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1 Introduction

In this paper we study the mapping properties of variable exponent Riesz and Wolff poten-
tials on weak LP(") spaces, denoted by w-LP (). Our interest stems mainly from the follow-
ing problem, whose solution is presented in Section 8. Consider appropriately defined weak
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solutions to the boundary value problem

1.1
u=20 on 042 (1.D

{—div(|Vup(I)_2Vu) =f ing,
when the data f is merely an L' function. We refer to [14] for an extensive survey of such
equations with non-standard growth. Based on the constant exponent case and computations
on explicit solutions, one expects in the L' -situation that
50 (2) and |Vu| € w-Lyp 1 P07

loc

u € w-L (£2). (1.2)

loc

By ear(li(er results of Sanchén and Urbano [28, Remark 3.3], the gradient belongs( to the space
n(p()=1) n(p()-1)

w-L), 7! - (£2), while Bégelein and Habermann [6] proved that itis in L, "~ - (2),
for any € > 0. By elementary properties of weak spaces (Proposition 3.2) these two results
are in fact equivalent. However, as (1.2) is the borderline case € = 0, it has turned out to be
hard to reach. As in the constant exponent case, when € = 0 the inclusions into the (strong)
Lebesgue space do not hold.

Our approach to this problem relies on the recent pointwise potential estimates for so-
lutions and their gradients to problems with L' or measure data, see [11,12,25]. The case
of equations similar to (1.1) is covered in [6]. The potential that appears in the nonlinear

situation is the Wolff potential, given by

Wf (.’L‘) L /oo (W)l/(p_l) ﬁ
a,p = |
0

rn—ap r

At a given point x, a solution to (1.1) is controlled by W{ () (), and its gradient is con-

trolled by W{/p(z),p(m)(x).

These estimates are the nonlinear counterparts of representation formulas, as properties
of solutions may be deduced from the properties of the potentials. Our aim is to exploit this,
and establish a local version of (1.2) by proving that the Wolff potential Wi (2),p(2) (z) has
the appropriate mapping properties. This answers the open problem posed by Sanchén and
Urbano [28, Remark 3.3] and completes the generalization of the Wolff-potential approach
for (1.1) started by Bogelein and Habermann in [6].

The usual way to look at the mapping properties of the Wolff potential is to estimate
it pointwise by the Havin-Maz’ya potential (see [15]), which is an iterated Riesz potential.
Thus we study the mapping properties of the Riesz potential as well. For (strong) Lebesgue
spaces these properties are well known, see [8,26,27] and [9, Section 6.1]. Here we deal
with the novel case of weak Lebesgue spaces.

Our first result, Theorem 4.3, is the strong-to-weak estimate for the Riesz potential Z, ().
We show that .

Ta(y : LTO(0Q) = w-L7 ) (02),

where (2 is an open, bounded set in R", the target space is a weak variable exponent
Lebesgue space and 7% := nr/(n — ar) is the (pointwise) Sobolev conjugate of r. For
r~ = infr > 1, strong-to-strong boundedness has been known for ten years [8], so the
novelty lies in the inclusion of the case 7~ = 1. In contrast to the constant exponent case,
this is not enough for us; surprisingly, the fact that

¥ 40)
FELQ) = (ZayN'™ €wL a0 ()
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for every log-Holder continuous positive function g requires a separate proof. This proof is
based on pointwise estimate between the Riesz potential and the Hardy—Littlewood maximal
operator.

Then we study how the Riesz potential acts on weak Lebesgue spaces, as this situation
will inevitably happen when dealing with the Wolff potential on L'. This turns out to be
a difficult question because the weak Lebesgue spaces are not well-behaved. We show that
the weak Lebesgue space is an interpolation space (Theorem 5.1). This allows us to use real
interpolation to get weak-to-weak boundedness of the maximal operator:

Theorem 1.1 Let p be a bounded measurable function with p~ > 1. If M : LPC)(R™) —
LPO)(R™) is bounded, then so is M : w-LPO) (R™) — w-LPC) (R™).

In particular, M : w-LPO(R™) — w-LPC)(R™) is bounded when p is log-Holder
continuous and p~ > 1.

With a complicated application of Hedberg’s trick, we then prove in Theorem 6.6 that
fe w—LQ(')(Q) and ‘f|¢I(')/Qf(‘) c w_LQf(')(_Q) — I,f€ w_LQf(')(Q).
‘We combine these results, and obtain in Theorem 7.1 that

n()-1)
f c Ll(Q) — Wf ) c w-Ln—a)rC) (Q) (13)

a(z),p(z

A combination of (1.3) and the pointwise potential estimates now yields (1.2), provided
that an appropriate notion of solutions to (1.1) is used. This requires some care, as Lt (2)
is not contained in the dual of the natural Sobolev space VVO1 P (')(Q). Here we use the
notion of solutions obtained as limits of approximations, or SOLAs for short. The idea is
to approximate f with more regular functions, prove uniform a priori estimates in a larger
Sobolev space WO1 a() (42), and then pass to the limit by compactness arguments. This way,

one finds a function u € WO1 ’q(')(_Q) such that (1.1) holds in the sense of distributions.
See e.g. [4,5,18] for a few implementations of this basic idea, and [21,28] for equations
similar to the p(-)-Laplacian. In fact, the same approximation approach is used in proving
the potential estimates.

A representative special case of what comes out by combining nonlinear potential esti-
mates and our results about the Wolff potential is the following theorem.

Theorem 1.2 Let f € L* (£2), and let p be bounded and Holder continuous with p~ > 2.
Suppose that u is a SOLA to (1.1). Then

n(p()-1) n(p()=1)
we€w-L,"" (2) and |Vu|€w-L, " (92).

loc loc

In other words, (1.2) holds locally under suitable assumptions. Similar results also follow
for the fundamental objects of nonlinear potential theory, the p(+)-superharmonic functions.
Finally, by examining the counterpart of the fundamental solution (Example 8.5) we show
that the exponents in Theorem 1.2 are sharp, as expected.
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2 Notation

We write simply A < B if there is a constant ¢ such that A < c¢B. We also use the
notation A ~ B when A < B and A = B. For compatible vector spaces, the space
X NY is defined by the norm || f|| := max{||f| x, || f|ly} while X 4+ Y is defined by
If1] = infp o po=p [l f1llx + [1f2]lv

LetU C R". Forg: U — Rand A C U we denote

gh :=esssupg(x) and g := essinfg(z)
€A TE€A

and abbreviate g7 := g;} and g~ := g;. We say that g : U — R satisfies the local
log-Hdlder continuity condition if

l9G) =9 S e 1/ =

for all z,y € U. We will often use the fact that g is locally log-Holder continuous if and
only if

|B|75 795 < 1 @1
forallballs BNU # 0. If

/
C

— oo K ———

for some goo > 1, > 0and all z € U, then we say g satisfies the log-Holder decay condi-
tion (at infinity). If both conditions are satisfied, we simply speak of log-Hdlder continuity.
By the log-Hélder constant we mean max{c, c'}.

By a variable exponent we mean a measurable function p : U — (0, 00) such that
0 < p~ < pt < oo. The set of variable exponents is denoted by Po(U); P1(U) is
the subclass with 1 < p~. By ’P(l)og(U ) and P}Og(U ) we denote the respective subsets
consisting of log-Holder continuous exponents.

We define a modular on the set of measurable functions by setting

ouroen () = /U 1F(@)"®) da.

The variable exponent Lebesgue space LP") (U) consists of all the measurable functions
f: U — R for which the modular p Lp(q(U)( f) is finite. The Luxemburg norm on this
space is defined as

1l ooy = inf {2 >0 opmorwy () <1}
Equipped with this norm, LP(") (U) is a Banach space. We use the abbreviation || f]| p() O

denote the norm in the whole space under consideration. The norm and the modular are
related by the inequalities

. + - + -
min{ [ F12,, oy 112 s 0} < 000 0y () < max{LFIE s oy DIE s 0, -
(2.2)
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For open sets U, the variable exponent Sobolev space W*P) (U) consists of functions
u € LPY)(U) whose distributional gradient Vu belongs to LP() (U). The norm

lullwree @y = llull oo @y + IVl Leer (0

makes W 1-P() (U) a Banach space. The Sobolev space with zero boundary values, denoted

by Wol’p(') (U), is the completion of C§°(U) with respect to the norm of W1P()(U7). This
definition does not cause any difficulties: the assumptions on p in Section 8, where we use
Sobolev spaces, are enough to guarantee that smooth functions are dense in the Sobolev
space.

More information and proofs for the above facts can be found for example from [9,
Chapters 2, 4, 8, and 9].

By 2 we always denote an open bounded set in R™.

In auxiliary results we use the convention that constants (implicit or explicit) depend on
the assumptions stated in the result. For instance, in Proposition 3.2 the assumptions are that
p,q € Po(£2) and (p — q)~ > 0, so in this case, the implicit constant (potentially) depends
onp ,pT,q7,q", (p— q)”, and on the dimension n.

3 Basic properties of weak Lebesgue spaces

Definition 3.1 Let A C R"™ be measurable. A measurable function f : A — R belongs to
the weak Lebesgue space w-LP¢) (A) if

I fll-Lo¢) (ay = ilil(;)\ X1 £1523 1 Lre (a) < 00

The inequalities (2.2) imply that the requirement in Definition 3.1 is equivalent with

sup/ APy < 0. 3.1
A>0J{[f|>N}

Another immediate consequence of (2.2) which we will use in the proofs below is that

[ fllw-Locr(ay <1 if and only if sup/ AP g < 1. (3.2)
A>0J{]f1>2}

We immediately obtain the following two inclusions:

- Lp(A)(Rn) C w-Lp(l)(Rn) , since )‘X{\f\>>\} < |f‘,
— for bounded sets, w-LP()(£2) € w-L9)(£2) when p > ¢, since the inequality || -
Iy 2 |- [lq(-) holds for the corresponding strong spaces.

The following result is from [28, Proposition 2.5]. We present a simpler proof here.

Proposition 3.2 Let p,q € Po(2). If (p — q)~ > 0, then w-LP) (£2) c LIV (02).
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Proof Let f € w-LPY)(02). We write E; := {2° < |f] < 20+1} foreveryi = 0,1,2,...
Then 2 = | J;2, E; U {|f| < 1}. We obtain

/ 719 da < Z/ 214 g 4 ()
§ i=0 " Ei

oo
+

<29 / 9iP(2)g=i(p(2)=a(2)) 4o 1 ||
{I1f1>21)

=0

oo
< 2q+ szi(pfq)" / 9t () 4. + (02|
i=0 {If1=2"}

o0

+ + - —i(p—q)~
< 2q max{”foU_Lp(,)(Q), ||f||pw_Lp(-)(_Q)} 22 (p=2) + ‘Q| < oco.O
i=0

Note that Proposition 3.2 works not only for bounded sets but also for every open set
with a finite measure. It can be similarly proved that
w-LPO(R™) € LIV (R™) + L7O(R™)
for all exponents p, g, 7 with (p — ¢)~ > O and r > p.

20)

It is easy to show that f € LP()(R™) if and only if | f|?") € LO (R™). However, the
same is not true for the weak Lebesgue space. Indeed, in this case the following property
holds:

p()
Proposition 3.3 Let p € Po(R"). Then |f|7) € w-LO (R™) for every function q :
R™ — (0,00) ifand only if f € Lp(')(R").
r()

If q is constant, then f € w-LPC)(R™) if and only if | f|? € w-L" ¢ (R™).
Proof 1f f € LPC)(R™), then

Q% (AX{|f|Q('>>)\}) < Q%(Lﬂqm) = Qp(.)(f),

2()
so |f]90) € w-L a0 (R™).
r()
Conversely, let f be such that |f|9() € w-L4) (R™) for every function ¢ : R™ —
(0, 00). Define ¢ : R™ — (0, 0o) such that

()7 = Lmin{|f ()], 1}

for |f(z)] > Oand setq = 1in {f = 0}. Let A = L and note that {| f|?) > A} = {|f| >
0}. Then we find that

p(x)

020 (AX{(|f150>2}) =/ A dz =/ 277 min{| f|, 137 da
aC) {1190 >} {If1>0}

—pt . —pt
> 277 [ min{|f], 1} dz > 277 0,01 (f xqip1<1))-
Rn
Hence by the definition of the weak space we obtain that o, (f Xx{f|<1}) is finite.
To estimate large values of f, let ¢ : R™ — (0, co) be such that

1

24 = £ max{|f(z)|,1}.
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Let A\ = 2 and note that {|f|?¢) > A} D {f > 1}. Now by a similar calculation as above,
we conclude that o,y (f x{|¢|>1}) is finite. Thus f € LPO)(R™).
The last claim, regarding the case of ¢ constant, follows from a change of variables:

q
A )" =supA L9 = sup A ,. O
(ig% Ixar>alleey ) =sup Alx ool = 590 A 1o a3 e

4 Strong-to-weak estimates for the Riesz potential

Let o : £2 — R be log-Holder continuous with 0 < a~ < a™ < n. We consider the Riesz

potential
1/ (y)]
Tas. = d
w00 = [, e

in {2, and write
#(p) e P@)
Pa ) = @)
Because (2 is bounded and « is log-Holder continuous we observe as in [16, p. 270] that
Ia()f(CC) and
_ Lf ()l
Ia(a:)f(ﬂf) = /Q W dy

are pointwise equivalent. Thus we obtain the following result from [9, Proposition 6.1.6].
Proposition 4.1 Ler p € Py°5(12), o € Py5(82) and (ap)™ < n. Then

T (@) S M7 =

for every f € LPY)(£2) with 1 fllpcy < L.

Here M denotes the Hardy-Littlewood maximal function given by

1
Mf(x) :=su w.t) i= SUp —=——— dy.
1) t>13|f|B( =00 B, b)) B(x,t) Twldy

For a measurable function f and measurable set B we use the notation fp for the mean
integral of f over B.

We also need the following Jensen-type inequality. The lemma is a restatement of [9,
Theorem 4.2.4] in our current notation, cf. also the proof of Lemma 4.3.6 in the same source.

Lemma 4.2 Let A C R” be measurable and p € Pi°%(A). If f € L) (A) and 1 fllpey <
1, then

(f18)" < (P + )
for every x € A and every ball B C A containing x, where h € w-L*(A) N L™ (A).

The next statement shows that the Riesz potentials behave as expected in the variable
exponent weak space. We will use the exponent g to overcome the difficulty illustrated in
Proposition 3.3.

Theorem 4.3 Suppose that p € P°2(£2), a € PYE(82) and (ap)™ < n. If f € LPO)(12),
then (Zo()f)?) € w-LP% /90 () for every q € PLE(02).
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Proof By (3.1), it is enough to show that for every f € LP()(£2) with I fllpcy < 1and
every t > 0 we have
/ wh@)/a(@) gy < 1
{Zay HIO >t} -

By Proposition 4.1, for a suitable ¢ > 0,

p(z)q(z)

{(za(_)f(m))q@) > t} c {C[Mf(a:)] Ph) > t} — E.

By the definition of the maximal function, for every x € E we may choose By := B(x,ry)
p(z)q(z)
such that ¢ (|f|p,) P*@) > t. Since |1 < |fllpc) < 1 we get |flp, S |Ba| ™"

Denote  := pq/p? . Then

tSIARY <+ 1f1B)" " = A+ 1f]5,)" P A+ | flp,) W),

where y € By If r(z) — r(y) < 0, then (1 + |f|p,) @™ < 1.If r(z) — r(y) > 0,
then we obtain by log-Holder continuity (see (2.1)) that

(1 + ‘f|Bz)r(1?)*r(y) < (1 + |Bx\71)T(r)7T(y) < 2p+q+ (1 + |Bx|'r‘(y)*’r‘($)) 5 1
Hence we have for every y € B, that
tS A+ Ifls)" .

By the Besicovitch covering theorem there is a countable covering subfamily (B;) of
{ Bz} with bounded overlap. Thus we obtain by Lemma 4.2 that

# #
L@ /(@) g o / L@/ @) gy < /(1+|f|3_)p<x>dx
/E ; B, ; B; ’
S ([ vore srmasim) s o

5 Real interpolation and weak Lebesgue spaces

It is well known that real interpolation between the spaces LP and L°° gives a weak Le-
besgue space in the limiting situation when the second interpolation parameter equals co.
We shall prove that the same holds in the variable exponent setting.

We recall that, for 0 < § < 1 and 0 < ¢ < oo, the interpolation space (Ao, A1)o.q
is formed from compatible quasi-normed spaces Ao and A; by defining a norm as follows.

Fora € Ao + Ay we set
o) ) d l/q
(/ [t7°K(t, a)] ) when ¢ < oo,
0

supt~ K(t, a) when ¢ = oo
>0

lallcaq, 1), =

Here the Peetre K-functional is given by

K(t,a) == K(t,a; Ao, A1) := inf  (llaolla, +tllar]la,), t>0.
apEAg a1 €A
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We saw in Proposition 3.3 that weak LP (')-spaces are not very well behaved. Real inter-
polation in the variable exponent setting is even more challenging (cf. [3, 17]). Fortunately,
we can get quite far with the following special case, whose proof already is quite compli-
cated.

Theorem 5.1 Letp € Po(R™). For 6 € (0,1),
(1=0)p() (™Y [°(R™ — p(-) (R
(L (R™), L (R ))9’00 = w-LP'(R"™).
Proof Denote po := (1 —0)pand X := (Lp“(')(R"), LOO(R"))G - Then by definition

—0 .
=supt inf N+t .
171l = supt™ - inf_ (1 ollncy + t1f1]1c)

We assume without loss of generality that f, fo, f1 > 0.
We start by proving that || f||x 2 ||fllw.Lr)- Let A > 0 be such that || f||,.-c) <
2A|lxallpc.y where A := {f > A}. Then it remains to prove the second of the inequalities

1fllx = [IAxallx = IAxallpe) 2 1 lw-zee>-

Suppose that fo + f1 = f and that || f1]|co = s. Then we see that

(U ollpoc + t1A1l1) = | = min{f. s}, )+ ts.

Hence in the definition of || f|| x we may take the infimum over s > 0 and functions fi :=
min{ f, s}, fo := f — f1. Thus we calculate

—0 .
— supt £ o((1— N
lIxallx supt™" inf (1= 9)lIxallpo() + ts)

—0 .
supt™ min{||xallp,c.,t}
t>0

1-6
||XA||po(.) = HXAHp(~)'

This completes the proof of the inequality || f||x = || f|lw-rr¢)-
We show next that || f|| x < || f||.-ze¢) - By homogeneity, it suffices to consider the case
where the right hand side equals one. Thus by (3.2) we can assume that

po(=

)
1 >/ AP(@) dw:/ \1-0 d:r:/ 2P0(®) dg 5.1
{f>x} {f>x} {f>=1-%}

for every A > 0.
Since fo = f —min{f, s} = max{f, s} — s = max{f — s,0}, we need to prove that

—0 . . <
i;l}gt 511>1% (|l max{f — s,0}||po) +ts) < 1.
We choose s := 71 so that t "%#s = 1. Thus it suffices to show that
[t~ max{f — t*~", 0}|py() S 1

for all ¢ > 0. We next note that max{f — t~1,0} < IX{f>z1-0) With 2z := % Thus by
(2.2), it suffices to show that

/ (P @ dr <1 (5.2)
{f>21-9}
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for all z > 0. It is enough to show that the inequality holds for all z = 2%, kg € Z.
Define

Ay = {z e R"| f(z) € (2"(70 2k+DU=0 = g e 7,

For z = 2*, we observe that Ay, C {f > zlfe} and thus conclude from (5.1) that
/ 2kPo(@) g2 < 1.
Ag

Substituting z = 20 in (5.2), we find that it is enough to prove that

o0

Z / (2k092(k+1)(1—9))po(w> de < 1
k=kq Ak

for all kg € Z. So we estimate

/ (2R009HDA-0)) (&) g (2<ko—k>9)pa/ 9kPo(®) gy < o(Ko—k)0PG
Ay Ay

Hence it follows that

0o o _ 1
Z / <2k092(k+1)(1—9))po(w) dz < Z o(ko—k)0py _ - <0,
k=ko ¥ Ak 1270

k=ko
which is the required upper bound. a

The following feature is the main property of the the real interpolation method [30,
Proposition 2.4.1]: If T is a linear operator which is bounded from Xy to Yy and from X3
to Y7, then T is bounded from

(X0, X1)0,q to (Yo, Y1)0,q

for € (0,1) and ¢ € (0, oo]. If simple functions are dense in the spaces, then the claim
holds also for sublinear operators (cf. [7, Theorem 1.5.11], or [10, Corollary A.5] for the
variable exponent case; see also [2, Lemma 4.1] for a discussion in a general framework).
This, together with Theorem 5.1 for Xo = Yo = LP)(R") and X1 = Y1 = L®(R")
yields the following corollary.

Corollary 5.2 Assume that T is sublinear, T : LP)(R™) — LPC)(R™) is bounded, and
T : L®(R™) — L*(R™) is bounded. Then T : w-L ) (R™) — w-L ) (R™) is
bounded for every \ > 1.

L. Diening has shown that the boundedness of M : LPC)(R™) — LPC)(R™) im-
plies the boundedness of M : L*P()(R"™) — L°P()(R™) for some s < 1 [9, Theo-
rem 5.7.2]. Furthermore, it is known that the maximal operator is bounded on LP()(R™)
when p € PJ°5(R") and p~ > 1 [9, Theorem 4.3.8]. In view of the previous result these

facts immediately imply Theorem 1.1.
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6 Weak-to-weak estimates for the Riesz potential

As usual, we denote by p’ the Holder conjugate exponent of p, taken in a point-wise sense,
1/p(z) + 1/p'(z) = 1. Following Diening (and [9]), for exponents we use the notation pg
to denote the harmonic mean of p over the measurable set B,

e ()

The following claim is proved as part of the proof of [9, Lemma 6.1.5].

Lemma 6.1 Letp € Py*%(R™) with1 < p~ < p* < 2 fora € (0,n). Then

1
[z = 17" Xem\5 | o) @y = 1Bl 720
where B is a ball centered at x € R".

We next generalize this claim to slightly more general norms, which will appear below
when we estimate in the dual of a weak Lebesgue space. We need the following auxiliary
result.

Lemma 6.2 For «, 3,0,t > 0,

il (%R‘ﬁ LR — 5“)) ~ min {ta%,é—ﬁ},

and the infimum occurs at R < 1 ifand only ift > 1 and § < 1.

Proof Denote f(R) := %R_B—i—t (R*—§%).Then f'(R) = —aR™ "1 +taR**, which
equals zero when R = t~1/(@+#) —. Ry This is a minimum in (0, c0), since f — oo at
0 and co. When R = Rg > 4, we estimate 0 < t(R* — 0%) < tR* = R™?. Hence
we conclude that f(Ro) ~ R, B = #/(a+B) _ Also note that the unconstrained minimum
occurs for R < 1ifand only if ¢ > 1.

However, if Ry < 9, then the constrained minimum occurs at ¢, in which case f(J) =
30 8 ~ 7P Hence the estimate of the minimum equals

— . B
tﬁ/(a+ﬂ)x{t—l/(r1+[5)>6} +6 ﬂX{t—l/((x+[f)<6} = mn {ta+/i ) 4 ﬁ}' o

Lemma 6.3 Let p € P°6(R™) with 1 < p~ < pt < 2 fora € (0,n) and let § > 0 be
so small that the infimum of r :== (1 — 0)p is greater than 1. Then
1

~ B|_(pﬁ>5

a—n
[ — | XR"\B||(Lr’<->(Rn),L1(Rn))9,1 ~|

where B is a ball centered at x € R".

Proof Let B := B(x,0) and denote f(y) := |z — y|*™ "xr~\5(y). By the definition of
the interpolation norm,

* e . dt
(- 1 = t f r’ (- t I
Il aromnn, = [0 i (e + 1)
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Suppose that f1 4+ f2 = f and denote A := {|fi| > |f|}. Then |f1] > %|f|xa and
|f2] = %|f|XRn\A, so that

[ fillr oy +Elf2lle = 2l Fxalliey + St Fxrm all1-

Hence

inf , > 1 inf " }
ot (il +¢lf2ll) > 5 inf (1 xallz ey + ¢ xemall)
On the other hand the opposite inequality holds with constant 1, since we may choose f1 =
fxa and f2 = fxgn\ 4 in the first infimum. So we conclude that

i f r(. t ~ 1 f (. t n .
fl-&l-rfla=f(”f1” ¢ Ftlfel) = inf (xalle) +tl xemalli)

Since r’ > 1, the infimum is not achieved when sup{|f(xa} > inf{|f|xg=\a} (since
in this case we can shift mass to decrease the L” ()-norm while conserving the L*-norm).
Assuming that [{f = ¢}| = 0 forall ¢ € R, it follows that A must be of the form {| f| < ¢}
for some ¢ > 0. In our case, f is radially decreasing and so A = R™ \ B(R), for some
R € [0, 00]. This corresponds to the functions f1 = [z — -|*""Xxgr\p(r) and f2 = [z —
17" X B(R)\B-

For simplicity we denote s := 7. A straight calculation gives || fa||1 ~ R® —&. Then
it follows from Lemma 6.1 that

o0 0 . _ n . « dt
) T ~ t f R *B® 4+t (R™ -6 —.
o, > [ pdnt (B0 4 (R =5M) 5

By [9, Corollary 4.5.9], R “B(® ~ R« where ¢ := Soo if R > 1 and ¢ := s(z)
otherwise. Recall that s is the limit value of s at infinity, from the definition of log-Holder
continuity.

We further observe that

pdnt (R*% +t(RY — 5‘*)) ~pnf (%R*% +t(RY — 5“)),

since 27 is bounded away from 0 and infinity. Then we apply Lemma 6.2 twice, for § = -

and 8 = % to conclude that

inf (SRT +1(R —6)) ~ min {7,677
Re[6,00]

where ¢ := s if and only if ¢ > 1 and § < 1 and ¢ := s(x) otherwise.

n

Let to > 0 be such that ] *** = § *x . Then

to n . 0o
1Al e,z ”/ t=07 e dt + 6 B/ t 0 dt.
Lhea ¥ f 5
If to > 1 (so that § < 1) we find that

o g1y RS R b _gip—n —0+
/ t ntaq dt = / t ntasco dt + / t ntas(@) dt tO ntas(z) )
0 0 1
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So in this case
noign ntas(z)
55 n

ATy ) -
||J‘1||(Lr’<-),L1)9)1 ~ (to Fes) L 5T e g ) ~4§ °B

Since p is log-Holder continuous and x € B = B(z,d), we have §°2 = 5°®) Thus

n

#
B .

_n _n_ntas(z) _ 1 — 1 -
§ 5 +0.§B -~ :5(00¢s(x)+(9 1)n)sB %59a+(0 1)nsB —5

For to < 1 we similarly conclude that || f|[ . ¢) 11, , & 5 b, using that §°2 ~ §°>=
which holds by the log-Holder decay since § > 1. O

According to [29, Theorem 1.11.2] the duality formula
((Ao, A1)o,q)" = (A5, AT)s,¢

holds when ¢ € [1,00) and Ap N A; is dense both in Ag and in A;. We choose Ay =
LY O)(R™), A; = L*(R") and ¢ = 1. Then we obtain

(Lp/('),Ll);l _ (LP(-)7L00)9700.

Hence we obtain the Holder inequality

[ @@ de S Moo o, Nl oo,

In the following result we generalize [9, Lemma 6.1.5] where the same conclusion was
reached under the stronger assumption that || f|| L»¢) < 1.

Lemma 6.4 Let p € Py°*(R") with1 < p~ < pt < 2 fora € (0,n). Letz € R",
6> 0, and f € w-LPO (R™) with || || p.1.e¢) < 1. Then

1
[ Ly <) P,
R"\ B(z,8) lz -yl

Proof Set B := B(z,0) and r := (1 — 6)p, where § > 0 is so small that 7~ > 1.
By Theorem 5.1 we have (L"), L)y o, = w-LP(") and thus by Holder’s inequality, the
assumption || f1|,,..»¢» < 1 and Lemma 6.3 we obtain that

If(y)] a—n -
J =T T [ e IR |- B

mp T —yne )o.1

With this result we immediately obtain a generalization of [9, Lemma 6.1.8] as follows,
where similarly the condition || f||,,(.) < 1 has been replaced by || f||.-£r(.) < 1:

Lemma 6.5 Letp € Py**(R™) with1 < p~ < p* < 2 fora € (0,n). Then

Tof (@) £ MF@)" + (),
forall z € R", and f € w-LPO(R™) with ||f|| o) < 1, where h € w-L*(R™) N

L (R™) is positive. The implicit constant and h depend only on log-Hélder constant of p,
p~,pT, o, and n.
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Then we obtain the following analogue of [9, Theorem 6.1.9] using the previous lemma
and Theorem 1.1:

Theorem 6.6 Let p € PI°5(R"), a € PR and 1 < p~ < pt < I f €
w-LP) (R™) and |f|p(')/pf(') € w-Lpf(')(]R”), then the function x +— Loy f(x) be-
longs to w-Lpf(')(]R").

Proof We write t := p/p# . By a scaling argument we may assume that | fllw-rry < 1.
By Lemma 6.5, there exists b € w-L*(R™) N L (R™) such that (Ia(m)f(m))pf(m) <
c (Mf(x)p(x) + h(x)). Then

{Ta@) (@) > A} C {MF(2)'® > AU {RP2E) > e

and so we obtain

/ APE@) g g/ APE @) dx+/ APE@) g,
{Zaio) F(@) >N} {Mf(2)H@ >c A} (/7 E @ >c )

Now h € w-L*(R™)NL*>(R™) C L”f(')(R"), so the last term is bounded. Thus it remains
to show that (M f)!) € w—Lpf(')(R”).

Let to € (1/(p%)~,t7). Since |f|!() w—Lpf(')(R"), we obtain that | f|*()/ ¢
w-LtoPE () (R™). By assumption, (topf)_ > 1 and hence it follows from Theorem 1.1 that
M(|f[FO)/t0) € w-LtoPZ ) (R™). Since t/to > 1, Lemma 4.2 implies that (M f)!()/t €
w-LPPXO)(R™), and thus (M f)') € w-LP& O (R™), O

As was noted before, Z,, () f(2) ~ Zy(.)f(z) in bounded domains. Furthermore, a
log-Holder continuous exponent in a domain can be extended to a variable exponent in the
whole space, with the same parameters [9, Proposition 4.1.7]. Thus we obtain the following
corollary.

Corollary 6.7 Let p € Py°%(2), o € PYE(2), p~ > 1and (ap)t < n. If f €
w-LPO)(2) and | f|PO/PEC) € w-LPeo) (2), then To(f € w-LPEO(0).
Note that a direct use of Theorem 6.6 leads to the assumption " p* < n in the corol-

lary. However, (ap)+ < n if and only if the domain can be split into a finite number of parts
in each of which the inequality ot p™ < n holds, so in fact these conditions are equivalent.

7 The Wolff potential

Let 1 be a positive, locally finite Borel measure. The (truncated) Wolff potential is defined

” R w(B(z, 1)) =1 g
WE (z, R) ::/0 <7) dr

rn—ap T

with the full Wolff potential being WY ,(z) := WX ,(x, 00). There are several ways in
which this can be generalized to the variable exponent setting. The most straigth-forward is
to consider the point-wise potential = — W* (2),p(z) (z, R).

(e
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In this case we immediately obtain the following inequality from the constant exponent
setting:

1
Whtay 00 @) S Za(o) (Za@ 77 ) (@):

This was observed in [6, Subsection 5.2]. As we have noted, in the bounded domain case
the Riesz potentials Z, () f(x) and Z,,.) f(x) are comparable. Thus we obtain that

Wg(m)’p(r) (z,R) < Ia(-) (Ia(.)u”("”)*l ) ().

However, there is no immediate way to change the exponent ﬁ. As far as we can see,
the above inequality cannot be used to derive Theorem 8.3, thus the validity of the claims in

this part of [6, Section 5.2] are in doubt. (Additionally, their claim that Z, .y : L” Q) (R™) —

Lpf(')(]R") is bounded is false, see [16, Example 4.1]; the claim only holds for bounded
domains. Of course, the latter claim is what is actually needed.)
The Wolff potential has also been studied by F.-Y. Maeda [24]. To state the result as

clearly as possible, let us denote g(y) := Za f(y) 7T . Maeda proved that
Wﬁ,p(z) (m) < Iag(m)

Since Zy (5 f(x) = Lo () f(x), this implies the desired inequality, which can succinctly be
stated as 1
Wee) p(a) (%) 5Ia<~>(fa<->uﬁ)(:c), (7.1)

provided one keeps track of which dot is related to which operation. The right hand side in
this equation is called the Havin-Maz’ya potential which is denoted by V' 300 (z).
The following result is now a consequence of Theorems 4.3 and 6.6, and (7.1).

Theorem 7.1 Let o, 7, and p be bounded and log-Holder continuous, with p— > 1 and
rm>21L0<a <abt <n (apr)t <n, and p(x) > 1+ 1/r(z) — a(z)/n for every
ze QIff e L"(0), then

nr()(p()—1)

z— W/ (z) € w-Lr=aCr0r0) (£2).

a(x),p(x)
Proof By (7.1), it suffices to consider the Havin—-Maz’ya potential V(J; ()00 instead of the
Wolff potential. Denote s := %; by assumptionp > 1+ 1/r — a/n so that s~ > 1.
Choosing ¢ := 1/(p — 1) in Theorem 4.3, we see that

(Ia(.)f)l/(P(')*l) c w-Ls(')(Q).

Since (apr)™ < n, we find that (aes)™ < n and thus by choosing ¢ := s/[(p — 1)s%] in
Theorem 4.3 we obtain that

ey (-1 ()2 #
[(Ia(qf)l/(”(')*l)] 0 € w-L e (2) = w-L*= ().

Further, since (apr)™ < n, we can use Corollary 6.7 for the function (Ia(.)f)l/(p(')_l) to
conclude that 40y
f sh (-
Va(,)’p(,) € w-L (£2).
nr(p—1) 0

n—apr °

The claim follows from this since sf =
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8 An application to partial differential equations

In this section, we discuss consequences of our results and pointwise potential estimates for
solutions to the nonlinear elliptic equation

—div(|Vu[P™ 72Vu) = p, (8.1)

where p is a Borel measure with finite mass. The right quantity for estimating solutions to
(8.1) and their gradients is the Wolff potential W*' (2),p(2) (z).

Recall that for right hand side data a Borel measure p with finite mass or a function
in L', we use the notion of solutions obtained as limits of approximations, SOLAs for
short. Gradient potential estimates for SOLAs follow by working with a priori more regular
solutions, and then transferring the information obtained to the limit. In the case of general
measures, the latter step requires some care, as the approximants converge only in the sense
of weak convergence of measures. For this reason, the approximation argument is not done
using the final potential estimates. Certain intermediate estimates, from which the actual
potential estimates are then built, need to be used instead. See [6, Proof of Theorem 1.4, p.
668] for details.

An alternative point of view is to start with the fundamental objects of the nonlinear
potential theory related to the p(-)-Laplacian, namely p(-)-superharmonic functions. See
[23, Definition 2.1, p. 1068] for the exact definition of this class. For a p(-)-superharmonic
function w, there exists a measure y such that (8.1) holds. This is the Riesz measure of
u. Important results in nonlinear potential theory are derived by employing measure data
equations like (8.1). The leading example is the necessity of the celebrated Wiener criterion
for boundary regularity, see [19].

The gradient potential estimates in [6] are local: one works in a fixed ball, compactly
contained in f2. Thus the solution under consideration can be a local SOLA, i.e. it suffices
to choose approximations in a fixed compact subset of 2.

If 1 is a signed measure, we use the notation

R 1/(p(xz)—1)
" _ || (B(z,r)) dr
We(a) () (@ B) —/O (7 -

o pn—a(@)p() r

where || is the total variation of .
To extend the gradient potential estimate to p(-)-superharmonic functions, we need the
fact that these functions are local SOLAs. This is the content of the following theorem.

Theorem 8.1 Let p be log-Hélder continuous with p~ > 2. Let u be a p(-)-superharmonic
Sfunction in a domain {2 and let |4 be the measure such that

—div(|Vu[P™ 72vu) = 4.

For every subdomain 2’ € {2 there are sequences of solutions (u;) and smooth, positive
Sfunctions (f;) such that

—div(|Vu [P 72Vw) = f; in (2,

u; — uin WHC(02') for any continuous q such that q(z) < "= (p(x) — 1) for all

n—1
x € £, and f; — p in the sense of weak convergence of measures.
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Proof This follows in the same way as in the constant exponent case, Theorem 2.7 in [20].
For the reader’s convenience, we sketch the argument here with the appropriate references
for various auxiliary results. The proof consists of two main steps. First, we prove the claim
when u is a weak supersolution. The general case is then reduced to the case of supersolu-
tions by an approximation argument using the obstacle problem.

Assume first that u is a weak supersolution. Then u € WIZ’S © (£2), and the fact that

belongs to the dual space (W, "” ©) (£2))" follows from the equation satisfied by u. Then the
case of supersolutions follows by arguing as in [20, Lemma 2.6] and using the elementary
inequalities between the p-modular and the Luxemburg norm.

In the general case, the fact that u € W19()(£2') follows by a refinement of [22,
Theorem 4.4]. By [13, Theorem 6.5], we may choose a sequence (u;) of continuous weak
supersolutions increasing to u. Arguing as in [13, proof of Theorem 5.1] we can show that
V min(u;, k) — V min(u, k) pointwise almost everywhere for any k& € R. It follows that
Vu; — Vu pointwise a.e., and the pointwise convergences easily imply that u; — wu in
wtat) (£2"). The proof is completed by applying the case of supersolutions to the functions
u;, together with the convergence of w; — w in wha®) (£2"), see the proof of Theorem 2.7
in [20]. O

The following pointwise potential estimates hold for local SOLAs and p(-)-superhar-
monic functions. See [6] for (8.2) and (8.3) in the case of SOLAs, and [23] for (8.2) for
p(+)-superharmonic functions. Finally, the gradient estimate (8.3) holds also for p(-)-su-
perharmonic functions by an application of Theorem 8.1. The Holder continuity of p is
required for the gradient estimate, since its proof uses Holder estimates for the gradient of
weak solutions (cf. [1]).

Theorem 8.2 Let p be log-Hélder continuous with p~ > 2. Let u be positive p(-)-super-
harmonic or a local SOLA to (8.1). Then there exists v > 0 such that

1/~
lu(xo)] S <][ u|” dx> + Wﬁp(zu)(xo, 2R)+ R (8.2)
B(wo,R)

Sor all sufficiently small R > 0. For positive p(-)-superharmonic functions, the assumption
p~ > 1 suffices instead of p— = 2.
Suppose next that p is Holder continuous. Then

|vu<x0)| g ][B(zu R) |VU| dx + W{L/P(xo)’p(ﬂﬂo)(mo’ QR) + R (83)

for all sufficiently small R > 0.

The restriction p~ > 2 in the gradient estimates is related to the fact that there are
substantial differences in gradient potential estimates in the cases p < 2 and p > 2 even
with constant exponents, see [11]. For simplicity, we focus on the prototype case (8.1) here,
but this result, and hence also Theorem 8.3 below, hold for more general equations of the
form

—div(a(z, Vu)) = p

under appropriate structural assumptions on a(z, £). The interested reader may refer to [6,
23] for details.
The following result is an immediate consequence of Theorems 7.1 and 8.2.
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Theorem 8.3 Let p and r be log-Holder continuous with p~ > 2. Let u be a positive
p(+)-superharmonic function, or a local SOLA to (8.1), with p € Lr(')(ﬁ).

(a) If (pr)T <nandp > 1+ 1/r — 1/n for every x € §2, then

nr()(p()=1)
u € w-L, 77O (02).

loc

For positive p(-)-superharmonic functions, the assumption p~ > 1 suffices.
(b) Suppose in addition that p is Holder continuous. If v < nandp > 1+ 1/r — 1/(np)

for every x € (2, then
nr()(e()=1)

Vu| € w-L, "~ (02).

loc

If r = 1, p can be a measure with finite mass instead of a function. Each of the inclusions
comes with an explicit estimate.

Theorem 1.2 is of course contained in the above theorem when r = 1. The interesting
case in these results is when »~ = 1;if r~ > 1, we can use the pointwise inequality (7.1)
and the strong-to-strong estimate for the Riesz potential to get estimates in strong Lebesgue
spaces with the same exponents.

When r = 1, the above inclusions are sharp for constant p on the scale of w-L? spaces.
This is a special case of the following examples.

Example 8.4 Let B be the unit ball in R™, and assume that the exponent p is smooth and
radial. Define the function u by

1
u(z) = / (p(o)o™ 1)~/ @1 gp. (8.4)
|

|

Then by [13, Section 6] w is p(-)-superharmonic in B, and Theorem 4.10 of [22] implies
that
—div(|Vu[P™) 7?Vu) = K§,

where K > 0 and 0 is Dirac’s delta at the origin. The exact value of K is not important.
Assume that ¢ is log-Holder continuous. We will show that u € w-L9") (B) if and only
if
n(p(0) — 1)
4(0) < (8.5)
O<= —p(0)

and |Vu| € w-L7")(B) if and only if
n(p(0) — 1)
 ——7". 8.6
q(0) — (8.6)
We reason as follows to get these characterizations. First, log-Holder continuity of p

implies that

_ »(0)
lu(z)| = |z »©@-1 (8.7)

and L
|Vu(z)| = [z »©-1. (8.8)

The inclusions

-1 _n=p(0) _ n—p(0)
{t <c¢ x| @1 } C {t < u(m)} C {t < clz| @1 } (8.9)
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follow from (8.7), ¢ > 1 being the constant implicit in (8.7).
We use the second inclusion in (8.9) to get

/ @) dxg/ o . 11 d
{u>t} {t<c|z\ P<0)—1}

We use the change of variables

p(0)—1

A=t nr0

and obtain that

n—p(0) n—p(0)
/ e p(0) 1) qg < c/ AT1®5m T g < c/ PNART O
{t<cle| P@-1} {lz]<A} {lz]<A}

where the last estimate follows from the log-Holder continuity of q.

The last integral is finite if (8.5) holds. Starting from the first inclusion in (8.9), we get a
similar lower bound. Hence u € w-L") (B) if and only if (8.5) holds. Repeating the same
argument using (8.8), we obtain the condition (8.6).

Example 8.5 The right hand side of the differential equation in the previous example is a
delta measure, which is not an L'-function. However, the example can be modified to yield
a function in L. Denote by u the function from the previous example and define

ar — br x| when |z| <7
vp(z) = .
u(x) otherwise.

_ _n-—1
The constants a, and b, are chosen so that v, € C. Then a, = |Vu(r)| = r~ »@-1 by
the computations above. A direct calculation shows that

_ _ -1
—div(| Vo, @ =2vy,) = qr@)-1 ("|T| +7/(2) logar ).
If we suppose that p is Lipschitz continuous, then
n—1 -1

n
+p'(x)logar ~ ——
|z Y

for small enough r and so the right hand side of this equation is positive in B(0,r). Fur-
thermore, the right hand side is in Lt uniformly and v, * w as r — 0, so we see that the
conclusions from the previous example hold also for the L case.
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