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Abstract– Multidimensional proton nmr spectra of biomolecules dissolved in aqueous

solutions are usually contaminated by an intense water artifact. We discuss the application of 

the generalized eigenvalue decomposition (GEVD) method using a matrix pencil to solve the

blind source separation problem of removing the intense solvent peak and related artifacts.

2D NOESY spectra of simple solutes as well as dissolved proteins are studied. 

Keywords– blind source separation, independent component analysis, generalized eigendec-

omposition, matrix pencil, 2D NOESY spectra

1. Introduction 

Blind source separation addresses the problem of finding which signals contribute to any given sensor

signal recorded. Blind source separation has a very close relationship to a recently developed new

statistical data processing technique called Independent Component Analysis (ICA). For recent

authorative reviews see [4] [3]. In ICA either one assumes statistically independent source signals and

exploits higher order correlations in the data or one exploits the time correlations in signals relying on

second order statistics only. In any case a linear mixing model is considered generally.

Second order techniques exploit the temporal structure of the source signals. The blind identification

of the mixing model can be converted to standard (EVD) or generalized (GEVD) eigenvalue decompo-

sition and simultaneous or joint diagonalization (SD) problems. In algorithms like AMUSE and EFOBI

[10] a standard EVD is performed of a matrix derived from fourth-order cumulants or time-delayed cor-

relations. Algorithms like SOBI [2] instead perform a joint approximative diagonalization of a set of 

delayed covariance matrices of whitened data to extract their average eigenstructure. Recently GEVD

solutions have been presented which comprise an exact simultaneous diagonalization of a matrix pencil

formed with the sensor signals [8], [9].

We will follow the matrix pencil approach and apply it to the separation of the intense water reso-

nance and related artifacts from two-dimensional Nuclear Overhauser Enhancement Spectroscopy

Nuclear Magnetic Resonance (2D NOESY NMR) spectra. 
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2. The generalized eigendecomposition approach

For convenience we shortly review the generalized eigendecomposition approach using congruent matrix
pencils. The matrix pencil (Rs1,Rs2) formed with the source signals and the matrix pencil (Rx1,Rx2)
formed with the sensor signals are considered congruent if there exists an invertible matrix A such that

Rx1 = ARs1A
T

Rx2 = ARs2A
T (1)

In BSS problems A = {aij}, i = 1, ...,m, j = 1, ..., n represents the instantaneous mixing matrix. If, A
is an invertible matrix, two pencils related as described by the eqn.(1) are called congruent pencils and
possess identical eigenvalues.

The inverse or pseudo-inverse of the mixing matrix can be estimated from the sensor signal pencil if
the eigenvector matrix Es of the source signal pencil is diagonal. The generalized eigen-decomposition of
the sensor signal pencil now reads

Rx1E = Rx2EΛ (2)

where E represents the unique eigenvector matrix if the diagonal matrix Λ has distinct eigenvalues λi.
The corresponding eigen-decomposition statement concerning the source signal pencil can be obtained
easily by substituting eqn.(1) into eqn.(2) yielding

Rs1Es = Rs2EsΛ (3)

where Es represents its eigenvector matrix and the normalized eigenvectors corresponding to a particular
eigenvalue are related by

~es = αAT~e (4)

with α is a normalizing constant.
The eigenvector matrix E forms an estimate of the inverse of the mixing matrix A if the matrix Es

corresponds to the identity matrix or a simple permutation matrix as is the case if the source signal
pencils are both diagonal.

In summary the GEVD approach to BSS problems is feasible if the congruent source signal pencil is
diagonal with distinct relations among diagonal entries, i.e. with distinct eigenvalues.

3. Computing the eigen-decomposition of symmetric pencils

A very common approach to compute the eigenvalues and eigenvectors of a matrix pencil is to reduce the
GEVD statement, eqn.(2) to the standard EVD problem which is of the form

CZ = ZΛ (5)

The strategy that we will follow is first to solve the eigen-decomposition of the matrix Rx1 giving

Rx1 = SDST = S1/2D1/2ST SD1/2ST = WW (6)

Substituting this result into the GEVD statement and defining Z = WE yields the transformed equation

W−1Rx2W
−1Z = ZΛ (7)

which is of the standard EVD form of a real symmetric matrix C = W−1Rx2W
−1 if the matrix Rx2 is

also symmetric positive definite and the transformation matrix W−1 is obtained as

W−1 = SD−1/2ST (8)

While the eigenvalues of the matrix pencil are available from the solution of the EVD of the matrix C

the corresponding eigenvectors are obtained via E = W−1Z.
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4. NMR spectra

Modern multi-dimensional NMR spectroscopy [5] is a versatile tool for the determination of the native
3D structure of biomolecules in their natural aqueous environment. Proton NMR is an indispensable
contribution to this structure determination process but is hampered by the presence of the very intense
water (H2O) proton signal. Hence it is interesting whether blind source separation (BSS) techniques can
contribute to the removal of the water artifact in such spectra without regard to any sophisticated water
suppression pulse protocols except a simple pre-saturation to reduce the dynamic range problem.

Concerning structure determination homonuclear 2D NOESY spectra are a must. They relay on
the nuclear Overhauser effect [5] and provide information about cross-relaxation rates which for protons
mainly depend on magnetic dipolar interactions. The latter vary with distance as r−6 hence allow
distances to neighboring nuclei to be determined. Loosely speaking one can consider it an atomic ruler
which allows the 3D-structure to be determined if enough NOE’s are available experimentally.

A two-dimensional NMR time domain signal, called free induction decay (FID), is modelled by a sum
of damped complex harmonic functions

S(t1, t2) =
∑

i

Mi exp(−iΩ1it1) exp(−λ1it1) exp(−iΩ2it2) exp(−λ2it2) (9)

to which Gaussian noise is superimposed. Signal processing is routinely performed by Fourier analysis,
resulting in spectra made of sums of Lorentzian shaped resonance lines given by

f(ω1, ω2) =
∑

i

Mi

(

1

i∆Ω1i + λ1i

)

·
(

1

i∆Ω2i + λ2i

)

(10)

Statistical independence of two signals requires their scalar product to be zero both in the time domain
or in the frequency domain. Therefore non-overlapping resonance lines should be reasonably independent
[6]. But because of the limited range of chemical shifts, i.e. the spread of the proton resonances on the
frequency scale is rather limited compared to individual resonance line widths, statistical independence is
hard to assure in general. Second order techniques like the GEVD using matrix pencils discussed above
exploit some weaker conditions for the separation of sources assuming that they have temporal structure
with different autocorrelation functions or equivalently different power spectra.

5. Results and Discussion

Pre-saturation of the water resonance has been applied in all cases. FID’s S(t1,j , t2) recorded at fixed
evolution times t1,j , j = 1, ....,m were sampled over time spans t2 and have been Fourier transformed
to obtain corresponding 1-dim spectra S(ω2, t1,j) corresponding to the j-th increment of the evolution
time t1,j . The final m×N matrix X contained as many rows as there were different evolution times t1,j

according to the experimental protocol with each line representing a single 1D spectrum. A matrix pencil
(Rx,1,Rx,2) comprises two correlation matrices Rx of zero mean data where the second correlation matrix
Rx,2 is formed with delayed or filtered data forming the matrix Rx,1. This latter matrix is computed as
follows

Rx,1 =
1

N
S(ω2, t1)S

H(ω2, t1) (11)

with N = 2048 representing the number of samples in the ω2 domain and SH the conjugate transpose of
the matrix S. The second correlation matrix Rx,2 of the pencil has been computed after filtering each
single spectrum (each row of S(ω2, t1)) with a bandpass filter of Gaussian shape centered on the water
resonance with a variance in the range of 1 ≤ σ2 ≤ 4. Both matrices of the pencil are of dimension
128 × 128 as we assume a symmetrical situation hence we consider as many source signals as there are
sensor signals.

5.1. Toy spectra

5.1.1. Artificial 2D nmr spectra

These artificially generated spectra represent test cases in the sense that the proton 2D nmr spectra
comprise only few well separated solute and solvent resonances. Artificially generated FIDs are of the
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form

sk(t) = Ak exp(− t

T2,k
) exp(2πifkt + iΦk) (12)

with parameters given in Table (5.1.1):

A f [Hz] T2[s] Φ
s1(t) 0.0892 0.1 2.5 π/4
s2(t) 0.2208 3 0.4 0
s3(t) 0.2208 8 0.4 0

Signal s1(t) represents a water resonance with a phase shift usually introduced by the pre-saturation pulse
and the other two signals represent solute signals with considerably shorter spin-spin relaxation times
T2. Note that s1(t) and s2(t) overlap while s3(t) is well separated in the Fourier transformed spectrum
(see Fig. (1). The FIDs have been digitized to 2048 points with a spacing of 0.01s yielding signals ~si(t)
with unit norm. The Nyquist frequency of the Fourier transformed signals amounts to fN = 50Hz. With
these source signals corresponding sensor signals have been generated according to the general ICA model
~x(t) = A~s(t) or x̂(ω) = Aŝ(ω) using the randomly generated mixing matrix

A =





−0.1893 0.0121 −0.4360
−0.5256 0.7028 −0.3267
−0.1020 −0.6196 0.6833



 (13)

These sensor signals will be analyzed with the matrix pencil algorithm discussed above. The perfor-
mance of the BSS can be assessed by calculating Amari’s cross-talking error (CTE)[1].
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Figure 1. left: artificially generated source signals middle: artificially generated sensor signals right:

Reconstructed source signals obtained with the matrix pencil algorithm

To apply the matrix pencil algorithm a filtered version of the sensor signals is needed. The latter has
been generated by applying a Gaussian bandpass filter centered at the the water resonance

H(ω) =
1√
2πσ

exp

(

− (ω − 2πa)2

2σ2

)

(14)

with a = 0.1Hz. The CTE varies considerably with the width parameter σ of the bandpass filter as is
shown in Fig.(2) and Fig.(1) also shows the estimated source signals. Note that results obtained in the
time domain are far less convincing than those in the frequency domain. Note further that the matrix
pencil algorithm is very quick producing results within less than a second.
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Figure 2. Dependence of the cross-talking error (CTE) on the width parameter σ of the Gaussian bandpass
filter

5.2. Experimental spectra of simple solutes

Next 2D NOESY spectra of simple solute molecules like ethylen diamine-N,N,N’,N’-tetra-acetate (EDTA)
have been analyzed. In the simple case of EDTA m × N = 30 × 2048 data matrices turned out to be
sufficient. The second correlation matrix Rx,2 of the pencil has been obtained again with bandpass
filtered signals in the frequency domain.

The matrix pencil thus obtained has been treated in the manner given above to estimate the indepen-
dent components of the EDTA spectra and the corresponding demixing matrix. Roughly 25 independent
components showing spectral energy only in the frequency range at 4.8 ppm have been assigned to the
highly distorted water resonance. To effect a separation of the water resonance and the EDTA spectra
these water related independent components have been set to zero deliberately. Then the whole EDTA
spectrum could be reconstructed with the estimated inverse of the demixing matrix and the corrected
matrix of estimated source signals.

A typical 1D EDTA spectrum is shown in Fig.(1) illustrating the intense water resonance at 4.8
ppm. Also shown is the reconstructed spectrum obtained with the matrix pencil algorithm. The small
distortions remaining are due to baseline artifacts caused by truncating the FID due to limited sampling
times.

5.3. Spectra of the protein TmCSP

Next we present experimental 2D NOESY spectra of the cold shock protein of the bacterium Thermotoga

maritima(TmCSP) which contain many protein resonances. Note that the water resonance overlaps
considerably with part of the protein spectrum with some protein resonances very close to or even
hidden underneath the solvent resonance. Fig.(4) shows an original TmCSP protein spectrum with the
prominent water resonance and its reconstructed version with the water resonance separated out by
applying Tomé’s GEVD algorithm using a matrix pencil in the frequency domain. Both correlation
matrices had dimension (128×128) and all 2048 data points have been used to estimate the expectations
within the correlation matrices. Again the data used to form the second correlation matrix Rx,2 of the
matrix pencil corresponded to a bandpass (σ = 1) filtered version of the original data. Some remnants
of the intense water resonance are still visible in the reconstructed spectrum indicating that a complete
separation into independent components has not been achieved yet. This is due to the limited number
of independent components that could be estimated with the data available.

6. Conclusions

We have shown that ICA methods can be useful to separate water resonances and concomitant baseline
distortions from solute resonances and obtain largely undistorted solute spectra. Generalized eigenvalue
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Figure 3. top: 1D slice of a 2D NOESY spectrum of EDTA in aqueous solution corresponding to
the shortest evolution period t2. The chemical shift ranges from −1.206ppm to 10.759ppm, bottom:

Reconstructed EDTA spectrum with the water artifact removed with the matrix pencil algorithm

decompositions using a matrix pencil represent an exact and easily applied second order technique to effect
such artifact removal from the spectra. We have tested this method with simple EDTA spectra where
no solute resonances appear close to the water resonance. Application of the method to protein spectra
with resonances hidden in part by the water resonance showed a good separation quality with only little
remaining spectral distortions in the frequency range of the removed water resonance. The reconstructed
spectra also show very convincingly that any baseline distortions stemming from the intense water artifact
can be automatically cured as well. In summary the GEVD approach using congruent matrix pencils
is an algebraically exact, very fast and easy to implement algorithm. Further investigations will have
to improve the separation quality even further and will have to answer the question if solute resonances
hidden underneath the water resonance can be made visible with these or related methods.
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Figure 4. top: 1D slice of a 2D NOESY spectrum of the protein TmCSP in aqueous solution corresponding
to the shortest evolution period t1. bottom: Reconstructed TmCSP protein spectrum obtained with the
matrix pencil algorithm

[5] K.H.Hausser, H.-R.Kalbitzer, NMR in Medicine and Biology, Springer Verlag, Berlin, 1989

[6] D.Nuzillard, J.-M.Nuzillard, ”Application of Blind Source Separation to 1D and 2D Nuclear Magnetic Res-
onance Spectroscopy”, IEEE Signal Processing Lett. 5, 209-211, (1998)

[7] A.Souloumiac, ”Blind Source Detection Using Second Order Non-Stationarity”, Proc. Int.Conf.Acoustics,

Speech and Signal Processing, Detroit, USA, p.1912-1916, (1995)
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