioned above, λ1−λ2 < 2.8 nm. For λ1−λ2 > 5 nm the experimental data is correctly

describe with γeff = 8γ/9, which indicates that the pump and signal polarizations are mostly

decorrelated. The comparison between the results presented in Fig. 3.6 also show that exist a

transition region, 2.8 nm < λ1−λ2 < 5 nm, over which the optical power evolution of the idler

wave with the wavelength separation between pump and signal fields is not described by γeff = γ

or by γeff = 8γ/9. In that region the optical fields go from an almost co-polarized situation to a

decorrelated state of polarization.

In order to describe analytically the γeff variation with the wavelength separation between
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Figure 3.7: Comparison between the points obtained for the γeff parameter, Fig 3.5, and the fit
with the hyperbolic secant function (3.25).

pump and signal, we fit the result present in Fig. 3.5 with an hyperbolic secant function given by

γeff(∆λ) =
8γ

9
+

γ

9
sech

(
(∆λ)A0

T0

)
, (3.25)

where A0 and T0 are the fitting parameters, and ∆λ = λ1− λ2. In Fig. 3.7 we represent the

analytical equation for γeff with A0 ≈ 2.15 and T0 ≈ 5.47826× 10−19, and the experimental

data as a function of wavelength separation between pump and signal. The results presented in

Fig. 3.7 show that the hyperbolic secant function in (3.25) correctly describes the variation of the

γeff(∆λ) parameter with wavelength separation between pump and signal fields in the transition

region 2.8 nm < λ1−λ2 < 5 nm.

Finally, in Fig. 3.8 we represent the measured optical power, plot (a), the average number of

idler photons generated through FWM, plot (b), and the theoretical model for the idler wave as

a function of wavelength separation between pump and signal. The results presented in Fig. 3.8

shows a good agreement between the experimental data and the theoretical model given by (3.18)

and (3.22) with γeff(∆λ) given by (3.25). Moreover, in Fig. 3.8(b) we can see that the photon

source is capable of generating few-photons per pulse, and the average number of generated

photons can be adjusted by simple tuning the wavelength separation between pump and signal

fields. That can be seen in Table 3.1 where we present the average number of idler photons per

pulse given by (3.2) and the spectral spacing between pump and signal fields. For high values

of wavelength separation between pump and signal fields, the average number of idler photons

generated through FWM is smaller than one, which is essential for QKD applications [1].
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Figure 3.8: Comparison between the experimental data for the idler power, plot (a), and for the
average number of idler photons, plot (b), and the theoretical model given by (3.18), (3.22) with
γeff(∆λ) given by (3.25). The theoretical model and the experimental data show good agreement.
The experimental parameters used are the same as the ones used to obtain Fig. 3.2.

Table 3.1: Average number of idler photons per pulse versus spectral spacing between pump and
signal fields

λ1−λ2 nm 〈n〉 λ1−λ2 nm 〈n〉
1.251 3.034 5.626 0.821

1.65 3.016 6.022 0.559

2.049 2.959 6.418 0.320

2.447 2.894 6.814 0.164

2.845 2.673 7.210 0.064

3.243 2.525 7.606 0.025

3.640 2.308 8.001 0.051

4.038 2.071 8.397 0.102

4.435 1.778 8.792 0.107

4.832 1.401 9.186 0.115

5.229 1.142 9.581 0.009
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Figure 3.9: Experimental setup used to generate, encode, transmit and detect single photons from
the classical process of FWM encoded into two non-orthogonal linear SOPs, θ = 0◦ and θ = 45◦.
The dashed lines represent electrical signals and the solid lines the optical path. Details of the
experiment are presented in the text.

3.4 Implementation of a Quantum Communication Link Us-
ing Few-Photons Obtained from the FWM Process

In order to validate the proposed few-photon source based on the classical FWM process, we

implement in the laboratory a setup capable of transmit photons through a long standard single

mode fiber (SSMF). The experimental setup was implemented by Á. J. Almeida [14, 15]. A

schematic of the experimental setup is show in Fig. 3.9.

In the experimental setup, Fig. 3.9, a pump field from a tunable laser source (TLS) centered

at λ1 = 1550.918 nm, passes through a PC and a bandpass filter, FP, before being coupled

in a beam splitter (BS) to an optical signal from an external cavity laser (ECL) centered at

λ2 = 1547.715 nm. The signal passes through a PC, and is then externally modulated to pro-

duce optical pulses with a width at half maximum of approximately 1 ns and a repetition rate,

fr ≈ 1.22 MHz. After the modulation, it passes through another PC, in order to assure that it

will be co-polarized with the pump pulse at the input of the linear polarizer (LP) after the cou-

pling. Optical filters, Fp, and Fs, are fixed flat-top type with 100 GHz passband width, and are

used to eliminate the lasers sidebands from the pump and signal fields, respectively. After the

LP, the two optical signals are launched into a DSF, with incident powers, Pp(0) = 2.2 mW,

and Ps(0) = 2.65× 10−3 mW, for the pump and signal, respectively. The DSF has a zero
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Figure 3.10: Idler photon counting rate as a function of the HWP angle, θ (degrees), for the two
non-orthogonal SOPs with angles θ = 0◦ and 45◦, after propagation through a quantum channel
with a length equal to 60 km. The theoretical model was taken from [14, 15].

dispersion wavelength, λ0 ≈ 1550 nm, a dispersion slope at the zero dispersion wavelength,

S(λ0)≈ 0.071 ps/nm2/km, length, L = 600 m, attenuation, α≈ 0.2 dB/km, and a nonlinear coef-

ficient, γ≈ 2.3 W−1km−1. Due to the FWM process, the idler field is generated inside the DSF

at λ3 = λ1λ2/(2λ2−λ1) [8]. At the DSF output, optical filters suppress the pump and signal

fields.

The idler photons passes through the filters and reaches the polarization-encoding stage,

Fig. 3.9. At that stage, the idler photons passes through a PC to align photon’s polarization with

the axis of the LP. After the SOP of the idler photons is adjusted using a half wave plate (HWP),

in order to obtain two non-orthogonal angles θ = 0◦ and θ = 45◦. The idler photons are trans-

mitted through the quantum channel, an optical fiber with a length equal to 60 km. At the end

of the quantum channel they pass through a BS, before reaching the single photon detector mod-

ules (SPDMs). Adjusting the PCs in each arm of the BS, the polarization changes inside the

quantum channel can be compensated [55]. The LPs before the SPDMs work as polarization

analyzers.

In Fig. 3.10, we present the average number of photon counts registered by SPDM-1 and

SPDM-2 as a function of the HWP angle, θ, along with the theoretical model taken from [14, 15].

The results were obtained after the photons were transmitted through an optical fiber with a

length equal to 60 km. From 3.10 it can be seen that the maximum counting rate is obtained

when the polarization of the incident photons in the LPs is aligned with its transmission axes,
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3.5 Summary

and the minimum when they are orthogonal. Moreover, it can be seen in Fig. 3.10 that even after

the photons were transmitted through the long distance quantum channel, the 45◦ separation is

still present. This indicates that we are able to decode the photons after they were transmitted

through a quantum channel, with at least 60 km.

3.5 Summary

We investigated, both theoretically and experimentally, the FWM process in optical fibers in a

low power regime. Using the coupled-equations, we derived a simple equation that governs the

evolution of idler wave, for the case P1� P2 with pump and signal powers maintained in a low

power regime. We show that an accurate description of the FWM process in the low power

regime can only be obtained by including the nonlinear contribution and polarization dependent

effects in the scalar FWM theory. The theoretical results were validated experimentally through

the measurement of the optical power generated in the idler wave through the FWM process in a

DSF. We verify the possibility of efficient generation of idler wave outside of the zero-dispersion

of the fiber and with pump and signal fields far apart. We also show experimentally that exist a

transition region over which the pump and signal fields go from an almost co-polarized situation

to a decorrelated SOP. In order to describe the influence of the polarization effects on the evo-

lution of the idler power, we introduced the effective nonlinear parameter, γeff(∆λ). We found

that the γeff(∆λ) varies as a hyperbolic secant with the wavelength separation between pump and

signal. This result was obtained for a single sample of a DSF, a sample that we had available

in our laboratory. Although we believe that this result can be generalized for other fibers, this

should be validated in further studies. We show that if we use the FWM process to measure the

fiber nonlinear parameter, what we obtain is the effective nonlinear parameter of the fiber, which

is dependent of the wavelength separation between pump and signal fields.

We use the classical FWM process to obtain a few-photon source with adjustable linear

SOP. This allow us to implement a quantum channel with length equal to 60 km. A corre-

spondence between the emitted and the received idler photons was observed and the feasibility

of the source was verified, since we observe a fringe visibility greater than 98%. This source,

operating in a low power regime, can in principle be used for implementation of QKD systems

using polarization-encoding schemes.
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Chapter 4

Influence of the Raman Scattering on the
Four-Wave Mixing

THE four-wave mixing (FWM) process has been used to implement fiber-optic parametric

amplifiers [1, 2], wavelength converters [2, 3], and single and entangled photon-pairs

sources [4, 5]. The stimulated Raman scattering (SRS) in optical fibers has been used to imple-

ment broadband Raman amplifiers [6, 7] and tunable Raman lasers [8, 9]. These two nonlinear

processes typically are discussed as independent processes, even if they inevitably occur simul-

taneously [10–13]. In this Chapter we present a comprehensive description of the combined

process of SRS and FWM in birefringent fibers, in the single and dual pump configuration and

considering both co-polarized and orthogonal schemes of polarization. This Chapter is based

on the references [14, 15], and is divided into two main sections. In section 4.1 we analyze

theoretically the impact of the SRS on the FWM process considering the single- and dual-pump

configuration in both co-polarized and orthogonal polarization schemes. In section 4.2 we de-

rive and solve analytically the combined processes of SRS and multiple FWM in the dual pump

configuration, considering both co-polarized and orthogonal schemes of polarization. We also

study the evolution of the first-order sidebands generated through three distinct FWM process

inside a high birefringent (HiBi) optical fiber, as a function of the angle between the two pump

polarizations. In section 4.3, the main results of this Chapter are summarized.

4.1 Combined Process of Raman Scattering and Four-Wave
Mixing

Stimulated FWM and SRS in optical fibers are both third-order nonlinear processes. These two

nonlinear processes can be described by the third-order nonlinear response function of the fiber
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R(3)
i jkl(τ) [16]. The stimulated FWM process occurs when light of two or more frequencies are

launched into an optical fiber given rise to a new wave. Typically, the frequencies launched into

the fiber are known as pump and signal fields, and the new wave is known as idler. At same

time that the idler wave is created the signal field is amplified [16]. During the FWM process

no energy between the optical fields and the fiber is transfered and in that sense this nonlinear

process can be considered as a third-order elastic process [16]. The SRS process in optical fibers

is an inelastic scattering process in which energy is transfered between the optical fields and the

dielectric nonlinear medium. In this nonlinear process the optical frequencies from the pumps

transfer their energy to lower frequencies (Stokes amplification) and to higher frequencies (anti-

Stokes amplification), through molecular vibrations [16, 17].

Most of the work related with the FWM process has been done around the zero-dispersion of

the fiber. In that case, the phase-matching condition is easily achieved and efficient FWM is ob-

tained [18, 19]. Recent developments of photonic crystal fibers (PCFs) have enabled to produce

fibers with high nonlinear coefficient and with zero-dispersion wavelength around 1550 nm [20].

Highly nonlinear fibers with zero-dispersion wavelength around 1550 nm can be useful for

telecommunications applications such as parametric amplifiers [21], soliton generation [22], su-

percontinuum generation [23] and wavelength conversion [21]. The PCFs also allow the in-

troduction of a polarization maintaining structure, characterized by a high birefringence, of the

order of δn ∼ 1× 10−4 [20, 24]. Due to the PCFs properties the FWM and the SRS processes

can be obtained very efficiently in this kind of fibers [25–27].

The combined process of SRS and FWM in optical fibers was investigated theoretically

by Keith J. Blow et al. [28], and their work was latter extended to investigate the parametric

wavevector mismatch on both processes [1, 29, 30], and to include the effect of the pump polar-

ization [11, 31]. Recent studies on this topic have shown that for the single pump configuration

in the co-polarized scheme the signal field is mostly dependent on the imaginary part of the Ra-

man susceptibility, whereas the idler wave is strongly dependent on the real part [12, 13]. That

dependence is more visible when phase-matching condition is achieved. All these studies mainly

discuss the influence of the SRS on fiber-optic parametric amplifiers based on the FWM process.

In this section we expand previous studies related with SRS and FWM process [1, 11, 28–31]

to the co-polarized and orthogonal polarization schemes, in order to treat simultaneously both

processes in the single and dual pump configurations. The obtained results are valid even when

the shift between the pumps and signal lies inside the Raman band. This work can help to guide

the development of optical signal processing devices using PCFs and based on FWM and SRS
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processes.

4.1.1 Theoretical Formalism

The evolution of optical waves inside an almost lossless optical fiber is governed by the nonlinear

Schrödinger equation (NSE) [16, 32]

∂Ai(z, t)
∂z

=
+∞

∑
m=0

im+1βm,i

m!
∂mAi(z, t)

∂tm + iγA j(z, t)
+∞∫
−∞

R(3)
i jkl(τ)A

∗
k(z, t− τ)Al(z, t− τ)dτ, (4.1)

where Ai(z, t) is the electrical field complex amplitude, βm,i is the mth order dispersion coeffi-

cient, γ is the nonlinear parameter of the fiber and R(3)
i jkl(τ) is the waveguide nonlinear response

function [33, 34]

R(3)
i jkl(τ) =

1− fR

3
δ(τ)

(
δi jδkl +δikδ jl +δilδ jk

)
+ fRRa(τ)δi jδkl +

fR

2
Rb(τ)

(
δikδ jl +δilδ jk

)
,

(4.2)

where Ra(τ) and Rb(τ) are the isotropic and anisotropic Raman response, respectively, and

fR represents their fractional contribution to the nonlinear refractive index. The isotropic and

anisotropic Raman response can be modeled, respectively, by [27, 28, 35]

Ra(τ) = fa
τ2

1 + τ2
2

τ1τ2
2

exp(−τ/τ2)sin(τ/τ1)Θ(τ) , (4.3a)

Rb(τ) = fb
1
τb

(
2− τ

τb

)
exp(−τ/τb)Θ(τ)+ fc

τ2
1 + τ2

2

τ1τ2
2

exp(−τ/τ2)sin(τ/τ1)Θ(τ), (4.3b)

where Θ(τ) is the Heaviside function, τ1 ' 12.2 fs is the inverse of the phonon frequency, τ2 '
32 fs is the phonon lifetime, τb' 96 fs accounts for the spectral width of the Boson peak [28, 35],

fa = 0.75, fb = 0.21 and fc = 0.04 represent the fractional contribution to Ra(τ) and Rb(τ), and

fR = 0.245 [35]. The values presented for τ1, τ2, τb, fa, fb, fc, and fR are typical values for silica

based fibers [35]. The isotropic and anisotropic Raman responses are related with co-polarized

and orthogonal Raman gain [33, 35]

gR‖(Ω) = 2γ fR
(
Im[R̃a(Ω)]+ Im[R̃b(Ω)]

)
, (4.4)

gR⊥(Ω) = γ fR
(
Im[R̃b(Ω)]

)
, (4.5)

where gR‖(Ω) and gR⊥(Ω) are the Raman gain coefficient for the co-polarized and orthogonal

scheme of polarization, respectively, R̃a(Ω) is the Fourier transform of Ra(τ), and R̃b(Ω) is the

Fourier transform of Rb(τ). In Fig. 4.1(a) we plot the real and the imaginary parts of R̃a(Ω) and
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Figure 4.1: (a): Evolution of the isotropic and anisotropic Raman response with frequency detun-
ing. Evolution of the imaginary and real parts of the Raman response function, plots (b) and (c),
with frequency detuning.

R̃b(Ω). In Fig. 4.1(b) and in Fig. 4.1(c) we plot the imaginary and real parts of R̃a(Ω) and R̃b(Ω),

respectively. The real part of R̃a(Ω) and R̃b(Ω) leads to Raman-induced index change, whereas

the imaginary part is proportional to the Raman gain [36].

In the sections 4.1.2 and 4.1.3, we use the theoretical model presented here in order to evalu-

ate the influence of the SRS in the FWM process in highly nonlinear fibers with zero-dispersion

around 1550 nm. The experimental fiber parameters used in the analytical models are γ =

18×10−3 W−1m−1, zero-dispersion of the fiber λ0 = 1552 nm, birefringence δn = 1.1×10−4,

dispersion slope at zero-dispersion wavelength S =−250 s/m3 [24], length L = 300 m and input

optical power for each pump equal 15 mW.
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Figure 4.2: Polarization schemes of the FWM process in the single pump configuration.

4.1.2 Single-Pump Configuration

In this section the FWM process is analyzed when only a pump and a signal with frequencies ωp

and ωs, respectively, are launched into a fiber. Due to the FWM process the idler wave is created

inside the fiber with frequency ωi = 2ωp−ωs [16]. It is assumed that the pump is polarized

along a principal axis of the fiber, the x axis, see Fig. 4.2. Under the continuous wave (CW)

approximation the total optical field A j(z, t) can be written as [16]

A j(z, t) = Apx(z)e−iΩpt +As j(z)e−iΩst +Ai j(z)e−iΩit , (4.6)

where j = x for the co-polarized scheme and j = y for the orthogonal scheme of polarization,

Ωu = ωu−ω0 where u = p,s, i and ω0 is the fiber zero-dispersion frequency, Apx(z) represents

the amplitude of the pump wave, As j(z) and Ai j(z) represent the amplitude of the signal and

idler fields, respectively. The evolution of the complex amplitude for the pump wave is given

by [16, 34]

Apx(z) = Ap(0)Φ(z) = Ap(0)exp[i(βx(wp)+ γP0)z] , (4.7)

where Ap(0) is the input pump amplitude, P0 = |Ap(0)|2 is the incident pump power and βx(wp)

is the pump propagation constant. The NSE equation for idler and signal fields can be written as

∂Aq j(z)
∂z

= iβ j(ωq)Aq j(z)+ iγζ j(Ωv)P0Aq j(z)+ iγρ j(Ωv)A2
px(z)A

∗
f j(z) , (4.8)

where q, f = s for the signal field and q, f = i for the idler field with q 6= f , and

ζx(Ωv) = 2− fR + fRR̃a(Ωv)+ fRR̃b(Ωv) , (4.9)

ζy(Ωv) = 2
1− fR

3
+ fRR̃a(0)+

fR

2
R̃b(Ωv) , (4.10)

ρx(Ωv) = 1− fR + fRR̃a(Ωv)+ fRR̃b(Ωv) , (4.11)

ρy(Ωv) =
1− fR

3
+

fR

2
R̃b(Ωv) , (4.12)
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where Ωv = Ωsp = ωs−ωp for the signal wave and Ωv = Ωip = ωi−ωp for the idler wave.

In (4.8) ρ j(Ωv) is related with the efficiency of the FWM process. If fR = 0 we obtain the

description of the FWM process in the absence of Raman contribution.

The signal and idler complex amplitudes at a distance z are given by

As j(z)
As j(0)

= cosh(g j(Ωsp)z)exp(iδβ jz/2)Φ(z)+ i
κ j(Ωsp)

2g j(Ωsp)
sinh(g j(Ωsp)z)exp(iδβ jz/2)Φ(z),

(4.13)

and
Ai j(z)
A∗s j(0)

= i
γρ j(Ωip)

g j(Ωip)
sinh(g j(Ωip)z)A2

p(0)Φ(z)e−iδβ jz/2, (4.14)

where Φ(z) is given by (4.7), δβ j = β j(ωs)−β j(ωi), g j(Ωv) is the parametric gain given by

g2
j(Ωv) = (γρ j(Ωv)P0)

2− (κ j(Ωv)/2)2 , (4.15)

and k j(Ωv) is phase-mismatch

κ j(Ωv) = ∆β j +2γP0(ζ j(Ωv)−1) , (4.16)

where ∆β j is the phase-matching condition given by [16, 37, 38]

∆β j = β j(ωs)+β j(ωi)−2βx(ωp) = 2
ωp

c
δn+(ωp−ω0)(ωp−ωs)

2
β3 , (4.17)

where c is the speed of light in vacuum, δn = ny− nx is the group birefringence, ω0 is chosen

at the zero-dispersion of the fiber and β3 is the third order dispersion coefficient. For the co-

polarized scheme we should consider δn = 0. The optical power evolution of signal and idler

fields is given by

Ps j(z)
Ps j(0)

=

∣∣∣∣cosh(g j(Ωsp)z)+ i
κ j(Ωsp)

2g j(Ωsp)
sinh(g j(Ωsp)z)

∣∣∣∣2 , (4.18)

and
Pi j(z)
Ps j(0)

= (γPp(0)z)2 ∣∣ρ j(Ωip)
∣∣2 ∣∣∣∣sinh(g j(Ωip)z)

g j(Ωip)z

∣∣∣∣2 . (4.19)

In Fig. 4.3 we plot the theoretical prediction for the signal field given by (4.18) as a function

of frequency detuning. In Fig. 4.3(a) and in Fig. 4.3(b) we plot the evolution of the signal field

in the co-polarized scheme, see Fig. 4.2(a), whereas in Fig. 4.3(c) and in Fig. 4.3(d) it is pre-

sented the evolution of the signal wave in the orthogonal polarization scheme, see Fig. 4.2(b).
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Figure 4.3: Theoretical predictions for the signal field given by (4.18) as a function of frequency
detuning. Dashed lines represent the limit fR = 0 and solid lines fR = 0.245. Fig. 4.3(a) and
Fig. 4.3(b) represent the co-polarized scheme, whereas Fig. 4.3(c) and Fig 4.3(d) describe the
orthogonal polarization scheme. In plot (a) and (c) we represent the evolution of the signal
field when the pump wavelength, λp, coincides with the zero-dispersion wavelength of the fiber,
λ0. Results show that the signal field is strongly influenced by the imaginary part of the fiber
nonlinear response, which is proportional to the Raman gain parameter.

In Fig. 4.3(a) and in Fig. 4.3(c) the pump wavelength, λp, coincides with the zero-dispersion

wavelength, λ0, of the fiber. From Fig. 4.3(a) and Fig. 4.1(b) we can see that the evolution of the

signal wave is mostly described by (Im[−R̃a(Ωsp)]+ Im[−R̃b(Ωsp)]), which is proportional to

the co-polarized Raman gain parameter given by (4.4). For high frequency detunings the magni-

tude of Im[−R̃a(Ωsp)] dominates, and the evolution of the signal wave is mostly described by that

function, which leads to a minimum of efficiency in the signal wave around 13 THz. That value
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Figure 4.4: Theoretical predictions for the idler field given by Eq. (4.19) as a function of fre-
quency detuning. Dashed lines represent the limit fR = 0 and solid lines fR = 0.245. In Fig. 4.4(a)
and in Fig. 4.4(b) we plot the generation of the idler field in the co-polarized scheme, whereas in
Fig. 4.4(c) and Fig. 4.4(d) we describe the idler field in the orthogonal polarization scheme. In
Fig. 4.4(a) and Fig. 4.4(c) we plot the generation of the idler field when the pump wavelength,
λp, coincides with the zero-dispersion wavelength of the fiber, λ0. Results show that the idler
field is strongly influenced by the real part of the fiber nonlinear response function, namely when
the pump wavelength coincides with the fiber zero-dispersion wavelength.

of frequency detuning corresponds to the maximum of Im[R̃a(Ω)]. From Fig. 4.3(a) we can see

that the inclusion of SRS in the description of the FWM process leads to a frequency dependence

on the evolution of the signal power. In Fig. 4.3(b) we plot the evolution of the signal field in

the co-polarized scheme outside the fiber zero-dispersion wavelength. From Fig. 4.3(b) we can

see that when λp 6= λ0 the evolution of the signal field, for small frequency detunings, less than

2 THz, is described by both the real and imaginary parts of the fiber nonlinear response (4.2).
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The real part contribution arises from the fact that ∆βx 6= 0 in (4.15) and (4.18). However, for

frequency detunings higher than 2.5 THz, the evolution of the signal is field is mostly described

by the imaginary part of the fiber nonlinear response function. In Fig. 4.3(c) and in Fig. 4.3(d)

we plot the evolution of the signal field in the orthogonal polarization scheme. In Fig. 4.3(c) we

use λp = λ0, whereas in Fig. 4.3(d) the pump wavelength does not coincides with λ0. We can

see that does not exist a significant difference between both results, due to the high value of the

group birefringence. The results presented in Fig. 4.3(c) and in Fig. 4.3(d) also show that the

evolution of the signal wave is mostly described by Im[−R̃b(Ωsp)], which is proportional to the

orthogonal Raman gain parameter given by (4.5).

In Fig. 4.4 we plot the theoretical prediction for the idler field given by (4.19) as a function

of frequency detuning. In Fig. 4.4(a) and in Fig. 4.4(b) we plot the idler wave in the co-polarized

scheme, see Fig. 4.2(a), whereas in Fig. 4.4(c) and in Fig. 4.4(d) it is presented the idler wave

in the orthogonal polarization scheme, see Fig. 4.2(b). From Fig. 4.4(a) we can see that when

the pump wavelength, λp, coincides with the fiber zero-dispersion wavelength, λ0, the genera-

tion of the idler field is mostly described by the real part of the fiber nonlinear response function

(Re[R̃a(Ωip)+Re[R̃b(Ωip)]), see Fig. 4.1(c). Due to a maximum in the real part of R̃b(Ω) around

Ω/2π = 1 THz, see Fig. 4.1(c), the presence of the SRS increases the efficiency of the generation

of the idler wave, for small frequency detunings (less than 2 THz).

Outside the zero-dispersion wavelength, Fig. 4.4(b), the limit fR = 0 is a quite good approxima-

tion to describe the generation of the idler wave. The evolution of the optical power of the idler

wave, for λp 6= λ0, is mostly described by the nonlinear instantaneous response of fiber, given by

the first term on the right side of (4.2), and the evolution of the phase-matching condition with

the frequency detuning given by (4.17) with j = x.

In Fig. 4.4(c) we plot the evolution of the idler wave in the orthogonal polarization scheme, and

with λp = λ0. From Fig. 4.4(c) we can see that the idler wave is mostly described by the real

part of R̃b(Ωip), see Fig. 4.1(c). The results also show that this polarization scheme leads to an

inefficient generation of the idler wave, due to high value of the group birefringence, and due to

the presence of the SRS.

Outside the zero-dispersion and in the orthogonal polarization scheme, Fig. 4.4(d), the limit

fR = 0 is a good approximation, as it is the case presented in Fig. 4.4(b). The results plotted in

Fig. 4.4(d) also show that the orthogonal scheme leads to an inefficient generation of the idler

wave, mainly due to the high value of the group birefringence of the optical fiber.
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Figure 4.5: Polarization schemes of the FWM process in the dual pump configuration.

4.1.3 Dual-Pump Configuration

In this section we analyze the FWM process when two pumps (ωl and ωr) and a signal (ωs) are

launched into a fiber given rise to the idler wave, ωi = ωl +ωr−ωs [16]. The FWM process

in the dual pump configuration can be decomposed in three different polarization schemes [39],

see Fig. 4.5. We assume that the pumps are always much more intense than the idler and signal

waves. Hence, we use the undepleted-pump approximation. In order to avoid multiple FWM

processes [40–42], the pumps and signal power are maintained in a low power regime. It is also

assumed that the fiber length is much shorter than the walk-off length [16]. In that regime it is

applicable the CW approximation [16]. Under these approximations the total optical field can be

written as [16]

A j(z, t) = Al j(z)e−iΩlt +Ark(z)e−iΩrt +Asυ(z)e−iΩst +Aiς(z)e−iΩit , (4.20)

where j,k,υ,ς = x,y, depending on the polarization scheme, Ωu = ωu−ω0 where u = l,r,s, i

and ω0 is the fiber zero-dispersion frequency, Al j(z) and Ark(z) represent the pumps amplitude,

Asυ(z) and Aiς(z) represent the amplitude of the signal and idler fields, respectively. From (4.1)

and (4.20) we can see that the two pumps, ωl and ωr, can interact with each other through the

SRS, and their optical power evolution is given by

∂Ph j(z)
∂z

=−gRm(Ωht)Ph j(z)Ptk(z) , (4.21)
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Figure 4.6: Optical power evolution of the pumps with frequency detuning Ωrl . Results shows
that for Ωrl/2π < 3 THz the energy transfer between the pumps is very small, less than 1% for
the co-polarized scheme, and approximately 0.3% for the orthogonally scheme of polarization.

where h, t = l,r with h 6= t. For the co-polarized scheme j = k = x and gRm = gR‖, and for the

orthogonally scheme j 6= k = x,y and gRm = gR⊥. Solving (4.21) we obtain

Ph j(z) =
Ph j(0)

[
gRm(Ωth)Ph j(0)−gRm(Ωht)Ptk(0)

]
gRm(Ωth)Ph j(0)−gRm(Ωht)Ptk(0)e−Γ(Ω)z

, (4.22)

where Γ(Ω)= gRm(Ωth)Phk(0)−gRm(Ωht)Pt j(0). Typically, in FWM experiences the two pumps

are placed closely to the zero-dispersion wavelength in order to achieve the phase-matching

condition, and the pump powers are maintaining at a low power regime. Under these conditions

the power transfer between the pumps is very small [43]. In Fig. 4.6 we plot the optical power

evolution of the two pumps, given by (4.22), with the frequency detuning Ωrl . From Fig. 4.6 we

can see that for frequency detunings less than 3 THz the energy transfer between the pumps is

very small, less than 1% for the co-polarized scheme, and it is even smaller for the orthogonal

scheme of polarization, approximately 0.3%. In this regime of low optical powers and small

frequency pump detunings, we can neglect the energy transfer between the pumps. Using this

approximation, the evolution of the complex amplitudes of the pump fields along the fiber is

given by

Ah j(z) = Ah j(0)exp{i
[
β j(ωh)+ γPh j(0)+2γPtk(0)

]
z} , (4.23)

where Ah j(0) is the input pump amplitude.
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Co-Polarized Scheme

The NSE equation for the signal and idler fields in the co-polarized scheme, Fig. 4.5(a), can be

written as

∂Aqx(z)
∂z

= iβx(ωq)Aqx(z)+ iγζx(Ωql)Plx(0)Aqx(z)

+ iγ
[
ζx(Ωqr)Prx(0)Aqx(z)+ εx(ωq)Alx(z)Arx(z)A∗f x(z)

]
, (4.24)

with

εx(wq) = 2(1− fR)+ fR
[
R̃a(Ωql)+ R̃b(Ωql)

]
+ fR

[
R̃a(Ωql)+ R̃b(Ωqr)

]
, (4.25)

where q, f = s for signal wave and q, f = i for idler field with q 6= f . In (4.24) ζx(Ωql) and ζx(Ωqr)

are given by (4.9). If fR = 0 we obtain the description of the FWM process in the absence of

Raman contribution. The complex amplitudes for the signal and idler fields at a distance z are

given by

Asx(z)
Asx(0)

=

(
cosh(gx(ωs)z)eiδβx(ωs)z/2 + i

κx(ωs)

2gx(ωs)
sinh(gx(ωs)z)eiδβx(ωs)z/2

)
φx(z), (4.26)

and
Aix(z)
A∗sx(0)

= i
γεx(ωi)

gx(ωi)
sinh(gx(ωi)z)AlxArxφx(z)e−iδβx(ωi)z/2, (4.27)

where Alx and Arx are the input pump amplitudes, and

g2
x(ωq) = (γεx(ωq))

2Plx(0)Prx(0)−
(

κx(ωq)

2

)2

, (4.28)

κx(ωq) = ∆βxx + γPp(ζx(Ωql)+ζx(Ωqr)−ζx(0)−1) , (4.29)

δβx(ωq) = βx(ωs)−βx(ωi)+ γPg[ζx(Ωqh)−ζx(Ωqt)], (4.30)

φx(z) = exp{i(βx(ωl)+βx(ωr)+3γPp)z/2} , (4.31)

where h= l and t = r for q= s, h= r and t = l for q= i, Pg =Plx(0)−Prx(0), Pp =Plx(0)+Prx(0)

is the total pump input power, and ∆βxx is the phase-matching condition [16, 37, 38]

∆βxx = βx(ωs)+βx(ωi)−βs(ωl)−βx(ωr)≈
1
2
(ωs−ωl)(ωs−ωr)(ωr +ωl−2ω0)β3 , (4.32)

where ω0 is chosen at the zero-dispersion of the fiber and β3 is the third order dispersion coeffi-

cient. The optical power evolution for the signal and idler fields is given by

Psx(z)
Psx(0)

=

∣∣∣∣cosh(gx(ωs)z)+ i
κx(ωs)

2gx(ωs)
sinh(gx(ωs)z)

∣∣∣∣2 , (4.33)
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Figure 4.7: Theoretically predictions for the signal and idler fields given by (4.33) and (4.34)
respectively, in the co-polarized dual pump FWM process, as a function of frequency detuning.
Dashed lines represent the limit fR = 0 and solid lines fR = 0.245. Results show that when
∆βxx = 0, plots (a) and (c), the signal is mostly described by the imaginary part of the nonlinear
response function, whereas the idler field is mostly described by the real part.

and
Pix(z)
Psx(0)

= |γεx(ωi)z|2 Plx(0)Prx(0)
∣∣∣∣sinh(gx(ωi)z)

gx(ωi)z

∣∣∣∣2 . (4.34)

In Fig. 4.7 we plot the optical power evolution for both signal and idler fields in the co-

polarized scheme, given by (4.33) and (4.34) respectively, as a function of frequency detun-

ing, for the dual pump configuration, see Fig. 4.5(a). In Fig. 4.7(a) and in Fig. 4.7(b) we plot

the optical power evolution of the signal field, whereas in Fig. 4.7(c) and in Fig. 4.7(d) we

plot the optical power evolution of the idler wave. In Fig. 4.7(a) and in Fig. 4.7(c) the phase-

matching condition (4.32) is achieved, ∆βxx = 0, whereas in Fig. 4.7(b) and in Fig. 4.7(d) the
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wavelength of the right pump, λr, coincides with the fiber zero-dispersion wavelength, λ0, and

the left pump wavelength, λl , is higher than λ0. From Fig. 4.7(a) we can see that the signal

field is mostly described by (Im[−R̃a(Ωsl)]+ Im[−R̃b(Ωsl)]+ Im[−R̃a(Ωsr)]+ Im[−R̃b(Ωsr)]),

see Fig. 4.1(b), which is proportional to the Raman gain, given by (4.4). Increasing the frequency

detuning the magnitude of Im[−R̃a(Ω)] dominates, and the signal field is mostly described by

(Im[−R̃a(Ωsl)] + Im[−R̃a(Ωsr)]), which leads to a minimum of efficiency in the signal wave

around 13 THz, see Fig. 4.1(b). The results plotted in Fig. 4.7(a) show that the SRS decreases

the optical power of the signal wave of approximately 10%, when compared with the case fR = 0.

In Fig. 4.7(b) we plot the evolution of the signal wave when ∆βxx 6= 0. From Fig. 4.7(b) we can

see that for Ωsr/2π < 2.5 THz, the signal field is mostly described by both the real and imag-

inary parts of the fiber nonlinear response given by (4.2). The dependence on the real part of

the nonlinear fiber response arises from the fact that ∆βxx 6= 0 in (4.33). For higher frequency

detunings the signal field is mostly described by (Im[−R̃a(Ωsl)]+ Im[−R̃a(Ωsr)]). In Fig. 4.7(c)

we plot the optical power of the idler wave, given by (4.34), as a function of frequency detuning,

for ∆βxx = 0. From Fig. 4.7(c) we can see that the idler field is mostly described by the real part

of the fiber nonlinear response function, given by (Re[R̃a(Ωil)] +Re[R̃b(Ωil)] +Re[R̃a(Ωir)] +

Re[R̃b(Ωir)]), see Fig. 4.1(c). The results also show that the SRS increases the optical power

of the idler wave for frequency detunings less than 2 THz, due to a maximum in the magnitude

of (Re[R̃a(Ωil)]+Re[R̃a(Ωir)]), around that frequency, see Fig. 4.1(c). However, for higher fre-

quency detunings, the SRS decreases the optical power of the idler wave due to the reduction

of the magnitude of the real part of R̃a(Ω), see Fig. 4.1(c). In Fig. 4.7(d) we plot the evolution

of the idler wave when ∆βxx 6= 0. From Fig. 4.7(d) we can see that the limit fR = 0 is a good

approximation to describe the idler wave. In that case the optical power evolution of the idler

wave is mostly described by the nonlinear instantaneous response of the fiber, given by the first

term on the right side of (4.2), and the phase-matching condition is given by (4.32).

Orthogonal Scheme of Polarization

The NSE equation for the signal and idler fields, for the two orthogonal polarization schemes,

can be written as

∂As j(z)
∂z

= iβ j(ωs)As j(z)+ iγζx(Ωsh)Ph j(0)As j(z)

+ iγ
[
ζy(Ωst)Ptk(0)As j(z)+ξ j(ωs)Alx(z)Ary(z)A∗ik(z)

]
, (4.35)
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and

∂Aik(z)
∂z

= iβk(ωi)Aik(z)+ iγζx(Ωit)Ptk(0)Aik(z)

+ iγ
[
ζy(Ωih)Ph j(0)Aik(z)+ξk(ωi)Alx(z)Ary(z)A∗s j(z)

]
, (4.36)

where j,k = x,y with j 6= k. For j = x, h = l and t = r, and for j = y, h = r and t = l. In (4.35)

and (4.36) ζx and ζy are given by (4.9) and (4.10), respectively, and

ξx(ωq) = 2
1− fR

3
+ fRR̃a(Ωql)+

fR

2
R̃b(Ωqr) , (4.37)

ξy(ωq) = 2
1− fR

3
+ fRR̃a(Ωqr)+

fR

2
R̃b(Ωql) . (4.38)

The evolution of the signal and idler complex amplitudes inside the optical fiber are given by

As j(z)
As j(0)

= cosh(g jk(ωs)z)φxy(z)eiδβ jk(ωs)z/2 + i
κ jk(ωs)

2g jk(ωs)
sinh(g jk(ωs)z)φxy(z)eiδβ jk(ωs)z/2, (4.39)

and
Aik(z)
A∗s j(0)

=
γξk(ωi)

g jk(ωi)
sinh(g jk(ωi)z)AlxAryφxy(z)e−iδβ jk(ωi)z/2 , (4.40)

where Alx and Ary are the input pump amplitudes, and

g2
jk(ωq) = (γξ j(ωq))

2Plx(0)Pry(0)−
(

κ jk(ωq)

2

)2

, (4.41)

κ jk(ωq) = ∆β jk + γPp(ζx(Ωqh)+ζy(Ωqt)−ζy(0)−1), (4.42)

δβ jk(ωq) = β j(ws)−βk(wi)+ γPg[ζ j(Ωqh)−ζk(Ωqt)], (4.43)

φxy(z) = exp{i(βx(wl)+βy(wr)+ γPp)(1−ζy(0))z/2}, (4.44)

where Pp = Plx(0)+Pry(0) and Pg = Plx(0)−Pry(0). The orthogonal scheme is separated in two

different processes according with Fig. 4.5(b) and Fig. 4.5(c).

Signal Parallel to Left Pump The phase-matching condition in this configuration is given

by [16, 37, 38]

∆βxy = βx(ωs)+βy(ωi)−βx(ωl)−βy(ωr)

≈ ωl−ωs

c
δn+

1
2
(ωs−ωl)(ωs−ωr)(ωr +ωl−2ω0)β3, (4.45)
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Figure 4.8: Optical power of the signal and idler fields in the orthogonal scheme of polariza-
tion, with signal launched parallel to the left pump ωl , given by (4.46) and (4.47), respectively,
as a function of frequency detuning. Dashed lines represent the limit fR = 0 and solid lines
fR = 0.245. Results show that the signal field is mostly described by the imaginary part of the
nonlinear response function, and also show that this polarization scheme leads to an inefficient
generation of the idler wave.

where c is the speed of light in vacuum, and δn = ny− nx. The optical power of the signal and

idler fields, according with (4.39) and (4.40), in this polarization scheme is given by

Psx(z)
Psx(0)

=

∣∣∣∣cosh(gxy(ωs)z)+ i
κxy(ωs)

2gxy(ωs)
sinh(gxy(ωs)z)

∣∣∣∣2 , (4.46)

and
Piy(z)
Psx(0)

=
∣∣γξy(ωi)z

∣∣2 Plx(0)Pry(0)
∣∣∣∣sinh(gxy(ωi)z)

gxy(ωi)z

∣∣∣∣2 , (4.47)
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Figure 4.9: Optical power of the signal and idler fields in the orthogonal scheme of polarization,
with signal launched parallel to the right pump ωr, given by (4.49) and (4.50), respectively,
as a function of frequency detuning. Dashed lines represent the limit fR = 0 and solid lines
fR = 0.245. Results show that the generation of the idler wave and the amplification of the signal
field in this polarization scheme is efficient for frequency detunings less than 0.01 THz, see inset
in plots (a) and (b).

where ξy is given by (4.38).

Signal Parallel to Right Pump The phase-matching condition in this configuration is given

by [16, 37, 38]

∆βyx = βy(ωs)+βx(ωi)−βx(ωl)−βy(ωr)

≈ ωs−ωr

c
δn+

1
2
(ωs−ωl)(ωs−ωr)(ωr +ωl−2ω0)β3 , (4.48)
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and the evolution of the optical power for the signal and idler fields according with (4.39)

and (4.40) is given by

Psy(z)
Psy(0)

=

∣∣∣∣cosh(gyx(ωs)z)+ i
κyx(ωs)

2gyx(ωs)
sinh(gyx(ωs)z)

∣∣∣∣2 , (4.49)

and
Pix(z)
Psy(0)

= |γξx(ωi)z|2 Plx(0)Pry(0)
∣∣∣∣sinh(gyx(ωi)z)

gyx(ωi)z

∣∣∣∣2 , (4.50)

where ξx is given by (4.37).

In Fig. 4.8 we plot the optical power of the signal and idler fields, given by (4.46) and (4.47)

respectively, as a function of the frequency detuning, see scheme in Fig. 4.5(b). In Fig. 4.8(a) and

in Fig. 4.8(b) we plot the optical power evolution of the signal field, whereas in Fig. 4.8(c) and in

Fig. 4.8(d) we plot the optical power evolution of the idler wave. In Fig. 4.8(a) and in Fig. 4.8(c)

we use ωl +ωr = 2ω0 in (4.45), whereas in Fig. 4.8(b) and in Fig. 4.8(d) the wavelength of

the right pump, λr, coincides with the fiber zero-dispersion wavelength, λ0, and the left pump

wavelength, λl , is higher than λ0. From Fig. 4.8(a) and from Fig. 4.8(b) we can see that the

signal field is mostly described by the sum of the imaginary parts of the fiber nonlinear response

function, given by (2Im[−R̃a(Ωsl)]+ Im[−R̃b(Ωsr)]), see Fig. 4.1(b). For Ωsr/2π > 2.5 THz,

the magnitude of Im[−R̃a(Ωsl)] dominates, and the signal wave will be mostly described by that

function, see Fig. 4.1(b). The optical power of the signal wave plotted in Fig. 4.8(a) is slightly

higher than the presented in Fig. 4.8(b), due to the fact that in Fig. 4.8(a) we use ωl +ωr = 2ω0.

From Fig. 4.8(a) and from Fig. 4.8(b) we can see that for Ωsr/2π≈ 13 THz the inclusion of the

SRS on the description of the FWM process decreases the optical power of the signal wave of

approximately 5%, when compared with the limit of fR = 0. In Fig. 4.8(c) and in Fig. 4.8(d) we

plot the generation of the idler wave, given by (4.47), as a function of frequency detuning. From

Fig. 4.8(c) and from Fig. 4.8(d) we can see that the limit fR = 0 is a good approximation. This

results from the fact that the idler field in this polarization scheme is mostly described by both, the

nonlinear instantaneous response of the fiber (4.2), and the phase-matching condition (4.45). In

Fig. 4.8(c) the group birefringence leads to ∆βxy 6= 0. The group birefringence, δn, present in the

phase-matching condition (4.45) leads to an inefficient generation of the idler wave. However,

when ωl +ωr = 2ω0, see Fig. 4.8(c), the generation of the idler wave is more efficient than when

ωl +ωr 6= 2ω0, see Fig. 4.8(d).

In Fig. 4.9 we plot the optical power of the signal and idler fields given by (4.49) and (4.50),

respectively, as a function of the frequency detuning, see scheme in Fig. 4.5(c). In Fig. 4.9(a)
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and in Fig. 4.9(b) we plot the optical power evolution of the signal field, whereas in Fig. 4.9(c)

and in Fig. 4.9(d) we plot the optical power evolution of the idler wave. In Fig. 4.9(a) and

in Fig. 4.9(c) we use ωl +ωr = 2ω0 in (4.48), whereas in Fig. 4.9(b) and in Fig. 4.9(d) the

wavelength of the right pump, λr, coincides with the fiber zero-dispersion wavelength, λ0, and

the left pump wavelength, λl , is higher than λ0. From Fig. 4.9(a) and from Fig. 4.9(b) we can see

that the signal field is mostly described by (2Im[−R̃a(Ωsr)] + Im[−R̃b(Ωsl)]), see Fig. 4.1(b).

For Ωsr/2π < 0.01 THz the phase-matching condition given by (4.48) is almost perfect, and

the amplification of the signal wave is very efficient. For 0.01 < Ωsr/2π (THz) < 2.5 the signal

field is mostly described by Im[−R̃b(Ωsl)], whereas for Ωsr/2π > 2.5 THz the signal wave will

be mostly described by Im[−R̃a(Ωsr)], see Fig. 4.1(b). The optical power of the signal wave

plotted in Fig. 4.9(a) is slightly higher than the presented in Fig. 4.9(b), due to the fact that in

Fig. 4.9(a) we use ωl +ωr = 2ω0. From Fig. 4.9(a) and from Fig. 4.9(b) we can see that for

Ωsr/2π ≈ 13 THz the inclusion of the SRS on the description of the FWM process decreases

the optical power of the signal wave of approximately 5%, when compared with fR = 0. In

Fig. 4.9(c) and in Fig. 4.9(d) we plot the generation of the idler wave, given by (4.50), as a

function of frequency detuning. From Fig. 4.9(c) and from Fig. 4.9(d) we can see that the limit

fR = 0 is a good approximation. The results plotted in Fig. 4.9(c) and in Fig. 4.9(d) show that for

Ωsr/2π < 0.01 THz the generation of the idler wave is very efficient in this polarization scheme,

due to the fact that ∆βyx ≈ 0, in that frequency range. However, for higher frequency detunings,

this polarization scheme leads to an inefficient generation of the idler wave due to the high value

of the group birefringence (4.48). From Fig. 4.9(c) and from Fig. 4.9(d) we can also see that

when ωl +ωr = 2ω0, the generation of the idler wave is more efficient than when ωl +ωr 6= 2ω0.

4.2 Multiple FWM in the Dual-Pump Configuration

Typically, the single or dual pump FWM process involves only the generation of a new frequency.

In these configurations, several studies of FWM process in optical fibers have been carried out,

taken into account the quasi-instantaneous response of the nonlinear dielectric medium [44–46]

and the delayed Raman response [1, 11, 14, 28]. For fiber lengths of the order of the effective

length of interaction, the optical fiber can be considered an almost lossless medium. In that limit

several new frequencies are generated inside the fiber through multiple FWM processes [40].

The multiple FWM process in optical fibers was investigated in [40, 41, 47], and their work

was latter extended to investigate the conservation law [48] and the nonlinear dynamics [49]

of dual frequency-pumped multiple FWM processes, as well to describe the dynamical evolu-
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tion of the sidebands along an optical fiber [50]. Subsequent studies explored the interactions

between pumps and the generated sidebands in highly birefringent fibers [51], and the role of

stochasticity on multiple FWM processes [52]. Recently, the self-stability function of multi-

ple FWM processes was studied in [53], and their work has extended in order to describe this

process in the presence of multifrequency pumps [42]. In [14], we studied the influence of the

SRS on the generation of one idler wave through the stimulated FWM process in the single and

dual pump configurations. Potential applications of these nonlinear processes are wavelength

converters [2, 3], modulation instability [51, 54], demultiplexing [55, 56] and phase conjuga-

tion [57, 58].

Existing theories cannot completely describe the simultaneous generation of two idler waves

through multiple FWM processes in optical fibers. For this reason, numerical solution of the

NSE is used for explain the experimental data [40–42, 47–53]. In this section we develop a

theoretical model capable of describing the generation of two idler waves inside a birefringent

optical fiber through three FWM processes in the dual pump configuration, and considering both

the co-polarized and orthogonal polarization schemes. The obtained results take into account the

delayed Raman response of the fiber. We use our model to quantify the impact of the delayed

Raman response of the fiber on the generation of the two idler waves through three FWM pro-

cesses. Since our theoretical model is vectorial, we are able to describe the evolution of the idler

waves as function of the polarization angle between the two pumps.

4.2.1 Analytical Model

Using the model presented in section 4.1.1, we analyze in this section the generation of two

new frequencies inside a HiBi optical fiber through multiple FWM processes. In this study, two

pumps (at ω1 and ω2) are launched into a fiber, given rise to two new frequencies, ω3 and ω4,

through three FWM processes, two degenerated and one non-degenerated. The two degenerate

processes are given by ω3 = 2ω1−ω2 and ω4 = 2ω2−ω1, whereas the non-degenerated is

given by ω1 +ω2 = ω3 +ω4. This multiple FWM process can be decomposed in two different

polarization schemes, see Fig. 4.10. We assume that the pumps are always much more intense

than the idlers, and it is also assumed that the fiber length is much shorter than the walk-off

length [16]. In that regime, we can apply the quasi-CW approximation and the total optical field

can be written as

A j(z, t) = ∑
N

AN, j(z)exp{−iΩNt} , (4.51)
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Figure 4.10: Polarization schemes of the multiple FWM process.

where N = 1,2,3,4 represents all fields in the j state of polarization, and ΩN = ωN −ω0, with

ω0 being the fiber zero-dispersion frequency of the fiber. Substituting (4.51) in (4.1), the NSE

for the pump fields, can be written as

∂Au, j(z)
∂z

= ik j(ωu)Au, j(z)+ iγPu, j(z)Au, j(z)+ iγξm(Ωu,v)Pv,l(z)Au, j(z) , (4.52)

where u,v = 1,2 represent the two pumps, according with the notation used in Fig. 4.10, with

u 6= v, ξm = ξ‖ for the co-polarized scheme, see Fig. 4.10(a), and ξm = ξ⊥ for the orthogonal

polarization scheme, see Fig. 4.10(b). In (4.52), l = j = x for the co-polarized scheme. In the

orthogonal polarization scheme j = x and l = y for u = 1, whereas for u = 2 we have j = y and

l = x. Finally, Pu, j(z) =
∣∣Au, j(z)

∣∣2 is the optical power of each pump field, and

k j(ωu) = ∑
m≥0

βm, j

m!
Ω

m
u , (4.53)

ξ‖(Ωu,v) = 2− fR + fR
(
R̃a(Ωu,v)+ R̃b(Ωu,v)

)
, (4.54)

ξ⊥(Ωu,v) = 2
1− fR

3
+ fRR̃a(0)+

fR

2
R̃b(Ωu,v) , (4.55)

where R̃a(Ω) is the Fourier transform of Ra(τ), and R̃b(Ω) is the Fourier transform of Rb(τ), and

Ωu,v = ωu−ωv. After some mathematical manipulation, the complex amplitude for the pump

fields at a distance z in the fiber can be written as

Au, j(z) = Au, jei(k j(ωu)−γH j(ωu))zFj(0)−iγG j(ωu)Fj(z)iγG j(ωu) , (4.56)
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where Au, j is the input pump amplitudes, and

H j(ωu) =
Pv,lg2

Rm(Ωu,v)+Pu, jg2
Rm(Ωv,u)ξm(Ωu,v)

gRm(Ωu,v)gRm(Ωv,u)
, (4.57a)

G j(ωu) =
gRm(Ωu,v)+gRm(Ωv,u)ξm(Ωu,v)

gRm(Ωu,v)gRm(Ωv,u)
, (4.57b)

Fj(z) = gRm(Ω2,1)P1,xegRm(Ω2,1)P1,xz−gRm(Ω1,2)P2,legRm(Ω1,2)P2,lz , (4.57c)

where gRm = gR‖ for the co-polarized scheme, whereas for the orthogonal polarization scheme

gRm = gR⊥, and Pu, j represents the input pump power. From (4.56), we observe that the two

pumps can transfer energy between them through the process of SRS. However, if the pumps

are placed closely, Ωu,v/2π < 3 THz, and if their power is maintained at a low level [14, 34], the

power transfer between the pumps is very small [14]. In that case, equation (4.56) can be written

as

Au, j(z) = Au, jei(k j(wu)+γPu, j+γξm(0)Pv,l)z . (4.58)

In the following sections we assume that we are operating around the fiber zero-dispersion

wavelength, and we are assuming a typical HiBi optical fiber with the following parameters:

γ = 11 W−1km−1, zero-dispersion wavelength λ0 = 1550.5 nm, δn = 10−5, third and fourth-

order dispersion coefficients at zero-dispersion wavelength β3,x = β3,y = −2.84× 10−2 ps3/km

and β4,x = β4,y = 2.99× 10−4 ps4/km [20, 24, 37, 59] and length L = 500 m. We are also

assuming a continuous input optical power per pump of P1 = P2 = Pp = 15 mW.

4.2.2 Idlers Evolution in the Co-Polarized Scheme

The evolution of the idler fields in the co-polarized scheme is governed by the NSE equation,

obtained from (4.1) and (4.51)

∂Aν,x(z)
∂z

= i
[
kx(ων)+ γξ‖(Ων,1)P1,x

]
Aν,x(z)+ iγξ‖(Ων,2)P2,xAν,x(z)

+ iγρ‖(Ων,u)A2
u,x(z)A

∗
v,x(z)+ iγη‖(ων)A1,x(z)A2,x(z)A∗σ,x(z) , (4.59)

where ν 6= σ = 3,4 represent the two idlers, according with the notation used in Fig. 4.10, u 6=
v = 1,2, with u = 1 for ν = 3 and u = 2 for ν = 4, and

ρ‖(Ων,u) = 1− fR + fR
(
R̃a(Ων,u)+ R̃b(Ων,u)

)
, (4.60)

η‖(ων) = 2(1− fR)+ fR
(
R̃a(Ων,u)+ R̃b(Ων,u)

)
+ fR

(
R̃a(Ων,v)+ R̃b(Ων,v)

)
. (4.61)
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The evolution of the complex amplitudes of both idlers at a distance z in the fiber is given by

Pν,x(z) = |Aν,x(z)|2 =
∣∣∣∣∣
{

eiKx(ων)z
[

i
γρ‖(Ων,u)

gx(ων)
A2

u,xA∗v,x sinh(gx(ων)z)

+Θν,x

(
i
Kx(ων)

gx(ων)
sinh(gx(ων)z)− cosh(gx(ων)z)

)]
+Θν,x

}
Φν,x(z)

∣∣∣∣∣
2

, (4.62)

where both idlers were assumed to have no optical power at z = 0, and

Φν,x(z) = ei(2kx(ωu)−kx(ωv)+3γPv,x)z , (4.63a)

Kx(ω3) =
[
∆βx1−∆βx2 + γ(P1,x−P2,x)(ξ‖(Ω3,1)−ξ‖(Ω3,2)+3)

]
/2 , (4.63b)

Kx(ω4) =
[
∆βx2−∆βx1 + γ(P2,x−P1,x)(ξ‖(Ω4,2)−ξ‖(Ω4,1)+3)

]
/2 , (4.63c)

g2
x(ων) = (γη‖(ων))

2P1,xP2,x−
1
4
[
∆βx3 + γ(P1,x +P2,x)(ξ‖(Ων,u)+ξ‖(Ων,v)−3)

]2
. (4.63d)

In (4.62), Θ3,x and Θ4,x are given by

Θ3,x =
γ2η‖(ω3)ρ‖(Ω3,1)P2,xA2

1,xA∗2,x− γϕ‖(ω3)ρ‖(Ω3,1)A2
1,xA∗2,x

δ‖(ω3)ϕ‖(ω3)− (γη‖(ω3))2P1,xP2,x
, (4.64a)

Θ4,x =
γ2η‖(ω4)ρ‖(Ω4,2)P1,xA2

2,xA∗1,x− γδ‖(ω4)ρ‖(Ω4,2)A2
2,xA∗1,x

δ‖(ω4)ϕ‖(ω4)− (γη‖(ω4))2P1,xP2,x
(4.64b)

where

δ‖(ων) = ∆βx1 + γξ‖(Ων,u)P1,x + γP2,x(ξ‖(Ων,v)−3) , (4.65a)

ϕ‖(ων) = ∆βx2 + γξ‖(Ων,u)P2,x + γP1,x(ξ‖(Ων,v)−3) . (4.65b)

From (4.62) to (4.65) we can see that the efficiency of the three FWM processes are governed by

three phase-matching conditions [16, 37]

∆βx1 = kx(ω3)+ kx(ω2)−2kx(ω1)

= (ω1−ω0)(ω1−ω2)
2
β3,x +

1
2
(ω1−ω2)

2[(ω1−ω0)
2 +

1
6
(ω1−ω2)

2]
β4,x , (4.66a)

∆βx2 = kx(ω4)+ kx(ω1)−2kx(ω2)

= (ω2−ω0)(ω2−ω1)
2
β3,x +

1
2
(ω2−ω1)

2[(ω2−ω0)
2 +

1
6
(ω2−ω1)

2]
β4,x , (4.66b)
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Figure 4.11: Optical power evolution for both idler waves, P3,x(L) and P4,x(L) given by (4.62),
with the wavelength separation λ1−λ2. The dashed lines represent the case fR = 0, whereas the
solid lines represent fR = 0.245. Plots (a) and (b) describe the idler wave at ω3, whereas plots (c)
and (b) show the optical power of the field at ω4.

∆βx3 = ∆βx1 +∆βx2 . (4.66c)

In Fig. 4.11, we plot the optical power evolution of both idler waves, given by (4.62), as

a function of wavelength separation between the two pump fields, λ1 − λ2. In Fig. 4.11(a)

and 4.11(b), we plot the evolution of the idler field at frequency ω3, whereas in Fig. 4.11(c)

and 4.11(d), we present the evolution of the idler at frequency ω4, see the scheme of Fig. 4.10(a).

In Fig. 4.11, we can see that the influence of the delayed Raman response on the idler waves

is negligible in these cases. This shows that the process can mainly be described by the FWM
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phase-matching conditions, given by (4.66a), (4.66b) and (4.66c). In the situations considered in

Fig. 4.11, at least one of the phase-matching conditions is not null. According with [14], if the

nonlinear process remains unmatched, the limit fR = 0 is a good approximation to describe it,

which is the case. In Fig. 4.11(a) and 4.11(c), we plot the evolution of the optical power P3,x(L)

and P4,x(L), respectively, for two cases: λ1 = λ0, and λ2 = λ0. For λ1 = λ0 we have ∆βx1≈ 0, and

for λ2 = λ0 we have ∆βx2 ≈ 0. In both cases, there exist two FWM processes that remains un-

matched. We observe from Fig. 4.11(a) and 4.11(c) that the phase-matching condition ∆βx1 ≈ 0

(with ∆βx2 6= 0) leads to a high efficient generation of the ω3 idler wave, and to a less efficient

generation of the ω4 idler wave. The opposite happens when ∆βx2 ≈ 0 (with ∆βx1 6= 0). This

is due to the major or minor separation between the idler wave and the pump in the fiber zero-

dispersion. It can be seen in Fig. 4.11(a) that, for λ1 = λ0 the optical power of the idler wave ω3

increases with the wavelength separation until λ1−λ2≈ 7.5 nm. However, in Fig. 4.11(c) we can

observe that for λ2 = λ0 the optical power of idler wave decreases with the wavelength separation

between the pumps, and reaches a local minimum when λ1−λ2 ≈ 7.5 nm. This arises from the

Θν,x contribution present in (4.62), that gives rise to the multiple FWM process. This happens

because the phase-matching conditions for the idler wave in Fig. 4.11(a) remains approximately

zero for the wavelength range considered, which leads to a high value of Θ3,x. The optical power

increase due to the fact that the generation of the idler wave in the anomalous-dispersion regime

is more efficient than in the normal-dispersion regime. In Fig. 4.11(c), the phase-matching con-

ditions are also satisfied. However, we are in the normal-dispersion regime, and in that case the

generation of the idler is inefficient, when compared with the anomalous-regime. These results

show that the optical power of the idler wave can increase with the wavelength separation, be-

cause in the multiple FWM process, Fig. 4.11(a), we are not only transferring energy from the

pump P1,x for P3,x but also from the pump P2,x, and the two pumps also transfer energy between

then (4.58). This mean that until ∆βx2 and ∆βx3 starts to deviates significantly from zero, the

multiple FWM process continuous to amplify the idler wave, Fig. 4.11(a). The results presented

in Fig. 4.11(a) for λ2 = λ0, and in Fig. 4.11(c) for λ1 = λ0, also show that, the optical power of

the idler wave rapidly decreases with the increasing of λ1−λ2. This is due to the fact that the

phase-matching conditions starts to deviates from zero. In Fig. 4.11(b) and 4.11(d), we plot the

evolution of the optical power P3,x(L) and P4,x(L), respectively, for two cases: λ1 = 1552 nm and

λ2 = 1552 nm. We can see from Fig. 4.11(b) and 4.11(d) that the case λ1 = 1552 nm leads to a

high efficient generation of the idler wave ω3, and a less efficiency in the generation of ω4. The

opposite happens for λ2 = 1552 nm. It can also be seen in Fig. 4.11(b) that for λ2 = 1552 nm

the optical power of the idler wave decreases more rapidly with the evolution λ1−λ2, than for
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Figure 4.12: Optical power evolution for both idler waves along the fiber length. The dashed
lines represent the case fR = 0, whereas solid lines represent fR = 0.245.

λ1 = 1552 nm. The opposite result occurs when we analyze the idler wave ω4, see Fig. 4.11(d).

This happens because the difference λ1−λ0 is smaller for λ1 = 1552 nm than for λ2 = 1552 nm,

in Fig. 4.11(b), and the opposite happens in Fig. 4.11(d).

In Fig. 4.12, we plot the optical power evolution of both idler waves, given by (4.62), along

the fiber length, for the case λ1 = λ0 and λ2 = 1542.5 nm. It can be seen in Fig. 4.12 that the

optical power of the idler wave at frequency ω3, P3,x(z), grows monotonically along the length of

the fiber, which is in line with numerical results presented in [41]. This is because the dominant

process for the generation of the idler wave ω3 is given by the FWM phase-matching condition

∆βx1≈ 0. From Fig. 4.12, we can also see that the optical power of idler wave at ω4, P4,x(z), does

not grows monotonically along the fiber length. This is due to the fact that the FWM process,

given by the FWM phase-matching condition ∆βx2 remains unmatched. An analogous result can

be achieved if we analyze the generation of the idler waves for λ2 = λ0 and λ1 = 1558.5 nm.

In Fig. 4.13, we represent a comparison between this set of multiple FWM processes, given

by (4.62), and the single and dual pump FWM configurations. The evolution of the idler wave

in the single pump FWM configuration is given by (4.19). In the case of the dual pump FWM

configuration the evolution of the idler wave is given by (4.34). In Fig. 4.13(a) we represent the

evolution of the idler wave at ω3 with λ1−λ2, and in Fig. 4.13(b) we present the evolution along

the fiber length. In Fig. 4.13(a) and 4.13(b), in the single pump configuration ω3 is the idler,

ω1 is the pump, and ω2 is the signal wave. In the dual pump configuration ω3 is the idler, ω1
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Figure 4.13: Comparison between this set of multiple FWM processes, given by (4.62), and the
typically single and dual pump FWM, with fR = 0.245. Plot (a) represents the evolution of the
idler wave at ω3 with λ1−λ2, whereas plot (b) shows the evolution along the length of the fiber.

and ω2 are the two pumps and ω4 = 2ω2−ω1 is the signal wave. In both configurations, single

and dual pump, the input signal power is 1 mW, and the input power per pump is 15 mW. In

Fig. 4.13(a), we have used λ1 = λ0. In Fig. 4.13(b), we have used λ1 = λ0 and λ2 = 1548 nm.

In both figures the phase-matching condition for the single pump FWM configuration is almost

null. In Fig. 4.13(a) and 4.13(b) the multiple FWM process is given by (4.62), and as afore-

mentioned we assume that only the two pumps are launched into the fiber. Results present in

Fig. 4.13 show that the idler wave grows more rapidly in this set of multiple FWM processes

than in the single or dual pump FWM configurations. In the single and dual pump configura-

tions the optical power grows of the idler wave is proportional to the square of the pump powers,

while in the multiple FWM process the growth of the idler wave ω3 involves the cube of the

pump powers. This is due to the contribution given by the non-degenerated FWM process for

the generation of the idler wave ω3 in the multiple FWM configuration. Initially (for z≈ 0), the

generation of the idler wave ω3 in the multiple FWM configuration arises from the degenerated

FWM process given by 2ω1 = ω2 +ω3, subsequently the presence of this idler wave will stim-

ulate a non-degenerate FWM process given by ω1 +ω2 = ω3 +ω4. This can be seen in (4.19)

and (4.34). When z ≈ 0 P3,x in (4.34) is null due to the fact that initially P4,x is null. However,

P3,x in (4.19) is different from zero and the idler wave P3,x starts to grows from the degenerated

FWM process ω3 = 2ω1−ω2. At the same time the idler wave P4,x also starts to be generated

inside the fiber due to the other degenerated FWM process, given by ω4 = 2ω2−ω1. This can

also be seen in (4.19), changing the subscript 3 by 4 and exchanging 1 by 2. When the idler
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waves are generated these degenerated FWM processes gives rise to the non-degenerated FWM

process described by (4.34), which is more efficient than the degenerated FWM process [60].

The combination of all these FWM processes, degenerated and non-degenerated, gives rise to

the multiple FWM process, in which the generation of the idler waves is proportional to the cube

of the pump power, instead of the square as is the case in (4.19) and (4.34).

4.2.3 Idlers Evolution in the Orthogonal Polarization Scheme

In the orthogonal polarization scheme and following (4.1) and (4.51) we find that the evolution

of the idler waves in the fiber satisfy the NSE

∂A′
ν, j(z)

∂z
= i
[
k j(ων)+ γξm(Ων,1)P1,x

]
A′ν, j(z)+ iγξn(Ων,2)P2,yA′ν, j(z)

+ iγρ⊥(Ων,u)A2
u,l(z)A

∗
v, j(z)+ iγη⊥(ων)A1,x(z)A2,y(z)A′∗σ,l(z) , (4.67)

where j 6= l = x,y, ν 6= σ = 3,4 represent the two idlers, according with the notation used in

Fig. 4.10, u 6= v = 1,2, with u = 1 for ν = 3 and u = 2 for ν = 4. For j = x we have ξm = ξ‖ and

ξn = ξ⊥, whereas for j = y we have ξm = ξ⊥ and ξn = ξ‖. In (4.67)

ρ⊥(Ων,u) =
1− fR

3
+

fR

2
R̃b(Ων,u) , (4.68)

η⊥(ων) = 2
1− fR

3
+ fRR̃a(Ων,v)+

fR

2
R̃b(Ων,u) . (4.69)

After some mathematical manipulation the evolution of both idlers inside the fiber in this polar-

ization scheme is given by

Pν, j(z) = |A′ν, j(z)|2 =
∣∣∣∣∣
{

eiK j(ων)z
[

i
γρ⊥(Ων,u)

gy(ων)
A2

u,lA
∗
v, j sinh(gy(ων)z)

+Θν,y

(
i
Ky(ων)

gy(ων)
sinh(gy(ων)z)− cosh(gy(ων)z)

)]
+Θν,y

}
Φν, j(z)

∣∣∣∣∣
2

, (4.70)

where

Φν, j(z) = exp
{

i
[
2kl(ωu)− k j(ωv)+ γPu,l(2−ξ⊥(0))− γPv, j(1−2ξ⊥(0))

]
z
}
, (4.71a)

Ky(ω3) =
[
∆βy1−∆βy2 + γ(P1,x−P2,y)(ξ⊥(Ω3,1)−ξ‖(Ω3,2)+3ξ⊥(0)−3)

]
/2 , (4.71b)

Ky(ω4) =
[
∆βy2−∆βy1 + γ(P2,y−P1,x)(ξ⊥(Ω4,2)−ξ‖(Ω4,1)+3ξ⊥(0)−3)

]
/2 , (4.71c)

g2
y(ων) = (γη⊥(ων))

2P1,xP2,y−
1
4
[
∆βy3 + γ(P1,x +P2,y)(ξ‖(Ων,v)+ξ⊥(Ων,u)−ξ⊥(0)−1)

]2
,

(4.71d)
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and

Θ3,y =
γ2η⊥(ω3)ρ⊥(Ω3,1)P2,yA2

1,xA∗2,y− γϕ⊥(ω3)ρ⊥(Ω3,1)A2
1,xA∗2,y

δ⊥(ω3)ϕ⊥(ω3)− (γη⊥(ω3))2P1,xP2,y
, (4.72a)

Θ4,y =
γ2η⊥(ω4)ρ⊥(Ω4,2)P1,xA2

2,yA∗1,x− γδ⊥(ω4)ρ⊥(Ω4,2)A2
2,yA∗1,x

δ⊥(ω4)ϕ⊥(ω4)− (γη⊥(ω4))2P1,xP2,y
, (4.72b)

where

δ⊥(ων) = ∆βy1 + γ(ξ⊥(Ων,u)+ξ⊥(0)−2)P1,x + γP2,y(ξ‖(Ων,v)+1−2ξ⊥(0)) , (4.73a)

ϕ⊥(ων) = ∆βy2 + γ(ξ⊥(Ων,u)+ξ⊥(0)−2)P2,y + γP1,x(ξ‖(Ων,v)+1−2ξ⊥(0)) , (4.73b)

with

∆βy1 = ky(ω3)+ ky(ω2)−2kx(ω1) = 2
ω1

c
δn+∆βx1 , (4.74a)

∆βy2 = kx(ω4)+ kx(ω1)−2ky(ω2) =−2
ω2

c
δn+∆βx2 , (4.74b)

∆βy3 = ∆βy1 +∆βy2 , (4.74c)

where c is the speed of light in vacuum, and ∆βx1 and ∆βx2 are given by (4.66). It was assumed

that Aν, j(z = 0) = 0, i.e. there are no idler fields at the fiber input.

In Fig. 4.14 we plot the optical power evolution of both idler waves given by (4.70) as a

function of wavelength separation between the two pump fields, λ1−λ2, in the orthogonal po-

larization scheme, see Fig. 4.10(b). In Fig. 4.14 we can see that the SRS process decreases the

optical power of the both idler waves, when compared with the limit fR = 0. This arises from

the contribution of the imaginary part of R̃a(Ων,v) and R̃b(Ων,v) in the Θν,y function, present

in (4.70). In Fig. 4.14(a) and 4.14(b), we plot the optical power P3,y(L), given by (4.70), as a

function of λ1−λ2. In Fig. 4.14(a) we have used λ1 = λ0, whereas in Fig. 4.14(b) we have used

λ1 = 1552 nm. Results show that the optical power of the idler wave plotted in Fig. 4.14(a) is

higher than the presented in Fig. 4.14(b). This is due to the fact that the values of ∆βy1 and ∆βy2

are smaller for λ1 = λ0, Fig. 4.14(a), than for λ1 = 1552 nm, Fig. 4.14(b). In Fig. 4.14(c) and

in Fig. 4.14(d), we present the optical power evolution of the idler wave ω4, given by (4.70), as

a function of λ1−λ2. In Fig. 4.14(c) we have used λ2 = λ0, whereas in Fig. 4.14(d) we have

used λ2 = 1552 nm. Results show that the generation of the idler wave ω4 is less efficient when

neither of the pumps coincide with the fiber zero-dispersion wavelength, Fig. 4.14(d). This fact

emerges from the phase-matching conditions presented in (4.74), that are closer to zero when

λ2 = λ0. It can also be seen in Fig. 4.14 that, this polarization scheme, Fig. 4.10(b), leads to
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Figure 4.14: Optical power evolution for both idler waves, P3,y(L) and P4,x(L), in the orthogonal
polarization scheme given by (4.70) with λ1−λ2. The dashed line represents the case fR = 0,
whereas the solid line represents fR = 0.245. Plots (a) and (b) describe the idler wave at ω3,
whereas plots (c) and (b) show the optical power of the field at ω4.

an inefficient generation of the idler waves at frequencies ω3 and ω4, when compared with the

co-polarized scheme, Fig.4.10(a). This is due to the high value of δn. Decreasing the value of

δn, the optical power of the idler waves rapidly increases.

In Fig. 4.15, we plot the optical power evolution of the idler waves, given by (4.70), along

250 m of fiber, in the orthogonal polarization scheme. Fig. 4.15(a) shows the optical power for

the idler wave ω3, whereas in Fig. 4.15(b) we present the evolution of P4,x(z). In both figures we

have used λ1 = λ0 and λ2 = 1542.5 nm. Results show that the optical power evolution of both

idlers waves, P3,y(z) and P4,x(z) is periodic with length. This behavior of the first-order sidebands

evolution, ω3 and ω4, is related with the periodically energy exchange with the pumps. From
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Figure 4.15: Optical power evolution for both idler waves along the fiber length. The dashed line
represents the case fR = 0, whereas the solid line represents fR = 0.245. Plot (a) shows the idler
field at ω3, whereas plot (b) represent the optical field at frequency ω4.

Fig. 4.15(a) and 4.15(b) we can see that the SRS decreases the efficiency of generation of both

idler waves, when compared with the limit fR = 0.

4.2.4 Polarization Sensitivity of the Idler Waves

In this section we analyze the generation of the idler waves as a function of the polarization

angle between the two pumps. The pump at ω1 is aligned with x-axis of the fiber. The pump

at ω2 makes an angle φ with the x-axis of the fiber [61]. The change of the angle φ from 0◦

to 90◦ means that we are evolving from the co-polarized to the orthogonal polarization scheme,

see Fig. 4.10. In this scheme the optical power of both idlers at a given z inside the fiber can be

written as [61, 62]

P3(z) = |A3,x(z)|2 + |A′3,y(z)|2 , (4.75)

where |A3,x(z)|2 is given by (4.62) with P2,x = P2 cos2(φ), and |A′3,y(z)|2 is given by (4.70) with

P2,y = P2 sin2(φ), and

P4(z) = |A4,x(z)|2 + |A′4,x(z)|2 , (4.76)

where |A4,x(z)|2 is given by (4.62) with P2,x = P2 cos2(φ), and |A′4,x(z)|2 is obtained from (4.70)

with P2,y = P2 sin2(φ).

To describe the polarization sensitivity of the generation of the idler waves, we present in

Fig. 4.16 the variation of the optical power of both idler waves with the angle φ. Fig. 4.16

shows the optical power of both idler waves given by (4.75) and (4.76), for the case λ1 = λ0 and
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Figure 4.16: Optical power of both idler fields, given by (4.75) and (4.76) respectively, as a
function of the polarization angle of the pump wave, ω2. The dashed lines represent the case
fR = 0, whereas the solid lines represent fR = 0.245.

λ2 = 1542.5 nm. From Fig. 4.16 we can see that the optical power of P3(L) and P4(L) decreases

rapidly with the evolution of the angle φ. This decreases is more evident for P4(L) due to the fact

that the higher contribution for the generation of the idler wave at ω4 arises from the photons

that are annihilated from the pump P2. From Fig. 4.16 we can see that exist a large angle range

around φ = 90◦ where P4(L) is almost null. This arises from the small contribution given by the

orthogonal polarization scheme to the optical power of the idler wave at ω4. It can also be seen

in Fig. 4.16 that the SRS process does not change significantly the evolution of the idler waves

with the angle φ.

4.3 Summary

We investigate the combined processes of SRS and FWM in optical fibers in the single and dual

pump configurations, under several polarization schemes. Using the coupled-equations, we de-

rive the equations that govern the evolution of the signal and idler waves, for the case in which

the pump power is much higher than the signal power. In the dual pump configuration the pump

powers are maintained in a low power regime. We show that an accurate description of the FWM

process is obtained by including the SRS in the theory of the FWM process. We verify that in

the single and dual pump configuration the signal wave is mostly described by the imaginary part

of the fiber nonlinear response function. We also show that the generation of the idler wave in
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the co-polarized scheme is dependent of the real part of the fiber nonlinear response function.

That dependence is more visible when the phase-matching condition is achieved. For frequency

detunings less than 3 THz the approximation fR = 0 is quite good. The orthogonal scheme leads

to an inefficient generation of the idler wave due to the high value of the group birefringence.

However, in the dual pump configuration when the signal is launched into the fiber parallel to the

right pump the generation of the idler wave is very efficient for small frequency detunings, less

than 0.01 THz. When compared with the single pump configuration, the dual pump is a more

efficient process in the amplification of the signal wave and generation of the idler field.

We also investigate the generation of two idler waves inside a HiBi optical fiber, consider-

ing three FWM processes and the SRS. Using the coupled-equations we solve analytically the

equations that govern the evolution of the complex amplitudes for two pumps inside the fiber,

considering that the pumps interact between them through the FWM and SRS process. We also

derive and solve the equations that governs the generation of two idler waves inside a optical

birefringent fiber in two polarization schemes. We show that in the co-polarized scheme the

SRS does not change dramatically the optical power evolution of the two idler waves with the

wavelength separation between the pumps, even when the pump wavelength coincide with λ0.

We verify that, although one phase-matching condition is almost achieved, two other remains

unmatched. We show that the contribution of several FWM processes to the generation of idler

wave can increase the efficiency of the process, for certain wavelengths detunings. We also show

theoretically that the optical power of the idler waves grows monotonically along the fiber length,

when the pumps coincide with λ0. This fact is due to the three FWM contributions to the optical

power of the idler wave. The orthogonal polarization scheme leads to an inefficient generation

of the idler waves, due to the high value of δn. We verify that the SRS decreases the optical

power of the idler waves when compared with limit fR = 0. We show that the evolution from

the co-polarized to the orthogonal polarization scheme leads to a continuous loss of efficiency on

the generation of the idlers waves. Results also show that the generation of first-order sidebands

from three FWM processes is physically quite different from the typically single and dual pump

FWM configurations.
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Chapter 5

Photon Statistics of the Stimulated
Four-Wave Mixing Process

THE quantum key distribution (QKD) systems have evolved from point-to-point fiber links

to optical fiber networks. In that scenario, the quantum channel used in the QKD setup

share the same fiber with other classical optical signals [1]. In that scenario, the inter-channel

nonlinear effects that occurs inside the fiber can potentially degrade the performance of the QKD

system [2]. In a wavelength-division multiplexing (WDM) lightwave system, the interaction

between the classical optical signals will generate noise photons through stimulated four-wave

mixing (FWM) and through spontaneous and stimulated Raman scattering [3, 4]. The statistical

characterization of the quantum channel is essential to correctly estimate the quantum bit error

rate (QBER). Changes in the QBER are used in several QKD protocols to detect the presence of

an eavesdropper.

The focus of this Chapter is to understand the impact of noise photons generated by FWM

and Raman scattering on the statistics of a coherent quantum channel used for QKD. In this

study, we admit that the spectral bandwidth of the noise photons coincide with the wavelength of

the quantum channel. We quantify the photon statistics of the quantum channel by means of the

second-order coherence function. We present a quantum description of the FWM process in op-

tical fibers considering both stimulated and spontaneous Raman scattering. The photon number

distribution of the idler wave generated through stimulated FWM is studied in two distinct cases.

First, we assume that the idler photons are fully generated inside the fiber. In a second scenario,

we admit that at the fiber input there exists a coherent quantum signal and idler photons will be

created at that frequency. This Chapter is based on the references [5–7], and is organized as fol-

lows: Section 5.1 provides an introduction to the photon statistics state of the art. In section 5.2,

we present a quantum version of the stimulated FWM process. In section 5.3 we discuss the
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second-order coherence function for the stimulated FWM process. Section 5.4 reports the theo-

retical results obtained for the statistics of the idler wave. Section 5.5 describes the experimental

setup used to reconstruct the photon statistics of a single-photon source based on the stimulated

FWM process. The main conclusions of this Chapter are summarized in section 5.6.

5.1 Photon statistics: An introduction

In a WDM scenario, the quantum channel used in the QKD setup share the same fiber with

other classical optical signals [1]. In that scenario, the inter-channel nonlinear effects that oc-

curs inside the fiber can potentially degrade the performance of the QKD system [2]. In [8], the

quantum channel and the classical signal shared the same fiber, but they were placed in different

bands. However, there are important advantages in placing the QKD channel on the C-band, as

fiber losses and most of the installed optical components are optimized for the C-band [9, 10].

Recently in [11], authors demonstrated that quantum channels can successfully coexist with clas-

sical optical signals in the same optical band, in a WDM architecture [11]. In a WDM lightwave

system, the interaction between the classical optical signals will generate noise photons through

stimulated FWM and through spontaneous and stimulated Raman scattering [3, 4]. These physi-

cal impairments were investigated in recent works in this coexisting architecture [2, 4, 12]. The

statistical characterization of the quantum channel is essential to correctly estimate the QBER.

Changes in the QBER are used in several QKD protocols to detect the presence of an eaves-

dropper [1]. However, the theoretical statistical characterization of the quantum channel in this

coexisting architecture remains an open issue, to the best of our knowledge.

The experimental statistical characterization of an optical field can be performed with sev-

eral different techniques [13–17]. A method based on quantum tomography was used in [13].

That particular method requires phase-matching with a local oscillator and homodyne detection.

A different experiment approach to measure the statistics of an optical field was implemented

in [14]. In that case, authors have used a photomultiplier tube to reconstruct the statistics of

an incoming quantum state. In [15], authors reconstruct the photon statistics by using on/off

detectors assisted by the maximum-likelihood estimation algorithm. Recently, the second-order

coherence function, g(2)(0), was measured experimentally for a heralded single photon source

based on the spontaneous FWM process inside an optical fiber [16–20]. The photon number

statistics of the heralded single-photon source based on spontaneous FWM process was also stud-

ied in [21] through the Wigner function. Moreover, in [18] authors measured the unconditional

second-order correlation function for the spontaneous FWM process inside a microstruture fiber.
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In [13], authors report measurements of the photon statistics of a fiber-optic parametric amplifier.

In that experimental work, the idler wave is fully generated inside the fiber, and they measure the

statistics of the signal field for a high gain fiber-optic parametric amplifier based on the FWM

process.

5.2 Stimulated Four-Wave Mixing: A Quantum Approach

In this section, we present a quantum description of the generation of the idler wave through the

FWM process inside an optical fiber. In Fig. 5.1, we present a schematic arrangement of a typical

FWM experimental setup. We assume that all fields remain co-polarized along the propagation

on the fiber, and the fiber attenuation is negligible. In that conditions, the quantum evolution of

the idler annihilation operator in the frequency domain inside the optical fiber is given by the

input/output relation [22, 23]

Â(L,ωi) =
(

Λi(L)Â(0,ωQ)+Γi(L)e−2iθpÂ†(0,ωs)+ M̂(L,ωi)
)

Θ(L) , (5.1)

where θp is the phase of the optical pump coherent field, ωQ is the frequency of the input quantum

channel, ωi is the frequency of the idler photons generated through FWM process and Raman

scattering inside the fiber, which we assume coincident with ωQ. In (5.1), Θ(L) = exp{i(kp +

γPp)L}, where kp is the pump propagation constant, Pp is the fiber input pump power, γ is the

fiber nonlinear parameter, L is the fiber length. In (5.1)

Λi(L) =
(

cosh(gipL)+ i
κip

2gip
sinh(gipL)

)
ei ki−ks

2 L , (5.2)

Γi(L) = i
γηip

gip
A2

p sinh(gipL)ei ki−ks
2 L , (5.3)

and

M̂(L,ωi) = i
L∫

0

m̂ip(z)
(

Ape−iθpΛi(L− z)−A∗peiθpΓi(L− z)
)

dz , (5.4)

where m̂ip(z) is the Hermitian phase noise operator, and Ap is the pump field envelop such that

Pp = |Ap|2. In (5.2)-(5.4)

g2
ip =

(
(γηipPp)

2− (κip/2)2) , (5.5a)

κip = ∆β+2γPpηip , (5.5b)

ηip = 1− fR + fR
(
R̃a(ωi−ωp)+ R̃b(ωi−ωp)

)
, (5.5c)
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Figure 5.1: Setup for obtain the photon counting statistics of the stimulated FWM process. The
dashed lines represents electrical signals and the solid lines the optical path. Details of the setup
are presented in the text.

where ∆β is the phase-matching condition given by [24]

∆β≈ β3(ωp−ω0)(ωp−ωs)
2 +

β4

2

[
(ωp−ω0)

2 +
1
6
(ωp−ωs)

2
]
(ωp−ωs)

2 , (5.6)

where ωp and ωs are the pump and signal frequencies, respectively, ω0 is fiber zero-dispersion

frequency, and β3 and β4 are the third and fourth order dispersion coefficients, respectively.

In (5.5), fR = 0.245 is the fractional contribution of the Raman process to the nonlinear re-

fractive index, R̃a(ωi−ωp) and R̃b(ωi−ωp) are the isotropic and anisotropic Raman response,

respectively, defined in [3, 25–27]. In (5.1), the field operator satisfies the commutation rela-

tion [22] [
Â(0,ωu), Â†(0,ω′u)

]
= 2πδ(ωu−ω

′
u) , (5.7)

where u = sorQ, and the noise quantum operator [22, 28][
M̂(L,ωi),M̂†(L,ω′i)

]
= 2π

(
|Λi(L)|2−|Γi(L)|2−1

)
δ(ωi−ω

′
i) . (5.8)

The photon number distribution of the idler wave can be obtained through the setup shown

in Fig. 5.1 [16, 29]. In Fig. 5.1, a pump, λp, a classical signal λs, and a quantum channel λQ are

coupled by a multiplexer (MUX) and sent to an optical fiber. The quantum channel λQ is highly

attenuated with a variable optical attenuator (VOA). Note that if the idler wave is fully generated

inside the fiber, the quantum channel path present in Fig. 5.1 does not exist. Inside the fiber idler

photons are created due to the both stimulated and spontaneous FWM and Raman scattering
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processes. Since we assume that the idler photons have wavelength λi = λQ, noise photons will

be added to the quantum channel launched to the fiber. At the fiber output, the three optical fields

passes through an arrayed waveguide grating (AWG) to separate the pump and signal fields from

the quantum channel λQ. The output photons from the AWG are launched into a non-polarizing

beam splitter (BS), where they can be combined with other quantum states given by the b̂in(ω)

operator. At the BS output the photons are spectrally filtered (FQ) and collected by the photon

counting modules, Det1 and Det2. Single and coincidence measurements are performed in order

to obtain g(2)(0) [17].

5.2.1 Expectation values

We are now interested on the evaluation of the expectation values for the photon flux spectral

density and the normally ordered second moment, for the idler photons generated through FWM

and Raman scattering processes. We take at the input of the fiber the signal field and the quantum

channel as a continuous mode coherent state, as well states | f 〉 that accounts the phonon reservoir

inside the fiber. The general state can be written as [16, 28, 30]

|Ψ〉= exp
{∫

dωs

(
ϑ(ωs)Â†(0,ωs)− c.c.

)}
|0s〉

× exp
{∫

dωQ

(
ϕ(ωQ)Â†(0,ωQ)− c.c.

)}
|0Q〉 , (5.9)

where c.c. represents the complex conjugate, |0u〉 is the vacuum state for the u = sorQ mode,

ϑ(ωs) and ϕ(ωQ) are the fiber incident amplitudes for the fields Â(0,ωs) and Â(0,ωQ), respec-

tively. That amplitudes contain the mean photon flux and the phase of the optical field. The

expectation values for the noise operator M̂(L,ωi) are given by [28]

〈 f |M̂†(L,ωi)| f 〉= 〈 f |M̂(L,ωi)| f 〉= 0 , (5.10a)

〈 f |M̂(L,ωi)M̂(L,ω′i)| f 〉= 〈 f |M̂†(L,ωi)M̂†(L,ω′i)| f 〉= 0, (5.10b)

and

〈 f |M̂†(L,ωi)M̂(L,ω′i)| f 〉= 2π(nth(ωi−ωp)+1)
(
|Λi(L)|2−|Γi(L)|2−1

)
δ(ωi−ω

′
i) , (5.11)

where nth(Ω) =
[
e~|Ω|/kBT −1

]−1
. The fourth-order noise correlation function of the noise oper-

ator used for obtain the normally ordered second moment is expressed in terms of second-order
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correlation [28]

〈 f |M̂†(L,ωi)M̂†(L,ω′i)M̂(L,ω′′i )M̂(L,ω′′′i )| f 〉
= 〈 f |M̂†(L,ωi)M̂(L,ω′′i )| f 〉〈 f |M̂†(L,ω′i)M̂(L,ω′′′i )| f 〉

+ 〈 f |M̂†(L,ωi)M̂(L,ω′′′i )| f 〉〈 f |M̂†(L,ω′i)M̂(L,ω′′i )| f 〉 , (5.12)

and each expectation noise value is evaluated using (5.11). The expectation value for the signal

quantum operator is given by [31–33]

〈Ψ
∣∣∣(Â†(0,ω′s)

)m (
Â(0,ω′′s )

)n
∣∣∣Ψ〉

=
(
〈Ψ|Â†(0,ω′s)|Ψ〉

)m (
〈Ψ|Â(0,ω′′s )|Ψ〉

)n
=
(
ϑ
∗(ω′s)

)m (
ϑ(ω′′s )

)n
. (5.13)

A similar expression is obtained for the input coherent quantum channel ωQ. Although (5.13) is

null if ϑ(ωs)=0, idler photons are generated inside the fiber due to the fact that, the anti-normal

ordered moments that arises from (5.1) are not null even when ϑ(ωs)=0.

5.2.2 Beam Splitter Input/Output Relations

The second-order coherence parameter can be experimentally obtained with one non-polarizing

beam splitter [17, 18] through the setup shown in Fig. 5.1. In that setup, we consider that the arm

b̂in of the beam splitter is left in its vacuum state given by |0b〉. In reality beam splitters exhibit

some losses. This mean that some of the incident idler photons are absorbed by the beam splitter.

In Fig. 5.1, n̂a = â†
out(ωi)âout(ωi) and n̂b = b̂†

out(ωi)b̂out(ωi) where [34]

âout(ωi) = t(ωi)Â(L,ωi)+ r(ωi)b̂in(ωi)+ F̂a(ωi) , (5.14)

b̂out(ωi) = t(ωi)b̂in(ωi)+ r(ωi)Â(L,ωi)+ F̂b(ωi) , (5.15)

where r(ωi) and t(ωi) are the beam splitter reflection and transmission coefficients, respectively,

and F̂v(ωi) is the Langevin noise operator, with v = a,b, which satisfy the commutation rela-

tions [34] [
F̂v(ωi), F̂†

v (ω
′
i)
]
= 2π

(
1−|ti|2−|ri|2

)
δ(ωi−ω

′
i) , (5.16a)[

F̂v(ωi), F̂
†
l (ω

′
i)
]
=−2π(tir∗i + rit∗i )δ(ωi−ω

′
i) , (5.16b)

with l 6= v = a,b. The expectation values for the Langevin noise operators are [34]

〈F̂v(ωi)〉= 〈F̂†
v (ωi)〉= 0 , (5.17a)

〈F̂v(ωi)F̂†
v (ω

′
i)〉= 2π

(
1−|ti|2−|ri|2

)
δ(ωi−ω

′
i) , (5.17b)

〈F̂v(ωi)F̂
†
l (ω

′
i)〉=−2π(tir∗i + rit∗i )δ(ωi−ω

′
i) , (5.17c)
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where ti = t(ωi) and ri = r(ωi).

5.3 The Second-Order Coherence Function

In this section, we examine the photon counting statistics of the idler wave fully generated inside

the fiber, and how the idler photons generated through FWM and Raman scattering processes

affects the photon number distribution of an incident coherent quantum channel. The photon

number distribution is studied theoretically in terms of the second-order coherence function,

g(2)(0). The second-order coherence function is defined as [16]

g(2)(0) =
〈 : N̂1N̂2 :〉
〈N̂1〉〈N̂2〉

, (5.18)

where N̂1 and N̂2 are the photon number operators, according with Fig. 5.1, and :: denotes oper-

ator normal ordering. A vanishing g(2)(0) corresponds to a perfect single photon source, while

g(2)(0)< 1 determines the nonclassical nature of the optical field. Otherwise, g(2)(0)≥ 1 repre-

sents the classical nature of the field being measured. In addition, it can be shown that g(2)(0) = 1

corresponds to a Poissonian statistics, such as a coherent laser, and g(2)(0) = 2 determines a

source with thermal statistics, such as spontaneous Raman scattering [16, 18, 20].

As seen in Fig. 5.1 after the beam splitter the optical field is filtered using an optical filter to

remove out-band photons, mainly from the pump and signal fields. In that case, the filtered idler

field in time domain can be written as [22, 28]

âi(t) =
1

2π

∫
dωiH(ωi)âout(ωi)e−iωit , (5.19)

b̂i(t) =
1

2π

∫
dωiH(ωi)b̂out(ωi)e−iωit , (5.20)

where H(ωi) is the filter function centered at ω̄i, with angular frequency bandwidth, σω̄i , equals

to σω̄i = 2π(∆νω̄i). We assume that g(2)(0) is measured by direct photo-detection, and there

is no background noise at the detection stage. Note that in a direct detection configuration the

background noise does not affect the value of g(2)(0), for a coherent optical field [35, 36]. For

a thermal field the background noise slightly decrease the g(2)(0) parameter [35, 36]. Assuming
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ideal detection, the expectation value for the dimensionless number operator is given by [28]

〈N̂n〉=
t0+T0∫
t0

dt〈ĉ†
i (t)ĉi(t)〉

=
1

(2π)2

t0+T0∫
t0

dt
∫

dω
′
i

∫
dω
′′
i H∗(ω′i)H(ω′′i )〈ĉ†

out(ω
′
i)ĉout(ω

′′
i )〉ei(ω′i−ω′′i )t , (5.21)

where ĉ = â for n = 1 and ĉ = b̂ for n = 2. In Fig. 5.1, n = 1 corresponds to Det1, whereas n = 2

corresponds to Det2. The normally ordered second moment can be written as [28]

〈 : N̂1N̂2 :〉= 1
(2π)4

t0+T0∫∫
t0

dt dt ′
∫

dω
′
i

∫
dω
′′
i

∫
dω
′′′
i

∫
dω
′′′′
i H∗(ω′i)H

∗(ω′′i )H(ω′′′i )

×H(ω′′′′i )〈â†
out(ω

′
i)b

†
out(ω

′′
i )b̂out(ω

′′′
i )âout(ω

′′′′
i )〉ei(ω′i−ω′′′′i )tei(ω′′i −ω′′′i )t ′ , (5.22)

where t0+T0 is a period of time in which the photo-current of the direct detection measurements

is integrated.

In this work, we admit that all fields sent to the fiber are from different lasers, in which only

a single mode is excited. In that case

ϑ(ωs) = (2πIs)
1/2 e−iθsδ(ωQ− ω̄Q) , (5.23a)

ϕ(ωQ) = (2πIQ)
1/2 e−iθQδ(ωQ− ω̄Q) , (5.23b)

where ωs = 2ωp−ωQ, ω̄Q is the laser excited mode, which coincides with the filter central

frequency ω̄i. In (5.23), Is and IQ are the signal field and coherent quantum channel input mean

photon flux, given by

Iu = Pu/(~ωu) . (5.24)

If we assume that σω̄i � ωi and σω̄iT0� 1 the multiple integrals in (5.21) and (5.22) can be

carried out

〈N̂n〉 ' (T0∆νω̄i) |Xi|2
(

n̄Q|Λi|2 +(1+ n̄s)|Γi|2 +(n̄th +1)
(
|Λi|2−|Γi|2−1

)
+2Re

[
ΛiΓ

∗
i e−i∆θ

]
(n̄Qn̄s)

1/2
)
, (5.25)

where the number operator was obtained from the state given by (5.9), Xi = t(ω̄i) for n = 1 and

Xi = r(ω̄i) for n = 2, and ∆νω̄i = (1/2π)
∫ |H(ωi)|2dωi. In (5.25), n̄Q and n̄s are the fiber input
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mean photon fluxes per unit of angular frequency bandwidth σω̄i . Finally, the normally ordered

second moment is given by

〈 : N̂1N̂2 :〉 ' (T0∆νω̄i)
2 |r̄i|2|t̄i|2

(
n̄2

Q|Λi|4 +4n̄Q(1+ n̄s)|Λi|2|Γi|2 +2n̄Qn̄sRe
[
Λ

2
i Γ
∗2
i e−2i∆θ

]
+4(n̄Qn̄s)

1/2Re
[
ΛiΓ

∗
i e−i∆θ

](
n̄Q|Λi|2 +(2+ n̄s)|Γi|2

)
+4(n̄th +1)

(
|Λi|2−|Γi|2−1

)(
n̄i|Λi|2 +(1+ n̄s)|Γi|2

)
+8(n̄sn̄Q)(n̄th +1)

(
|Λi|2−|Γi|2−1

)
Re
[
ΛiΓ

∗
i e−i∆θ

]
+(2+4n̄s + n̄2

s )|Γi|4 +2(n̄th +1)2 (|Λi|2−|Γi|2−1
)2
)
, (5.26)

where r̄i = r(ω̄i), t̄i = t(ω̄i), ∆θ = θi+θs−2θp, Λi ≡ Λi(L), Γi ≡ Γi(L), and n̄th ≡ nth(ω̄i−ωp).

In (5.26), when n̄Q 6= 0 the relative phase ∆θ stays at π/2, which means that the optical power

flows from the pump to the classical signal and to the quantum channel [24, 37]. Note that the

second momentum number operator 〈 : N̂1N̂2 :〉 given by (5.26) contains 81 different terms, of

which according with the expectation values present in (5.10)-(5.13), 33 are not null.

If the idler wave is fully generated inside the fiber n̄Q = 0. If both n̄Q and n̄s are null the

FWM process is spontaneous and according with (5.25) and (5.26) g(2)(0) = 2, which is in-line

with previous theoretical [22] and experimental results [13].

5.4 Theoretically Results

In this section, we present the results obtained for the evolution of g(2)(0) with the fiber input

optical power, in two distinct cases. First, we assume that there is no quantum channel, λQ, at

fiber input. Second we admit that idler photons generated by FWM are created at wavelength

λQ. In this work, we are assuming a filter bandwidth of 100 GHz, and an optical fiber with

the following parameters: γ = 2 W−1/km, zero-dispersion wavelength λ0 = 1550.92 nm, third

and fourth-order dispersion coefficients at zero-dispersion wavelength β3 = 0.1 ps3/km and β4 =

10−4 ps−4/km, respectively, and length L = 2.5 km [38].

5.4.1 Idler Wave Fully Generated Inside the Fiber

In a low power regime, the FWM process produces only a few photons in the idler field [39]. In

this section we analyze the g(2)(0) function in that regime.

In Fig. 5.2, we present the evolution of the g(2)(0) function given by (5.18) with the fiber input

power. In that figure, the pump wavelength coincides with the fiber zero-dispersion wavelength.
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Figure 5.2: Evolution of the g(2)(0) parameter with the fiber input power for the case PQ = 0 W.
In (a) Pp = 10 dBm, and in plot (b) Ps = −20 dBm. The dots represent the case fR = 0.245,
the dashed lines represent fR = 0, and the dot line represent the case T = 0 K. We have used
λp = λ0 and λs = 1547.72 nm. At fiber output the expected idler optical power is PQ < 0.4 µW
for plot (a), and PQ < 5 nW for plot (b).

In Fig. 5.2(a), we plot g(2)(0) as a function of the input signal power, whereas in Fig. 5.2(b) we

plot the evolution of g(2)(0) with the input pump power. In both figures the idler wave is fully

generated inside the fiber. From Fig. 5.2(a) we can see that, the idler field is mostly described

by a thermal statistics, when the input signal power is maintained at a low level. Increasing the

signal power the statistics of the idler wave at fiber output evolves from thermal to Poissonian.

After that, a continuous increase of the signal power does not change the statistics of the idler

wave. The results plotted in Fig. 5.2(a) show that, the Raman scattering increases the variance

of the photon distribution of the idler wave when compared with the limit fR = 0. This increase

leads a high value on the g(2)(0) function. Fig. 5.2(a) also shows that, at zero temperature the

variance of the idler photons decrease when compared with the case T = 300 K. This arises

from (5.11) where nth(Ω) is null when T = 0 K. It can be seen in Fig. 5.2(b) that, the statistics

of the idler wave is very dependent on the Raman scattering process. In a low pump and signal

power limit the dominant process inside the fiber is the spontaneous Raman scattering [22]. Due

to that, the statistics of the idler wave remains approximately thermal over a high range of input

pump power. This is also verified when T = 0 K, due to the fact that (5.11) is different from zero

even at that temperature. This mean that at zero temperature the spontaneous Raman scattering

continues to be a dominant process of creation of photons on the idler wave. When we ignore the

Raman scattering process, fR = 0, we observe that g(2)(0)& 1. This reveals the bunched nature
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Figure 5.3: Evolution of the g(2)(0) parameter with the fiber input power. In (a) Pp = 10 dBm
and PQ =−65 dBm, in (b) Ps =−20 dBm and PQ =−65 dBm, and in plot (c) Pp = 10 dBm and
Ps = −20 dBm. The dots represent the case fR = 0.245, the dashed lines represent fR = 0, and
the dot line represent the case T = 0 K. We have used λp = λ0 and λs = 1547.72 nm. At fiber
output the expected idler optical power is PQ < 0.4 µW for plot (a), PQ < 4 nW for plot (b), and
PQ < 0.2 µW for plot (c).

of the photons generated by the FWM process.

5.4.2 Idler Photons Generated at λQ

In this section, we admit that at the fiber input there exist a coherent quantum channel, ωQ, and

idler photons, ωi, will be created at ωQ. The idler photons are generated inside the optical fiber

through the combined processes of FWM and Raman scattering. The coherent quantum channel

ωQ at fiber input contains only a few photons in that frequency mode, and it is described by a
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Poissonian statistics, see Fig. 5.1. At fiber output the coherent quantum channel contains photons

created by both FWM and Raman scattering processes. In that scenario, the FWM and Raman

photons can be seen as noise sources with respect to the quantum channel [4]. Since that noise

photons are generated at frequency ωQ, they cannot be removed from the quantum channel by

using spectral filters on the detection stage, they must be seen as in-band noise [2, 4, 12].

In Fig. 5.3, we plot the variation of g(2)(0) given by (5.18), with the fiber input power. In

Fig. 5.3(a), we plot g(2)(0) as a function of the input signal power, whereas Fig. 5.3(b) and 5.3(c)

show the evolution of g(2)(0) with the fiber input pump and quantum channel power, respec-

tively. From Fig. 5.3(a) we can see that, the quantum channel changes its own statistics, from

a Poissonian distribution at fiber input to a thermal statistics at the fiber output, when the input

signal power is maintained in a low level. This change on the statistics arises from the spon-

taneous photons generated through FWM and Raman processes inside the fiber. Increasing the

signal power the statistics of the quantum channel rapidly tends to a Poissonian distribution at

both fiber input/output. This reveals the single mode nature of the quantum channel. Results

plotted in Fig. 5.3(a) show that, the Raman scattering process does not dramatically change the

statistics of that field. In Fig. 5.3(b), we plot the evolution of g(2)(0) with the input pump power.

From Fig. 5.3(b) we can see that, for low pump power levels the second-order coherence func-

tion remains approximately constant, g(2)(0)≈ 1 at fiber output. This is an expected result since

in that pump power limit, the unique contribution for the generation of photons arises from the

expectation value of the noise operator given by (5.11), which is a very small contribution when

compared with the input fiber mean photon flux for the quantum channel field (5.24). However,

an increase on the input pump power leads to a rapidly change on the statistics of the quantum

channel, from a Poissonian, at fiber input, to a thermal at fiber output. This change is mainly

due to spontaneous processes that occurs inside the optical fiber. Moreover, if we continue to

increase the pump power the statistics at fiber output changes again from a thermal to Poisso-

nian. This is due to the increase of the stimulated FWM process, in which the variance of the

mean photon number is smaller when compared with the Raman scattering process. This hap-

pens because stimulated FWM is almost a single frequency mode process. When we compare

the cases T = 0 K with T = 300 K we see that the Raman noise given by (5.11) dominates the

evolution of g(2)(0) with the input pump power. In Fig. 5.3(c), we show the evolution of g(2)(0)

as a function of the fiber input power of the quantum channel. From Fig. 5.3(c) we can see that,

for low input power the statistics of the quantum channel remains approximately Poissonian at

fiber input/output. However, an increase on the input power leads to a rapidly evolution of the

statistics of that optical field, from Poissonian to thermal, revealing the spontaneous nature of
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Figure 5.4: Evolution of the g(2)(0) parameter with wavelength detuning. In plot (a) we show the
evolution of the g(2)(0) with the wavelength separation between pump and signal field, whereas
in plot (b) we present the g(2)(0) parameter as a function of λp−λ0. At fiber output the expected
idler optical power is PQ < 4 nW for both plot (a) and plot (b).

FWM and Raman processes that occurs inside the fiber. For high power levels, the dominant

process is the stimulated FWM, and the quantum channel evolves from a thermal statistics to a

Poissonian. Since (5.11) does not depend on the input mean photon flux of the quantum channel

the Raman noise does not affect the statistics of that field. Results present in Fig. 5.3(c) show

that the presence of the Raman scattering increase the variance of the quantum channel, when

compared with the limit fR = 0.

In Fig. 5.4, we plot g(2)(0), given by (5.18), as a function of wavelength detuning between

pump and signal fields, Fig. 5.4(a), and between pump and fiber zero-dispersion wavelength,

Fig. 5.4(b). It can be seen in Fig. 5.4(a) and in Fig. 5.4(b) that, g(2)(0) tends to a thermal dis-

tribution at fiber output with the increase of the wavelength detuning. This happens because

the frequency of the quantum channel approaches the maximum Raman gain. For small val-

ues of wavelength detuning the g(2)(0) function is slightly higher than one in both Fig. 5.4(a)

and Fig. 5.4(b). This is due to photons generated on the quantum channel through the Raman

scattering process inside the fiber. This can be seen in Fig. 5.4 when we compared the case

fR = 0.245 with fR = 0. It can also be seen in Fig. 5.4(a) that, the Raman noise given by (5.11)

does not change significantly the evolution of g(2)(0) with λp−λs. Otherwise, in Fig. 5.4(b) at

zero temperature the value of g(2)(0) is smaller when compared with T = 300 K. This is due to

the phase-matching condition given by (5.6) which takes a small value in the case presented in
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Figure 5.5: Experimental arrangement for measuring the photon counting statistics of the stimu-
lated FWM process. The dashed lines represents electrical signals and the solid lines the optical
path. Details of the experiment are presented in the text.

Fig. 5.4(a) than in Fig 5.4(b), due to the fact that λp = λ0 in Fig. 5.4(a). This leads to a high

generation of photons through stimulated FWM process, instead of Raman scattered photons.

5.5 Experimental Estimation of the Photon Statistics

In order to validate the proposed theoretical model for the statistics of the classical FWM pro-

cess, we implement in the laboratory a setup capable of measure the photon distribution of that

nonlinear process. The experimental setup was implemented by Á. J. Almeida [6]. A schematic

of the experimental setup used to numerical reconstruct the photon number distribution of the

idler wave is shown in Fig. 5.5. In Fig. 5.5, a pump, λp, at a wavelength of 1550.92 nm from a

continuous wave (CW) tunable laser source passes through a polarization controller (PC) before

being multiplexed with another two optical fields, λs and λQ. The signal field, λs = 1547.72 nm,

from an external cavity laser (ECL) was modulated externally into pulses with a 1 ns width and

a 1.22 MHz repetition frequency using a Mach-Zehnder modulator (Mod). The quantum CW

signal, λQ = 1554.13 nm, from an ECL passes from a PC and reaches the MUX. Before being

coupled by the MUX each optical field is spectrally filtered to remove laser noise with 100 GHz

bandwidth flat-top bandpass optical filters. After the MUX, the three optical fields pass through a

linear polarizer (LP) to assure that they are sent to the dispersion-shifted fiber (DSF) in the same

linear polarization state, and in that sense obtain the highest efficiency on the generation of idler

photons through FWM inside the DSF. The DSF has a nonlinear parameter γ = 2.3 W−1/km,

zero-dispersion wavelength λ0 = 1549.7 nm, dispersion-slope at λ0 of dDc/dλ = 0.071 ps/(nm2-
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km) and length L = 600 m. At the fiber output, the three optical fields passes through a flat-top

AWG with 200 GHz channel spacing to separate the pump, signal and idler photons. The output

photons from the AWG idler port are launched into a cascade of 100 GHz bandwidth flat-top

bandpass optical filters to further suppress the pump and signal photons. The idler wave passes

through the filters and reaches a variable optical attenuator (VOA) and a single photon detector

module (SPDM). The VOA allow us to obtain several different click probabilities on the SPDM

for the same average photon number, which is essential for the numerical reconstruction of the

photon number distribution. The SPDM is based on an avalanche photo diode (APD) operating

in the Geiger mode, being 5 ns the gate duration of the photo-detector and 10 µs the dead-time.

The quantum detection efficiency of the SPDM is ηD = 7.1% and the probability of dark count

is Pdc = 5.1×10−6 per ns. The outcome of the SPDM is the number of clicks in a time interval

of 20 s, and the total number of gates that were open by the detector in the same time interval,

for a chosen efficiency value on the VOA.

5.5.1 Numerical Reconstruction Method

The numerical method for the reconstruction of the photon number distribution through on/off

detection (click/no-click events) was introduced in [40] and implemented in [15, 41]. Here we

use the same ideas for numerical estimate of the statistics of our photon source based on the

stimulated FWM process. The statistics of no-click events from the SPDM is given by [41, 42]

poff
ν (ην) = (1−Pdc) ∑

n=0
(1−ην)

n
ρn , (5.27)

where ην with ν = 1 . . .K are the values of the combined efficiencies of the SPDM and the VOA,

and ρn is the probability of obtain n photons. Since this is a linear model, the solution for ρn can

be obtained by maximum likelihood estimation method [41, 42]

ρ
(i+1)
n =

ρ
(i)
n

∑
K
ν=1 Aνn

K

∑
ν=1

Aνn fν

poff
ν [{ρ(i)

n }]
, (5.28)

where Aνn = (1−Pdc)(1−ην)
n, fν is the experimental frequencies of the no-click events for

the efficiency ην, and poff
ν [{ρ(i)

n }] is the no-click probability obtained from the reconstructed

distribution {ρ(i)
n }. In our algorithm, we limit the upper limit in the sum (5.27) with N ≤K+1 =

30. This allow us to verify the condition ∑
N
n=0 ρn ≈ 1. The absolute error in the reconstruction

process at the i-th iteration is given by [41]

ε
(i) =

K

∑
ν=1

∣∣∣ fν− poff
ν [{ρ(i)

n }]
∣∣∣ . (5.29)
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Figure 5.6: Reconstructed photon number distribution for three different values of fiber in-
put signal power. In plot (a) we have used Ps(0) = −28.99 dBm, in plot (b) we used
Ps(0) = −22.91 dBm, whereas in plot (c) Ps(0) = −18.86 dBm. In the figure we have used
Pp(0) = 8.81 dBm. The line represents a Poissonian fit to the experimental data, whereas the
dashed line represents the thermal fit.

Since we don’t know the photon number distribution of the source, and the numerical recon-

struction is an iterative process, we stop the numerical method when the number of iterations is

Ni = 1.22×106. The fidelity between the reconstructed, ρ
(i)
n , and theoretical, ρn, distributions is

given by [41]

G(i) =
N

∑
n=0

√
ρn ρ

(i)
n . (5.30)

In Fig 5.6 we plot the experimental results and the theoretical fits for the reconstructed pho-
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ton number distribution for the specific case when the idler field is fully generated inside the

fiber, for three different fiber input signal powers. It can be seen in Fig 5.6 that the statistics

of the idler field is thermal when the optical power of the signal wave is maintained in a low

regime, Fig. 5.6(a). In that case the fidelity of the reconstructed method is G ≈ 0.9999 for the

thermal distribution, and the error ε(Ni+1) ≈ 1.43×10−3. From Fig. 5.6(b) we can observe both

thermal and coherent photons. This indicates the presence of a multithermal statistics. In the last

case, Fig. 5.6(c), we can observe a majority of coherent idler photons at the fiber output, due to

stimulated processes. The statistics of the idler wave tends to a Poissonian distribution with the
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Figure 5.7: Reconstructed photon number distribution for three different values of fiber input
idler power. In plot (a) we have used Pi(0) = −69 dBm, in plot (b) we used Pi(0) = −62 dBm,
whereas in plot (c) Pi(0) = −59 dBm. In the figure we have used Pp(0) = 2.12 dBm, and
Ps(0) =−15.17 dBm. The line represents a Poissonian fit to the experimental data, whereas the
dashed line represents the thermal fit.
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increase of the fiber input signal power. These results are also in-line with the theoretical analysis

performed in section 5.4.1. In Fig. 5.6(b) we obtain G≈ 0.9792 for the thermal distribution, and

ε(Ni+1) ≈ 1.12×10−2. Finally, in Fig. 5.6(c) we obtain G≈ 0.9909 for the Poisson distribution,

and ε(Ni+1) ≈ 3.03×10−2.

In Fig 5.7 we show the experimental results and the theoretical fits for the reconstructed

photon number distribution for the quantum signal, at three different fiber input powers for that

optical field. It can be seen in Fig 5.7 that the statistics of the quantum signal field is thermal when

the optical power is maintained in a low regime, Fig. 5.7(a). In that case the fidelity of the recon-

structed method is G≈ 0.9999 for the thermal distribution, and the error ε(Ni+1) ≈ 9.76×10−4.

This indicates that the statistics of the quantum signal changed from Poissonian to thermal af-

ter co-propagation with other classical signals. Increasing the power on the quantum signal,

Fig. 5.7(b), we observe a multithermal statistics for the quantum signal. Finally, in Fig. 5.7(c)

we can see that the statistics of the quantum signal tends to a Possonian distribution with the

increase of the fiber input optical power of that field, the statistics of the quantum signal re-

mains the same at fiber input/output. These results are in-line with the theoretical analysis per-

formed in section 5.4.2. In Fig. 5.7(b) we obtain G ≈ 0.9519 for the Poisson distribution, and

ε(Ni+1) ≈ 8.7× 10−3. Finally, in Fig. 5.7(c) we obtain G ≈ 0.9787 for the Poisson distribution,

and ε(Ni+1) ≈ 1.23×10−2.

5.6 Summary

We show that the statistics of the idler wave generated through FWM follows a thermal distribu-

tion when the fiber input power is maintained in a low level. This arises from the thermal nature

of the photons generated through spontaneous FWM and through Raman scattering inside the

fiber. That happens because those nonlinear processes create photons in several different fre-

quency modes (large frequency bandwidth) with short coherence time. However, an increase on

the input power rapidly leads to a Poissonian distribution for the idler photons, at the fiber output.

This change on the statistics happens when the stimulated FWM becomes the dominant process,

and the photons are created at a single frequency mode, ωi. Our results also show that the in-

band noise photons created by FWM and Raman scattering processes can change the statistics

of a quantum channel used for QKD. At low power level the statistics of the coherent quantum

channel can evolve from Poissonian to thermal. Our findings also show that when we increase

the wavelength detuning between the pump and signal the coherent quantum channel evolves

from a Poissonian statistics to a thermal one. This is due to the fact that the quantum channel
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approaches the maximum Raman gain. In addition, we have shown that for small wavelength

detunings between pump and signal fields the impact of the Raman scattering on the quantum

channel is almost negligible, and the statistics of that channel remains the same through propa-

gation.

We have presented a numerical reconstruction of the statistics of a single-photon source based

on the stimulated FWM process. The reconstruction was performed using the maximum likeli-

hood estimation method, through the expectation-maximization algorithm. Results have shown

that in a low power regime, the statistics of the photons is a thermal. Increasing the power of

the signal leads to a multithermal statistics that converges to a Poissonian statistics in a moderate

power regime. Regarding the impact of the FWM process on the statistics of a co-propagating

coherent quantum signal, we observe that when the quantum signal is in a low power regime,

its statistics changes from Poissonian, at the fiber input, to thermal at the fiber output. With the

increase on the power of the quantum signal, a multithermal statistics is verified. In a moder-

ate power regime it was verified that the quantum signal does not change its statistics, since it

remains Poissonian at the input and at the output of the fiber.
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Chapter 6

Characterization of a Heralded Single
Photon Source Based on Four-Wave
Mixing

SINGLE photon sources at telecom band are basic elements for quantum key distribution

(QKD) systems [1]. However, perfect single photon sources are very complex to imple-

ment, since in general they demand cryogenic temperatures or must be operated in vacuum [1, 2].

Due to that, practical implementations of QKD protocols tend to rely on faint laser pulses, as an

approximation to a source of single photons [1]. Nevertheless, a faint laser pulses obeys to a

Poissonian statistics, which could lead to a loss of security [1]. An alternative approach for sin-

gle photon generation relies on sources of quantum correlated photon-pairs [3]. In this kind of

sources, typically known as heralded single photon sources, the detection of one photon of the

pair heralds the presence of its twin photon [3, 4]. In this Chapter we focus on the theoretical

evaluation of the conditioned second-order coherence function. Our goal is to quantify the im-

pact of the Raman scattering and the propagation loss effects on the statistics of a heralded single

photon source. We identify regimes for the pump power and frequency detuning that minimizes

the g(2)c function. We verify the nonclassical nature of the photon source over a high frequency

bandwidth. We consider the presence of noise photons from the Raman scattering process and

from a room temperature absorption reservoir. This Chapter is based on the references [5, 6],

and is divided as follows: Section 6.1 provides an introduction to the spontaneous four-wave

mixing (FWM) process in optical fibers. In section 6.2, we present the theoretical model that

describes the generation of quantum-correlated photon pairs through the FWM process, consid-

ering the Raman scattering process and the presence of noise photons that are coupled to the

propagation fiber due to the presence of a photon absorption reservoir. In section 6.3, we discuss
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the conditioned second-order coherence function for the heralded single photon source. Sec-

tion 6.4 reports the theoretical results. The main conclusions of this Chapter are summarized in

section 6.5.

6.1 Spontaneous Four-Wave Mixing Process in χ(3) Waveg-
uides

The spontaneous FWM process appears as a natural solution to obtain time correlated photon-

pairs in χ(3) materials [7–18]. Moreover, when implemented in dispersion-shifted fibers (DSFs)

the spontaneous FWM process can efficiently produce photon-pairs at the 1550 nm telecom win-

dow [8]. Nevertheless, inside the DSF and simultaneously with the FWM occurs the Raman scat-

tering process, which generates uncorrelated (noise) photons. The generation of quantum corre-

lated photon-pairs through spontaneous FWM in optical fibers was investigated in [7, 8, 19], and

their work was latter extended to account for the spectral shape of pump pulses [20–22]. Subse-

quent studies have include the spontaneous Raman scattering that occurs inside the optical fiber,

and inevitably accompanies the FWM process [23–27]. Recently, in [28, 29] was investigated the

impact of fiber loss on the generation of quantum correlated photon-pairs through FWM. The

FWM process as a source of heralded single photons was investigated experimentally in [30–

34], through the measurement of the second-order correlation function. Subsequent studies [35],

characterize the photon statistics of that source through the analysis of the Wigner function, and

its performance in a QKD system. In [36] was investigated a synchronous heralded single photon

source based on FWM in a liquid nitrogen cooled optical fiber. Recently, in [37] was shown that

for a heralded single photon source based on FWM narrow band filters are not mandatory to ob-

tain a high heralding efficiency. In [38] were investigated different schemes that best mitigate the

trade-off between high purity and high photon generation rate. Recently, in [39] was presented a

quantum theory for the heralded single photon source based on FWM that takes into account the

spectral shape of pump pulses. Moreover, in [39] were also reported experimental results for the

conditioned second-order coherence function and heralding efficiency.

6.2 The Heralded Single Photon Source

In this section, we present a quantum model for the generation of the signal and idler photon-

pairs through spontaneous FWM inside a DSF [8], and for the propagation of the signal photons

in a standard single mode fiber (SSMF). We consider the Raman scattering that inevitably ac-
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Figure 6.1: Schematic setup to obtain the photon counting statistics of the heralded single pho-
ton source based on spontaneous FWM in optical fibers. The dashed lines represents electrical
signals and the solid lines the optical path. Details of the setup are presented in the text.

companies the FWM process during the generation of the signal and idler photons inside the

DSF. We also take into account the loss mechanism that affect the propagation of the signal

photons in the SSMF.

The photon number distribution of the heralded single photon source can be obtained through

the setup shown in Fig. 6.1. In the figure, a pump at ωp, is sent through a DSF with length L1. In-

side the DSF two pump photons are annihilated, and two new photons are created at frequencies

ωs (signal field) and ωi (idler field), such that 2ωp = ωs +ωi, with ωs > ωi. Inside the DSF are

also generated Raman noise photons, that inevitably accompanies the FWM process. At the DSF

output, the three optical fields plus noise passes through an arrayed waveguide grating (AWG)

to separate the pump from the signal and idler fields. The output idler photons are spectrally fil-

tered (Hi) and collected by the photon detector module, Deti. The signal photons passes through

a SSMF with length L2 and an optical filter Hs, before been launched into a non-polarizing beam

splitter (BS). Note that, we consider two identical filters with central frequency ωi for Hi and ωs

for Hs, such that 2ωp = ωs+ωi. At the BS output the signal photons are collected by the photon

detector modules, Det1 and Det2. In Fig. 6.1, τ1i and τ2i represents an adjustable time delay in

each arm of the beam splitter. The counting system in Fig. 6.1 measures the delays between a

trigger click in Deti and the clicks in Det1 and Det2, i.e. t1− ti+ tR and t2− ti+ tR, with t1, t2, and

ti representing the time detection event in detector Det1, Det2, and Deti, respectively, and tR is a
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reference time. The reference time tR is adjusted in order to compensate for the path delay differ-

ence between signal and idler photons. Single and coincidence measurements can be performed

in order to obtain g(2)c (t1, t2|ti) [30, 39].

6.2.1 Photon-Pair Generation Inside the DSF

We focus on the single undepleted pump configuration, where a unique pump is used to induced

the FWM process, see Fig. 6.1. In this configuration, the signal and idler annihilation operators

in the frequency domain at DSF output are given by [27, 40, 41]

Â(L1,ωu) =
(

Λu(L1)Â(0,ωu)+Γu(L1)Â†(0,ωv)+ N̂(L1,ωu)
)

Φ(L1), (6.1)

with 〈Â†(L1,ωu)Â(L1,ωu)〉 representing the mean spectral photon-flux density, where u 6= v =

sor i denote the signal and idler field [42]. In (6.1), Φ(L1) = exp{i(kp+ γP0)L1}, where kp is the

pump propagation constant, γ is the DSF nonlinear parameter, L1 is the DSF length, and P0 is the

input pump power. In (6.1), the field operator satisfies the commutation relation [27][
Â(L1,ω), Â†(L1,ω

′)
]
= 2πδ(ω−ω

′) . (6.2)

where ω and ω′ are two angular frequencies. The coefficients Λu(L1) and Γu(L1) appearing

in (6.1) are given by [27]

Λu(L1) =

(
cosh(gupL1)+ i

κup

2gup
sinh(gupL1)

)
ei ku−kv

2 L1 (6.3a)

Γu(L1) = i
γηup

gup
A2

p sinh(gupL1)ei ku−kv
2 L1, (6.3b)

with

g2
up =

(
(γηupP0)

2− (κup/2)2) (6.4a)

κup = ∆β+2γP0ηup (6.4b)

ηup = 1− fR + fRR̃a(ωu−ωp)+ fRR̃b(ωu−ωp) , (6.4c)

with ωp representing the pump frequency, Ap is the pump field envelop such that P0 = |Ap|2, ∆β

is the linear phase-mismatch parameter [43, 44]. In (6.4), fR = 0.18 is the fractional contribution

of the Raman process to the nonlinear refractive index [43], R̃a(ωu−ωp) and R̃b(ωu−ωp) are

the isotropic and anisotropic Raman response, respectively, defined as in [45]. In (6.3), ku and

kv are the propagation constants for the signal u 6= v = s or idler field u 6= v = i, with u,v = sor i.
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The noise operator in (6.1) is given by [27]

N̂(L1,ωu) = i
L1∫

0

m̂(z,Ωup)
(

ApΛu(L1− z)−A∗pΓu(L1− z)
)

dz, (6.5)

where m̂(z,Ωup) is the Hermitian phase noise operator which accounts for the spontaneous Ra-

man scattering, defined as in [46], Ωup = ωu−ωp, and the frequency-space correlation for the

noise operator is given by [47]

〈m̂†(z,Ωup)m̂(z′,Ω′up)〉= 2πδ(Ωup−Ω
′
up)δ(z− z′)|gR(Ωup)|(nth(Ωup)+Θ(−Ωup)) , (6.6)

where gR(Ωup) is the Raman gain coefficient [45, 48–50], nth(Ωup) =
[
e~|Ωup|/kBT −1

]−1
is the

phonon population at temperature T , and Θ(−Ωup) is the Heaviside step function.

6.2.2 Signal Propagation in the SSMF

We model the SSMF by a continuous array of beam splitters. In that case, the annihilation

operator for signal photons at SSMF output is given by [51, 52]

â(L2,ωs) = exp
{(

iβ(ωs)−
α(ωs)

2

)
L2

}
Â(L1,ωs)

+ i
√

α(ωs)

L2∫
0

e
(

iβ(ωs)−α(ωs)
2

)
(L2−z)b̂(z,ωs)dz, (6.7)

where β(ωs) and α(ωs) are the SSMF propagation constant and loss coefficient at frequency ωs.

The propagation constant of the SSMF is expanded to first order in frequency as β(ωs)≈ β(ωs)+

(ωs−ωs)/vg(ωs), where vg(ωs) is the group velocity at frequency ωs [52]. In (6.7), Â(L1,ωs) is

given by (6.1), and b̂(z,ωs) refers to light that is scattered into a guided fiber frequency mode ωs,

due to the coupling with a thermal photon reservoir, with commutation relation [51, 52][
b̂(z,ω), b̂†(z′,ω′)

]
= 2πδ(z− z′)δ(ω−ω

′) , (6.8)

and expectation value [51, 52]

〈b̂†(z,ω)b̂(z′,ω′)〉= 2πnth(ω)δ(z− z′)δ(ω−ω
′), (6.9)

where nth(ω) =
[
e~ω/kBT −1

]−1
.
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6.3 Statistics of the Heralded Single Photon Source

In this section, we examine the statistics of the heralded single photon source based on sponta-

neous FWM process in optical fibers. We study the statistics of the source through the analysis

of the second order coherence function for the signal field conditioned on observing an idler

event [53–55]

g(2)c (t1, t2|ti) =
〈Ê†

s (t1)Ê
†
s (t2)Ês(t2)Ês(t1)〉pm

〈Ê†
s (t1)Ês(t1)〉pm〈Ê†

s (t2)Ês(t2)〉pm

=
〈Ê†

i (ti)Ê
†
s (t1)Ê

†
s (t2)Ês(t2)Ês(t1)Êi(ti)〉〈Ê†

i (ti)Êi(ti)〉
〈Ê†

i (ti)Ê
†
s (t1)Ês(t1)Êi(ti)〉〈Ê†

i (ti)Ê
†
s (t2)Ês(t2)Êi(ti)〉

, (6.10)

where 〈·〉pm is the average over the post-measurement state, after detection of an idler event [53–

55], and

Ês(t1) =
1

2π

∫
Hs(ω−ωs)â(L2,ω)e−iωt1dω (6.11a)

Ês(t2) =
1

2π

∫
Hs(ω−ωs)â(L2,ω)e−iωt2dω (6.11b)

Êi(ti) =
1

2π

∫
Hi(ω−ωi)Â(L1,ω)e−iωtidω. (6.11c)

A g(2)c (t1, t2|ti) < 1 determines the nonclasical nature of the photon source, with g(2)c (t1, t2|ti)
equals to zero for a perfect conditional single photon source. Otherwise, g(2)c (t1, t2|ti) ≥ 1 rep-

resents the classical nature of the field. Moreover, g(2)c (t1, t2|ti) = 1 corresponds to a Poissonian

statistics, and g(2)c (t1, t2|ti) = 2 represents a thermal statistics [30, 41, 52].

To obtain g(2)c (t1, t2|ti) it is necessary obtain the fourth- and six-order moments given respec-

tively by

〈Ê†
i (ti)Ê

†
s (t j)Ês(t j)Êi(ti)〉= 〈Ê†

i (ti)Êi(ti)〉〈Ê†
s (t j)Ês(t j)〉+

∣∣〈Ês(t j)Êi(ti)〉
∣∣2 , (6.12)

where j = 1or2, and

〈Ê†
i (ti)Ê

†
s (t1)Ê

†
s (t2)Ês(t2)Ês(t1)Êi(ti)〉= 〈Ê†

i (ti)Êi(ti)〉〈Ê†
s (t1)Ês(t1)〉〈Ê†

s (t2)Ês(t2)〉

+ 〈Ê†
i (ti)Êi(ti)〉

∣∣∣〈Ê†
s (t1)Ês(t2)〉

∣∣∣2 + 〈Ê†
s (t1)Ês(t1)〉

∣∣〈Ês(t2)Êi(ti)〉
∣∣2

+ 〈Ê†
s (t2)Ês(t2)〉

∣∣〈Ês(t1)Êi(ti)〉
∣∣2 +2Re

[
〈Ê†

s (t1)Ês(t2)〉
(
〈Ês(t2)Êi(ti)〉

)∗ 〈Ês(t1)Êi(ti)〉
]
,

(6.13)
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where we use the quantum form of the Gaussian moment-factoring theorem [56], in order to ex-

pand the fourth- and six-order moments. For a filter bandwidth (∆ωu) much narrow than the filter

central frequency ∆ωu� ωu [57], the signal and idler photon-fluxes appearing in (6.10), (6.12),

and (6.13) are given by

〈Ê†
i (ti)Êi(ti)〉 ≈ φi S(L1,ωi) (6.14a)

〈Ê†
s (t j)Ês(t j)〉 ≈ φs |Y j|2

(
S(L1,ωs)e−α(ωs)L2 +

(
1− e−α(ωs)L2

)
nth(ωs)

)
, (6.14b)

where

φu =
1

2π

∫
|Hu(ω−ωu)|2 dω . (6.15)

In (6.14), Y j = t(ωs) for j = 1, and Y j = r(ωs) for j = 2, with t(ωs) and r(ωs) representing the

transmission and reflection beam splitter coefficients, see Fig. 6.1. The mean spectral photon-flux

density for the signal and idler wave are given by [27]

S(L1,ωu) = |Γu(L1)|2 +
(
nth(Ωup)+Θ(−Ωup)

)∣∣gR(Ωup)
∣∣

×
L1∫

0

∣∣ApΛu(L1− z)−A∗pΓu(L1− z)
∣∣2 dz, (6.16)

with Ωup = ωu−ωp. The self temporal correlation for signal photons in (6.12) and (6.13) is

given by

〈Ê†
s (t1)Ês(t2)〉 ≈ φs(τ21)t∗(ωs)r(ωs)

(
S(L1,ωs)e−α(ωs)L2 +

(
1− e−α(ωs)L2

)
nth(ωs)

)
, (6.17)

where τ21 = t2− t1, and

φs(τ21) =
1

2π

∫
|Hu(ω−ωu)|2e−iωτ21dω. (6.18)

Finally, in (6.12) and (6.13) the cross temporal correlation between signal and idler photons is

given by

〈Ês(t j)Êi(ti)〉 ≈ φsi(τ ji)Y jFsi(L1,ωs,ωi)Φ
2(L1) e−2iωptie−iωsτd e(iβ(ωs)−α(ωs)/2)L2 . (6.19)

where τ ji = t j− ti−τd , with τd = L2/vg(ωs) being the propagation time of the signal photons

in the SSMF, which can be compensated by the counting system in Fig. 6.1, by making tR = τd .

In that case we can consider the measured time delay as τ ji = t j− ti. In (6.19), Fsi(L1,ωs,ωi) is

given by [27]

Fsi(L1,ωs,ωi) = Λu(L1)Γu(L1)−
(
nth(Ωip)+Θ(−Ωip)

)
×
∣∣gR(Ωip)

∣∣ L1∫
0

(
ApΛs(L1− z)−A∗pΓs(L1− z)

)(
ApΛi(L1− z)−A∗pΓi(L1− z)

)
dz, (6.20)

135



6.4 Theoretical Results

and φsi(τ ji) is given by

φsi(τ ji) =
1

2π

∫
Hs(ω−ωs)Hi(ωs−ω)e−iωτ jidω. (6.21)

We assume that the transmission function of the signal and idler filters is Gaussian shaped

Hu(ω−ωu) = exp
{
−(ω−ωu)

2

2(∆ωu)2

}
, (6.22)

where ∆ωu = (2π)∆νu/(2
√

ln2), and ∆νu is the filter full width at half maximum (FWHM). We

admit that ∆ωu have the same value for the signal and idler fields, ∆ωu = ∆ω and consequently

∆νu = ∆ν. In that case

φs(τ21) =
1

2
√

π
∆ωe−(

∆ω

2 τ21)
2

e−iωsτ21 (6.23a)

φsi(τ ji) =
1

2
√

π
∆ωe−(

∆ω

2 τ ji)
2

e−iωsτ ji, (6.23b)

and φu = ∆ω/2
√

π.

6.4 Theoretical Results

In this section, we present results for the evolution of g(2)c (t1, t2|ti) with time, and with fre-

quency detuning between pump and signal fields. Moreover, it is also presented the evolution of

g(2)c (t1, t2|ti) with the fiber input pump power, and with fiber length, L2. We present the results

in two different cases. First, we do not consider the SSMF, L2 = 0. Second, we admit that the

signal photons generated through FWM propagate in the SSMF.

We assume a temperature for both fibers of T = 300 K. The DSF length is L1 = 600 m, and

γ = 2.3 W−1km−1. The Raman response functions were taken from [58]. Moreover, we admit

an ideal linear phase-mismatch condition, ∆β = 0, in order to obtain efficient generation of sig-

nal and idler photons through FWM. This can be achieved by using a pump frequency close

to the zero-dispersion frequency of the DSF, and considering a fourth order dispersion coeffi-

cient, β4, of the order of 10−6 ps4/km. Finally, we consider a loss coefficient for the SSMF of

α(ωs) = 0.25 dB/km, and signal and idler filters bandwidth at FWHM of ∆ν = 50 GHz. In the

following sections, we denote the idler as the Stokes wave with ωi < ωp, and the signal as the

anti-Stokes wave with ωs > ωp.
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Figure 6.2: Signal and idler photon-fluxes, given by (6.14), as a function of frequency detuning
between pump and signal, for a filter bandwidth of 50 GHz and two different values of γP0L1. In
the figure when fR = 0 the photons are generated only by the FWM process. In the plot we have
used L2 = 0. The fiber parameters used are presented in the text.

6.4.1 Statistics at Source Output

We first consider a back-to-back configuration, L2 = 0 in Fig. 6.1. In Fig. 6.2 we present the

signal and idler photon-fluxes, given by (6.14), as a function of frequency detuning between

pump and signal, Ωsp/2π, for a filter bandwidth of 50 GHz and for two different values of

γP0L1. In Fig. 6.2 when Ωsp/2π is negative we obtain the idler photon flux, since −Ωsp = Ωip.

Moreover, when fR = 0 the Raman scattering process that occurs inside the DSF is ignored. It

can be seen in Fig. 6.2 that for |Ωsp|/2π < 15 THz most of the signal and idler photons are

generated through the Raman scattering process. However, for |Ωsp|/2π > 15 THz we observe

a vanish of the noise photons produced by the Raman scattering process [27]. In that scenario,

the FWM process becomes dominant, and most of the signal and idler photons are generated

through that nonlinear process. Moreover, it can be seen in Fig. 6.2 that for low values of pump

power, γP0L1 = 0.025, and high frequency detunings, |Ωsp|/2π > 15 THz, the signal and idler

photon-fluxes are of the order of 3×107 photons/s.

In Fig. 6.3 we present the evolution of g(2)c (t1, t2|ti), given by (6.10), with the time delay

between the idler and the two signal photon detectors, τ1i and τ2i, see Fig. 6.1. It can be seen in

Fig. 6.3 three different regimes for g(2)c (t1, t2|ti). First, at trigger time τ1i = τ2i = 0, we obtain an

almost perfect conditional single photon source with g(2)c (t1, t2|ti)≈ 0. Second, when τ2i = 0 and

|τ1i| > (∆ν)−1 the photon source is described by a Poissonian statistics, since g(2)c (t1, t2|ti) ≈ 1.
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Figure 6.3: Conditioned second order coherence function, given by (6.10), as a function of time
delay between the idler and the two signal photon detectors, τ1i and τ2i. In the plot we have used
Ωsp/2π = 3 THz, γP0L1 = 0.1, and L2 = 0. The fiber parameters used are presented in the text.

The heralded single photon source has a coherence time of the order of (∆ν)−1. This mean

that the probability of obtain a detection click on Det1 in Fig. 6.1 is the same for all values of

|τ1i| > (∆ν)−1. The same conclusion is achieved when τ1i = 0 and |τ2i| > (∆ν)−1. Finally,

when |τ1i|> (∆ν)−1 and |τ2i|> (∆ν)−1, we obtain g(2)c (t1, t2|ti)≈ 2, the source is described by a

thermal statistics. There is no relation between the trigger event and the signal detection on Det1
and Det2 in Fig. 6.1. In this case, we are simple measuring the statistics of the unheralded signal

photons, which is described by a thermal distribution.

Figure 6.4 shows the evolution of g(2)c (ti, t2|ti), given by (6.10), with both τ2i and frequency

detuning between pump and signal. Results show that for τ2i < 1.5(∆ν)−1 we operate in a

nonclassical regime for all values of frequency detuning between pump and signal field, since

g(2)c (ti, t2|ti)< 1 which represents the antibunched nature of the light source. Moreover, for τ2i ≈
0 and Ωsp/2π > 13 THz (the peak of the Raman gain) g(2)c (ti, t2|ti) decreases with the increases

of the frequency detuning between pump and signal. This is a consequence of the decrease of

the number of generated Raman scattered photons in the range 13 < Ωsp/2π < 45 THz.

Figure 6.5 shows the evolution of g(2)c (ti, ti|ti), given by (6.10), with the frequency detuning

between pump and signal, for three different values of γP0L1. In Fig. 6.5 when fR = 0 the

138



6.4 Theoretical Results

1.0

0.95

0.80 0.60

0.40

0.40

0.60
0.80

0.95

0.10

1.0

0.050

0 5 10 15 20 25 30 35 40 45

-1.5

-1.0

-0.5

0.0

0.5

1.0

1.5

 g
(2)

c
(t

i
,t

2
|t

i
)

 

τ
2

i i
n

 u
n

ti
s 

o
f 

(∆
ν
)-1

Frequency detuning (THz)

Figure 6.4: Conditioned second order coherence function, given by (6.10), as a function of τ2i
and frequency detuning between pump and signal. In the plot we have used t1 = ti, and L2 = 0.
The remaining parameters used are equal to the ones used in Fig. 6.3.
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Figure 6.5: Conditioned second order coherence function, given by (6.10), as a function of fre-
quency detuning between pump and signal, for three different values of γP0L1. In the figure when
fR = 0 the photons are generated only by the FWM process. In the plot we have used t1 = t2 = ti,
and L2 = 0. The remaining parameters used are equal to the ones used in Fig. 6.3.

Raman scattering process is ignored. Results show that the Raman scattering process degrades

the source of single photons, since g(2)c (ti, ti|ti) increases when fR = 0.18 in (6.10). This is due to
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3 THz, and L2 = 0. The remaining parameters used are equal to the ones used in Fig. 6.3.

the fact that the Raman scattering process generates uncorrelated photons. Moreover, it can be

seen in Fig. 6.5 that an increase on the fiber (L1) input power leads to an increase on the value

of g(2)c (ti, ti|ti) in both cases, fR = 0 and fR = 0.18. This is due to an increase of the number of

uncorrelated Raman scattered photons, and due to an increase on the probability of generating

multiple signal-idler photon pairs. For γP0L1 = 0.05 and fR = 0, we can obtain an almost perfect

conditional single photon source, since g(2)c (ti, ti|ti)≈ 9.9×10−3.

In Fig. 6.6, we present the evolution of g(2)c (ti, t2|ti), given by (6.10), with τ2i, for five different

values of γP0L1. For all values of γP0L1 it is observed a central dip, around τ2i = 0. The depth

of the central deep is higher for low values of pump power. In that regime, most of the photons

are signal-idler pairs generated through spontaneous FWM.

In Fig. 6.7 we present the evolution of g(2)c (ti, ti|ti), given by (6.10), with γP0L1, for four

different values of frequency detuning between pump and signal. It can be seen in Fig. 6.7 that a

continuous increase on γP0L1 leads to a transition from a nonclassical regime, g(2)c (ti, ti|ti)< 1, to

a classical ones, with g(2)c (ti, ti|ti)≥ 1. This is also observed when we ignore the Raman scattering

process, fR = 0 in (6.10). From Fig. 6.5 and Fig. 6.7 we can see two different frequency regimes

for g(2)c (ti, ti|ti). First, when Ωsp/2π < 13 THz g(2)c (ti, ti|ti) assumes a high value for fR = 0.18

than for fR = 0. Second, when Ωsp/2π & 20 THz, g(2)c (ti, ti|ti) assumes a high value for fR = 0

than for fR = 0.18. This is due to the fact that, in a high pump power level the idler photon
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Figure 6.7: Conditioned second order coherence function, given by (6.10), as a function of γP0L1,
for several different values of frequency detuning between pump and signal. In the figure when
fR = 0 the photons are generated only by the FWM process. In the plot we have used t1 = t2 = ti,
Ωsp/2π = 3 THz, and L2 = 0. The remaining parameters used are equal to the ones used in
Fig. 6.3.

flux decreases with the increase of the frequency detuning [49]. In that regime, the idler wave

is mostly described by the real part of the fiber response function,
(
R̃a(Ωup)+ R̃b(Ωup)

)
, which

leads to a decrease on the idler wave intensity, for high frequency shifts, when compared with

the limit fR = 0. This results on a decrease on the value g(2)c (ti, ti|ti).

6.4.2 Propagation of the Signal Photons Inside a SSMF

In this section we assume that between the heralded photon source and the detection there exist

a SSMF with length L2 and loss α ≡ α(ωs). Only the signal photons travels in the SSMF, see

Fig. 6.1.

In Fig. 6.8 we present the evolution of g(2)c (ti, ti|ti), given by (6.10), with both αL2 and fre-

quency detuning between pump and signal. It can be seen in Fig. 6.8 that for αL2 < 40 we

operate always in a nonclassical regime, with g(2)c (ti, ti|ti)< 1. However, an increase on the value

of αL2 leads to a g(2)c (ti, ti|ti) > 1. This is due to the fact that in (6.14b) S(L1,ωs)e−α(ωs)L2 be-

comes smaller than
(

1− e−α(ωs)L2
)

nth(ωs). The flux of signal photons generated through FWM

that reaches the detector is smaller than the noise photons obtained from the thermal reservoir.

Those noise photons presents a thermal statistics.

Figure 6.9 shows g(2)c (ti, ti|ti), given by (6.10), as a function of both αL2 and γP0L1. Results
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Figure 6.10: Conditioned second order coherence function, given by (6.10), as a function of
frequency detuning between pump and signal, for several different values of αL2. In the figure
when fR = 0 the photons are generated only by the FWM process. Note that g(2)c (ti, ti|ti) assumes
the same value for αL2 = 0 and αL2 = 15. When αL2 = 50, g(2)c (ti, ti|ti) assumes the same value
for fR = 0.18 and fR = 0. In the plot we have used γP0L1 = 0.1, and t1 = t2 = ti. The remaining
parameters used are equal to the ones used in Fig. 6.3.

show that an increase on fiber (L1) input pump power does not counterbalances the increase on

g(2)c (ti, ti|ti) of the heralded single photon source due to the propagation of the signal photons in

the SSMF. This is due to the fact that an increase on γP0L1 leads to an increase on the number

of generated Raman scattered photons, and on the generation of multiple signal-idler pairs.

Figure 6.10 shows g(2)c (ti, ti|ti), given by (6.10), as a function of frequency detuning between

pump and signal, for four different values of αL2. Results show that for αL2 = 30 and for

Ωsp/2π < 25 THz the Raman scattered photons generated inside the fiber L1 increases signifi-

cantly the value of g(2)c (ti, ti|ti). Moreover, for αL2 = 0 and αL2 = 15, g(2)c (ti, ti|ti) assumes the

same value for both cases. The flux of noise photons generated inside the SSMF is very low

for that values of αL2. Otherwise, for αL2 = 50, the flux of noise photons generated inside the

SSMF is much higher than the flux of signal photons generated through FWM. In that case we

obtain g(2)c (ti, ti|ti) = 2 for both fR = 0 and fR = 0.18.

Finally, in Fig. 6.11 we present the evolution of g(2)c (ti, ti|ti), given by (6.10), with αL2, for

four different values of γP0L1. It can be seen in Fig. 6.11 that g(2)c (ti, ti|ti) remains constant with

the evolution of αL2, until αL2 ≈ 25. In that αL2 range, g(2)c (ti, ti|ti) is smaller for fR = 0 than

for fR = 0.18 for the heralded single photon source. After that, g(2)c (ti, ti|ti) rapidly increases and
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Figure 6.11: Conditioned second order coherence function, given by (6.10), as a function of αL2,
for several different values of γP0L1. In the figure when fR = 0 the photons are generated only
by the FWM process. In the plot we have used Ωsp/2π = 3 THz, and t1 = t2 = ti. The remaining
parameters used are equal to the ones used in Fig. 6.3.

reach the value g(2)c (ti, ti|ti) = 2. This is observed for all the values of γP0L1. This mean that the

heralded single photons can be distributed for distances no longer than αL2 ≈ 25, in a regime of

low fiber (L1) input pump power, to avoid the Raman scattered photons.

6.5 Summary

We investigate the impact of noise photons in a heralded single photon source based on FWM

in optical fibers. We show that the Raman noise photons degrades the heralded single photon

source, since that nonlinear process increases the value of g(2)c (ti, ti|ti). Nevertheless, for low

values of pump power we still observe the nonclassical nature of the photon source, even in

the presence of Raman noise photons. In the absence of Raman scattering process, we obtain

g(2)c (ti, ti|ti) ≈ 9.9× 10−3, which represents an almost perfect conditional source of single pho-

tons. Even in that particular case, g(2)c (ti, ti|ti)> 0 due to the fact that the probability of generating

multipair photons through FWM is not null. Our analysis also show that, to avoid the Raman

noise photons, we need to operate in a high frequency detuning regime, Ωsp > 20 THz. In that

case, it is possible to obtain an almost perfect conditional source of single photons even in the

presence of Raman noise photons. Our results also show that, a continuous increase of the pump

power level leads to a Poissonian and to a multithermal statistics of the photon source. This
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happens when the stimulated FWM and Raman scattering processes becomes dominant, over the

spontaneous FWM. Our findings also show that, the photon absorption reservoir in the SSMF

only changes significantly the statistics of the photon source for high values of αL2. In that

regime, the photon flux of thermal noise photons is higher than the flux of FWM photons. In

that case, we obtain g(2)c (ti, ti|ti) = 2. For low values of αL2, the statistics of the source does not

change significantly due to propagation.
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Chapter 7

Impact of Absorption on the Generation
Rate of Photon-Pairs

QUANTUM-correlated photon pairs are essential for quantum technologies, such as quantum

information [1]. In this context, the generation of correlated photon pairs inside optical

waveguides appears as important topic for quantum key distribution (QKD) [1]. The four-wave

mixing (FWM) process provides an efficient method of generating correlated photon pairs al-

ready inside a waveguide. Those photons, obtained through FWM, has been used mainly in

quantum key distribution experiments, through the implementation of heralded single photon

sources [2] and entangled photon sources [3, 4]. In this Chapter we present a complete de-

scription of the generation of photon-pairs through the combined processes of FWM and Raman

scattering in a medium with non-negligible loss. We expand previous studies related with the

generation of quantum-correlated photon pairs in order to include the waveguide absorption [5–

7]. The obtained results can help to guide the implementation of on-chip quantum technologies.

This Chapter is based on the references [8–11], and is divided as follows: Section 7.1 provides

an introduction to the generation of quantum correlated photon pairs in a lossy waveguide. In

section 7.2, we present the formalism of the evolution of the optical field operator in a medium

with non-negligible loss. In section 7.3, we apply that formalism to the co-polarized sponta-

neous FWM process in the single-pump configuration. We describe the impact of the waveguide

absorption on the photon-flux and on the second-order coherence function. Moreover, in sec-

tion 7.3, we also discuss the influence of waveguide loss on the Cauchy-Schwarz correlation

parameter and on the Clauser, Horne, Shimony, and Holt (CHSH) inequality. In section 7.4

we present the experimental setup used to generate and detect time correlated and polarization-

entangled photon pairs generated through spontaneous FWM. The main results of this Chapter

are summarized in section 7.5.
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7.1 Generation of Signal and Idler Photon Pairs in a Lossy
Waveguide

Efficient generation of quantum-correlated photon pairs through spontaneous FWM demands

perfect phase-matching condition and waveguides with high value of nonlinear coefficient [7,

12, 13]. Recent developments of photonic crystal fibers (PCFs) and chalcogenide glass waveg-

uides have enable to produce optical waveguides with high nonlinear coefficient and a near-zero

dispersion wavelength [14, 15]. Waveguides with high nonlinear coefficient can be used for ef-

ficient generation of photon pairs over short distances [16, 17]. This is essential to implement

integrated on-chip quantum technologies [18]. However, waveguides with high nonlinear coef-

ficient usually presents high values of loss [14–16]. A complete description of the generation

of quantum-correlated photon pairs through spontaneous FWM in loss waveguides remains an

open issue, to the best of our knowledge.

The spontaneous FWM in optical fibers as a source of photon pairs was investigated exper-

imentally in [19, 20] in the single-pump configuration. In [21] authors report the generation

of correlated photon pairs by means of a reversed degenerate FWM process. Recently, in [22]

authors investigate the generation of identical photons using a dual-pump counter-propagating

scheme. Subsequent studies have used the FWM process to implement polarization [17, 23–26],

time-bin [27, 28], and frequency [29] entangled photon pair sources. The generation of quantum-

correlated photon pairs was already studied experimentally in chalcogenide glass waveguides,

see for instance [14, 16, 30].

The spontaneous FWM was also studied theoretically in [31], and their work was latter ex-

tend to include the pump pulsed regime [32, 33], and to include the impact of the spontaneous

Raman scattering that occurs inside the fiber [5, 6, 34, 35]. A vectorial theory of the combined

processes of FWM and Raman scattering was presented in [7], considering various pumping

configurations. In [35], authors present a quantum theory of phase-sensitive parametric amplifier

in χ(3) materials, including the effect of linear loss. Recently, in [36] authors investigated the

generation of correlated photon pairs through FWM using silicon waveguides, in the presence of

three different sources of losses.

7.2 Signal and Idler Equations and Pair Correlation

In this section, we present the equation of motion of the optical field annihilation operator in-

side an optical fiber, for each of the polarization modes j = xory. Under the rotating-wave
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approximation, the quantum version of the nonlinear Schrödinger equation in optical fibers in

the frequency domain is given by [7, 35, 37–40]

∂Â j(z,ω)
∂z

= i∑
k

R̃(1)
jk (ω)Âk(z,ω)+ i

√
~ω0

2π
∑
k

∫
dω1m̂ jk(z,ω−ω1)Âk(z,ω1)+ l̂ j(z,ω)

+ i
~ω0

(2π)2 ∑
klm

∫∫
dω1dω2R̃(3)

jklm(ω2−ω1)Â
†
l (z,ω1)Âm(z,ω2)Âk(z,ω+ω1−ω2), (7.1)

where j,k, l,m = xory, ω0 is the carrier frequency of the electromagnetic field, Â j(z,ω) is the

slowly varying field annihilation operator in the frequency domain, which satisfies the commu-

tation relation [
Â j(z,ω), Â

†
k(z,ω

′)
]
= 2πδ jkδ(ω−ω

′), (7.2)

R̃(1)
jk (ω) is the Fourier transform of R(1)

jk (τ), and represents the linear response function of the

fiber, given by sec. 2.1 of [12], and [41]

R̃(1)
jk (ω) = β j(ω)+

i
2

α j(ω)−
ω

2
B jk, (7.3)

which includes both dispersion β j(ω) and birefringence B jk properties of the fiber, as well the

fiber losses α j(ω), see for instance sec. 1.2 of [12], and [42]. In (7.1), R̃(3)
jklm(Ω) is the third-order

nonlinear response function of the optical fiber, given by [7, 43–45]

R̃(3)
jklm(Ω) = γ

1− fR

3
(
δ jkδlm +δ jlδkm +δ jmδkl

)
+ γ fRR̃a(Ω)δ jkδlm

+ γ
fR

2
R̃b(Ω)

(
δ jlδkm +δ jmδkl

)
, (7.4)

and governs the nonlinear processes that occurs inside the fiber such as FWM and Raman scat-

tering. In (7.4), Ω is the Stokes (Ω < 0) or anti-Stokes (Ω > 0) frequency shift, γ is the nonlinear

coefficient of the fiber, fR = 0.18 [46] is the fractional contribution of the Raman process to the

nonlinear refractive index, R̃a(Ω) and R̃b(Ω) are the isotropic and anisotropic Raman response,

respectively, in the frequency domain [47]. The co-polarized and orthogonal Raman gain is ob-

tained from (7.4), and are given by gRx(Ω)= 2Im[R̃(3)
xxxx(Ω)], and gRy(Ω)= 2Im[R̃(3)

xyxy(Ω)] [7, 43–

45]. In (7.1), m̂ jk(z,Ω) is the noise operator due to the presence of a phonon reservoir, and l̂ j(z,ω)

represents the photon absorption reservoir. The m̂ jk(z,Ω) noise operator accounts for the spon-

taneous Raman scattering process in optical fibers. The Raman noise operator is modeled as a

collection of localized and independent harmonic oscillators with spectral weight proportional

to the imaginary part of the third-order nonlinear response of the fiber. Moreover, it is assumed

that the initial state of the phonons is in thermal equilibrium, with occupation number following
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the Boltzman distribution [35, 37–39]. The l̂ j(z,ω) operator describes the noise introduce by the

fiber loss mechanism, through the coupling of the optical field with a thermal photon reservoir

with a population following the Boltzman distribution, and spectral weight proportional to the

fiber loss coefficient [35–38]. The noise operators satisfy the commutation relations [7, 35, 38][
m̂ jk(z,Ω), m̂†

lm(z
′,Ω′)

]
= 2πδ(z− z′)δ(Ω−Ω

′)2Im
[
R̃(3)

jklm(Ω)
]
, (7.5)

and [
l̂ j(z,ω), l̂

†
k (z
′,ω′)

]
= 2πδ jkδ(z− z′)δ(ω−ω

′)α j(ω). (7.6)

The expectation values for the reservoirs are given by

〈m̂†
jk(z,Ω)m̂lm(z′,Ω′)〉= 2πδ(z− z′)δ(Ω−Ω

′)2Im
[
R̃(3)

jklm(Ω)
]
(Nth +Θ(−Ω)) , (7.7)

〈l̂†
j (z,ω)l̂k(z

′,ω′)〉= 2πδ jkδ(z− z′)δ(ω−ω
′)α j(ω)Nth, (7.8)

where Nth = [exp{~|Ω|/(kBT )−1}]−1, kB is the Boltzmann’s constant, T is the temperature, and

Θ(−Ω) is the Heaviside step function.

In the following sections, we will use the formalism presented in (7.1)-(7.8), in order to

quantify the impact of fiber absorption on the generation of quantum-correlated photon pairs

through spontaneous FWM process.

7.2.1 Combined Effects of FWM, Raman Scattering and Losses

In the single-pump configuration, the FWM process can be decomposed in two different polar-

ization schemes, co-polarized and orthogonal. In the co-polarized the signal and idler photons

are generated parallel to the pump field, whereas in the orthogonal they are generated perpendic-

ular to the pump [7, 44]. In this work, we focus only on the co-polarized scheme. We assume

that, the fiber length is much shorter than the walk-off length. In that regime, we can apply the

quasi-continuous wave approximation, described in sec. 7.4 of [12]. Moreover, we consider that

the pump field is much more intense than the signal and idler waves, and remains undepleted,

see for instance sec. 10.2 of [12]. Hence, the pump field can be treated classically, ignoring the

pump quantum fluctuations [35]. Separating (7.1) into the frequency components, the evolution

of the pump, signal and idler waves inside the fiber can be written as [35]

Āp(z) = Āp(0)exp
{
(iβpz+ γPx(0)ze)−

αp

2
z
}
, (7.9a)

∂Âu(z)
∂z

= i
(

βu +
i
2

αu + γξ(Ωup)Px(z)
)

Âu(z)+ iγη(Ωup)Ā2
p(z)Â

†
v(z)

+ im̂(z,Ωup)Āp(z)+ l̂(z,ωu), (7.9b)
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where Âu(z)≡ Âx(z,ωu), βu≡ βx(ωu), m̂(z,Ω)≡ m̂xx(z,Ω), l̂(z,ωu)≡ l̂x(z,ωu), and αu≡αx(ωu).

In (7.9b) u 6= v = s or i and represent the signal and idler fields, and Ωup =ωu−ωp. Āp(z) is such

that Px(z) = |Āp(z)|2 is the pump power, ze is the effective length of the fiber at pump frequency

at a given distance z, given by sec. 4.1 of [12]

ze =
1− e−αpz

αp
. (7.10)

In (7.9b), ξ(Ωup) and η(Ωup) are given by [7, 44]

ξ(Ωup) = 2− fR + fR
(
R̃a(Ωup)+ R̃b(Ωup)

)
, (7.11a)

η(Ωup) = 1− fR + fR
(
R̃a(Ωup)+ R̃b(Ωup)

)
, (7.11b)

In the most general case, when the pump power loss is taken into account, equation (7.9b) only

have a power series solution [35]. In that case, after some mathematical manipulation, the evo-

lution of the signal and idler annihilation operators at a given distance L in the fiber are given

by

Âu(L) = µu(L,0)Âu(0)+νu(L,0)Â†
v(0)+ N̂(L,ωu)

+

L∫
0

dz
(

l̂(z,ωu)µu(L,z)+ l̂†(z,ωv)νu(L,z)
)
, (7.12)

where

N̂(L,ωu) = i
L∫

0

m̂(z,Ωup)
(

Āp(z)µu(L,z)− Ā∗p(z)νu(L,z)
)

dz. (7.13)

In (7.12) and (7.13)

µs(L,z) = ep(L,z,ωs) ∑
n=0

sn(z)Ln
e(z), (7.14a)

with s0 = 1 and a∗0 = 0,

νs(L,z) = ep(L,z,ωs) ∑
n=0

sn(z)Ln
e(z), (7.14b)

with s0 = 0 and a∗0 = 1,

µi(L,z) = ep(L,z,ωi) ∑
n=0

an(z)Ln
e(z), (7.14c)

with s0 = 0 and a∗0 = 1,

νi(L,z) = ep(L,z,ωi) ∑
n=0

an(z)Ln
e(z), (7.14d)
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with and s0 = 1 and a∗0 = 0.

In (7.14)

Le(z) = (1− exp{−αp(L− z)})/αp, (7.15)

and

p(L,z,ωu) =−
αs +αi +2i∆β

4
(L− z)+ i(βu(L− z)+ γPx(0)Le(z)) , (7.16)

where ∆β is the phase-matching condition, given by [44]

∆β = β3(ωp−ω0)(ωp−ωs)
2, (7.17)

where β3 is the third-order dispersion coefficient at zero-dispersion frequency, ω0. In (7.14), the

coefficients s1 and a1 are given by

s1(z) = iγPx(z)(ξ(Ωsp)−1)s0 + iγη(Ωsp)Ā2
p(z)a

∗
0−

αs +αi +2i∆β

4
s0, (7.18a)

a∗1(z) =−iγPx(z)(ξ∗(Ωip)−1)a∗0− iγη
∗(Ωip)Ā2∗

p (z)s0 +
αs +αi +2i∆β

4
a∗0. (7.18b)

For n≥ 1 the coefficients sn+1 and an+1 are given by

sn+1(z) =
n

n+1
αpsn(z)−

αs +αi +2i∆β

4(n+1)
sn(z)+ i

γPx(z)
n+1

(ξ(Ωsp)−1)(sn(z)−αpsn−1(z))

+ i
γη(Ωsp)

n+1
Ā2

p(z)
(
a∗n(z)−αpa∗n−1(z)

)
, (7.19a)

a∗n+1(z) =
n

n+1
αpa∗n(z)+

αs +αi +2i∆β

4(n+1)
a∗n(z)− i

γPx(z)
n+1

(ξ∗(Ωip)−1)
(
a∗n(z)−αpa∗n−1(z)

)
− i

γη∗(Ωip)

n+1
Ā2∗

p (z)(sn(z)−αpsn−1(z)) . (7.19b)

In the case of orthogonal FWM polarization scheme, where the pump evolves on the x fiber

axis and the signal-idler photons are created on the y axis, it is necessary to change some pa-

rameters on the theoretical model present in (7.9)-(7.19). The loss and dispersion coefficients

for the signal and idler waves should be replaced by αx(ωu) ≡ αy(ωu), and βx(ωu) ≡ βy(ωu),

respectively. In this polarization scheme, the phase matching condition is given by [44]

∆βy = 2
ωp

c
δn+∆β, (7.20)

where δn is the refractive-index difference between the fiber two axis, and ∆β is given by (7.17).

Moreover, for the orthogonal polarization scheme ξ(Ωup) and η(Ωup) should be replaced by [7]

ξy(Ωup) = 2(1− fR)/3+ fR
(
R̃a(0)+ R̃b(Ωup)/2

)
, (7.21a)

ηy(Ωup) = (1− fR)/3+ fRR̃b(Ωup)/2. (7.21b)
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7.3 Numerical Results

In this section, we show results for the evolution of the signal and idler photon fluxes with

the frequency detuning between pump and signal field, in a medium with no-negligible loss

coefficient. We also study theoretically the statistics of the individual signal and idler frequency

modes in a loss media in terms of the second-order coherence function. Moreover, we analyze

the impact of fiber absorption on the generation of quantum-correlated photon pairs through

spontaneous FWM in optical fibers. We analyze the degree of quantum correlation in terms of the

Cauchy-Schwarz inequality, and the degree of polarization entanglement in terms of the CHSH

inequality. It also analyzed the visibility of the quantum-correlated photon source. Finally, we

show results for the evolution of the true and accidental counting rates as a function of frequency

detuning.

7.3.1 Photon-Flux and the Second-Order Coherence Function

In this section, we focus on the impact of the fiber absorption on the photon-flux generated

through spontaneous FWM process. We also examine the statistics of the individual signal and

idler frequency modes in a loss media in terms of the second-order coherence function, g(2)u (0).

The photon-flux for the signal and idler fields is given by [7]

Iu(L,τ) = 〈B̂†
u(L,τ)B̂u(L,τ)〉=

1
(2π)2

∫∫
dωudωu′e

i(ωu−ωu′)τH∗u (ωu)Hu(ωu′)Fu(L), (7.22)

where Fu(L)= 〈Â†(L,ωu)Â(L,ωu′)〉 is the photon-flux spectral density, Hu(ωu) is a filter function

centered at ω̄u. For the signal field the filter central frequency is ω̄s, whereas for the idler is ω̄i,

such that 2ωp = ω̄s + ω̄i. For a filter bandwidth much smaller than its mid-frequency, ∆ωu =

2π∆νu� ω̄u [48], and according with (7.7), (7.8) and (7.12) the photon-flux can be written as

Iu(L,τ)≈ ∆νu Fū(L). (7.23)

In (7.23) ∆νu = 1/(2π)
∫

dωu|Hu(ωu)|2, and the photon-flux spectral density Fu(L) is calculated

at frequency ω̄u

Fū(L) = 〈Â†(L, ω̄u)Â(L, ω̄u)〉= |νū(L,0)|2 +αūNū

L∫
0

dz|µū(L,z)|2

+αv̄(Nv̄ +1)
L∫

0

dz|νū(L,z)|2 +(Nūp +Θūp)gR(Ω̄up)

L∫
0

dz
∣∣Āp(z)µū(L,z)− Ā∗p(z)νū(L,z)

∣∣2 ,
(7.24)
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0 5 10 15 20 25 30 35 40 45

Ω / (2π) (THz)

0

0.01

0.02

0.03

0.04

0.05

g
R
(Ω

) 
(W

-1
m

-1
)

(d) Raman gain coefficient.

Figure 7.1: (a) and (b): Idler and signal photon-flux per unit of filter bandwidth, ∆ν, as a function
of the frequency separation between pump and signal fields. In both plots when fR = 0 the
photons are generated only by the FWM process; (c): Fiber loss spectrum [15]. In (a) we do not
consider the fiber loss, α(ω) = 0, whereas in (b) the fiber loss present in (c) is taken into account;
(d) Raman gain coefficient [46].

where ū≡ ω̄u, Θūp ≡Θ(−Ω̄up), Ω̄up = ω̄u−ωp, and

Nū ≡ [exp{~|ω̄u|/(kBT )−1}]−1 (7.25a)

Nūp ≡ [exp{~|Ω̄up|/(kBT )−1}]−1 (7.25b)

In Fig. 7.1, we present the photon-flux, given by (7.23), as a function of frequency detuning

between pump and signal fields, Fig. 7.1(a) and Fig. 7.1(b). In the figure it is also presented the

fiber loss spectrum, Fig. 7.1(c), and the Raman gain coefficient, Fig. 7.1(d). The silica based high

nonlinear photonic crystal fiber parameters are γ = 95 W−1km−1, zero-dispersion wavelength

λ0 = λp = 1257.45 nm, β3 = −0.356 ps3/km, αp = 37.2 dB/km [15, 49], ∆β = 0, T = 300 K,
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length L = 600 > 1/αp m, and Px(0) = 22.7 mW such that γPx(0)ze = 0.25. When α(ω) = 0 we

obtain Px(0) = 4.4 mW due to the fact that ze = L. These values were obtained from the fiber

manufacturer. We use this fiber in order to be able to operate in the α(ω)L� 1 regime. The fiber

Raman response function, R̃a(Ωup)+ R̃b(Ωup), was taken from [46], and the fiber loss spectrum

was obtained from NKT Photonics [15]. Moreover, we assume an identical rectangular shape for

both signal and idler optical filters.

Figure 7.1(a) and Fig. 7.1(b) show the signal and idler photon-fluxes, given by (7.23), as a

function of frequency detuning between pump and signal fields. In Fig. 7.1(a), we do not con-

sider the fiber loss, α(ω) = 0 in (7.23), whereas in Fig. 7.1(b), the fiber loss spectrum present

in Fig. 7.1(c) is taken into account. In both figures, Fig. 7.1(a) and Fig. 7.1(b), when fR = 0 the

Raman scattering process is ignored. It can be seen in Fig. 7.1(a) and in Fig. 7.1(b), that the

wavelength dependence of the fiber loss coefficient changes significantly the spectrum of both

signal and idler photon-fluxes. Results also show that the fiber loss reduces the photon-flux due to

the fiber absorption of the signal and idler photons, and due to the fact that the pump field, given

by (7.9a), is attenuated during the propagation on the fiber. When 20 < Ωsp/(2π) < 25 (THz)

the photon-flux for signal and idler fields is almost null. This is due to the fact that, the idler

frequency corresponds to the peak on the spectrum of the fiber loss presented on Fig. 7.1(c).

According with (7.24) the signal photon-flux is proportional to the idler absorption coefficient.

Since αī ≈ 300 dB/km this leads to an almost null photon-flux for the signal wave. This mean

that, the number of photons generated in the signal field depends on the fiber absorption coeffi-

cient on the idler wave. The opposite is also true (7.24).

The statistics of the individual signal and idler frequency modes in a loss medium can be

assessed through the analysis of the second-order coherence function defined as [50, 51]

g(2)u (0) =

∫∫ t0+T0
t0 〈 : Iu(L, t)Iu(L, t ′) :〉dt dt ′∫∫ t0+T0

t0 Iu(L, t)Iu(L, t ′)dt dt ′
, (7.26)

where Iu(L,τ) = B̂†
u(L, t)B̂u(L, t), :: denotes operator normal ordering, and T0 is the time detection

window. Using (7.12), (7.22), and (7.23)

〈 : Iu(L, t)Iu(L, t ′) :〉=
∣∣∣〈B̂†

u(L, t
′)B̂u(L, t)〉

∣∣∣2 + Iu(L, t)Iu(L, t ′)

=
∣∣φu(t, t ′)

∣∣2 |Fū(L)|2 +(∆νu Fū(L))
2 , (7.27)
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which represents the self-correlation amplitude for the signal or idler waves. In (7.27), Fū(L) is

given by (7.24) and

φu(t, t ′) =
1

2π

∫∫
dωudωu′H

∗
u (ωu)Hu(ωu′)e

i(ωut ′−ωu′ t). (7.28)

Finally, the second-order coherence function is given by

g(2)ū (0) = 1+

∫∫ |Hu(ωu)|2|Hu(ωu′)|2
(

2−2cos(T0(ωu−ωu′))
(ωu−ωu′)2

)
dωudωu′

(∆ωuT0)
2 . (7.29)

From (7.29) we can see that, the absorption reservoir does not change the statistics of the signal

or idler fields. However, depending of the value of ∆ωuT0 we obtain different statistical regimes

for the signal and idler fields. If ∆ωuT0� 1 we obtain g(2)ū (0) = 2, which represents a thermal

statistics. However, if ∆ωuT0 � 1 we obtain g(2)ū (0) = 1, a Poissonian distribution. For all

the other values of ∆ωuT0 the second-order coherence function varies between 1 < g(2)ū (0) < 2,

which represents a multithermal statistics. This is in-line with previous reported experimental

works, see for instance [52, 53]

7.3.2 Two-Photon Correlation

In this section, we analyze the impact of fiber absorption on the generation of quantum-correlated

photon pairs through spontaneous FWM in optical fibers. We analyze the degree of quantum cor-

relation in terms of the Cauchy-Schwarz inequality, and the degree of polarization entanglement

in terms of the CHSH inequality. A violation of the Cauchy-Schwarz inequality, given by (7.30),

determines the nonclassical nature of the photons, whereas a violation of the CHSH inequality,

given by (7.36), represents the nonlocality of light [54, 55].

The Cauchy-Schwarz inequality can be written as [54, 56]

GCS(τ) =
G(2)
(si)(τ)√

G(2)
s (τ)G(2)

i (τ)

≤ 1, (7.30)

where the nonclassical regime is obtained when GCS(τ) > 1. This mean that, the photons of

different modes have a higher correlation than the photons of the same mode. A larger value

of GCS(τ) corresponds to a larger degree of nonclassical correlation. In (7.30), G(2)
(si)(τ) is the

cross-correlation between signal and idler frequency modes, given by

G(2)
(si)(τ) = 〈B̂

†
i (L, t)B̂

†
s (L, t+τ)B̂s(L, t+τ)B̂i(L, t)〉=

∣∣〈B̂s(L, t + τ)B̂i(L, t)〉
∣∣2+Ii(L, t)Is(L, t+τ),

(7.31)
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Figure 7.2: Cauchy-Schwarz correlation parameter, GCS(0), given by (7.30) as a function of
frequency detuning, plot (a), and as a function of fiber length, plot (b). In plot (b) Ωsp/(2π) =
3 (THz). The fiber parameters used are equal to the ones used in Fig. 7.1.

where, according with (7.7), (7.8) and (7.12)

∣∣〈B̂s(L, t + τ)B̂i(L, t)〉
∣∣2 ≈ |φc(τ)|2 |F c(L, ω̄s, ω̄i)|2 . (7.32)

In (7.32), φc(τ) is given by

φc(τ) =
1

2π

∫
dωHs(ω− ω̄s)Hi(ω̄s−ω)e−iωτ, (7.33)

and

F c(L, ω̄s, ω̄i) = 〈Â(L, ω̄s)Â(L, ω̄i)〉= µs̄(L,0)νī(L,0)+αs̄(Ns̄ +1)
L∫

0

dzµs̄(L,z)νī(L,z)

+αīNī

L∫
0

dzνs̄(L,z)µī(L,z)− (Nīp +Θīp)gR(Ω̄ip)

×
L∫

0

(
Āp(z)µs̄(L,z)− Ā∗p(z)νs̄(L,z)

)(
Āp(z)µī(L,z)− Ā∗p(z)νī(L,z)

)
dz. (7.34)

The G(2)
u (τ) coefficient is the self-correlation amplitude, and it is given by (7.27), with t ′ = t+τ.

From (7.23), (7.33) and (7.34) we can evaluate the true and the accidental coincidences counting

159



7.3 Numerical Results

rates, given respectively by [7]

Rpair =

τc∫
0

|φc(τ)|2|F c(L, ω̄s, ω̄i)|2dτ, (7.35a)

Racc =

τc∫
0

(∆ν)2Fs̄(L)Fī(L)dτ, (7.35b)

where τc is the coincidence time window.

Figure 7.2 shows the Cauchy-Schwarz correlation parameter, GCS(0), given by (7.30), as a

function of the frequency detuning between pump and signal, Fig. 7.2(a), and as a function of

fiber length, Fig. 7.2(b). It can be seen in Fig. 7.2(a) that the fiber loss increases the degree of non-

classical correlation between signal and idler photons. Nevertheless, the presence of the Raman

scattering process tends to degrade the photon pair correlation, since the Raman scattering pro-

cess generates uncorrelated signal and idler photons. This degradation can be seen in Fig. 7.2(a)

where GCS(0) tends to take a high value when fR = 0. When 20 < Ωsp/(2π) < 25 (THz) the

GCS(0) parameter reaches its maximum value, which corresponds to the minimum of the signal

and idler photon-fluxes, see Fig. 7.1(b). That maximum on the GCS(0) parameter is due to the

decrease on the accidental coincidences, given by Ii(L, t)Is(L, t + τ) in (7.31). That term is al-

most null when 20 < Ωsp/(2π) < 25 (THz), due to the fact that αī reaches its maximum value.

It can be seen in Fig. 7.2(b) that the GCS(0) parameter increases with the increase of the fiber

length. This is due to the fact that the coefficient α(ω)L increases, which leads to a decrease

on the accidental coincidences, and due to the increase on the fiber input pump power with the

increase of the fiber length, since we use γPx(0)ze = 0.25. Results also show that for fiber lengths

L > 800 m, the scenario where we consider fiber loss and Raman scattering is almost equal to

the one where fR = 0 and α(ω) = 0.

In optical fibers, the spontaneous FWM process can be used to create polarization entan-

gled states through a fiber loop [57]. The fiber loop give rises to two co-polarized FWM pro-

cesses, one clockwise and other counterclockwise, creating a polarization entangled Bell state

of |Φ±〉 = (|H〉s|H〉i±|V 〉s|V 〉i)/
√

2, where H and V denote horizontal and vertical linear po-

larizations, respectively [23, 57]. The degree of quantum entanglement can be tested with the

CHSH form of the Bell’s inequality [55]. The violation of CHSH inequality in optical fibers us-

ing spontaneous FWM process has been reported in several experimental works [17, 23–26, 58].

According with [7], the CHSH parameter S(τ) is given by

S(τ) = 2
√

2V (τ)≤ 2, (7.36)
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Figure 7.3: CHSH parameter, S(0), given by (7.36) as a function of frequency detuning, plot (a),
and as a function of fiber input pump power, plot (b). In plot (b) Ωsp/(2π) = 3 (THz). (c)
Visibility, V (τ), given by (7.37) as a function of time delay between signal-idler photon pairs.
In (c) the signal and idler optical filters are assumed to have a bandwidth of ∆ν = 100 GHz. The
fiber parameters used are equal to the ones used in Fig. 7.1.

where V (τ) is the fringe pattern visibility, given by

V (τ) =
G(2)
(si)(τ)− Ii(L, t)Is(L, t + τ)

G(2)
(si)(τ)+ Ii(L, t)Is(L, t + τ)

, (7.37)

where Iu and G(2)
(si) are given by (7.22) and (7.31), respectively. For more details about the

derivation of CHSH parameter see Appendix 7.A. A violation of the CHSH inequality happens

when S(τ)> 2.
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Figure 7.4: (a) Contour plot for the CHSH parameter, S(0), given by (7.36) as a function of
idler loss, αī, and as a function of signal loss, αs̄. (b) Contour plot for the ratio Is(L,0)/Ii(L,0),
given by (7.23) as a function of αī and αs̄. In the figure we use Ωsp/(2π) = 3 (THz). The fiber
parameters used are equal to the ones used in Fig. 7.1.
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Figure 7.5: Evolution of true, plot (a), and accidental, plot (b), coincidences counting rates given
by (7.35a) and (7.35b), respectively, as a function of frequency detuning between pump and
signal fields. In both plots we have used ∆ν = 100 GHz, and τc = 30 ps. The fiber parameters
used are equal to the ones used in Fig. 7.1.
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Figure 7.3 shows the CHSH parameter, S(0), given by (7.36) as a function of frequency

detuning, Fig. 7.3(a), and as a function of fiber input pump power, Fig. 7.3(b). In Fig. 7.3(c)

we present the fringe pattern visibility associated to the CHSH parameter, given by (7.37), as a

function of the time delay between signal and idler waves, for five different values of frequency

detuning between pump and signal fields. Results present in Fig. 7.3(a) show that, in general

the fiber loss has a positive impact on the degree of quantum entanglement, since the value of

S(0) parameter increase in the presence of loss. In particularly, in the range 20-45 (THz) S(0) is

close to the maximum value of 2
√

2, even considering both fiber loss and Raman scattering. For

Ωsp/(2π) < 20 (THz) the Raman scattering process reduces the value of S(0). Results present

in Fig 7.3(b) show that an increase on the fiber input pump power completely degrades the

degree of quantum entanglement. This is due to an increase on the probability of multiphoton

generation, since an increase on the pump power leads to an increase in the stimulated FWM

and Raman scattering processes [7]. In that scenario, the individual signal and idler photon-

fluxes are dominant over the signal-idler photon pairs. Results present in Fig. 7.3(c) show that

V (τ) is close to 1 for Ωsp/(2π)≈ 21 (THz), which correspond to the maximum on the spectrum

of the fiber loss presented on Fig. 7.1(c). For Ωsp/(2π) < 21 (THz), the visibility decreases

due to the presence of uncorrelated Raman scattered photons. Due to that fact, the minimum

on the visibility is for Ωsp/(2π) ≈ 13 (THz), the peak of Raman gain, see Fig. 7.1(d). For

Ωsp/(2π)> 21 (THz), we obtain again V (0)≈ 1, because in that frequency range α(ω)L� 1.

Figure 7.4 shows the contour plot for the S(0) parameter, Fig. 7.4(a), and for the ratio of

signal to idler photon-fluxes Is(L,0)/Ii(L,0), Fig. 7.4(b), as a function of idler, αī, and signal,

αs̄, fiber loss coefficients. It can be seen in Fig. 7.4(a) that, a strong violation of the CHSH

inequality is obtained for high values of both signal and idler loss coefficients. Results also show

that, if the signal loss is almost negligible and the idler loss is very high it is not observed a

violation of the CHSH inequality. This is due to the fact that, the ratio of signal to idler photon

fluxes, Is(L,0)/Ii(L,0), is much higher than one, see Fig 7.4(b). Otherwise, when the signal loss

coefficient is high and the idler loss is almost null, we observe a violation of the CHSH inequality,

according with the result present in Fig. 7.4(a). In that case, Is(L,0)/Ii(L,0) is less than one, as

can be seen in Fig. 7.4(b). From Fig. 7.4(a) and Fig. 7.4(b), we can see that a maximum on S(0)
value happens when Is(L,0)/Ii(L,0) lies between 0.5 and 0.8, with αs̄ > 45 dB/km.

Figure 7.5 shows the true, Fig. 7.5(a), and accidental, Fig. 7.5(b), coincidences counting

rates given by (7.35a) and (7.35b), respectively, as a function of frequency detuning between

pump and signal. It can be seen in Fig. 7.5 that the fiber loss decreases significantly the photon
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counting rate. However, that decrease is more pronounced on the rate of accidental coincidence

counts, Fig. 7.5(b). Assuming a lossless medium the maximum true-to-accidental ratio (TAR)

is around 4 (Rpair ≈ 2 GHz and Racc ≈ 0.5 GHz). When the loss is considered the maximum

value for the TAR is approximately 8000 (Rpair ≈ 23 kHz and Racc ≈ 3 Hz), see Fig. 7.5(a) and

Fig. 7.5(b), and see also Fig. 7.1(c). In this case most of generated photons are signal-idler pairs

generated through spontaneous FWM. For Ωsp/(2π) < 20 (THz) the Raman scattering process

is the main source of uncorrelated photons, which leads to a higher increase on Racc than on

Rpair. According with the results present in Fig. 7.5, photon pairs generated through FWM in

the regime α(ω)L� 1 are suitable to be used in sources of entangled photon pairs for quantum

key distribution systems, since the expected TAR value can go up to 8000, which is much higher

than the values in waveguides with α(ω)L� 1, typical measured values are of the order of

10 [4, 17, 21].

7.4 Experimental Setup and Results

In order to test experimentally the CHSH inequality, we implement in the laboratory a setup

capable of measure the coincidence counting rate between signal and idler photon pairs obtained

through spontaneous FWM process. The experimental setup was implemented by Á. J. Almeida,

L. M. Martins, and S. R. Carneiro [10, 11]. Figure 7.6 shows the experimental setup used in the

laboratory.

In order to generate a polarization entangled state, we place a highly nonlinear fiber (HNLF)

in a loop configuration with a polarization beam splitter (PBS), as shown in Fig. 7.6. At PBS

input a pump pulse with a 45◦ linear polarization state is divided into horizontal PH and vertical

PV polarization components with equal power. Each pump polarization component generates

signal and idler photon pairs, |H〉s|H〉i in clockwise direction and |V 〉s|V 〉i in counterclockwise

direction. At PBS output, we obtain a superposed state of the two product states |H〉s|H〉i and

|V 〉s|V 〉i [23]. After removing the pump photons at PBS output we obtain the entangled state [23]

|Ψ〉= 1√
2
(|H〉s|H〉i + |V 〉s|V 〉i) , (7.38)

In Fig. 7.6 a pump field from a tunable laser source (TLS) centered at 1550.918 nm, with

a full width at half maximum of 830 ps and a repetition rate of 2.2 MHz passes through an

optical filter, Fp, in order to eliminate the laser sidebands. At filter output the pump field passes

through a polarization controller (PC) in order to align the pump photons polarization with the
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Figure 7.6: Experimental setup used to generate polarization-entangled photon pairs through
spontaneous FWM process in a fiber loop, and test the CHSH inequality. The dashed lines
represents electrical signals and the solid lines the optical path. Details of the experiment are
presented in the text.

LiNbO3 crystal intensity modulator (Mod). At the output of the Mod the pump field is amplified

using an erbium doped fiber amplifier (EDFA). The amplified spontaneous emission (ASE)

in the EDFA output was eliminated using a 100 GHz flat fixed optical filter, Fp. The state of

polarization of the pump pulses was adjusted to 45◦ linear polarization using a PC and a linear

polarizer (LP). Then, the pump pulses are launched into the loop which consists of a PBS,

a 150 m long HNLF with a nonlinear coefficient, γ ≈ 10.5 W−1km−1, and a zero-dispersion

wavelength λ0 = 1550 nm, and two PCs. The two PCs inside the loop are used to perfect align

the generated signal/idler photon pairs inside the HNLF with the PBS output port. The pump

power at the input of each arm of the HNLF was 2.2 mW. At the loop output the pump photons

are eliminated, using a band-reject optical filter, Fp. Then, the idler and signal photons go into

an arrayed waveguide grating (AWG), with a 100 GHz channel spacing, which separates the

signal and idler photons. The AWG channels used in the experimental setup were centered at

wavelengths of λs = 1547.715 nm and λi = 1554.134 nm for the signal and idler, respectively.
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The output signal and idler photons from the AWG were filtered with a cascade of flat-top fixed

optical filters centered at λs and λi (represented in Fig. 7.6 with Fs and Fi, respectively) to further

suppress the pump photons. After, the signal and idler photons passes through a PC (PC-1 for

the idler field and PC-2 for the signal wave) in order to adjust the polarization states of the

signal and idler photons so that the two optical fields experienced the same polarization change

after they were separated by the AWG. Each individual signal and idler waves was lead into

a rotatable linear polarizer (RLP) (RLP-1 and RLP-2) and was detected with a single photon

detector module (SPDM) from IdQuantique. The SPDMs were operating in a gated Geiger

mode [59]. The SPDM-1 (id201) has a dark count probability per time gate, tg = 2.5 ns, of

Pdc < 5×10−6 ns−1, and a quantum detection efficiency, ηD ∼ 10% [60]. The SPDM-2 (id200)

has a dark count probability per time gate, tg = 2.5 ns, of Pdc < 5× 10−5 ns−1, and a quantum

detection efficiency, ηD∼ 10% [61]. In order to avoid after-pulses, a 10 µs dead-time was applied

to both detectors. The electric signals from the SPDMs were input into a time tag module (TTM)

for coincidence measurements. The TTM worked in a continuous mode, with a time resolution

of 82.3 ps. In order to demonstrate polarization entanglement of the generated photon pairs

experimentally, we inserted a RLP, before each SPDM, as shown in Fig. 7.6.

We measured the coincidence rate C(θ1,θ2) for 16 combinations of polarizer settings (θ1 =

-45◦, 0◦, 45◦, 90◦; θ2 = -22.5◦, 22.5◦, 67.5◦, 112.5◦) in order to obtain the S(0) value of the

CHSH inequality [55]. Any realistic theory must satisfy the condition |S(0)| ≤2. In order to
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Figure 7.7: Coincidence and single counts as a function of θ2. In plot (a) we use θ1 = 0◦, 45◦,
whereas in plot (b) we use θ1 = 90◦, -45◦. The solid curve is a sinusoidal fit to the experimental
data. Error bars are a 5% deviation in relation to the maximum value, in each case.
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7.5 Summary

Table 7.1: Measured correlation coefficients required for the CHSH inequality.
E(θ1,θ2) (0◦, 22.5◦) (0◦, 67.5◦) (45◦, 22.5◦) (45◦, 67.5◦)

Value 0.5460 -0.6545 0.6962 0.5732

Error 0.0396 0.0445 0.0469 0.0418

verify the violation of CHSH inequality, it should be found that |S(0)| > 2 [55]. In the CHSH

inequality, the parameter S(0) is defined as [62]

S(0) = |E(θ1,θ2)−E(θ1,θ
′
2)+E(θ′1,θ2)+E(θ′1,θ

′
2)| , (7.39)

where E(θ1,θ2) is the polarization correlation coefficient, and θ′1 = θ1 + 90◦ and θ′2 = θ2 +

90◦ [62]. More details about the evaluation of E(θ1,θ2) can be found in [10].

In Fig. 7.7, we present coincidence and single counts detected over 60 s, varying the RLP-2

(θ2), while the RLP-1 (θ1) is fixed for values 0◦, 45◦ and 90◦, -45◦. Results for coincidence

counts show that our source produces entangled photon pairs with a fringe visibility higher than

86%. From the results presented in Fig. 7.7, we can conclude that our method successfully

generated polarization entangled photon pairs. In Fig. 7.7(a) we present signal single counts,

whereas in Fig. 7.7(b) it is presented the idler single counts. Results show that that single counts

are roughly constant means that single photons are unpolarized or randomly polarized. This is a

key characteristic of polarization-entangled photons [24].

The correlation coefficients required for the CHSH inequality and the respective errors are

presented in Table 7.1. From the measured values we obtained S(0) = 2.4699 ± 0.1729, when

accidental coincidences were subtracted. Thus, we observed a violation of CHSH inequality by

2.7 standard deviations.

7.5 Summary

We investigate the impact of fiber loss on the generation of quantum-correlated photon pairs

through the spontaneous FWM process. We show that the presence of fiber loss and an ab-

sorption reservoir does not change the statistics of the individual signal and idler fields. The

frequency dependence of the fiber loss coefficient completely changes the obtained spectrum of

the photon-flux at fiber output, since the signal (idler) photon-flux depends on the idler (signal)

loss coefficient. Our analysis also show that, the fiber loss increase the expected signal-idler cor-

relation at fiber output, due to the fact that the accidental coincidences from the individual signal
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7.A The CHSH Inequality

and idler fields decreases. This impact of the fiber loss is verified through the analysis of the

CHSH parameter. In that case, the presence of loss increases the value of S(0) parameter, when

compared with the case α(ω) = 0. However, our results show that the Raman scattering process

remains the main source of uncorrelated photon pairs, over the frequency range 0-20 (THz). In

that frequency range, the fiber loss have a positive impact on the violation of the CHSH parame-

ter. The fiber loss increases the purity of the photon pair correlation, due to the fact that fiber ab-

sorption reduces the rate of uncorrelated photons generated by Raman scattering inside the fiber.

Finally, we have shown that to maximize the S(0) parameter the ratio Is(L,0)/Ii(L,0) < 0.8.

In addition, we have shown that waveguides with non-negligible loss, α(ω)L� 1 can be used

for efficient generation of quantum-correlated photon pairs. In that case, we can use waveguides

with length L� 1/α(ω) which allow to use a regime of low pump power, increasing the quality

of the photon pairs.

We demonstrated the generation and detection of polarization-entangled photon pairs inside

a HNLF in the 1550 nm telecom window, using the spontaneous FWM process. When acciden-

tal coincidences were subtracted, we obtained a visibility for the coincidence fringe higher than

86%, and thus observed the violation of CHSH inequality by 2.7 standard deviations.

Appendix 7.A The CHSH Inequality

In this appendix, we derive the CHSH form of the Bell’s inequality for polarization entangled

states constructed using the single pump FWM process in a fiber loop, given by (7.38). Entangled

states of quantum particles highlight the non-separability and nonlocality of quantum mechan-

ics [63]. The Bell inequalities, a set of inequalities which any local hidden variable theory that

takes separability into consideration must satisfy in some form. Quantum mechanics does not

satisfy these inequalities, and hence the predictions of hidden variable theories and quantum

mechanics differ [55, 64]. In its work, Bell show that all deterministic hidden variable theories

preserving locality must satisfy the inequality [64]

∣∣∣E (→a1,
→
a2

)
−E

(
→
a1,

→
a3

)∣∣∣≤ 1+E
(
→
a2,

→
a3

)
, (G.40)

where E is the correlation coefficient of the measurements on two particles, and
→
a1,

→
a2,

→
a3 are

the orientations over which the measurements are performed. Its contradiction with quantum

mechanics can be seen when we take
→
a1,

→
a2 and

→
a3 to be coplanar, with

→
a3 making an angle of
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7.A The CHSH Inequality

2π/3 with
→
a1, and

→
a2 making an angle of π/3 with both

→
a1 and

→
a3 [65]. In that case we obtain∣∣∣E (→a1,

→
a2

)
−E

(
→
a1,

→
a3

)∣∣∣≤ 1+E
(
→
a2,

→
a3

)
⇔ (G.41)

⇔
∣∣∣∣−1

2
− 1

2

∣∣∣∣≤ 1− 1
2

(G.42)

This is a clear violation of Bell’s inequality, demonstrating the incompatibility between quantum

mechanics and local hidden variable theories.

An experiment testing the Bell inequality (G.40) requires the use of perfect analyzers and

detectors [65]. Due to that, inequality (G.40) has been converted to a more experiment-friendly

form by Clauser, Horne, Shimony, and Holt, known as the CHSH form of Bell’s inequality [55,

63]. In they work, Clauser, Horne, Shimony, and Holt show that the Bell’s inequality can be

written as [55, 65] ∣∣E(a,b)−E(a,b′)
∣∣+ ∣∣E(a′,b)+E(a′,b′)

∣∣≤ 2 , (G.43)

where a, b, a′, and b′ are four possible analyzers settings. A weaker form of the inequality (G.43)

is often employed in real experiments [63]

|S(0)|=
∣∣E(a,b)−E(a,b′)+E(a′,b)+E(a′,b′)

∣∣≤ 2 . (G.44)

This weaker version means that, if some theory satisfies (G.43), then it must have already sat-

isfied (G.44), but the reverse is not necessarily true. On the other hand, if some theory vio-

lates (G.44), it must have already violated (G.43) [66].

A generic setup used to test the CHSH form of the Bell’s inequality is depicted in Fig. 7.8. In

the figure a source, S, emits polarization entangled photon pairs for two different receivers. The

entangled state at the source output is given by (7.38). Which photon passes through a polariza-

tion analyzer and is collected by a set of two detectors. The polarization analyzer is typically

S

θ

A

D

B

C

θ
21

Figure 7.8: A schematic of the experimental setup for testing the CHSH form of the Bell’s
inequality (G.44).
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7.A The CHSH Inequality

composed by a half-wave plate and a PBS. From Fig. 7.8 we can see that a coincidence count

between detectors C and D at analyzer settings θ1 and θ2 is equivalent to a coincidence count

between detectors A and B at analyzer at analyzer settings θ⊥1 and θ⊥2 , where θ⊥u = θu + π/2.

This essentially removes the need to use four detectors, only two detectors (for instance A and B

in Fig. 7.8) are required to test the CHSH form of the Bell’s inequality for polarization entangled

photon pairs [63]. Nevertheless, this requires the additional auxiliary assumption that the state

from the source is independent of the analyzer settings [63]. For polarization entangled photon

pairs, Fig. 7.8, the CHSH form of the Bell’s inequality can be written as [7, 63, 67, 68]

|S(τ)|=
∣∣E(τ,θ1,θ2)−E(τ,θ1,θ

′
2)+E(τ,θ′1,θ2)+E(τ,θ′1,θ

′
2)
∣∣≤ 2 , (G.45)

where S(τ) is the CHSH parameter, and τ is the time delay between the two-photons that com-

pose the entangled pair. Quantum mechanically, the correlation function in (G.45) can be written

as [7, 67, 68]

E(τ,θ1,θ2) =

〈
T : Î−2 (t + τ)Î−1 (t) :

〉〈
T : Î+

2 (t + τ)Î+
1 (t) :

〉 , (G.46)

where T denotes time ordering, and :: denotes normal ordering. In (G.46), Î±u (t) is the sum and

difference photon-flux operator for two orthogonal polarization angles, given by [7, 67, 68]

Î±u (t) = Â†
u(t,θu)Âu(t,θu)± Â†

u(t,θ
⊥
u )Âu(t,θ⊥u ) . (G.47)

Assuming that each polarizer in Fig. 7.8 is aligned at an angle θu with respect to the fiber x axis,

the optical field Âu(t,θu) can be written as [7]

Âu(t,θu) = Âux(L, t)cos(θu)+ Âuy(L, t)sin(θu) , (G.48)

with Âux(L, t) and Âuy(L, t) being the x- and y-polarized optical fields at source output, with L

representing the length of the source that gives rise to the entangled photon pair, see for instance

Fig. 7.6 and (7.38). Combining (G.48) with (G.47) we obtain [7, 69]

〈
T : Î+

2 (t + τ)Î+
1 (t) :

〉
= (I1x + I1,y)(I2x + I2y)+ |P (τ,θ1,θ2)|2 + |P (τ,θ⊥1 ,θ

⊥
2 )|2

+ |P (τ,θ1,θ
⊥
2 )|2 + |P (τ,θ⊥1 ,θ2)|2 , (G.49)

and

〈
T : Î−2 (t + τ)Î−1 (t) :

〉
= (I1x− I1,y)(I2x− Isy)cos(2θ1)sin(2θ2)+ |P (τ,θ1,θ2)|2

+ |P (τ,θ⊥1 ,θ
⊥
2 )|2−|P (τ,θ1,θ

⊥
2 )|2−|P (τ,θ⊥1 ,θ2)|2 , (G.50)
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where Iux = 〈Â†
ux(L, t)Âux(L, t)〉 and Iuy = 〈Â†

uy(L, t)Âuy(L, t)〉 are the photon-flux for the jth po-

larization component with j = x,y, see for instance Fig. 7.6. In (G.49) and (G.50), P (τ,θ1,θ2) is

given by [7, 69]

P (τ,θ1,θ2) =
〈
Â2(t + τ,θ2)Â1(t,θ1)

〉
= Px(τ)cos(θ1)cos(θ2)+Py(τ)sin(θ1)sin(θ2) (G.51a)

P (τ,θ⊥1 ,θ
⊥
2 ) =

〈
Â2(t + τ,θ⊥2 )Â1(t,θ⊥1 )

〉
= Px(τ)sin(θ1)sin(θ2)+Py(τ)cos(θ1)cos(θ2) (G.51b)

P (τ,θ1,θ
⊥
2 ) =

〈
Â2(t + τ,θ⊥2 )Â1(t,θ1)

〉
= Py(τ)sin(θ1)cos(θ2)−Px(τ)cos(θ1)sin(θ2) (G.51c)

P (τ,θ⊥1 ,θ2) =
〈

Â2(t + τ,θ2)Â1(t,θ⊥1 )
〉

= Py(τ)cos(θ1)sin(θ2)−Px(τ)sin(θ1)cos(θ2) , (G.51d)

where Px(τ) =
〈
Â2x(L, t + τ)Â1x(L, t)

〉
, and Py(τ) =

〈
Â2y(L, t + τ)Â1y(L, t)

〉
, with Âux(L, t) and

Âuy(L, t) being the x- and y-polarized optical fields at source output.

Polarization-entangled states can be obtained using the FWM process in a fiber loop, see

Fig. 7.6. In that case, the optical pump field is divided into two parts of equal powers with

orthogonal polarizations. Each pump polarization generates co-polarized photon pairs. After

combining both polarizations and eliminating time or path information between the orthogonal

polarizations, an entangled polarization state is obtained, according with (7.38) [7, 69]. In that

configuration, Iux = Iuy = Iu and Px(τ) = Py(τ) = P (τ). In that case, equation (G.46) is given by

E(τ,θ1,θ2) =
|P (τ)|2

2 I1I2 + |P (τ)|2
(
cos2(θ2−θ1)− sin2(θ2−θ1)

)
. (G.52)

Finally, the CHSH parameter can be written as

S(τ) =
|P (τ)|2

2 I1I2 + |P (τ)|2
(

cos2(θ2−θ1)− sin2(θ2−θ1)− cos2(θ2−θ
′
1)+ sin2(θ2−θ

′
1)

+ cos2(θ′2−θ1)− sin2(θ′2−θ1)+ cos2(θ′2−θ
′
1)− sin2(θ′2−θ

′
1)

)
. (G.53)
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The CHSH is maximized by setting for example θ2 = π/8, θ′2 =−π/8, θ1 = 0, and θ′1 =−π/4.

For that angles, equation (G.53) reduces to equation (7.36) and the CHSH parameter is given

by [7, 69]

S(τ) = 2
√

2
|P (τ)|2

2 I1I2 + |P (τ)|2 . (G.54)
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[39] L. Boivin, F. X. Kärtner, and H. A. Haus, “Analytical solution to the quantum field theory of self-
phase modulation with a finite response time,” Phys. Rev. Lett., vol. 73, 1994.
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Chapter 8

Effects of Losses and Nonlinearities on the
Generation of Polarization Entangled
Photons

ENTANGLED photon sources at telecom band are important resources for quantum communi-

cations, mainly for distribution of polarization qubits in quantum key distribution (QKD)

systems [1]. The spontaneous four-wave mixing (FWM) provides a natural solution to obtain

sources of polarization entangled photon-pairs already inside optical fibers, through the imple-

mentation of fiber loops [2–7]. In this Chapter we present a detailed description of the generation

of polarization entangled photon-pairs in waveguides with high values of both loss coefficient

and nonlinearities. We extend our previous work in Chapter 7 to include the impact of non-

linearities and fiber length on the generation of polarization entangled photons inside of lossy

waveguides. Our goal is to identify appropriates regimes for the coincidence-to-accidental ra-

tio (CAR) and the Clauser, Horne, Shimony, and Holt (CHSH) inequality, for which the trade-off

between waveguide losses and nonlinearities maximizes that parameters. The obtained results

consider the Raman scattering process that occurs inside the waveguide. The results present in

this Chapter are valid for the case where the waveguide loss is distributed by all fiber length.

Note that if we concentrate all the loss at the fiber output, by using for instant a coupler, the

photon-pair correlation is the same before and after the coupler [8]. This Chapter is based on

the reference [9], and is divided as follows: Section 8.1 provides an introduction to the role of

waveguide linear absorption and nonlinear parameter on the generation of polarization entangled

photons through spontaneous FWM process. In section 8.2, we present the theoretical model

that describes the generation of polarization entangled photon-pairs through FWM, in the single

and continuous pump configuration. In section 8.3, we apply that formalism to obtain the evo-
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8.1 Waveguide Linear Absorption and Nonlinear Parameter

lution of the coincidence-to-accidental ratio and the CHSH parameter with both waveguide loss

coefficient and nonlinear parameter. We investigate those effects for waveguides with different

lengths. We identify appropriate regimes for the loss coefficient and for the nonlinear parameter

that maximizes the CHSH inequality. Finally, section 8.4 summarizes the main conclusions of

this Chapter.

8.1 Waveguide Linear Absorption and Nonlinear Parameter

The spontaneous FWM provides a natural solution to implement sources of polarization entan-

gled photon-pairs already inside optical fibers [2–7]. Typically, efficient generation of photon-

pairs through FWM demands two main conditions, perfect phase-matching and waveguides with

high values of nonlinear parameter [10–13]. However, waveguides with high values of nonlinear

parameter, such as photonic crystal fibers and chalcogenide glasses, tends to present high values

of losses [14–16]. To avoid the impact of photon losses, waveguides with lengths L� 1/α are

used, which requires high values of pump power, since the length of the waveguide tends to be

very small [13, 14, 16]. The generation of quantum-correlated photon-pairs over short distances

is essential to implement on-chip quantum technologies [17]. Nevertheless, high values of pump

power can damage the waveguide [16], and removing the pump photons tends to be very difficult

due to the high power regime [6]. Moreover, high values of both pump power and nonlinear

parameter can lead to the generation of multiphotons, which decreases the photon-pair corre-

lation [13]. A complete description of the effects of waveguide loss and nonlinearities on the

generation of polarization entangled photon-pairs through FWM, remains an open issue, to the

best of our knowledge.

The generation of quantum-correlated photon-pairs through FWM in chalcogenide glass

waveguides was already studied, see for instance [14, 16, 18], in the regime L� 1/α. In optical

fibers, the spontaneous FWM process as a source of correlated photons was studied in [19, 20],

using only a pump field. Subsequent studies have used the FWM process to obtain mainly entan-

gled photon sources on polarization [3–7] and time-bin [21, 22] degrees of freedom. The sponta-

neous FWM process was studied theoretically in [23]. Since then, generalized studies about the

FWM process have been carried out to account for the spectral shape of pump pulses [24–26].

However, in those works the Raman scattering process that occurs inside the fiber was ignored.

In the Heisenberg picture, the combined processes of FWM and Raman scattering were studied

in [13, 27–30], in different continuous wave pump configurations. Recently, in [31], we pre-

sented a theoretical model capable of describing the evolution of the signal and idler quantum
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operators inside a lossy waveguide. In that work, we analyze the impact of frequency dependent

loss coefficient on the generation of quantum-correlated photon pairs through FWM.

8.2 Signal and Idler Photon-Fluxes and Coincidence Count-
ing Rates

In this section, we present the theoretical model that describes the generation of single and po-

larization entangled photon-pairs inside an optical waveguide with non-negligible loss. We use

the FWM process in the single pump configuration and we consider that the photons are created

in the same polarization mode as the pump field.

In optical waveguides, the linear response represents the dominant contribution to the to-

tal polarization induced by an optical field. The linear response function, R̃(1)(ω), includes the

dispersive and loss properties of the fiber [10, 32]

R̃(1)(ω) = β(ω)+
i
2

α(ω), (8.1)

where β(ω) represents the effect of fiber dispersion, and α(ω) is the fiber loss coefficient, at fre-

quency ω. The lowest-order nonlinear polarization in optical fibers is described by the third-order

response function [10]. In third-order nonlinear materials, such as optical fibers or chalcogenide

glass waveguides, the nonlinear response of the medium to an applied optical field is governed

by [11, 13, 33, 34]

R̃(3)(Ω) = γ(1− fR)+ γ fR
(
R̃a(Ω)+ R̃b(Ω)

)
, (8.2)

where the first term accounts for the instantaneous response of the nonlinear material, and give

rise to nonlinear processes such as FWM. The second term of (8.2) represents the retarded

molecular response of the medium, and give rise to the Raman scattering process. In (8.2),

Ω is the Stokes (Ω < 0) or anti-Stokes (Ω > 0) frequency shift, γ is the nonlinear coefficient

of the fiber, and fR = 0.18 is the fractional contribution of the Raman process to the non-

linear refractive index [10]. R̃a(Ω) and R̃b(Ω) are the isotropic and anisotropic Raman re-

sponse functions, respectively, and they are related with the Raman gain coefficient gR(Ω) =

2γ fRIm[R̃a(Ω)+ R̃b(Ω)][11, 13, 33–35].

In the single pump configuration, the signal (at ωs) and the idler (at ωi) photons are created

due to the annihilation of two pump photons (at ωp), such that 2ωp = ωs +ωi. In order to ana-

lyze the CHSH inequality, we need to calculate the photon-flux originating from both FWM and

Raman scattering in a medium with non-negligible loss. We assume that the pump field is much
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more intense than the signal and idler waves, and the fiber length is much shorter than the walk-

off length [10]. In a typical experiment the signal and idler fields are spectrally filtered. In that

case, the photon-flux for the signal and idler fields generated inside the fiber over a propagation

distance L can be given by [13, 36]

Iu = 〈Â†
u(L,τ)Âu(L,τ)〉 ≈ ∆νu Fu(L), (8.3)

where Âu(L,τ) is the slowly varying field annihilation operator [31], and

∆νu = 1/(2π)
∫

dωu|Hu(ωu− ω̄u)|2 (8.4)

with Hu(ωu− ω̄u) being a filter function centered at ω̄u. For the signal field the filter central

frequency is ω̄s, whereas for the idler is ω̄i, such that 2ωp = ω̄s + ω̄i. In (8.3), Fu(L) is the

photon-flux spectral density evaluated at ω̄u, and it is given by [29, 31, 37, 38]

Fu(L) = |νu(L,0)|2 +αuNu

L∫
0

dz|µu(L,z)|2 +αv(Nv +1)
L∫

0

dz|νu(L,z)|2+

(Nup +Θup)|gR(Ωup)|
L∫

0

dz
∣∣Āp(z)µu(L,z)− Ā∗p(z)νu(L,z)

∣∣2 , (8.5)

where u,v = s or i with u 6= v represents the signal or idler field, Θ(−Ωup) is the Heaviside

step function, Ωup = ω̄u−ωp, Nu = [exp{~ω̄u/(kBT )−1}]−1, and Nup = [exp{~|Ωup|/(kBT )−
1}]−1. In (8.5), αs is the fiber loss coefficient at signal frequency, whereas αi is the fiber loss

coefficient at idler frequency, and [29, 31],

µs(L,z) = ep(L,zω̄s)
+∞

∑
n=0

sn(z)Fn
eff(L,z), (8.6a)

with s0 = 1 and a∗0 = 0,

νi(L,z) = ep(L,z,ω̄i)
+∞

∑
n=0

an(z)Fn
eff(L,z), (8.6b)

with s0 = 1 and a∗0 = 0. The series coefficients sn(z) and an(z) are given by

s1(z) = iγPp(z)(ξ(Ωsp)−1)s0 + iγη(Ωsp)Ā2
p(z)a

∗
0−

αs +αi +2i∆β

4
s0, (8.7a)

a∗1(z) =−iγPp(z)(ξ∗(Ωip)−1)a∗0− iγη
∗(Ωip)Ā2∗

p (z)s0 +
αs +αi +2i∆β

4
a∗0, (8.7b)
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sn+1(z) =
n

n+1
αpsn(z)−

αs +αi +2i∆β

4(n+1)
sn(z)+ i

γPp(z)
n+1

(ξ(Ωsp)−1)(sn(z)−αpsn−1(z))

+ i
γη(Ωsp)

n+1
Ā2

p(z)
(
a∗n(z)−αpa∗n−1(z)

)
, (8.7c)

a∗n+1(z) =
n

n+1
αpa∗n(z)+

αs +αi +2i∆β

4(n+1)
a∗n(z)− i

γPp(z)
n+1

(ξ∗(Ωip)−1)
(
a∗n(z)−αpa∗n−1(z)

)
− i

γη∗(Ωip)

n+1
Ā2∗

p (z)(sn(z)−αpsn−1(z)) , (8.7d)

where αp is the fiber loss coefficient at pump frequency, ∆β is the phase matching condition,

Pp(z) is the pump power at a distance z on the fiber, and

ξ(Ωup) = 2− fR + fR
(
R̃a(Ωup)+ R̃b(Ωup)

)
, (8.8a)

η(Ωup) = 1− fR + fR
(
R̃a(Ωup)+ R̃b(Ωup)

)
. (8.8b)

The function νs is the same series as µs except that the initial condition is s0 = 0 and a∗0 = 1,

see (8.6a). The function µi is the same series as νi except that the initial condition is s0 = 0 and

a∗0 = 1, see (8.6b). In (8.6)

Feff(L,z) =
1− exp{−αp(L− z)}

αp
, (8.9a)

p(L,z, ω̄u) =−
αs +αi +2i∆β

4
(L− z)+ i(βu(L− z)+ γPp(0)Feff(L,z)) , (8.9b)

where βu is the propagation constant at signal (u = s) or idler (u = i) frequencies, and Āp(z) is

the classical pump amplitude, given by

Āp(z) = Āp(0)exp
{

i(βpz+ γPp(0)Leff)−
αp

2
z
}
, (8.10)

where βp is the propagation constant at pump frequency, and

Leff =
1− exp{−αpL}

αp
, (8.11)

is the fiber effective length at pump frequency. Note that in the case of perfect phase matching

condition, if we ignore the Raman scattering process and the fiber loss in (8.5), the signal and

idler photon fluxes are equal and independent of the frequency detuning between pump and

signal. In that ideal regime, the efficiency of the FWM process is independent of the frequency

detuning [10].
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In optical fibers the FWM process has been used to generate polarization entangled photon-

pairs. To achieve that goal, it is usually implemented a fiber loop that give rise to two co-

polarized FWM processes, one clockwise (CW) and other counterclockwise (CCW) [2]. The

Bell inequality has been used to distinguish between non-local and local theories [39, 40]. The

CHSH form of the Bell’s inequality states that, for all local theories |S | ≤ 2, where S is the

experimentally determinable CHSH parameter [39–41]. A violation of the CHSH inequality is

assumed to be an evidence of a violation of the Bell inequality [39–41], despite the loopholes

that can affect the experimental measurements [40]. The degree of quantum entanglement can

be tested with the CHSH form of the Bell’s inequality [41]. In the specific case of polarization

entanglement, a polarizer is placed in front of the detectors, and coincidence measurement are

performed for different combinations of signal θs and idler θi polarizer angles [3–7, 42]. Between

all the possible combinations for the signal and idler polarizer angles, it can be shown that the

CHSH parameter is maximized for θs = π/8, θ′s =−π/8, θi = 0 and θ′i =−π/4 [13, 39, 43]. In

that case the CHSH parameter can be written as [13]

Sm = 2
√

2
G(2)
(si)(0)− IiIs

G(2)
(si)(0)+ IiIs

, (8.12)

where the violation of the inequality happens when Sm > 2. In (8.12) Iu is given by (8.3), and

G(2)
(si)(τ) = 〈Â

†
i (L, t)Â

†
s (L, t + τ)Âs(L, t + τ)Âi(L, t)〉

=
∣∣〈Âs(L, t + τ)Âi(L, t)〉

∣∣2 + IiIs ≈ |φc(τ)|2 |F c(L, ω̄s, ω̄i)|2 + IiIs, (8.13)

where we use the Gaussian moment-factoring theorem. In a low photon-flux regime, Fu(L)� 1

with Fu(L) given by (8.5), the Gaussian field correlation approaches the quantum theory re-

sults [44]. In (8.13), φc(τ) is given by

φc(τ) =
1

2π

∫
dωHs(ω− ω̄s)Hi(ω̄s−ω)e−iωτ, (8.14)

182



8.2 Signal and Idler Photon-Fluxes and Coincidence Counting Rates

and F c(L, ω̄s, ω̄i) is the cross-correlation spectral density evaluated at ω̄s and ω̄i, and given

by [31]

F c(L, ω̄s, ω̄i) = µs(L,0)νi(L,0)+αs(Ns +1)
L∫

0

dzµs(L,z)νi(L,z)

+αiNi

L∫
0

dzνs(L,z)µi(L,z)− (Nip +Θip)|gR(Ωip)|

×
L∫

0

(
Āp(z)µs(L,z)− Ā∗p(z)νs(L,z)

)(
Āp(z)µi(L,z)− Ā∗p(z)νi(L,z)

)
dz. (8.15)

In practice the source of polarization entangled photon-pairs is characterized by both coinci-

dence and accidental counting rates, given respectively by [13, 21, 45]

Rcc(t0) = ηsηi(τp fp)

t0+tc∫
t0

G(2)
(si)(τ)dτ, (8.16)

Rac(t0) = ηsηi(τp fp)
2

t0+tc∫
t0

IiIs dτ, (8.17)

where tc is the coincidence time window, ηu is the signal or idler detector efficiency, and τp fp is

the pump duty cycle, where τp is the pump pulses duration, and fp is the pump repetition rate.

We assume that the transmission function of the signal and idler filters is Gaussian shaped

Hu(ω− ω̄u) = exp
{
−(ω− ω̄u)

2

2(∆ω)2

}
, (8.18)

where ∆ω is the bandwidth of the filters, which we assume to be equal for the signal and idler.

In that case, ∆νs = ∆νi = φc(0), where

φc(τ) =
√

π
∆ω

2π
exp

{
−
(

∆ωτ

2

)2
}

exp{−iω̄uτ} . (8.19)

With this condition, the coincidence and accidental counting rates are given by

Rcc(0) = ηsηi(τp fp)

[
∆ω

4
√

2π
Erf
(

tc ∆ω√
2

)
|F c(L, ω̄s, ω̄i)|2 +π

(
∆ω

2π

)2

tc Fi(L)Fs(L)
]
, (8.20)

and

Rac(0) = ηsηi(τp fp)
2
π

(
∆ω

2π

)2

tc Fi(L)Fs(L), (8.21)
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respectively, where Erf is the error function. With Rcc(0) and Rac(0), we can evaluate the purity

of the photon source, through the analysis of the CAR, which is given by [13, 21, 45, 46]

CAR =
Rcc(0)
Rac(0)

=

√
2π|F c(L, ω̄s, ω̄i)|2

2(τp fp)tc ∆ωFi(L)Fs(L)
+

1
τp fp

. (8.22)

Moreover, we can estimate the true coincidence counting rate, originated from photon-pairs,

given by [13, 21, 45]

Rtc(t0) = ηsηi(τp fp)

t0+tc∫
t0

(
G(2)
(si)(τ)− IiIs

)
dτ

= ηsηi(τp fp)

[
∆ω

4
√

2π
Erf
(

tc ∆ω√
2

)
|F c(L, ω̄s, ω̄i)|2

]
, (8.23)

where we use t0 = 0. With Rtc(0) we can estimate the single (uncorrelated) photon generation

rate for the signal and idler fields, [13, 45]

Ru(0) = ηu(τp fp)Iu−Rtc(0), (8.24)

where Iu is given by (8.3) and (8.19), and Rtc(0) is given by (8.23).

8.3 Numerical Results

In this section, we show results for the evolution of the signal and idler photon fluxes, and the

coincidence and accidental counting rates with both loss coefficient, α, and fiber nonlinear pa-

rameter, γ. Moreover, it is also presented the evolution of the CHSH parameter and the CAR

coefficient with both α and γ. We also show the evolution of the CHSH parameter with the CAR

coefficient and with the ratio Rs(0)/Ri(0). We present those results for two distinct cases. First,

we assume that the fiber length is fixed. Second, we admit that the fiber length varies with the

value of α.

We assume an equal loss coefficient for all the fields involved in the FWM process αp = αs =

αi = α, a fixed frequency detuning between the signal and pump waves Ωsp/(2π) = 3 THz, and

a temperature of T = 300 K. The pump, signal and idler wavelengths used are λp = 1257.45 nm,

λs = 1241.82 nm, and λi = 1273.47 nm, respectively. Moreover, we assume that the loss co-

efficient and the fiber nonlinear parameter can go up to α f and γ f , respectively, where α f =

100 dB/km and γ f = 200 W−1km−1. Furthermore, we also admit an ideal phase matching con-

dition ∆β = 0, in order to obtain efficient generation of photons through FWM. The Raman
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Figure 8.1: Contour plot for: (a) signal and idler photon fluxes given by (8.3); (b) coincidence and
accidental counting rates given by (8.20) and (8.21), respectively; (c) true coincidence counting
rate given by (8.23), as a function of α and γ.

response functions were taken from [47]. We consider ideal detectors ηs = ηi = 1, a continuous

pump field τp fp = 1, signal and idler filters bandwidth of ∆ω/(2π)=100 GHz and a coincidence

time window of tc = 1 ps. Finally, we adopt a low pump power regime, Pp(0)≈ 29 mW.

8.3.1 Fixed Fiber Length

We first consider an optical fiber with length equal to L = 5/α f ≈ 217 m, with Leff < 210 m. In

Fig. 8.1(a), we present the contour plots for the signal and idler photon fluxes given by (8.3), as

a function of α and γ. Figure 8.1(b) shows the contour plot for the coincidence and accidental
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Figure 8.2: Contour plot for the CHSH parameter (a) and for the CAR (b) given by (8.12)
and (8.22), respectively, as a function of α and γ.
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Figure 8.3: CHSH parameter as a function of: (a) CAR given by (8.22); (b) ratio Rs(0)/Ri(0)
given by (8.24).

counting rates given by (8.20) and (8.21), respectively. Figure 8.1(c) presents the evolution of

the true coincidence counting rate as a function of α and γ.
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It can be seen in Fig. 8.1(a) that for high values of waveguide loss are generated more photons

on the idler wave than in the signal one. This is due to the Raman noise which generates more

photons on the Stokes frequency shift. However, decreasing the value of α the flux of signal

and idler photons tends to be equal, mainly for high values of γ. This mean that for low values

of α and high values of γ, we tend to operate in a regime where are predominantly generated

multiphotons on the signal and idler waves, through the stimulated FWM process [11, 13]. It can

be seen in Fig. 8.1(b) that the difference between coincidence and accidental counting rates is

higher for high values of α. In that regime the coincidence counting rate is 10 times larger than

the accidental counting rate. For low values of α and high values of γ the rate of coincidence and

accidental counts is of the same order. Results also show that for a fixed value of γ, an increase on

α leads to a decrease on both accidental and coincidence counting rates. However, that decrease

tends to be more pronounced on the accidental counting rate. That is due to a decrease on the

generation rate of photons through the stimulated FWM and Raman scattering processes. Re-

sults present in Fig. 8.1(c) show that for low values of α and high values of γ the true coincidence

counting rate is of the order of 10 GHz. Results also show that the coincidence counting rate for

high values of α and low values of γ is of the order of 25 kHz. It can also be seen in Fig. 8.1(c)

that for a fixed value of α an increase of γ tends to lead to an increase on the true coincidence

counting rate. This is due to the fact that an increase on γ leads to a higher efficiency of the FWM

process. However, this increase of the true coincidence counting rate tends to be counterbalanced

by a further increase on the rate of accidental coincidences, see Fig. 8.1(b). When compared with

Fig. 8.1(b), results present in Fig. 8.1(c) show that for high values of α and low values of γ most

of the coincidences present in Fig. 8.1(b) are true coincidences.

Figure 8.2 shows the contour plot for the CHSH and for the CAR parameters given by (8.12)

and (8.22), respectively, as a function of α and γ. It can be seen in Fig. 8.2(a) that a strong vio-

lation of the CHSH parameter happens for high values of α and low values of γ. For high values

of γ, we obtain Sm > 2 only for α > 30 dB/km. This is due to the fact that, increasing only γ, the

signal and idler photon fluxes increases, which leads to a growth on the accidental coincidences,

see Fig. 8.1. According with (8.12), an increase on Is(L,0)Ii(L,0) leads to a decrease on the

value of Sm. From Fig. 8.2(b), we can see that the CAR parameter is maximum for high values

of α and low values of γ, where the accidental counting rate is low, see Fig. 8.1(b). Moreover,

from Fig. 8.2, we can see that a strong violation of the CHSH inequality demands high values

of CAR. However, from Fig. 8.1(b) and Fig. 8.2(b), we can see that a high rate of coincidence

counts does not leads to a high value of CAR (or CHSH) parameter. This can be seen in Fig. 8.3

where we show the evolution of the CHSH parameter with the CAR coefficient, Fig. 8.3(a). It
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can also be seen in Fig. 8.3 the ratio of single to idler single photon fluxes, Rs(0)/Ri(0) given

by (8.24), for γ = 10 W−1km−1 and γ = 200 W−1km−1, Fig. 8.3(b). It can be seen in Fig. 8.3

that a high value of Sm demands high values of CAR coefficient and low values of Rs(0)/Ri(0).

In that regime most of the photons are signal-idler pairs generated through spontaneous FWM.

Moreover, Fig. 8.3(b) show that for low values of γ we observe always a strong violation of the

CHSH inequality, whereas for high values of γ a Sm > 2 demands high values of α. According

with the results present in Fig. 2 and Fig. 3, in a medium with non-negligible loss, α(ω)L� 1,

it is possible to obtain CAR> 8 and Sm > 2.5, which is inline with typically measured values for

the CAR and CHSH parameters in waveguides with α(ω)L� 1. For instance, measured values

of CAR≈ 9 and Sm = 2.65 were recently reported in [4, 48, 49].

8.3.2 Fiber Length Varies With Loss

In this section, we admit that the fiber length is dependent of the loss coefficient, L = 5/α, where

L is maximum for the lowest considered value of α ≈ 1.7 dB/km. This allows us to compare

short fiber lengths where α is high, with long fiber lengths where α assumes a smaller value.

In Fig. 8.4(a), we present the evolution of the signal and idler photon fluxes, given by (8.3) as

a function of α and γ. In Fig. 8.4(b), we show the evolution of both coincidence and accidental

counting rates given by (8.20) and (8.21), respectively, as function of α and γ. Finally, Fig. 8.4(c)

shows the evolution of the true counting rate, given by (8.23), with α and γ. Unlike the results

presented in Fig. 8.1, findings plotted in Fig. 8.4 show that the contour lines for the photon fluxes,

rate of accidental and coincidence counts, and true coincidence counts evolves linearly with both

α and γ coefficients. This arises from the linear increase of the fiber length with α. Results also

show that for low values of α we obtain the same photon flux for both signal and idler field. This

arises from the dominance of the photon generation through the stimulated FWM process. It can

be seen in Fig. 8.4(b) that for high values of α and low values of γ the coincidence counting rate

is of the order of 40 kHz. Decreasing α and increasing γ the coincidence counting rate increase

significantly, Rcc(0)≈ 0.3 GHz. However, in that regime the accidental counting rate reaches its

maximum value.

In Fig. 8.5, we plot the evolution of both CHSH parameter given by (8.12), and CAR coeffi-

cient given by (8.22), as a function of α and γ. It can be seen in Fig. 8.5(a) that the contour lines

of the CHSH parameter evolves linearly with the increase of both α and γ. Results also show that

for a given α (or fiber length), increasing γ leads to a decrease on the value of CHSH. This mean

that, a strong violation of the CHSH inequality requires a fiber with non-negligible loss (short
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Figure 8.4: Contour plot for: (a) signal and idler photon fluxes given by (8.3); (b) coincidence and
accidental counting rates given by (8.20) and (8.21), respectively; (c) true coincidence counting
rate given by (8.23), as a function of α and γ.

fiber lengths) with low value of γ, to avoid the generation of multiphotons during the evolution

of the signal and idler photons inside the waveguide. This can be seen in Fig. 8.5(b) where we

plot the evolution of the CAR coefficient given by (8.22), with the α and γ. From Fig. 8.5(b) we

can see that a high value of CAR coefficient is obtained in the same regime where we observe a

strong violation of the CHSH parameter, see Fig. 8.5(a).

Figure 8.6 shows the evolution of the CHSH with the CAR, Fig. 8.6(a), and with the ratio

Rs(0)/Ri(0), Fig. 8.6(b). Results present in Fig. 8.6 show that a violation of the CHSH in-

equality is observed for a CAR> 3.5 and a ratio of signal to idler uncorrelated photon fluxes

Rs(0)/Ri(0) < 0.8. Moreover a strong violation demands high values of CAR coefficient, typi-
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Figure 8.5: Contour plot for the CHSH parameter (a) and for the CAR (b) given by (8.12)
and (8.22), respectively, as a function of α and γ.
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Figure 8.6: CHSH parameter as a function of: (a) CAR given by (8.22); (b) ratio Rs(0)/Ri(0)
given by (8.24).

cally a CAR grater than 8, and low values of ratio of signal to idler uncorrelated photon fluxes,

Rs(0)/Ri(0)< 0.65. In that regime, the flux of uncorrelated photons is minimum, and most of the

rate of coincidences are true coincidences, originated from signal-idler pairs, generated through
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spontaneous FWM.

8.4 Summary

We investigate the effects of fiber loss and nonlinear coefficient on the generation of polarization

entangled photon pairs. We show first that for a fixed fiber length and for a fixed value of α,

increasing γ tends to lead to a worst performance of the polarization entangled source. This is

due to the increase generation of multiphotons on the signal and idler fields through stimulated

FWM. In a second scenario, we assume that the fiber length is dependent of the loss coefficient,

L = 5/α. In that case, our results show that the contour lines of CHSH parameter evolves linearly

with α and γ. This mean that for a given value of α is always possible to find a γ that leads to a

strong violation of the CHSH inequality.

We verify the possibility of efficient generation of quantum correlated photon-pairs through

FWM in a medium with non-negligible loss and moderate value of γ. This new regime allow

us to obtain results similar to the ones with αL� 1. However, since in this new regime we can

use L� 1/α the waveguide output pump power tends to be much lower, which makes easier

removing the pump photons. In this new regime, it is also possible to use lower pump powers

because the waveguide length can be increased, due to the moderate value of γ and high value of

α. We show that a strong violation of the CHSH inequality can be obtained with fibers with high

values of α > 50 dB/km and moderate values of γ < 60 W−1km−1. Nevertheless, extreme high

values of α > 90 dB/km can not be used, since in that case the generation rate of photon-pairs is

almost null.
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Chapter 9

Conclusions and Future Directions

IN this thesis was analyzed the physical layer of a quantum key distribution (QKD) system,

mainly covering the generation and transmission of single and entangled photons in optical

fibers. In the framework of this thesis, we have obtained new theoretical and numerical results

which some of them have been validated experimentally. In this Chapter, we overview the devel-

oped work, and summarize the main conclusions of this thesis. It is also presented in section 9.2

some topics to be considered in future studies.

9.1 Conclusions

The implementation of a few-photon source in optical fibers was analyzed in Chapter 3. The the-

oretical model developed in that Chapter accurately describes the classical process of four-wave

mixing (FWM) that occurs inside of an optical fiber. We observed the possibility of efficient

generation of the idler wave considering the pump outside of the zero-dispersion of the fiber and

with pump and signal fields far apart. That arises from the inclusion of the nonlinear contribution

in the parametric gain. This analytical result was validated experimentally, and a good agreement

was observed for several different pump powers. We also observed experimentally the loss of

efficiency in the FWM process due to the polarization decorrelation between pump and signal

fields. The best efficiency was obtained when pump and signal are co-polarized, whereas the

orthogonal scheme leads to the worst efficiency. We show experimentally that exist a transition

region over which the pump and signal fields go from an almost co-polarized situation to a decor-

related state of polarization (SOP). In order to describe the influence of the polarization effects

on the evolution of the idler power, we introduced the effective nonlinear parameter, γeff(∆λ). We

found that the γeff(∆λ) varies as an hyperbolic secant with the wavelength separation between

pump and signal. The few-photon source based on the classical process of FWM was later used
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to implement a quantum communication link between two users. We observed a good agree-

ment between the emitted polarization state and the received idler photon state if a polarization

controller (PC) scheme is included, since we obtained a fringe visibility higher than 98%. This

indicates that the few-photon source based on FWM process can in principle be used for QKD

applications.

The impact of the stimulated Raman scattering (SRS) on the classical process of FWM in

optical fibers was analyzed in Chapter 4. We have considered the single- and dual-pump con-

figuration in both co-polarized and orthogonal polarization schemes. We verified that in the

single- and dual- pump configuration the signal wave is mostly described by the imaginary part

of the fiber nonlinear response function. We observed that the generation of the idler wave in

the co-polarized scheme is dependent of the real part of the fiber nonlinear response function.

For frequency detunings less than 3 THz the approximation fR = 0 is quite good. We verified

that the orthogonal scheme leads to an inefficient generation of the idler wave due to the high

value of the group birefringence. However, in the dual pump configuration when the signal is

launched into the fiber parallel to the right pump the generation of the idler wave is very efficient

for small frequency detunings. We also explored the generation of two idler waves inside a high

birefringent (HiBi) optical fiber, considering three FWM processes and the SRS. We observed

that in the co-polarized scheme the SRS does not change dramatically the optical power evo-

lution of the two idler waves with the wavelength separation between the pumps. We verified

that the contribution of several FWM processes to the generation of idler wave can increase the

efficiency of the process. We have showed that the orthogonal polarization scheme leads to an

inefficient generation of the idler waves, due to the high value of fiber birefringence. We verified

that the SRS decreases the optical power of the idler waves when compared with the limit fR = 0.

We observe that the evolution from the co-polarized to the orthogonal polarization scheme leads

to a continuous loss of efficiency on the generation of the idlers waves. As we assume a nonlin-

ear parameter higher than the one for standard single mode fibers (SSMFs), the results obtained

can help to guide the development of optical signal processing devices using photonic crystal

fibers (PCFs) and based on FWM and SRS processes.

The photon statistics of the idler wave generated through the classical process of FWM in a

low power regime was addressed in Chapter 5. The theoretical model developed in that Chap-

ter accurately describes the evolution of the idler photon statistics with both fiber input power

and frequency detuning. We have examined the photon statistics of the idler wave fully gener-

ated inside the fiber, and how the idler photons generated through FWM and Raman scattering
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processes affects the photon number distribution of an incident coherent quantum channel. The

photon number distribution was studied theoretically in terms of the second-order coherence

function. We observed that the statistics of the idler wave generated through FWM follows a

thermal distribution when the fiber input power is maintained in a low level. However, we have

also showed that an increase on the input power rapidly leads to a Poissonian distribution for

the idler photons at the fiber output. Our analysis have showed that the in-band noise photons

created by FWM and Raman scattering processes can change the statistics of a quantum channel

used for QKD. At low power level the statistics of the coherent quantum channel can evolve

from Poissonian to thermal. We also observed that when we increase the wavelength detuning

between the pump and signal the coherent quantum channel evolves from a Poissonian statis-

tics to a thermal one. The statistics of the idler photons was experimentally validated through

the implementation of the FWM process in a low power regime inside of a dispersion-shifted

fiber (DSF). The detailed knowledge of the photon statistics is essential to correctly detect the

presence of an eavesdropper.

The spontaneous FWM process as a source of heralded single photons was studied in Chap-

ter 6. We have examined the statistics of the heralded single photon source based on spontaneous

FWM process in optical fibers through the analysis of the second-order coherence function for

the signal field conditioned on observing an idler event. In a back-to-back configuration and for

low values of pump power we observed the nonclassical nature of the photon source, even in the

presence of Raman noise photons. In the absence of Raman scattering process, we have obtain

an almost perfect conditional source of single photons. We have also showed that, to avoid the

Raman noise photons we need to operate in a high frequency detuning regime. Nevertheless, a

continuous increase of the pump power level leads to a Poissonian and to a multithermal statis-

tics of the photon source. When we include a SSMF between the heralded photon source and

the detection stage, we observe that the photon absorption reservoir in the SSMF only changes

significantly the statistics of the photon source for high values of SSMF length. For low values

of SSMF length, the statistics of the source does not change significantly due to propagation.

The impact of waveguide linear loss on the generation of quantum correlated photon-pairs

through the combined processes of FWM and Raman scattering was analyzed in Chapter 7. The

theoretical model developed in that Chapter accurately describes the signal and idler photon-

fluxes as well the auto- and cross-correlation functions for signal and idler waves. We observed

that the presence of fiber loss does not change the statistics of the individual signal and idler

fields. Moreover, we have showed that the fiber loss increase the expected signal-idler correla-
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tion at fiber output. We also observed that the presence of loss increases the value of Clauser,

Horne, Shimony, and Holt (CHSH) parameter, when compared with the case α(ω) = 0. The

fiber loss increases the purity of the photon pair correlation, due to the fact that fiber absorp-

tion reduces the rate of uncorrelated photons generated by Raman scattering inside the fiber. In

addition, we have showed that waveguides with non-negligible losses can be used for efficient

generation of quantum correlated photon-pairs. We also experimentally test the CHSH inequality

for polarization-entangled photon-pairs obtained through the implementation of the spontaneous

FWM process in a highly nonlinear fiber (HNLF). We observed a visibility for the coincidence

fringe higher than 86%, and a violation of CHSH inequality by 2.7 standard deviations. The

results obtained in that Chapter can help to guide the implementation of on-chip quantum tech-

nologies.

The spontaneous FWM provides a natural solution to implement sources of polarization en-

tangled photon-pairs already inside optical fibers. Typically, efficient generation of photon-pairs

through FWM demands waveguides with high values of nonlinear parameter. However, waveg-

uides with high values of nonlinear parameter, such as photonic crystal fibers and chalcogenide

glasses, tends to present high values of losses. The effects of losses and nonlinearities on the

generation of polarization entangled photons was addressed in Chapter 8. We observed that

for a fixed value of waveguide loss, increasing the nonlinear parameter tends to lead to a worst

performance of the polarization entangled source. We also verified the possibility of efficient

generation of quantum correlated photon-pairs through FWM in a medium with non-negligible

loss and moderate value of nonlinear parameter. We showed that a strong violation of the CHSH

inequality can be obtained with fibers with high values of waveguide loss, α > 50 dB/km and

moderate values of nonlinear parameter, γ < 60 W−1km−1. The results obtained in that Chap-

ter can help to guide the implementation of entangled photon sources in waveguides with high

values of both loss coefficient and nonlinearities.

9.2 Future Directions

This thesis has addressed several research topics on the physical layer of a QKD system. Related

with this work, several topics can be considered in future studies.

• The theoretical model in Chapter 3 for the evolution of the idler wave inside the fiber could

be generalized to include the polarization effects that occurs inside the fiber, and leads to a
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loss of efficiency in the FWM process due to polarization decorrelation between the optical

fields.

• In a typically wavelength-division multiplexing (WDM) lightwave system the quantum

channel used in the QKD setup share the same fiber with several other classical optical

signals, of the order of 96. Hence, it would be good to expand the theoretical model used

for the photon statistics for that WDM configuration.

• In a multiple-access QKD network, where different users are connected together via a

WDM router, the theoretical model characterizing the statistics of the heralded single pho-

ton source must be generalized for that multi-user configuration, in which each user detects

an idler and a signal event.

• In optical fibers the capacity does not growth indefinitely with the increase of the optical

power. It will be good to study the fiber channel capacity in a scenario where each symbol

used to transmit information contain only few-photons.
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