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ABSTRACT. We study an optimal control problem for a non-autonomous SEIRS
model with incidence given by a general function of the infective, the suscep-
tible and the total population, and with vaccination and treatment as control
variables. We prove existence and uniqueness results for our problem and, for
the case of mass-action incidence, we present some simulation results designed
to compare an autonomous and corresponding periodic model, as well as the
controlled versus uncontrolled models.
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1. Introduction. Frequently, decision makers must balance the effort put in treat-
ment and vaccination in order to give the best response to outbreaks of infectious
diseases. Optimal control is an important mathematical tool that can be used to
find the best strategies [16, 23, 27]. Real-world problems, under recent investigation
with optimal control techniques, include Ebola [2] and Zika [6].

n [10], Gaff and Schaefer studied three distinct autonomous epidemic models,
having vaccination and treatment as control variables. They established existence
and, in some small interval, uniqueness of solutions for the optimal control problems.
In that paper, one of the main questions under study is to know if the underlying
epidemic structure has a significant impact on the obtained optimal control strategy.
One of the models discussed in [10] was the SEIR, which is one of the most studied
models in epidemiology. In the family of SEIRS models, it is assumed that the
population is divided in four compartments: additionally to the infected class I, the
susceptible class S and the recovered class R, present in SIR models, an exposed
class F is also considered, in order to divide the infected population in the group
of individuals that are infected and can infect others (the infective class) and the
individuals that are infected but are not yet able to infect other individuals (the
exposed or latent class). Such division of the population is particularity suitable to
include several infectious diseases, e.g. measles and, assuming vertical transmission,
rubella [17]. When there is no recovery, the model can be also used to describe
diseases such as Chagas’ disease [29]. It is also appropriate to model hepatitis B
and AIDS [17], and Ebola [23]. Although influenza can be modeled by a SEIRS
model [5], due to the short latency period, it is sometimes better to use the simpler
SIRS formulation [7].

In [10] the parameters of the considered models are assumed to be independent
of time. This is not very realistic in many situations, in particular due to periodic
seasonal fluctuations. A classical example of seasonal patterns of incidence, exhib-
ited by some infectious diseases, is given by data on weekly measles notification
in England and Wales during the period 1948-1968 [1]. Other examples occur in
several childhood diseases such as mumps, chicken-pox, rubella and pertussis [19].
It is also worth to mention that some environmental and demographic effects can
be non-periodic. For example, for some diseases like cholera and yellow fever, it is
known that the size of the latency period may decrease with global warming [26].
In this work, we consider a controlled SEIRS model with vaccination and treatment
as control variables but, unlike [10], we let the parameters of our model to be time
dependent. One of our main objectives is to discuss the effect of seasonal behavior
on the optimal strategy.

Another important aspect of our work is that we consider a model with a gen-
eral incidence function given by some function ¢ of the susceptible, the infective
and the total population. This allows us to prove simultaneously results on exis-
tence and uniqueness of optimal solution for models with several different incidence
functions that have already been considered in the context of SEIR/SEIRS models.
In particular, our setting includes not only Michaelis-Menten incidence functions,
considered for instance in [4, 11, 15, 21, 30, 33], but also incidence functions that
are not bilinear, which are appropriate to include saturation effects as well as other
non-linear behaviors [18, 35]. Additionally, and in contrast with [10], we assume
that immunity can be partial and thus a fraction of the recovered individuals return
to the susceptible class.



OPTIMAL CONTROL OF NON-AUTONOMOUS SEIRS MODELS 1181

The paper is organized in the following way. In Section 2, we describe our non-
autonomous SEIRS model, including treatment and vaccination as control variables,
and we formulate the optimal control problem under investigation. Then, in Sec-
tion 3, we discuss the question of existence of optimal solutions. The optimal
controls are characterized in Section 4 with the help of Pontryagin’s minimum prin-
ciple and, in Section 5, we present a result concerning uniqueness of the optimal
control. We end with Section 6 of numerical simulations.

2. The non-autonomous SEIRS model and the optimal control problem.
In practice, evolution on the number of susceptible, exposed, infective and recovered,
depends on some factors that can be controlled. Two of the main factors are:
treatment of infective and vaccination of susceptible. For this reason, we consider a
non-autonomous SEIRS model including treatment, denoted by T, and vaccination,
denoted by V, as control variables. Namely, we consider the optimal control problem

J (I, T, V)= /tf (k11(t) + K2 T?(t) 4+ k3 V?(t)) dt — min,
0

S'(t) = A(t) = B () p(S(), N(#), I(t)) — pu(t) S(t) +n () R(t) = V(£)S(2),
E'(t) = B(t) p(S(t), N(t), I(t)) — (1 (t) + & (1)) E(),
I'(t) = e (t) E(t) — (u(t) + () I(t) = T@)I(t),
RI(t) =~ () I(t) — (u(t) +n () R(E) + T(£)I(t) + V(£)S(2),
(5(0), E(0), 1(0), R(0)) = (S0, Eo, Io, Ro),

(P)
where k1, k9, k3 and Sy, Fy, Iy, Ry are non-negative, the state variables are abso-
lutely continuous functions, i.e., (S(-), E(-),I(:), R(-)) € AC ([0,t7];R?*), and the
controls are Lebesgue integrable, i.e., (T(-), V(-)) € L ([0,¢£]; [0, Tmax) X [0, ¥max))-
Moreover, the following conditions hold:

C1) A, B, u,n,e,v € C([0,t4]; R) are w-periodic;

) ¢ € C2(R%R);

C3) ¢(0,y,7) = ¢(x,9,0) = 0 for all z € Rf and y € RF;

) function f : D — R defined in D = {(x,y,2) € [0,¢7]* : @ + 2 < y} by
flzyy,2) = o(x,y,2) /2, if z >0, and f(z,y,0) = lim,_,0 ¢(,y,2)/z, is con-
tinuous and bounded.

The total population N(t) = S(t)+ E(t) + I(t)+ R(t), t € [0,ty], is not constant
(see Remark 1). It can be also seen, from the equations that define our control
system, that we assume treatment to be applied to infective individuals only, mov-
ing a fraction of them from the infected to the recovered compartment, and that
vaccination is applied to susceptible individuals only, also moving a fraction of them
to the recovered class. Moreover, note that in our problem (P), besides general non-
autonomous parameters, we consider a general incidence function. As examples of
such incidence functions, we mention the ones obtained by (S, N, I) = ST/(1+al),
considered for instance in [25, 34], (S, N, I) = I?S9, considered in [12, 14, 18], and
©(S,N,I) = S81?/(1 4+ al?), considered in [13, 24]. Naturally, one needs to specify
the incidence function, the other parameters and functions of the model, in order
to carry out simulations and investigate particular situations. This is done in Sec-
tion 6, where we compare an autonomous problem with a corresponding periodic
model, as well as uncontrolled and corresponding controlled models. Before that, we
prove results on existence of optimal solution (Theorem 3.2), necessary optimality
conditions (Theorem 4.1), and uniqueness of solution (Theorem 5.1) for (P).
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3. Existence of optimal solutions. Problem (P) is an optimal control problem
in Lagrange form:

T, u) = /t "Lt (1), u(t)) dt —> min,
28 = f (b 2(t),ult)), ae t€ [tohl, (1)
ZE(to) = 2o,

513() e AC ([to,tﬂ;Rn) y U() S Ll([to,tl}; U C Rm)

In the above context, we say that a pair (z,u) € AC ([to, t1]; R™) x L([to,t1];U) is
feasible if it satisfies the Cauchy problem in (1). We denote the set of all feasible
pairs by F. Next, we recall a theorem about existence of solution for optimal control
problems (1), contained in Theorem I11.4.1 and Corollary II1.4.1 in [9].

Theorem 3.1 (See [9]). For problem (1), suppose that f and L are continuous and
there exist positive constants C1 and Cs such that, for t € R, z,21,29 € R™ and
u € R™, we have

o) £ (s, u)]| < Co(1 + Jo]] + Jull);

) 11 (t, 21, 4) — £(t, 52, w)]| < Calles — all(1+ ul]);

¢) F is non-empty;

d) U is closed;

e) there is a compact set S such that x(t1) € S for any state variable x;

f) U is convex, f(t,z,u) = at,x) + B(t,x)u, and L(t,x,-) is convex on U;

g) L(t,x,u) > ci|ul® — ca, for some c; >0 and B> 1.

Then, there exist (z*,u*) minimizing J on F.

Before applying Theorem 3.1 to obtain an existence result to our problem (P),
we make a useful remark.
Remark 1. Adding the equations in (P), we obtain that N'(t) = A(t) — u(t)N(t),
which describes the behavior of the total population N(¢). Since Ng = N(tg) =
So + EO + IO + .R()7 we have

t ty t
N(t) = Ny efof n(s)ds +/ A(u) efuf u(s)ds 1., <K,

0
where K = No + supc(o¢,) A(t)/ infsefo,e,) p(t). Thus,
S(1), E(), I(t), R(t) < K. (2)

Consider the problem obtained by replacing function ¢ in (P) by some bounded
and twice continuously differentiable function ¢ such that ¥(S, N, I) = ¢(S,N,I)
for (S,N,I) € [0, K]® (and maintaining the initial condition, the cost functional
and the set of admissible controls). By (2), this new problem has exactly the same
solutions as problem (P).

Theorem 3.2 (Existence of solutions for the optimal control problem (P)). There
exists an optimal control pair (T*,V*) and a corresponding quadruple (S*, E*, I*,
R*) of the initial value problem in (P) that minimizes the cost functional J in (P)
over L' ([0,t£]; [0, Tmax] X [0, Vmax))-

Proof. We show that the problem obtained from (P) by replacing the function ¢ by
some of the functions 1) in Remark 1 satisfies the conditions in Theorem 3.1. By Re-
mark 1, using conditions C1) and C3), we immediately obtain a) and b). Conditions
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¢) and d) are immediate from the definition of 7 and since U = [0, Tyax| X [0, Vmax]-
By (2), we conclude that all state variables are in the compact set

{(IayaZJU)G(Ra_)4:0§gj+y+z+w§]:{}

and condition e) follows. Since the state equations are linearly dependent on the
controls, we obtain f). Finally, £ is convex in the controls since it is quadratic.
Moreover, £ = ki +koT? +k3V? > min{kq, k3 }(T?+V?) > min{k, k3 }||(T, V)]
and we establish g) with ¢; = min{ks, k3}. Thus, taking into account Remark 1,
the result follows from Theorem 3.1. O

4. Characterization of the optimal controls. Now we address the question
of how to identify the solutions predicted by Theorem 3.2. We do this with the
help of the celebrated Pontryagin Maximum Principle [22]. This is possible because
all control minimizers T* and V* of problem (P) are in fact essentially bounded.
Indeed, Theorem 3.1 requires U to be a closed set, not necessarily bounded, and
it may happen, in general, that the optimal controls predicted by Theorem 3.1
are in L! but not in L® and do not satisfy the Pontryagin Maximum Principle
[28]. However, in our case, U is compact and we can conclude that the L' optimal
controls (T*, V*) of problem (P), predicted by Theorem 3.2, are in fact in L, as
required by the necessary optimality conditions [22]. Moreover, our optimal control
problem (P) has only given initial conditions, with the state variables being free
at the terminal time, that is, S(ty), E(ty), I(ts), R(ty) are free. This implies that
abnormal minimizers [3] are not possible in our context and we can fix the cost
multiplier associated with the Lagrangian £ to be one: for our optimal control
problem (P), the Hamiltonian is given by

H(t, (S, E,I,R), (p1,p2, 03, p4), (T, V)) = k1T + koT? 4 k3 V2
() =B () e(S,N,I) = pu(t)S+n(t)R-VS]

(t) (S, N, I) = (u(t) + (1)) E]

() E— (u()+~(t) 1 —TI]

I —p(t)R—n(t)R+TI+VS].

In what follows, we use the operator 0; to denote the partial derivative with
respect to the ith variable.

+p1[A
+p2[B
+ps3le
[y

+ D4

Theorem 4.1 (Necessary optimality conditions for the optimal control problem
(P)). If (S*, E*, I*, R*),(T*,V*)) is a minimizer of problem (P), then there exist
maltipliers (p1(-), p2(-), p3(-), pa(-)) € AC([0,¢5];R?) such that
Py = (p1 —p2)B () (O1p (S,N,I) + 020 (S, N, I)) + p1 (1 (t) + V) — paV,
Py = (p1 —p2)B () O2p (S, N, I) + pa (u (t) + & () — pse (1),
Py =p3 () +7 () + T) + (1 = p2) B (t) (B2 (S, N, I) + 050 (9, N, 1)) (3)
—pa (7 () + T) — K,
Py = (p1 = p2)B () Bap (S, N, )+ (8) pa = 1 () p1 + 1 () pa,
for almost all t € [0,t], with transversality conditions
pi(ty) = pa(ty) = pa(ty) = palty) = 0. (4)

Furthermore, the optimal control pair is given by
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I* —
T* = min { max O,M , Tmax (5)
2ks

W* — min max O7 M , Umax . (6)
2ks

Proof. Direct computations show that equations (3) are a consequence of the adjoint
system of the Pontryagin Minimum Principle (PMP) [22]. Similarly, (4) are directly
given by the transversality conditions of the PMP. It remains to characterize the
controls using the minimality condition of the PMP [22]. The minimality condition
on the set {t € [0,t¢] : 0 < V*(¢) < Vmax and 0 < T*(t) < Tmax} is

and

OH OH
=— 2k V* = d —— = —ps3l I+ 2k, T =
PAE 1S + paS +2k3V* =0 an 9T p3l + pal + 2ks 0
and thus, on this set,
(p1 —pa)S (ps —pa)l
V= d Tr=-—"".
ks 2k
If t € int{t € [to,t1] : V*(¢) = Vmax}, then the minimality condition is
OH (p1 —p4)S
=-—mS S+2k3VF <0 & ——— > pax.
V- P10 +PadS + 2R3 V" < s Z Vma
Analogously, if ¢ € int{t € [tg,t1] : T*(t) = Tmax}, then the minimality condition is
oM (ps —pa)l
= —p3l I+2kT"<0 & ~——— > Thax-
9T~ p3l +pal + 282717 < o >
If ¢t € int{¢t € [to,t1] : V*(¢) = 0}, then the minimality condition is
OH (p1 —p4)S
— = —pS S+2k3V* >0 & ——— <0.

v P10 +pao + 2k3V° > ks b
Analogously, if t € int{t € [to,t1] : T*(¢) = 0}, then the minimality condition is
oH (ps — pa)l

= —p3l I+ 2kT* >0 - <0.
9T~ D3l +pal + 2k 17 > < s <
Therefore, we obtain (5) and (6). O

5. Uniqueness of the optimal control. In this section we show that the optimal
solution of (P) is unique. The result is new even in the particular case where all
the parameters of the model are time-invariant (autonomous case), extending the
local uniqueness results in [8, 10], which are valid only in a small time interval, to
uniqueness in a global sense, that is, uniqueness of solution of (P) along all the
time interval [0,t¢] where the optimal control problem is defined. The proof of
Theorem 5.1 is nontrivial, lengthy and technical. It can be summarized as follows:

1. By contradiction, we assume that there are two distinct optimal pairs of state
and co-state variables & = (S, E, I, R, p1,p2,p3,p4) and &* = (S*, E*, I'*, R*,
Y, 05,05, p4), which correspond to two different optimal controls u = (T, V)
and u* = (T*,V*), in agreement with (5) and (6).

2. We show that both minimizing trajectories are in a positively invariant region
I', which is given by the total population and is independent on the controls.

3. We make a change of variable and prove that we have a contradiction unless
¢ = &* in a small time interval [0, T]; from (5)—(6), v = «* in [0, T].
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4. If [0, T] contains the time range of the optimal control problem (P), then we
are done. Otherwise, taking for initial conditions at time 7" the values of the
state trajectories at the right-end of the interval [0, T], we obtain uniqueness
for the interval [T, 2T, because the estimates that allow us to obtain T are
only related with the maximum value of the parameters and the bounds for
the state and co-state variables on the invariant region I' of the new control
problem, and are therefore the same as the ones already obtained for [0, T']

5. Iterating the procedure, we obtain uniqueness throughout the interval [0, t¢]
after a finite number of steps.

Theorem 5.1 (Uniqueness of solution for the optimal control problem (P)). The
solution of the optimal control problem (P) is unique.

Proof. Let us assume that we have two optimal solutions corresponding to state
trajectories and adjoint variables (S, E, I, R) and (p1,p2,ps,ps) and (S, E, I, R)
and (p1, P2, P3, Pa). Then, we show that the two are the same, at least in some small
interval. To achieve this, we make the change of variables

S(t) = e's(t), B() = eet), I(H) = ™i(t), R(t) = e'r(t)
and

pi(t) = e ou(t), pa(t) = e Mpa(t), p3(t) =e es(t), palt) = e *pa(t).
Naturally, setting n(t) = s(t) + e(t) + i(t) + r(t), we have
N(t) = S(t) + E(t) + I(t) + R(t) = e*" n(t).
By Proposition 1 in [20], we can assume that the trajectories lie in a compact and

forward invariant set I', which can be chosen independently of the control functions
T and V. Using the differentiability assumption C2), we get

lp(A, B,C) — ¢(A, B,0)|
< |p(A, B,C) = (A, B,O)| + |¢(4, B,C) — (A, B,C)
+1p(A, B,C) — (4, B, 0)|
< M{#|A— Al + M}|B — B|+ M¥|C - C|,

(7)

where, because I' is compact, we have

M = sup|0ip| < 400, i=1,2,3. (8)
zel

Considering the first equation in (P), we get, a.e. in t € [0,t¢], that
aes + e = A — Bo(e®s, en, i) — pe®ts + ne®'r — Ve®'s
and thus, for a.a. t € [0,4f],
g

. _ at @
as—i—s-—eat —eatap(e s, e

tn,e®i) — us +nr — Vs.

Subtracting from the above equation the corresponding barred equation, we obtain

a(s—5)+(s—38) = f%(gp(eats, e®n, i) — p(e*s, e*n, e*i)) — u(s — 3)
e

+n(r—7) — (Vs — V53).
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Multiplying by (s — 5), integrating from 0 to T', and noting that s(0) = 5(0),

T
%(S(T) —5(1))* + a/o (s — 5)%dt
- eit (s = 5)(p(e™s, ™ n, e'i) — p(e'5, e*'n, e*'4))dt (9)

0
T T T B
—/ (s — 5)th+/ n(s — 5)(r —F)dt—/ (Vs — Us)(s — 5)dt
0 0 0
and, by (7), we obtain
1 T
f(s(T) —5(T))? + oz/ (s —5)%dt
0
/ — s — 5|(M{'|e"s — e*'5] + M3'|e*"'n — e*'n| + My'|e™"i — e*'i)dt
T T B
_/ s — ) dt+/ n(s—é)(r—r_)dt—/ (Vs — U5)(s — 5)dt
0 0 0
T T T B
= / BM(s — 5)%dt + / BM3|s — 3||n — |dt + / BM3|s — §||i — i|dt
0 0 0

—/Tu(s—E)th+/T7y(s—§)(r—r‘)dt—/T(WS—WE)(S—E)dt

0 0 0

< 01/0 (s—3)2+(G@—0)°+(e—e)?+ (r—7)%dt + K, eaT/O (V - V)2at,
(10)

where K depends on the bounds for S and V and C; = S*M{* +25% My + B Mg +
n"+2K; (recall that M is given by (8)). We now use some estimates for (V —WV)?
and (T — T)? that we prove later. Namely, we have

(VW) < Coe®T [(s = 5)2 + (01 — $1)> + (01 — $4)?] (11)
where C9 depends on a and on the maximum of S, p; and ps on I', and
(T—T)" < Croe® [(i = 1) + (s — 73)* + (02 — ¢2)°] (12)

where Cjp depends on « and on the maximum of I, ps and py on I' (see (24)
and (25)). Define

and

O(t) = (pu(t) = @1(1)* + (2(t) = 2(1))* + (w3(t) — @5(t))* + (a(t) — Pa(t))*.
Observe that U(t) > 0 and ®(¢) > 0 for all t. By (11), we obtain
1 T
i(S(T) —3(T))* + a/o (s —5)%dt
< Cl/T(s—§)2 +(i—0)?+(e—&)?+ (r—r)dt
0

T
+ KiC / (5= 5)2 + (g1 — §1)% + (0 — Ga)2t
0
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T —
< (01+K109)/0 (5= 57+ (i— 1)+ (e — &) + (r — 7)?
+ (1 = @1)° + (04 — pa)?dt (13)
< (Cy + K1Cg ™) /T () 4+ U(t)dt.
0

By similar computations to the ones in (9) and (10), and using the inequality
ry < 2?2 + 9%, we get
T

1 _ 2 r —\ 2
5 (e(T) — &(T) +a/0 (c—e) dthz/O B(t) + U(t)d, (14)

where Cy = " M{* + 25“ M3 + f* M3 Recalling that

(zy — zy)(w —w) < C((z —2)* + (y — §)* + (w — w)*),
where C' > 0 depends on the bounds for Z and y, from the third equation in (P), by
similar computations to the ones in (9) and (10), and using (12), we conclude that

f(i(T)—i(T))Q—ka/o (i—i)*dt < (C3+ K3 (C1o + 2) e3°“T)/0 O(t)+V(t)dt, (15)

where K5 depends on the maximum of T and T on I' and C3 = €. From the fourth
equation in (P), by similar computations to the ones in (9) and (10), and using (11)
and (12), we conclude that

1

3 (r(T) — r(T)) + a/OT(r —7)2dt

T

< [Ca + (K3(Cro + 1) €% 1 K,4(Co + 1)) 7] / B(t) + U(H)dt, (16)
0

where K3 and K4 depend on the bounds for I, S, T and V and C; = 7*. From the
first equation of (3), we get that
—ae o +e
=e (p; — )8 (81<p (eo‘ts, en, eati) + Oy (eo‘ts, en, eo‘ti))
+e o (u+ V) — e i,V
for a.a. t € [0,t;] and thus
—apr +¢1 = (o1 — p2)B (81<p (eo‘ts7 eo‘tn,eati) + Os¢p (eo‘ts, e“n, eo‘ti))
To1(p+V) =V
for a.a. t € [0,tf]. Using C2), we get

(17)

l;0ip (e*'s,e*'n, e"i) — @;0ip (e*'5, "1, ) |
< |p; 1@(6 setnet) g@@l@(et

+ | 0ip (€*'5, €', %) — @,;0;p (e*'5, €', ) |
= ;10,0 (e*'s,en, i) — 0, (e*'5, e, e%) |

5,e%n,e*) |

+ |@; — @105 (€15, i, e%0) |

=, [10;¢ (e*s,en, i) — 0,0 (€775, e n, e*'i) | + |D;p (e*'5, €' n, *%i)
—0ip (65,0, e™i) | + 0;¢p (€15, €™, %) — O;¢p (€5, ™7, e%9) ||

+|p; — @5110:0 (e'5, e 1, %) |
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< i [M4 e s — e™5| + Mjle*n — e®'n| + Mle™"i — e*'i]]
+ lej — @;l10:p (e*'s, e*'n, %) |
< @f[Mge]s — 5| + Mize'|n — 0l + Mige®'|i — il] + M;'lp; — &1,
where, by C1) and since T is compact, we have

M = 2161? |0;0;0(x)| < 400, 14,5 €{1,2,3}. (18)

Subtracting from equation (17) the corresponding barred equation, we get
—apr + @1+ ag — ¢
= B(p1 — )(81@(6 s,e%tn, e )+82g0(e s,e¥n,e tz)) + o1 (u+ V) —pV
— B(@1 — @2) (D10 (€™'5, e, e*'1) + Doip (e*'5,€%" 0, €°")) — 1 (4 V) + @4V
=0 [4,01 (81<p (e s, e¥n, e® z) + Oy (e s,e%tn, e z))
—@1 (algo (eo‘tE, en, eo‘tf) + Oap (eat§, e*n, eo‘tf))]
- B [(pg (81<p (eats, e*n, e ) + Oap (eo‘ts e“n, eati))
— P9 (81@ (eﬂ‘tE, e, e ) + Oap (e 5,e¢%n e”‘tg))]
+uler — ¢1) + o1V — 61V — o4V + ¢4V
Multiplying by ¢1 — ¢1 and integrating from 0 to T', we obtain

- 30 -a02 =0 [ (-

T
= / Bl — @1) [gpl (314,0 (eo‘ts, e“n, eati) + Oap (e”‘ts, e*n, eo‘ti))
0
—¢1 (01 (65, €%, e™"i) + Doip (65, €' 1, €™'0) )] dt
/ Ble1 — @1) [902 (alap (e s,e%tn, e )—1—8290 (eats,e”‘tme“ti)) (19)

—Po (81<p (e 5, en, e* ) + 0o (eo‘tg, en, eo‘tf))] dt
T T

+/ ({1 — ¢1)>dt +/ (o1 — @1) (21 V — g1 V)dt
0 0

T
- [ o ey - et

0
Multiplying (19) by —1, we obtain that

T
310 =210 +a [ (o1 =)

T
< ﬁ“/ lo1 — @1 [[e101¢ (e*'s, e¥'n, ") — @101 (™5, ™', ") |

+|p102¢0 (e s, e¥n, e ) @102 (e 5,e%n, e z) |] dt
T
+B“/ lp1 — @1 [|<p28150 (e*s,e™n, i) — @201 (65, %", e*'1) |

Hipadhgp (¢4, e, ) — Baidp (5,77, ) |
T

T
- / (p1 — 1)1V =1 V)dt + [ (1 — @1)(0aV — @4 V)dt
0 0
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and thus, by (8) and (18), we conclude that
1 - 2 T ~\2
5(@1(0) —¢1(0))"+a [ (p1—p1)7dt
0

T —_

< p" / (o1 — @1 [P2 (M e ]s — 5] + Miset|n — | + Mye® i — )
0

+ M'lp1 — @1] + o (M3e"|s — 5] + M3pe™|n — | + Mgse™|i — i)

T
+M3' |1 — @1]] dt + 5u/ lo1 — @1l [@5 (M} e ]s — 5| + Miye™|n — nf)
0

+ Mise®'|i — i|) + M{'|o2 — @2| + @5 (M3 e™|s — 5] + Mhe™ |n — 1|
T
+M3se |i — i|) + M3'|ps — @] dt — / (o1 — @1)(p1V — @1 V)dt
0

T
+ / (p1 = @1)(PaV — @4 V)dt.
0

Finally, we have
1 2 r 2
5(901(0) —1(0)) +04/0 (p1 — @1)7dt
T
< BUpie” ((Mﬁ + Méﬁ)/o (o1 — @1)% + (s — 5)°dt + (Miy + M3h)
T T _
< [ or= e+ (= Pt (g M) [ (o1 = 1)+ (5 D
0 0

T T
UMY 4 M) / (o1 — @1)%dt + B b ((MmM;a) / (o1 — 21)?

T

T
+(s —5)%dt + (M + M3h) / (o1 = @1)* + (n —n)*dt + (Mig + Mas)"
0
T —
X / (o1 —@1)* + (i — i)th> + B (MY + Mé‘)/ (o1 = @1)° + (02 — @2)?dt
0 0

/K5 [(V = V|)* + 2(p1 — ¢1)%)dt

/ K[(V + (s — @a)® + (91 — ¢1)%)dt

Scse“T/O (s—5)2+ (-’ + (@i —1)°+(r—7)2+ (o1 — 61)° + (92 — 2)°

T
+ (1 — @a)%dt + (K5 + Ko) / (V — V)2t
0
where K5 and K¢ depend on the bounds for p;, ps and V and
= BUo (M7 + M3y) + 2(Mis + Msy) + (M3 + Maz)")
+ 805 (M7 + M3y) + 2(Mis + Mgs) + (Maz + Ma3)")
284 (MY + MY+ 2Ks + K.
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By (11) and (12), we obtain

T
310 =210 +a [ (o1

T
gcseaT/O (s— 82+ (e~ &)+ (i1 +(r—7)° + (g1 — @1)?

+ (P2 = 92)% + (pa — pa)dt
T
+ (K5 + Kg)Co e2aT/ (s =8+ (p1 = p1)° + (pa — pa)*dt (20)
0

T
< (G5 ¢ (K5 + Kg)Co ) /O (s=8)°+ (=) +(i—i)+(r—7)>

+ (o1 — @1)% + (02 — §2)” + (a4 — a)’dt
T
< (Cs + (K5 + Kg)Co) ezaT/ B(t) + U(t)dt.
0

On the other hand, from the second equation of (3), one has —ae™* py + e~y =
e” (1 — @2)Bdap (s, e n, ei) + ey (n+ ) — e *pze. Straightforward
computations show that

%(wz(O) — $2(0))* + a/o (2 — §a2)%dt < (Coe™ + &) /0 ®(t) + U(t)dt, (21)

where
Co = By (M3 + 2Mao + Mys) + 8%y (M3 + 2M35 + Mys) + 28" My
From the third equation of (3), we conclude that
—ae” s +e Moz = e Yoy (v + T) + e (01 — 92)B(D2p (™', ™', i)
+ O3 (€*'s,e%n, i) — e “pa(v+ T) — Ky
and, by similar computations as the ones done for the first equation of (3),

T
3230 =210 o [ (s = o)t

< (C7 + (K7 4 Kg)Chp) 2 /OT O(t) + W(t)dt,

where K7 and Kg depend on the bounds for p3, ps and T and
Cr7 = By (Mg + Mgy) + 2(Myy + M) + (Mas + Mss)")
+ By (Mg + Mgy) + 2(Mgs + Mgs) + (Mas + Mss)*)
+28Y(Ms + Mg') +~* +2K7 + Ks.

From the fourth equation of (3),

—ae o, +e My

t

= e "(p1 — 92)BO2p (e*'s, e n, i) + e s (u+n) — e *p1n

and, by similar computations as the ones done for the second equation of (3),

1

T T
S(24(0) ~ 24(0)” + /0 (s — @a)?dt < (Cse® + ") /O B(t) + W(t)dt, (23)
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where
Cs = B¢ (Myy + 2Map + Mys) + B“py (Mg + 2Mgs + Maz) + 25" My

We now obtain the bounds for (V — W)2 and (T — 'I_F)2 announced in (11) and (12).
We have

) 2 eats —at —at eatg —at at — ?
(W_W) = <2K3 (€™ 1 —e Mpy) — s (e o1 —e @4))
= L (o1 — spu — 501 + 50)°
= 4}% ¥1 P4 ¥1 2
1
=12 (s(p1 —@1) + (s —5)p1 + 5(Ps — @a) + (=5 + 5)@4)2
3
and thus
_ .2 1 _ L _ N
(V-V)" = ((s(p1 — ¢1) + (s — 5)1)* + 2(s(1 — §1) + (s — 5)@1)

T an3
X (5(Pa — a) + (8 = 5)@a) + (5(Pa — pa) + (5 — 5)24)?)

= [s(p1 = 01)? + 2551(s = )1 = &1) + (s — 5)2 + 25 (01 — P1) (P4 — 1)
+25@1(s — 5)(Ps — a) + 2¢as(s — 5) (@1 — ¢1) — 2p1Pa(s — 5)°

5] 1

+5%(Pa = ¢a)” + 2045(Pa — 0a) (5 — 8) + G1(5 = 9)*| 1
3

1
< 2 ((4sP1 + @1 + dspa + 1) (s — 5)° + (35" + 2501 + 2504) (91 — ¢1)°
3

+ (387 + 2501 + 25¢4) (@1 — 1))
< Coe* (s —38)* + (o1 — @1)> + (04 — @4)?],

(24)
where
Co = é (4max{S} max{p; + pa} + max{p, }* + max{ps}*> + 3max{S}?).
Analogously, we obtain
(T~ T)° < Coo® (i =17 + (03 — @) + (21— 2a)*) (25)
where

1
Cio = @(4 max{I} max{ps + ps} + max{p3}> + max{p,}? + 3max{I}?).
2

Finally, we have all the bounds needed to prove our result. Adding equations (13),
(14), (15), (16), (20), (21), (22) and (23), we obtain, for the sum of the left-hand
sides,

1 1 r

§\I'(T) + §<I>(O) +a (O(T) + O(T)) dt

0
and thus
1

T
SET) 20 +a [ (WD) -+ B(T))
0

< é/T (\P(T)+<I>(T))dt+@e3"T/T (U(T) + B(T)) dt,
0 0
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which is equivalent to

%[\IJ(T) +®(0)] + (a -C - éew) /0 ' (U(T) + ®(T)) dt < 0. (26)

We now choose a so that & > C + C and note that Léé > 1. Subsequently, we

choose T such that
T < i In (a :C> .
3o C

307 <In | & _AC = T < g. (27)
C C

It follows that a — C — Ce39T > 0, so that inequality (26) can hold if and only if we
have s(t) = 5(t), e(t) = e(t), i(t) = i(t), r(t) = 7(t), p1(t) = @1(t), pa(t) = Pa(t),
w3(t) = @3(t) and p4(t) = @4(t) for all ¢ € [0,T]. This is equivalent to S(t) = S(t),
E(t) = E(t), I(t) = I(t), R(t) = R(®), pi(t) = p1(1), pa(t) = pa(t), ps(t) = B ()
and p4(t) = pa(t). With this, the uniqueness of the optimal control is established
on the interval [0,T]. If T > ts, then we have uniqueness on the whole interval.
Otherwise, we can obtain uniqueness on [T, 27] for the optimal control problem
whose initial conditions on time T coincide with the values of S, E, I and R on the
end-time of the interval [0, T] (note that, by the forward invariance of the set I', and
since the constants C' and C in (27) depend only on the values of the several state
and co-state variables on I', we still have the same T'). Proceeding in the same way,
we conclude, after a finite number of steps, that we have uniqueness on the interval
[0,%7]. The proof is complete. O

Then,

6. Numerical simulations. In what follows, the incidence into the exposed class
of susceptible individuals and the birth function A (¢) are chosen, for illustrative
purposes, to be

B(t)p(S, N, I)=0.56(1 — per - cos(2nt + 0.26))ST (28)

and
A (t) = 0.05 + 0.05 per - cos(2nt) (29)

with per € [0,1[. The remaining parameter functions, p (t), n(t), € (¢t) and 7 (¢),
are assumed constant. Their values, as well as several other used in this section,
were taken from [31] and [32] and are presented in Table 1. Note that we are in the
autonomous case when per = 0 and in a periodic situation for 0 < per < 1.

The solutions to the optimal control problems (P) here considered exist (Theo-
rem 3.2), are unique (Theorem 5.1) and can be found using the optimality conditions
given in Theorem 4.1. Precisely, our method to solve the problem consists to use the
state equations (the four ordinary differential equations of problem (P)), the initial
conditions, the adjoint equations (3) and the transversality conditions (4) with the
controls given by (5) and (6), which are substituted into the state and adjoint equa-
tions. The state equations are solved with the initial conditions of Table 1, while
the adjoint system is solved backward in time, with the change of variable

t'=ty—t. (30)
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TABLE 1. Values of the parameters for problem (P) used in Section 6.

Name Description Value
So Initial susceptible population 0.98
Ey Initial exposed population 0

Iy Initial infective population 0.01
Ry Initial recovered population 0.01
I natural deaths 0.05
€ infectivity rate 0.03
vy rate of recovery 0.05
n loss of immunity rate 0.041
kq weight for the number of infected 1

ko weight for treatment 0.01
ks weight for vaccination 0.01
Tmax maximum rate of treatment 0.1
Umax ~ Maximum rate of vaccination 0.4

Then, the two systems of equations constitute an initial value problem, which is
solved numerically with an explicit 4th and 5th order Runge-Kutta method through
the ode45 solver of MATLAB. The procedure is briefly described in Algorithm 1.

Algorithm 1: Numerical algorithm to solve problem (P).

1. Leti:O, TZ:OandWZ:O

2. Let i« =4+ 1. The variables S;, E;, I, and R; are determined using the
initial conditions and the vectors T;_; and V;_1.

3. Apply the change of variable (30) to the adjoint system, to the state and
control variables. Compute the adjoint variables p; ;, P2, p3,; and pa;
solving the resulting adjoint system.

4. Compute the control variables T; and V; with formulas (5) and (6).

5. If the relative error is smaller than a given tolerance for all the variables
(< 1% in our case), then stop. Otherwise, go to step 2.

In each plot of Figures 1 and 2, we present two sets of trajectories (distinguished
by using dashed and continuous lines), in order to easily compare the uncontrolled
and optimally controlled situations, the former mentioned by the suffix “-u” in the
figures’ legend. The behavior of our SEIRS model with both per = 0 (autonomous
case, Figure 1) and per = 0.8 (periodic case, Figure 2), show the effectiveness
of optimal control theory. Indeed, in Figures 1 and 2 we observe that, if we apply
treatment and vaccination as given by Theorem 4.1 (optimally controlled case), then
the number of exposed and infected individuals is significantly lower, as well as the
number of susceptible individuals, while the number of recovered is significantly
higher. It can be also seen that the susceptible and recovered classes have a very
different behavior in the controlled and uncontrolled situations.

In Figures 3 and 4, we have the same trajectories as in Figures 1 and 2. They
illustrate the effect of the periodicity of A(t) (29) and 5(¢) (28) in the classes S, E,
I and R of individuals. The effect is perceptible in susceptible and exposed classes,
since the periodic functions are present in these classes. From our results, we claim
that the periodicity effect is “softened” in the transition between classes.
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Susceptible and Recovered Exposed and Infected
1—— . . : : 0.06 . : : :
T T T —— - S-per=0
0.9F R-per=0 [
— — — S-per=0-ul
08F R-per=0-uf| 0051 ~ —  per=o-u]
0.7F b
0.04 1
0.6 b
0.5 -1 0.03f 1
0.4 b
0.02 1
0.3 b
02r 1 oor -
01f g \‘—7777**7 ”””””” R
o . , . . 0 T
0 5 10 15 20 25 0 5 10 15 20 25
time time
FIGURE 1. SEIRS autonomous model (per = 0 in (28) and (29)): un-
controlled (dashed lines) versus optimally controlled (continuous lines).
Susceptible and Recovered Exposed and Infected
1 — . . . : 0.06 : : ; :
R N N 2 PR S-per=38 E-per=.8
0.9 R-per=8 [ — |-per=.8
— — — S-per=.8-y| E-per=.8-u
0sl R-per=8-uf| 0-05[ ~ — — I-per=8-u [|
0.7 q
0.041 b
0.6 q
05F 4 0.03F b
0.4 q
0.021 b
03 q
0.2 4 o
L T ]
01l , \ ===
o . . . 0 e
0 5 10 15 20 25 0 5 10 15 20 25
time time
FIGURE 2. SEIRS periodic model (per = 0.8 in (28) and (29)): uncon-
trolled (dashed lines) versus optimally controlled (continuous lines).
Susceptible and Recovered Exposed and Infected
1 T T T T 0.01 T T T T
S-per=0 — E-per=0
0.9 S-per=81  0.009 E-per=84
R-per=0 —— I-per=0
o8 Rper=8[1 0,008} ——— I-per=8 ||
0.7F - 0.007[ i~ N e 1
061 + 0008 — 1
05 4 0.005 ~ b
0.004f —
0.003 | 1
0.002 4
0.0011{ 1
‘
|
o ‘ ‘ ‘ ‘
0 5 10 15 20 25
time time
FIGURE 3. SEIRS model subject to optimal control: autonomous

(per = 0) versus periodic (per = 0.8) cases.

In Figure 5, we show the optimal controls: treatment T*(¢) of infective individ-
uals (left side) and vaccination V*(¢) of susceptible (right side). According to the
minimality conditions (5) and (6), both controls go to zero when ¢t — ¢ty = 25. The
periodicity effect is perceptible in WV*(¢), consequence of the fact that vaccination
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Susceptible and Recovered Exposed and Infected
T T 0.06 T T
S—per=0-u | E-per=0-u
S-per=.8-uf] E-per=.8-y|
R-per=0-u I-per=0-u
08k R-per=.8-ul | 0.05 |-per=.8-u []
071 q
0.04
0.6 q
05 4 0.03r
0.4F q
0.02
03 q
0.2 4
0.01
0.1 4
0 0 . . . .
0 5 10 15 20 25 0 5 10 15 20 25
time time

FIGURE 4. SEIRS model without control measures: autonomous
(per = 0) versus periodic (per = 0.8) cases.

takes place in the susceptible class. Treatment occurs in the infective class and, as
we have seen, in this class the periodicity is not so perceptible. As a consequence,
periodicity is only slightly perceptible in the treatment control variable T*(¢).

Treated Vaccinated
0.4 T T T T 0.1 T
per=0
er=.8 E
035k per=8|| 0.09
0.08
03 b
0.07
0.251 71 o006
0.2 41 0.05
0.15 | 0.04
0.03
0.1 4
0.02
0.05[ T o001
0 . . . . 0 . . . .
0 5 10 15 20 25 0 5 10 15 20 25
time time

FIGURE 5. The optimal controls T* (5) (treatment) and V* (6) (vac-
cination): autonomous (per = 0) versus periodic (per = 0.8) cases.

In Figures 6 to 9, we present the behavior of infected individuals I*(¢), treatment
T*(t) and vaccination V*(¢) optimal controls, when we vary the parameters p, v, €
and 7, respectively, maintaining, in each case, the initial values and the remaining
parameters as in Table 1. In all Figures 6-9, we varied the respective parameter (i,
v, € and 7)) from 0 to 0.1 in steps of length 0.01.

Referring to Figure 6, where the variation of y is analyzed, we can see that the
effect of periodicity is more perceptible in vaccination than in treatment. In the
infected class, for low values of u (low mortality), we observe that the number of
infected increases. This is justified by the difference between birth and death.

Concerning Figure 7, where we vary the rate of recovery -y, the effect of periodicity
is analogous to the previous situation: the bigger the value of 7, more infected
individuals recover and thus the faster the infected class decreases.

In Figure 8, one can see the effect of the variation of the infectivity rate €. The
effect of periodicity is also in this case analogous to the previous situations. Indeed,
when we have a higher value of ¢, we have a faster transition of exposed individuals
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Infected - per=0 Infected - per=.8

x10°

15 10 15
time time

Treated - per=0 Treated - per=.8
04
03

0.2

0.1

L 0
10 15
time time

Vaccinated - per=0 Vaccinated - per=.8

0.1

0.08

0.06

0.04

0.02

time time.

FIGURE 6. Variation of infected individuals I*(¢) and optimal measures
of treatment T (¢) and vaccination V*(¢), in both autonomous (per = 0)
and periodic (per = 0.8) cases, with the natural death u € [0,0.1].

Infected - per=0 Infected - per=.8 x10°

10 15
time time

Treated - per=0 Treated - per=.8

10 15
time time

Vaccinated - per=0 Vaccinated - per=.8

0.08
0.06
0.04

0.02

time time

FIGURE 7. Variation of infected individuals I*(¢) and optimal measures
of treatment T (¢) and vaccination V*(¢), in both autonomous (per = 0)
and periodic (per = 0.8) cases, with the rate of recovery v € [0,0.1].

into the infected class and this is the reason why we observe in Figure 8 that an
increase on the value of € leads to an increase in the infected class.

Finally, in Figure 9, the variation of the loss of immunity rate 7 is highlighted. We
conclude that the periodicity effect is similar to the previous considered scenarios.
However, the variation of 7 is the one that less influences the behavior of the three
variables I*(t), T*(¢t) and V*(¢).
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Infected - per=0 Infected - per=.8 x10°

15 10 15
time time

Treated - per=0 Treated - per=.8

15 10 15
time time

Vaccinated - per=0 Vaccinated - per=.8

0.08

0.06

0.04
0.02
0
FIGURE 8. Variation of infected individuals 7*(¢) and optimal measures
of treatment T™(¢) and vaccination V*(¢), in both autonomous (per = 0)
and periodic (per = 0.8) cases, with the infectivity rate € € [0, 0.1].
Infected - per=0 Infected - per=8 x10°

10 15
time time

Treated - per=0 Treated - per=8

10 15
time time

Vaccinated - per=0 Vaccinated - per=8

o
@
5
@
N
3
n
&

time

FIGURE 9. Variation of infected individuals 7*(¢) and optimal measures
of treatment T (¢) and vaccination V*(¢), in both autonomous (per = 0)
and periodic (per = 0.8) cases, with the loss of immunity rate n € [0,0.1].

It is worth mentioning that, in the simulations done and in the range of param-
eters considered, the variation of the periodic parameter per has a very small effect
on the obtained cost functional J. Namely, we saw numerically that

‘j(I7T7W)| _j(I7T7W)’
for vy, vy € {0,0.8}.

< 0.000329537,

per=uv; per=vz
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